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PRELIMINARY  DISSERTATION. 

In  order  to  convey  some  idea  of  the  object  of  this  work,  it  may 
be  useful  to  offer  a  few  preliminary  obsenalions  on  the  nature 
of  the  subject  which  it  is  intended  to  investigate,  and  of  the 
means  that  have  already  been  adopted  with  so  much  success  to 
bring  within  the  reach  of  our  faculties,  those  truths  which  might 
seem  to  be  placed  so  far  beyond  them. 

All  ihe  knowledge  wu  possess  of  external  objects  is  founded 
upon  experience,  which  furnishes  a  knowledge  of  facts,  and 
the  comparison  of  these  facia  establishes  relations,  from  which, 

induction,  the  intuitive  belief  that  like  causes  n-ill  produce 
like  effects,  leads  us  to  general  laws.  Thus,  experience 
teaches  that  bodies  fall  at  the  surface  of  the  earth  with  an 

accelerated  velocity,  and  proportional  to  their  masses.  Newton 
proved,  by  comparison,  that  the  force  which  occasions  the  fall 

of  bodies  at  the  earth's  surface,  is  identical  with  that  which 
retains  the  moon  in  her  orbit;  nnd  induction  led  biin  to  con- 

clude that  as  the  moon  is  kept  in  her  orbit  by  the  attraction  of 
the  earth,  so  the  planets  might  be  retained  in  their  orbits  by 
Ihe  attraction  of  the  sun.  By  such  steps  he  was  led  to  the 
discovery  of  one  of  those  powers  with  which  the  Crenlor  haa 
ordained  that  matter  should  reciprocally  act  upon  matter. 

Physical  astronomy  is  the  science  which  compares  nnd 
identities  the  laws  of  motion  observed  on  earth  with  the  motions 

that  take  place  in  the  heavens,  and  which  traces,  by  an  unin- 
terrupted chain  of  deduction  from  the  great  principle  that 

governs  the  universe,  the  revolutions  nnd  rotations  of  the 
planets,  and  the  oscillations  of  the  fluids  at  their  surfaces,  and 
which  estimates  the  changes  the  system  has  hitherto  undergone 
or  may  hereafter  experience,  changes  which  require  millions  of 
years  for  their  accomplishment. 

The  combined  efforts  of  astronomers,  from  the  earliest  dawn 

of  civilization,  have  beea  requisite  to  establish  the  mechanical 
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theory  of  astronomy :  ihe  courses  of  the  planets  have  been  ob- 

served for  nges  with  a  degree  of  perseverance  that  is  astonishing, 

if  we  consider  the  imperfection,  anil  even  the  want  of  instru- 
ments. The  real  molions  of  (he  earth  have  been  separated  from 

tlieappareiU  motions  of  the  planets;  the  laws  of  the  planetary  re- 

volmions  have  been  discovered  ;  and  the  discovery  of  these  laws 

has  led  lo  the  knowledge  of  the  gravitation  of  matter.  On  the 

Other  hand,  descending  from  the  principle  of  gravitation,  every 

motion  in  the  system  of  the  worhi  has  been  so  completely  ex- 

plained, that  no  astronomical  phenomenon  can  now  betians-^ 

tnitted  to  posterity  of  which  the  laws  have  not  been  deter- 
mined. 

Science,  regarded  as  the  pursuit  of  truth,  which  can  only  be 

attained  by  patient  and  nnprejudiced  investigation,  wherein 

nothiug  is  loo  great  lo  be  attempted,  nothing  so  minute  as  to  be 

justly  disregarded,  roust  ever  alTord  occupation  of  consummate 

interest  and  of  elevated  meditation.  The  contemplation  of  the 

iForlca  of  creation  elevates  the  mind  to  the  admiration  of  what- 

ever is  great  and  noble,  accomplishing  the  object  of  all  study, 

which  in  the  elegant  language  of  Sir  James  Mackintosh  is  to 

inspire  the  love  of  truth,  of  wisdom,  of  beauty,  especially  of 

goodness,  the  highest  beauty,  and  of  that  supreme  and  eternal 

mind,  which  contains  all  truth  and  wisdom,  all  beauty  and 

goodness.  By  the  love  or  delightful  contemplation  and  pursuit 

of  these  transcendent  aims  for  their  own  sake  only,  the  mind 

of  man  is  raised  from  low  and  perishable  objects,  and  prepared 

for  those  high  destinies  which  are  appointed  for  all  those  who 

are  capable  of  them. 
The  heavens  afford  the  most  sublime  subject  of  study  which 

can  be  derived  from  science:  the  magnitude  and  splendour  of 
the  objects,  the  inconceivable  rapidity  with  which  they  move, 
and  the  enormous  distances  between  them,  impress  the 
mind  with  some  notion  of  the  energy  that  maintains  them 
in  their  molions  with  a  durability  to  which  we  can  see  no 
limits.  Equally  conspicuous  is  the  goodness  of  the  great 
First  Cause  in  having  endowed  man  with  faculties  by  which  he 
can  not  only  appreciate  the  magnificence  of  his  works,  but 
trace,  with  precision,  the  operation  of  his  laws,  use  the  globe 
he  iobabits  us  a  base  wherewith  to  measure  the  magnitude  ant^ 
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distance  of  the  sun  and  planets,  and  make  the  diameter  of  the 

earlh's  orbit  the  first  step  of  a  scale  hy  which  he  may  ascend 
to  the  starry  firmament.  Such  pursuits,  while  they  ennoble  the 
tnind)  at  the  same  time  inculcate  humility,  by  showing  that 
there  is  a  barrier,  which  no  ener^,  mental  or  physical,  can 
ever  enable  us  to  pass:  that  however  profoundly  we  may 
penetrate  the  depths  of  space,  there  still  remain  innumerable 
lystemv  compared  with  which  those  which  seem  so  mighty  to 
at  must  dwindle  into  insignificance,  or  even  become  invisible; 

■nd  that  not  only  man,  but  the  globe  he  inhabits,  nay  the 
whole  system  of  which  it  forms  so  small  a  part,  mi^ht  be 
knnihilaled,  and  ita  extinction  be  unperceived  in  the  immensity 
or  creation. 

A  complete  acquaintance  with  Physical  Astronomy  can  only 
be  attained  by  those  who  are  well  versed  in  the  higher  branches 
of  mathematical  and  mechanical  science :  such  alone  can  ap- 

preciate the  extreme  beauty  of  the  results,  and  of  the  means  by 
which  these  results  are  oblained.  Nevertheless  a  sufficient  skill 

in  analysis  to  follow  the  general  outline,  to  see  the  mutual  de- 
pendence of  the  different  parts  of  the  system,  and  to  compre- 

hend by  what  means  some  of  the  most  extraordinary  conclusions 
have  been  arrived  at,  is  within  the  reach  of  many  who  shrink 
from  the  task,  appalled  by  difficulties,  which  perhaps  are 
no*  more  formidable  than  those  incident  to  the  study  of  the 
elements  of  every  branch  of  knowledge,  and  possibly  overrating 
them  by  not  making  a  sufficient  distinction  between  the  de>^e 
of  mathematical  acquirement  necessary  for  making  discoveries, 
and  that  which  is  requisite  for  understanding  what  others  have 
done.  That  the  study  of  mathematics  and  their  application  to 
astronomy  are  full  of  interest  will  be  allowed  by  all  who  have 
devoted  their  time  and  attenlion  to  these  pursuits,  and  they  only 
can  estimate  the  delight  of  arriving  at  truth,  whether  it  be  in  the 
discovery  of  a  world,  or  of  a  new  property  of  numbers. 

It  has  been  proved  by  Newton  that  a  particle  of  matter  placed 
without  the  surface  of  a  hollow  sphere  is  attracted  by  it  tn  the 
name  manner  as  if  its  mass,  or  the  whole  matter  it  contains, 
were  collected  in  its  centre.  The  same  is  therefore  true  of  a  solid 

sphere  whfCh  may  be  supposed  to  consist  of  an  infinite  number 
of  concentric  hollow  spheres.    This  however  is  not  the  cose 

b3 
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witli  a  spheroid,  but  the  celestinl  bodies  are  so  nearly  spherical, 
am)  at  such  remote  distances  from  each  other,  that  they  attract 

and  are  attracted  as  if  each  were  a  dense  point  situate  in  its 
centre  of  gravity,  a  circumstance  which  greatly  facilitates  the 
investigation  of  their  motions. 

The  attraction  of  the  earth  on  bodies  at  its  surface  in  that 

latitude,  the  square  of  whose  sine  is  4>  's  the  same  as  if  it  were 
a  sphere ;  and  experience  shows  that  bodies  there  fall 
through  1G.0697  feet  in  a  second.  The  mean  distance  of  the 
moon  from  the  earth  is  about  sixty  times  the  mean  radius 
of  the  earth.  When  the  number  16.0697  is  diminished  in  the 

ratio  of  1  to  3600,  which  is  the  square  of  the  moon's  distance 
from  the  earth,  it  is  found  to  be  exactly  the  space  the  moon 
would  fall  through  in  the  first  second  of  her  descent  to  the 
earth,  were  she  not  prevented  by  her  centrifugal  force,  arising 
from  the  velocity  with  which  she  moves  in  her  orbit.  So  thai 
the  moon  is  retained  in  her  orbit  by  a  force  having  the  same 
origin  and  regulated  by  the  same  law  with  that  which  causes  a 

atone  to  fail  at  the  earth's  surface.  The  earth  may  therefore 
be  regarded  ns  the  centre  of  a  force  which  extends  to  the  moon  ; 
but  as  experience  shows  that  the  action  and  reaction  of  raatler 

are  equal  and  contrary,  the  moon  must  attract  the  earth  wiih 
an  equal  and  contrary  force. 

Newton  proved  that  a  body  projected  in  space  will  move  in  a 
conic  section,  if  it  be  attracted  by  a  force  directed  towards 

a  fixed  point,  and  having  an  intensity  inversely  as  the  square 
of  the  distance;  but  that  any  deviation  from  that  law  will 
cause  it  to  move  in  a  curve  of  a  different  nature.  Kepler  ascer- 

tained by  direct  observation  that  the  planets  describe  ellipses 
round  the  sun,  and  later  observations  show  that  cornels  also 

move  in  conic  sections:  it  consequently  follows  that  ihe  sun 
attracts  all  the  planets  and  comets  inversely  as  the  square  of 
their  distances  from  hi,'^  centre ;  the  sun  therefore  is  the  centre 
of  a  force  extending  indefinitely  in  space,  and  including  all  the 
bodies  of  the  system  in  its  action. 

Kepler  also  deduced  from  observation,  that  the  squares  of 
the  periodic  times  of  the  planets,  or  the  times  of  their  revolu- 

tions round  Ihe  sun,  are  proportional  to  the  cubes  of  their 
meaa  distances  from  his  centre :  whence  it  follows,  that  the 
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inteusity  of  gravitation  of  all  the  bodies  towards  the  sun  is  the 

same  at  equal  distances;  consequently  gravitation  is  propor* 
tional  to  the  masses,  for  if  the  planets  and  comets  be  sup- 

posed to  be  at  equal  distances  from  the  sun  and  lefl  to  the 
effects  of  gravity,  they  would  arrive  at  his  surface  at  the  same 
time.  The  satellites  also  gravitate  to  their  primaries  accord- 

ing to  the  same  law  that  their  primaries  do  to  the  sun.  Hence, 
by  the  law  of  action  and  reaction,  each  body  is  itself  the  centre 
of  an  attractive  force  extending  indefinitely  in  space,  whence 
proceed  all  the  mutual  disturbances  that  render  the  celestial 
motions  so  complicated,  and  their  investigation  so  difficult. 

The  gravitation  of  matter  directed  to  a  centre,  and  attract- 
ing directly  as  the  mass,  and  inversely  as  the  square  of  the  dis- 

tance, does  not  belong  to  it  when  taken  in  mass  ;  particle  acts 
on  particle  according  to  the  same  law  when  at  sensible  dis- 

tances from  each  other.  If  the  sun  acted  on  the  centre  of 

the  earth  without  attracting  each  of  its  particles,  the  tides 
would  be  very  much  greater  than  they  now  are,  and  in  other 
respects  they  also  would  be  very  difierent.  The  gravitation  of 
the  earth  to  the  sun  results  from  the  gravitation  of  all  its 
particles,  which  in  their  turn  attract  the  sun  in  the  ratio  of 

their  respective  masses.  There  is  a  reciprocal  action  likewise 
between  the  earth  and  every  particle  at  its  surface ;  were  this 
not  the  case,  and  were  any  portion  of  the  earth,  however 
small,  to  attract  another  portion  and  not  be  itself  attracted,  the 
centre  of  gravity  of  the  earth  would  be  moved  in  space,  which 
is  impossible. 

The  form  of  the  planets  results  from  the  reciprocal  attrac- 
tion of  their  component  particles.  A  detached  fluid  mass,  if 

at  rest,  would  assume  the  form  of  a  sphere,  from  the  reciprocal 
attraction  of  its  particles ;  but  if  the  mass  revolves  about  an 

axis,  it  becomes  flattened  at  the  poles,  and  bulges  at  the  equa- 
tor, in  consequence  of  the  centrifugal  force  arising  from  the 

velocity  of  rotation.  For,  the  centrifugal  force  diminishes  the 
gravity  of  the  particles  at  the  equator,  and  equilibrium  can 
only  exist  when  these  two  forces  are  balanced  by  an  increase 
of  gravity ;  therefore,  as  the  attractive  force  is  the  same  on 
all  particles  at  equal  distances  from  the  centre  of  a  sphere, 
the  equatorial  particles  would  recede  from  the  centre  till  their 
increase  in  number  balanced  the  centrifugal  force  by  their 

f  . 
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attraction,  consequently  the  sphere  would  become  an  ohlate 
spheroid;  and  a  6uid  jiartially  or  entirely  covering  a  solid,  as 
the  ocean  and  atmosphere  cover  the  earth,  must  assume  that 

form  in  order  to  remain  in  equilibrio.  The  Burl'iicc  of  the  sea 
is  therefore  spheroidal,  and  the  surface  of  the  earth  only  devi- 

ates from  that  figure  where  it  rises  above  or  sinks  below  the 
level  of  the  sea  ;  but  the  deviation  is  so  small  tliat  it  is  unim- 

portant when  compared  with  the  magnitude  of  the  earth. 

Such  is  the  form  of  the  earth  and  planets,  but  the  compres- 
sion or  flattening  at  their  poles  is  so  small,  that  even  Jupiter, 

whose  rotation  is  the  most  rapid,  differs  but  little  from  a 
sphere.  Although  the  planets  attract  each  other  as  if  they 
were  spheres  on  account  of  their  immense  distances,  yet  iha 
satellites  are  near  enough  to  be  sensibly  affected  in  ilieir  mo- 

tions by  the  forms  of  their  primaries.  The  moon  for  example 
is  so  near  the  earth,  that  the  reciprocal  attraction  between  each 
of  her  particles  and  ench  of  the  particles  in  the  prominent 

mass  at  the  terrestrial  equator,  occasions  considerable  distur- 
bances in  the  motions  of  both  bodies.  For,  the  action  o(  the 

moon  on  the  matter  at  the  earth's  equator  produces  a  nutation 
in  the  axis  of  rotation,  and  the  reaction  of  that  matter  on  the 

moon  is  the  cause  of  a  corresponding  nutation  in  the  lunar  orbit, 
If  a  sphere  at  rest  in  space  receives  an  impulse  passing 

through  its  centre  of  gravity,  all  lis  parts  will  move  with  an 
equal  velocity  in  a  straight  line ;  but  if  the  impulse  does  not 
pass  through  the  centre  of  gravity,  its  particles  having  unequal 
velocities,  will  give  it  a  rolatory  motion  at  the  same  time  that  it 

Is  translated  in  space.  These  motions  are  indejK'ndent  of  one 
another,  so  that  a  contrary  impulse  passing  through  its  centre 
of  gravity  will  impede  its  progression,  without  interfering  with 
its  rotation.  As  the  sun  rotates  about  an  axis,  it  seems  probable 
if  an  impulse  in  a  contrary  direction  has  not  been  given  to 
his  centre  of  gravity,  that  he  moves  in  space  accompanied 
by  all  those  bodies  which  comjKtse  the  solar  system,  a  circum- 

stance that  would  in  no  way  interfere  with  their  relative  mo- 
tions ;  for,  iu  consequence  of  our  experience  that  force  is  pro- 

portional to  velocity,  the  reciprocal  attractions  of  a  system 
remain  the  same,  whether  its  centre  of  gravity  be  at  rest,  or 
moving  uniformly  in  space,  h  is  computed  that  had  the  earth 
received  its  motion  from  a  single  impulscj  such  impulse  must 
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have  passed  through  a  point  about  twenty-five  miles  from  its 
centre. 

Since  the  motions  of  the  rotation  and  translation  of  the 

planets  are  independent  of  each  other,  though  probably  com- 
municated by  the  same  impulse,  they  form  separate  subjects  of 

investigation. 
A  planet  moves  in  its  elliptical  orbit  with  a  velocity  varying 

every  instant,  in  consequence  of  two  forces,  one  tending  to 
the  centre  of  the  sun,  and  the  other  in  the  direction  of  a  tan- 

gent to  its  orbit,  arising  from  the  primitive  impulse  given  at 
the  time  when  it  was  launched  into  space :  should  the  force  in 

the  tangent  cease,  the  planet  would  fall  to  the  sun  by  its  gra- 
vity ;  were  the  sun  not  to  attract  it,  the  planet  would  fly  off  in 

the  tangent.  Thus,  when  a  planet  is  in  its  aphelion  or  at 
the  point  where  the  orbit  is  farthest  from  the  sun,  his  action 
overcomes  its  velocity,  and  brings  it  towards  him  with  such 

an  accelerated  motion,  that  it  at  last  overcomes  the  sun's  at- 
traction, and  shoots  past  him ;  then,  gradually  decreasing  in 

velocity,  it  arrives  at  the  aphelion  where  the  sun's  attraction 
again  prevails.  In  this  motion  the  radii  vectores,  or  imaginary 
lines  joining  the  centres  of  the  sun  and  planets,  pass  over  equal 
areas  in  equal  times. 

If  the  planets  were  attracted  by  the  sun  only,  this  would 
ever  be  their  course  ;  and  because  his  action  is  proportional  to 
his  mass,  which  is  immensely  larger  than  that  of  all  the  planets 
put  together,  the  elliptical  is  the  nearest  approximation  to  their 
true  motions,  which  are  extremely  complicated,  in  consequence 
of  their  mutual  attraction,  so  that  they  do  not  move  in  any 
known  or  symmetrical  curve,  but  in  paths  now  approaching  to, 

and  now  receding  from  the  elliptical  form,  and  their  radii  vec- 
tores do  not  describe  areas  exactly  proportional  to  the  time. 

Thus  the  areas  become  a  test  of  the  existence  of  disturbing 
forces. 

To  determine  the  motion  of  each  body  when  disturbed  by 
all  the  rest  is  beyond  the  power  of  analysis ;  it  is  therefore 
necessary  to  estimate  the  disturbing  action  of  one  planet  at  a 
time,  whence  arises  the  celebrated  problem  of  the  three  bodies, 
which  originally  was  that  of  the  moon,  the  earth,  and  the  sun, 

namely, — the  masses  being  given  of  three  bodies  projected  from 

three  given  points,  with  velocities  given  both  in  quantity  and 
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tllrection  ;  and  supposing  l!ie  bodies  to  gravitnle  to  one  an- 

other i\'ith  forces  that  are  directly  as  their  masses,  and  in- 
versely as  the  squares  of  Uie  distances,  to  find  the  lines 

described  by  these  bodies,  and  their  position  at  any  given 
ins  taut. 

By  this  problem  the  motions  of  translation  of  all  the  celestial 
bodies  arc  determined.  It  is  one  of  extreme  difficulty,  and 
would  be  of  infinitely  greater  difficulty,  if  the  disturbing 
action  were  not  very  small,  when  compared  with  the  central 
force.  As  the  disturbing  influence  of  each  body  may  be  found 
separately,  it  is  assumed  that  the  action  of  the  whole  system 

in  disturbing  any  one  planet  is  equal  to  the  sum  of  all  the  par- 
ticular disturbnnces  it  ex[)eriences,  on  the  general  mechanical 

principle,  that  Ihe  sum  of  any  number  of  small  oscillations  is 
nearly  equal  to  their  simuUljincous  and  joint  efTect. 

On  account  of  llie  reciprocal  action  of  raatler,  the  stability  of 
the  system  depends  on  the  intensity  of  (he  primitive  momentum 
of  the  planets,  and  the  ratio  of  their  masses  to  that  of  the  sun : 
for  the  nature  of  the  conic  sections  in  which  the  celestial  bodies 

move,  depends  on  ihe  velocity  with  which  they  were  first  pro- 
pelled ill  space  ;  had  that  velocity  been  such  as  to  make  the 

planets  move  in  orbits  of  unstable  equilibrium,  tbeirmutual  at- 
tractions might  have  changed  them  into  parabolas  or  even  hy- 

perbolas ;  so  that  the  earth  and  planets  might  ages  ago  have  been 
sweeping  through  Ihe  abyss  of  space:  but  as  the  orbits  differ 
very  little  from  circles,  the  momentum  of  the  planets  when  pro- 

jected, must  have  been  exactly  sufficient  to  ensure  the  perma- 
nency and  stability  of  the  system.  Besides  the  mass  of  the 

sun  is  immensely  greater  than  those  of  the  planets  ;  and  as 
their  inequalities  bear  the  same  ratio  to  their  elliptical  mo- 

tions as  their  masses  do  to  that  of  the  sun,  their  mutual  dis- 
turbances only  increase  or  diminish  the  eccentricities  of  their 

orbits  by  very  minute  quantities;  consequently  the  magnitude 

of  the  sun's  mass  is  the  principal  cause  of  the  stability  of  the 
system.  There  is  not  in  the  physical  world  a  more  splendid  ex- 
ample  of  the  adaplalion  of  means  to  the  accomplishment  of  the 
end,  Ihan  is  exhibited  in  the  nice  adjustment  of  these  forces, 

The  orbits  of  the  planets  have  a  very  smalt  inclination  to 
the  plane  of  the  ecliptic  in  which  the  earth  moves;  and  on 
that  account,  astronomers  refer  their  motions  to  it  at  a  given 
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epoch  as  a  known  and  fixed  position.  The  paths  of  the  pla- 
nets, when  their  mutual  disturbances  are  omitted,  are  ellipses 

nearly  approaching  to  circles,  whose  planes^  slightly  inclined 
to  the  ecliptic,  cut  it  in  straight  lines  passing  through  the 
centre  of  tiie  sun ;  the  points  where  the  orbit  intersects  the 
plane  of  the  ecliptic  are  its  nodes. 

The  orbits  of  the  recently  discovered  planets  deviate  more 

from  the  ecliptic  :  that  of  Pallas  has  an  inclination  of  35^  to  it : 
on  that  account  it  will  be  more  difficult  to  determine  their 

motions.  These  little  planets  have  no  sensible  effect  in  dis- 
turbing the  rest,  though  their  own  motions  are  rendered  very 

irregular  by  the  proximity  of  Jupiter  and  Saturn. 
The  planets  are  subject  to  disturbances  of  two  distinct  kinds, 

both  resulting  from  the  constant  operation  of  their  reciprocal 
attraction,  one  kind  depending  upon  their  positions  with  regard 
to  each  other,  begins  from  zero,  increases  to  a  maximum,  de- 

creases and  becomes  zero  again,  when  the  planets  return  to 
the  same  relative  positions.  In  consequence  of  these,  the 

troubled  planet  is  sometimes  drawn  away  from  the  sun,  some- 
times brought  nearer  to  him ;  at  one  time  it  is  drawn  above 

the  plane  of  its  orbit,  at  another  time  below  it,  according  to 
the  position  of  the  disturbing  body.  All  such  changes,  being 
accomplished  in  short  periods,  some  in  a  few  months,  others 
in  years,  or  in  hundreds  of  years,  are  denominated  Periodic 
Inequalities. 

The  inequalities  of  the  other  kind,  though  occasioned  likewise 
by  the  disturbing  energy  of  the  planets,  are  entirely  independent 
of  their  relative  positions  ;  they  depend  on  the  relative  posi- 

tions of  the  orbits  alone,  whose  forms  and  places  in  space  are 

altered  by  very  minute  quantities  in  immense  periods  of  time, 
and  are  therefore  called  Secular  Inequalities. 

In  consequence  of  disturbances  of  this  kind,  the  apsides,  or 
extremities  of  the  major  axes  of  all  the  orbits,  have  a  direct, 
but  variable  motion  in  space,  excepting  those  of  Venus,  which 
are  retrograde ;  and  the  lines  of  the  nodes  move  with  a  variable 

velocity  in  the  contrary  direction.  The  motions  of  both  are 

extremely  slow ;  it  requires  more  than  109770  years  for  the 

major  axis  of  the  earth's  orbit  to  accomplish  a  sidereal  revolu- 
tion, and  20935  years  to  complete  its  tropical  motion.  The 

major  axis  of  Jupiter's  orbit  requires  no  less  than  197561  years 



XIV  PRELIUINABr  DIGSERTATION. 

to  perform  its  revolution  from  the  dislurbing  action  of  Saturn 

alone.  The  periods  in  which  the  nodes  revolve  are  also  very 
great  Beside  these,  the  inclination  and  eccentricity  of  every 
orbit  are  in  a  state  of  perpetual,  but  slow  change.  At  llie 
present  time,  the  inclinations  of  all  the  orbits  are  decreasing; 

but  so  slowly,  that  the  inclination  of  Jupiter's  orbit  is  only  six 
minutes  less  now  than  it  was  in  the  age  of  Ptolemy.  The  ter- 

restrial eccentricity  is  decreasing  at  the  rate  of  3914  miles  in  a 
century;  and  if  it  were  to  decrease  equably,  it  would  beSlxJOO 

years  before  the  earth's  orbit  became  a  circle.  But  in  the 
midst  of  all  these  vicissitudes,  the  major  axes  and  mean  mo- 

tions of  the  planets  remain  permanently  independent  of  secular 

changes ;  they  are  so  connected  by  Kepler's  law  of  the  squares 
of  the  periodic  times  being  proportional  to  the  cubes  of  the 
mean  distances  of  the  planets  from  the  sun,  that  one  cannot 

vary  without  aflecling  the  other. 
Wiih  the  exception  of  these  two  elements,  it  appears,  that 

all  the  bodies  are  in  motion,  and  every  orbit  is  in  a  state  of 
perpetual  change.  Minute  as  these  changes  are,  they  might  be 

supposed  liable  to  accumulate  in  the  course  of  ages  suffi- 
ciently to  derange  the  whole  order  of  nature,  to  alter  the  rela- 

tive positions  of  the  planets,  to  put  an  end  to  the  vicissitudes 
of  the  seasons,  and  to  bring  about  collisions,  which  would 

involve  our  whole  system,  now  so  harmonious,  in  chaotic  con- 
fusion. The  consequences  being  so  dreadful,  it  is  natural 

to  inquire,  what  proof  exists  that  creation  will  be  preserved 
from  such  a  catastrophe?  for  nothing  can  be  known  from 
observation,  since  the  existence  of  the  human  race  has  occu- 

pied but  a  point  in  duration,  while  these  vicissitudes  embrace 
myriads  of  ages.  The  proof  is  simple  and  convincing.  Ail 
the  variations  of  the  solar  system,  as  well  secular  as  periodic, 
arc  expressed  analytically  by  the  sines  and  cosines  of  circular 
arcs,  which  increase  with  the  lime;  and  as  a  sine  or  cosine 
never  can  exceed  the  radius,  but  must  oscillate  between  ;£ero 

and  unity,  however  much  the  time  may  increase,  it  follows,  that 

when  the  variations  have  by  slo(¥  changes  accumulated  in  how- 
ever long  a  time  to  a  maKimum,  they  decieasc  by  the  same 

slow  degrees,  till  they  arrive  at  their  smallest  value,  and  then 
begin  a  new  course,  thus  for  ever  oscillating  about  a  mean 
value.     This,  however,  would  not  be  the  ca^e  if  the  planets 
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moved  in  a  resisting  medium,  for  then  both  the  eccen- 
tricity and  the  major  axes  of  the  orbits  would  vary  with 

the  time,  so  that  the  stability  of  the  system  would  be  ulti- 
mately destroyed.  But  if  the  planets  do  move  in  an  ethereal 

medium,  it  must  be  of  extreme  rarity,  since  its  resistance  has 
hitherto  been  quite  insensible. 

Three  circumstances  have  generally  been  supposed  necessary 
to  prove  the  stability  of  the  system :  the  small  eccentricities  of 
the  planetary  orbits,  their  small  inclinations,  and  the  revolution 

of  all  the  bodies,  as  well  planets  as  satellites,  in  the  same  direc- 
tion. These,  however,  are  not  necessary  conditions:  the  perio- 
dicity of  the  terms  in  which  the  inequalities  are  expressed  is 

sufficient  to  assure  us,  that  though  we  do  not  know  the  extent 
of  the  limits^  nor  the  period  of  that  grand  cycle  which  probably 
embraces  millions  of  years,  yet  they  never  will  exceed  what 
is  requisite  for  the  stdl)ility  and  harmony  of  the  whole,  for  the 
preservation  of  which  every  circumstance  is  so  beautifully  and 
wonderfully  adapted. 

The  plane  of  the  ecliptic  itself,  though  assumed  to  be  fixed 
at  a  given  epoch  for  the  convenience  of  astronomical  computa- 

tion, is  subject  to  a  minute  secular  variation  of  52^.109,  occa- 
sioned by  the  reciprocal  action  of  the  planets ;  but  as  this  is 

also  periodical,  the  terrestrial  equator,  which  is  inclined  to  it 

at  an  angle  of  about  23P  28^,  will  never  coincide  with  the 
plane  of  the  ecliptic ;  so  there  never  can  be  perpetual  spring. 
The  rotation  of  the  earth  is  uniform ;  therefore  day  and  night, 
summer  and  winter,  will  continue  their  vicissitudes  while  the 

system  endures,  or  is  untroubled  by  foreign  causes. 

Tonder  starry  sphere 

Of  planets,  and  of  fix*d,  in  all  her  wheels 
Resembles  nearest,  mares  intricate, 
Eccentric,  interrolved,  yet  regular 
Then  most,  when  most  irregular  they  seem. 

The  stability  of  our  system  was  established  by  La  Grange, 

'  a  discovery,'  says  Professor  Play  fair,  '  that  must  render  the 
name  for  ever  memorable  in  science,  and  revered  by  those  who 

delight  in  the  contemplation  of  whatever  is  excellent  and  sub- 

lime. After  Newton's  discovery  of  the  elliptical  orbits  of  the 

planets.  La  Grange's  discovery  of  their  periodical  inequalities 
is  without  doubt  the  noblest  truth  in  physical  astronomy  ',  and, 
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Id  respect  of  the  doctrine  of  final  causes,  it  may  be  regarded 

as  the  greatest  of  all.' 
Notwithstaiidiug  the  permaDency  of  our  system,  the  secular 

variations  in  the  planetaiy  orbits  would  have  been  extremely 
embarrassing  to  astronomers,  when  it  became  necessary  to 
compare  observations  separated  by  long  periods.  This  dtSiculty 
is  obviated  by  La  Place,  who  has  shown  that  whatever  changes 
time  may  induce  either  in  ihe  orbits  themselves,  or  in  the  plane 
of  the  ecliptic,  there  exists  an  invariable  plane  passing  through 
the  centre  of  gravity  of  the  sun,  about  which  the  whole  system 
oscillates  within  narrow  limits,  and  which  is  determined  by  this 
property ;  that  if  every  body  in  the  system  be  projected  on  it, 
and  if  the  raasa  of  each  be  multiplied  by  the  area  described 
in  a  given  time  by  its  projection  on  this  plane,  the  sum  of  ail 
these  products  will  be  a  maximum.  This  plane  of  greatest 
inertia,  by  no  means  peculiar  to  the  solar  system,  but  existing 
in  every  syalem  of  bodies  submitted  to  their  mutual  attrac- 

tions only,  always  remains  parallel  to  itself,  and  maintains  a 
fixed  position,  whence  the  oscillations  of  the  system  may  be 
estimated  through  unlimited  time.  It  is  situate  nearly  half 
way  between  the  orbits  of  Jupiter  and  Saturn,  and  is  inclined 

to  the  ecliptic  at  an  angle  of  aljout  1°  3ry  31". 
All  the  periodic  and  secular  inequalities  deduced  from  the 

law  of  gravitation  are  so  perfectly  confirmed  by  observations, 
that  analysis  has  become  one  of  the  most  certain  means  of 
discovering  the  planetary  irregularities,  either  when  they  are 
too  small,  or  too  long  in  their  periods,  to  be  detected  by  other 
methods.  Jupiter  and  Saturn,  however,  exhibit  inequalities 
which  for  a  long  time  seemed  discordant  with  that  law.  All 
observations,  from  those  of  the  Chinese  and  Arabs  down  to  the 

present  day,  prove  that  for  ages  the  mean  motions  of  Jupiter 
and  Saturn  have  been  affected  by  great  inequalities  of  very  long 
periods,  forming  what  appeared  an  anomaly  in  the  theory  of 
the  planets.  It  was  long  known  by  observation,  that  five 
times  the  mean  motion  of  Saturn  is  nearly  equal  to  twice  that 
of  Jupiter;  arelation  which  the  sagacity  of  La  Place  perceived 
to  be  the  cause  of  a  periodic  inequality  in  the  mean  motion 
of  each  of  these  planets,  which  completes  its  period  in  nearly 
929  Julian  years,  the  one  being  retarded,  while  the  other  is 

accelerated.     These  inequaUties  are  strictly  periodical,   since 
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they  depend  on  the  configuration  of  the  two  planets  ;  and  the 
theory  is  perfectly  confirmed  by  observation,  which  shows  that 

in  the  course  of  tw^enty  centuries,  Jupiter*s  mean  motion  has 
been  accelerated  by  3*^  23',  and  Saturn's  retarded  by  5°.13'. 

It  might  be  imagined  that  the  reciprocal  action  of  such  pla- 
nets as  have  satellites  would  be  different  from  the  influence  of 

those  that  have  none  ;  but  the  distances  of  the  satellites  from 

their  primaries  are  incomparably  less  than  the  distances  of  the 
planets  from  the  sun,  and  from  one  another,  so  that  the  system 
of  a  planet  and  its  satellites  moves  nearly  as  if  all  those  bodies 
were  united  in  their  common  centre  of  gravity  ;  the  action  of 
the  sun  however  disturbs  in  some  degree  the  motion  of  the 
satellites  about  their  primary. 

The  changes  that  take  place  in  the  planetary  system  are 
exhibited  on  a  small  scale  by  Jupiter  and  his  satellites;  and  as 
the  period  requisite  for  the  development  of  the  inequalities  of 
these  little  moons  only  extends  to  a  few  centuries,  it  may  be 
regarded  as  an  epitome  of  that  grand  cycle  which  will  not  be 
accomplished  by  tlie  planets  in  myriads  of  centuries.  The  re- 

volutions of  the  satellites  about  Jupiter  are  precisely  similar  to 
those  of  the  planets  about  the  sun  ;  it  is  true  they  are  disturbed 
by  the  sun,  but  his  distance  is  so  great,  that  their  motions  are 
nearly  the  same  as  if  they  were  not  under  his  influence.  The 
satellites  like  the  planets,  were  probably  projected  in  elliptical 

orbits,  but  the  compression  of  Jupiter's  spheroid  is  very  great 
in  consequence  of  his  rapid  rotation ;  and  as  the  masses  of 
the  satellites  are  nearly  100000  times  less  than  that  of  Ju- 

piter, the  immense  quantity  of  prominent  matter  at  his  equa- 
tor must  soon  have  given  the  circular  form  observed  in  the 

orbits  of  the  first  and  second  satellites,  which  its  superior 
attraction  will  always  maintain.  The  third  and  fourth  sa- 

tellites being  further  removed  from  its  influence,  move  in 
orbits  with  a  very  small  eccentricity.  The  same  cause  oc- 

casions the  orbits  of  the  satellites  to  remain  nearly  in  the 

plane  of  Jupiter's  equator,  on  account  of  which  they  are 
always  seen  nearly  in  the  same  line  ;  and  the  powerful  action 

of  that  quantity  of  prominent  matter  is  the  reason  why  the  mo- 
tion of  the  nodes  of  these  little  bodies  is  so  much  more  rapid 

than  those  of  the  planet.  The  nodes  of  the  fourth  satellite  ac- 

complish a  revolution  in  520  years,  while  those  of  Jupiter's 
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orbit  require  no  less  than  50673  years,  a  proof  of  the  recipro- 

cal attraction  between  each  panicle  of  Jupiter's  equator  and 
of  the  sateUites.  Ahhoiigli  the  two  first  saletiiles  sensilily 
move  in  circles,  ihey  acquire  a  small  ellipticily  from  the  dis- 

turbances they  experience. 
The  orbits  of  the  salelliles  do  not  retain  a  permanent  incli- 

nation, either  to  the  plane  of  Jupiter's  equator,  or  to  that  of 
his  orbit,  but  to  certain  planes  passing  Iwtween  the  two,  and 
through  their  intersection  ;  these  have  a  greater  inclination  to 
his  equator  the  further  the  snleltile  is  removed,  a  circumstance 

entirely  owing  to  the  influence  of  Jupiter's  compression. 
A  singular  law  obtnins  among  the  mean  motions  and  meao 

longitudes  of  the  three  first  satellites.  It  appears  from  obser- 
vation, that  the  mean  motion  of  the  first  satellite,  plus  twice 

that  of  the  third,  is  equal  to  three  times  that  of  the  second,  and 
that  the  mean  longitude  of  the  first  satellite,  minus  three  times 

that  of  the  second,  plus  (wice  that  of  the  third,  is  always  equal 
to  two  right  angles,  it  is  proved  by  theory,  that  if  these  re- 

lations had  only  been  approximate  when  the  satellites  were 
first  launched  into  space,  their  mutual  attractions  would  have 
eslabiisbed  and  maintained  them.  They  extend  to  the  synodic 

motions  oFthe  satellites,  consequently  they  affect  their  eclipses, 
and  have  a  very  great  influence  on  their  whole  theory.  The 

satellites  nnove  so  nearly  in  the  plane  of  Jupiter's  equator, 
which  has  a  very  small  inclination  to  his  orbit,  that  they  are 
frequently  eclipsed  by  the  planet.  The  instnnt  of  the  be- 

ginning or  end  of  an  eclipse  of  a  satellite  marks  the  same  in- 
stant of  absolute  time  to  all  the  inhabitants  of  the  earth  ;  there- 
fore the  time  of  these  eclipses  observed  by  a  traveller,  when 

compared  with  the  time  of  the  eclipse  computed  for  Greenwich 

or  any  other  fixed  meridian,  gives  the  dillcrence  of  the  meri- 
dians in  time,  and  consequently  the  longitude  of  the  place  of 

observation.  It  has  required  all  the  refinements  of  modern 
instruments  to  render  the  eclipses  of  these  remote  moons 
available  to  the  mariner  ;  now  however,  that  system  of  bodies 
invisible  to  the  naked  eye,  known  to  man  by  the  aid  of  science 
alone,  enables  lum  to  traverse  the  ocean,  spreading  the  light 
of  knowledge  and  the  blessings  of  civilization  over  the  most 
remote  regions,  and  to  return  loaded  with  the  productions  of 

another  hemisphere.     Nor  is  this  all ;  the  eclipses  of  Jupiter's 
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satellites  have  been  the  means  or  a  discovery,  which,  though 
not  so  immediately  applicable  to  the  wants  o(  man,  unfolds 

ft  property  of  light,  that  medium,  without  whose  cheering  in- 
fluence all  the  beauties  of  the  creation  would  have  been  to 

us  a  blank.  It  is  observed,  that  those  eclipses  of  the  6rst 
satellite  which  happen  when  Jupiter  is  near  conjunction,  are  later 

by  16'  26"  than  those  which  take  place  when  the  planet  is  in 
opposition.  But  as  Jupiter  is  nearer  to  us  when  in  opposition 

by  the  whole  breadth  of  the  earth's  orbit  than  when  in  conjunc- 
tion, this  circumstance  was  attributed  to  the  time  employed 

by  the  rays  of  light  in  crossing  the  earth's  orbit,  a  distance  of 
192  millions  of  miles ;  whence  it  is  estimated,  that  light  travek 
at  the  rate  of  192000  miles  in  one  second.  Such  is  its  velocity, 
that  the  earth,  moving  at  the  rate  of  nineteen  miles  in  ft  second, 
would  take  two  months  to  pass  through  a  distance  which  a 
ray  of  light  would  dart  over  in  eight  minutes.  The  subsequent 
discovery  of  the  aberration  of  light  confirmed  this  astonishing 
result. 

Objects  appear  to  be  situate  in  the  direction  of  the  rays  that 
proceed  from  them.  Were  light  propagated  instantaneously, 
every  object,  whether  at  rest  or  in  motion,  would  appear  in  the 
direction  of  these  rays ;  but  as  light  takes  some  time  to  fTftvel, 
when  Jupiter  is  in  conjunction,  we  see  him  by  means  of  rays 

that  led  him  16'  26"  before ;  but  during  that  time  we  have 
changed  our  position,  in  consequence  of  the  motion  of  the 

earth  in  its  orbit  -,  we  therefore  refer  Jupiter  to  a  place  in  which 
he  is  not.  His  true  position  is  in  the  diagonal  of  the  parallelo- 

gram, whose  sides  are  in  the  ratio  of  the  velocity  of  light  to 
the  velocity  of  (he  earth  in  its  orbit,  which  is  aa  192000  to  19. 
In  consequence  of  aberration,  none  of  the  heavenly  bodies  are 
in  the  place  in  which  they  seem  to  be.  In  fact,  if  the  earth 
were  at  rest,  rays  from  a  star  would  pass  along  the  axis  of  a 
telescope  directed  to  it ;  but  if  the  earth  were  to  begin  to  move 
in  iu  orbit  with  its  usual  velocity,  these  rays  would  strike 
against  the  side  of  the  tube ;  it  would  therefore  be  necessary  to 

incline  the  telescope  a  little,  in  order  to  see  the  star.  "The 
angle  contained  between  the  axis  of  the  telescope  and  a  line 
drawn  to  the  true  place  of  the  star,  is  its  aberration,  which 

varies  in  quantity  and  direction  in  diff«ent  parts  of  the  earth'i 
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1  aberration  W 
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orbit ;  but  as  it  never  exceeds  twenty  seconds, 
in  ordinary  cases. 

The  velocity  of  light  deduced  Trom  the  observeci 
of  ihe  fixed  stars,  perfectly  corresponds  with  that  given  by  the 
eclipses  of  the  first  satellite.  The  same  result  obtained  from 
sources  so  different,  leaves  not  a  doubt  of  its  truth.  Many 
such  beautiful  coincidences,  derived  from  apparently  the  most 
unpromising  and  dissimilar  circumstances,  occur  in  physical 
astronomy,  and  prove  dependences  which  we  might  otherwise 
be  unable  to  trace.  The  identity  of  the  velocity  of  light  at  the 

distance  of  Jupiter  and  on  the  earth's  surface  shows  that  its 
velocity  is  uniform ;  and  if  light  consists  in  the  vibrations  of  an 
elastic  fiuid  or  elher  filling  space,  which  hypothesis  accords 

best  with  observed  phenomena,  the  uniformity  of  its  velo- 
city shows  that  the  density  of  the  fluid  throughout  the  whole 

extent  of  the  solar  system,  must  be  proportional  to  its  elasti- 

city. Among  the  fortunate  conjectures  which  have  been  con- 
6rmed  by  subsequent  experience,  that  of  Bacon  is  not  the  least 

remarkable,  '  It  jiroduces  in  me,'  says  the  restorer  of  true 
philosophy,  '  a  doubt,  whether  the  face  of  the  serene  and 
starry  heavens  be  seen  at  the  instant  it  really  exisis,  or  not 
till  some  time  later ;  and  whether  there  be  not,  with  respect  to 
the  heavenly  bodies,  a  true  time  and  an  apparent  time,  no  less 
than  a  true  place  and  an  apparent  place,  as.  astronomers  say,  on 
account  of  parallax.  For  it  seems  incredible  that  the  species 
or  rays  of  the  celestial  bodies  can  pass  through  the  immense 
interval  between  them  and  us  in  an  instant ;  or  that  they  do 

not  even  require  some  considerable  portion  of  time.' 
As  great  discoveries  generally  lead  to  a  variety  of  conclu- 

sions, the  aberration  of  light  iifibrds  a  direct  proof  of  the  motion 

of  the  earth  in  its  orbit ;  and  its  rotation  is  proved  by  the 
theory  of  falling  bodies,  since  the  centrifugal  force  it  induces 
retards  the  oscillations  of  the  pendulum  in  going  from  the  pole 
to  the  equator.  Thus  a  high  degree  of  scientific  knowledge 
has  been  requisite  to  dispel  the  errors  of  the  senses. 

The  little  that  is  known  of  the  theories  of  the  satellites  of 

Saturn  and  Uranus  is  in  all  respects  similar  to  that  of  Jupiter. 
The  great  compression  of  Saturn  occasions  its  satellites  to 

move  nearly  in  the  plane  of  its  equator.    Of  the  situation  of  the 
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equator  of  Uranus  we  know  nothing,  nor  of  its  compression. 
The  orbits  of  its  satellites  are  nearly  perpendicular  to  the  plane 
of  the  ecliptic. 

Our  constant  companion  the  moon  next  claims  attention. 
Several  circumstances  concur  to  render  her  motions  the  most 

interesting,  and  at  the  same  time  the  most  difficult  to  inves- 
tigate of  all  the  bodies  of  our  system.  In  the  solar  system 

planet  troubles  planet,  but  in  the  lunar  theory  the  sun  is  the 
great  disturbing  cause ;  his  vast  distance  being  compensated 
by  his  enormous  magnitude,  so  that  the  motions  of  the  moon 
are  more  irregular  than  those  of  the  planets ;  and  on  account 
of  the  great  ellipticity  of  her  orbit  and  the  size  of  the  sun, 
the  approximations  to  her  motions  are  tedious  and  difficult, 
beyond  what  those  unaccustomed  to  such  investigations  could 
imagine.  Neither  the  eccentricity  of  the  lunar  orbit,  nor  its 
inclination  to  the  plane  of  the  ecliptic,  have  experienced 
any  changes  from  secular  inequalities ;  but  the  mean  motion, 
the  nodes,  and  the  perigee,  are  subject  to  very  remarkable 
variations. 

From  an  eclipse  observed  at  Babylon  by  the  Chaldeans,  on 
the  19th  of  March,  seven  hundred  and  twenty-one  years  before 
the  Christian  era,  the  place  of  the  moon  is  known  from  that  of 
the  sun  at  the  instant  of  opposition ;  whence  her  mean  longitude 
may  be  found  ;  but  the  comparison  of  this  mean  longitude  with 
another  mean  longitude,  computed  back  for  the  instant  of  the 
eclipse  from  modem  observations,  shows  that  the  moon  performs 
her  revolution  round  the  earth  more  rapidly  and  in  a  shorter 
time  now,  than  she  did  formerly;  and  that  the  acceleration  in 
her  mean  motion  has  been  increasing  from  age  to  age  as  the 
square  of  the  time  ;  all  the  ancient  and  intermediate  eclipses 
confirm  this  result.  As  the  mean  motions  of  the  planets  have 
no  secular  inequalities,  this  seemed  to  be  an  unaccountable 
anomaly,  and  it  was  at  one  time  attributed  to  the  resistance 
of  an  ethereal  medium  pervading  space;  at  another  to  the 
successive  transmission  of  the  gravitating  force :  but  as  La 
Place  proved  that  neither  of  these  causes,  even  if  they  exist, 
have  any  influence  on  the  motions  of  the  lunar  perigee  or 
nodes,  they  could  not  affect  the  mean  motion,  a  variation  in 

the  latter  from  such  a  cause  being  inseparably  connected  with 
c 
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Tariations  in  the  two  former  of  these  elements.  That  great  ma 

thematician,  however,  in  studying  the  theory  of  Ju|iiter's  salel- 
lites,  perceived  that  the  secular  variations  in  the  elemenls  of 

Jupiter's  orbit,  from  the  action  of  the  planets,  occasion  corre- 
Bponding  changes  In  the  motions  of  the  satellites:  this  led 
him  to  suspect  that  the  acceleration  in  the  mean  motion  of  the 
moon  might  be  connected  with  the  secular  variation  in  the 
eccentricity  of  the  terrestrial  orbit;  and  analysis  has  proved 
that  he  assigned  the  true  cause. 

If  the  eccentricity  of  the  earth's  orbit  were  invariable,  the 
moon  would  be  exposed  to  a  variable  disturbance  from  the 

action  of  the  sun,  In  consequence  of  the  earth's  annual  revolu- 
tion ;  but  it  would  be  periodic,  since  it  would  be  the  same  as 

often  as  the  sun,  the  earth,  and  the  moon  returned  to  the  same 
relative  positions  :  on  account  however  of  ihe  slow  and  incessant 

diminution  in  the  eccentricity  of  the  terrestrial  orbil,  the  re- 
volution of  our  planet  is  performed  at  different  distances  from 

the  sun  every  year.  The  position  of  the  moon  with  regard  to 
the  sun,  undergoes  a  corresponding  change  ;  so  that  the  mean 
action  of  the  sun  on  the  moon  varies  from  one  century  to 

another,  and  occasions  the  secular  increase  in  the  moon's  velo- 
city called  the  acceleration,  a  name  which  is  very  appro[)riate 

in  the  present  age,  and  which  will  continue  to  be  so  for  a  vast 

number  of  ages  to  come ;  because,  an  long  as  the  earth's  eccen- 
tricity diminishes,  the  moon's  mean  motion  will  be  accelerated ; 

but  when  the  eccentricity  has  passed  its  minimum  and  begins  to 
increase,  the  mean  motion  will  be  retarded  from  age  to  age.  At 

present  the  secular  acceleration  is  about  10",  but  its  effect  on 
the  moon's  place  increases  as  the  square  of  the  lime.  It  is 
remarkable  that  the  action  of  Ihe  planets  thus  ruflecled  by  the 

Bun  to  the  moon,  is  much  more  sensible  than  their  direct  ac- 
tion, either  on  the  earth  or  moon.  The  secular  diminution  in 

the  eccentricity,  which  has  not  altered  the  equation  of  the 
centre  of  the  sun  by  eight  minutes  since  the  earliest  recorded 

eclipses,  has  produced  a  variation  of  1°  48'  in  the  moon's 
longitude,  and  of  7°  12'  in  her  mean  anomaly. 

The  action  of  the  sun  occasions  a  rapid  but  variable  motion 
in  the  nodes  and  perigee  of  the  lunar  orbit ;  the  former, 

though  they  recede  during  the  greater  part  of  the  moon's  revo- 
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lution,  and  advance  during  the  smaller,  perform  their  side- 
real revolutions  in  6793'*»''.4212,  and   the  latter,  though  its 

motion  is   sometimes   retrograde    and   sometimes   direct,    in 

^    3232^'*.5807,  or  a  little  tt«f  than  nine  years :  but  such  is 
;  o^  ̂ e  difference  between  the  disturbing  energy  of  the  sun  and 

that  of  all  the  planets  put  together,  that  it  requires  no  less  than 

^*^    109770  years  for  the  greater  axis  of  the  terrestrial  orbit  to  do 
^•^     the  same.     It  is  evident  that  the  same  secular  variation  which 

^  ̂     changes  the  sun's  distance  from  the  earth,  and  occasions  the 
<^j^  ̂acceleration  in  the  moon's  mean  motion,  must  affect  the  motion 

of  the  nodes  and  perigee ;  and  it  consequently  appears,  from 

'-"  '    theory  as  well  as  observation,  that  both  these  elements  are  subject 
to  a  secular  inequality,  arising  from  the  variation  in  the  eccen- 

tricity of  the  earth's  orbit,  which  connects  them  with  the  acce* 
ieration ;  so  that  both  are  retarded  when  the  mean  motion  is 
anticipated.  The  secular  variations  in  these  three  elements  are 
in  the  ratio  of  the  numbers  3,  0.735,  and  1 ;  whence  the 
three  motions  of  the  moon,  with  regard  to  the  sun,  to  her 
perigee,  and  to  her  nodes,  are  continually  accelerated,  and 
their  secular  equations  are  as  the  numbers  1,  4,  and  0.265, 
or  according  to  the  most  recent  investigations  as  1, 4,  6776  and 
0.39 1 .   A  comparison  of  ancient  eclipses  observed  by  the  Arabs, 
Greeks,  and  Chaldeans,  imperfect  as  they  are,  with  modern 
observations,  perfectly  confirms  these  results  of  analysis. 

Future  ages  will  develop  these  great  inequalities,  which  at 
some  most  distant  period  will  amount  to  many  circumferences. 
They  are  indeed  periodic;  but  who  shall  tell  their  period? 
Millions  of  years  must  elapse  before  that  great  cycle  is  accom- 

plished ;  but '  such  changes,  though  rare  in  time,  are  frequent 

in  eternity.' 
The  moon  is  so  near,  that  the  excess  of  matter  at  the  earth's 

equator  occasions  periodic  variations  in  her  longitude  and  lati- 
tude ;  and,  as  the  cause  must  be  proportional  to  the  effect,  a 

comparison  of  these  inequalities,  computed  from  theory,  with 
the  same  given  by  observation,  shows  that  the  compression  of 
the  terrestrial  spheroid,  or  the  ratio  of  the  difference  between 
the  polar  and  equatorial  diameter  to  the  diameter  of  the  equator 

is  ̂ ^ — .     It  is  proved  analytically,  that  if  a  fluid  mass  of 

homogeneous  matter,  whose  particles  attract  each  other  in- 
G  2 
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versely  as  the  square  of  tlie  distiince,  were  to  revolve  about  art 
axis,  as  the  eailh,  it  would  assume  the  form  of  a  spheroid, 

whose  compression  is  ̂ i(r.  Whence  it  appears,  that  the  earth 
is  not  homogeneous,  but  decreases  in  density  from  its  centre 

to  its  circumference.  Thus  the  moon's  eclipses  show  the  earth 
to  be  round,  and  her  inequalities  not  only  determine  the  form, 
but  the  internal  structure  of  our  planet;  results  of  analysis 

which  could  not  have  been  anticipated.  Similar  inequalities 

in  Jupiter's  satellites  prove  that  his  mass  is  not  homogeneous, 
and  that  his  compression  is  -~^. 

The  motions  of  the  moon  have  now  become  of  more  import- 
ance to  the  navigator  and  geographer  than  those  of  any  other 

body,  from  the  precision  with  which  the  longitude  is  deter- 
mined by  the  occullations  of  stars  and  lunar  distances.  The 

lunar  theory  is  brought  to  such  perfection,  that  the  times 

of  these  phenomena,  observed  under  any  meridian,  when  com- 
pared with  that  computed  for  Greenwich  in  the  Nautical  Al- 

manack, gives  the  longitude  of  the  obserier  within  a  few  miles. 
The  accuracy  of  that  work  is  obviously  of  extreme  importance 
to  a  maritime  nation ;  we  have  reason  to  hope  that  the  new 
Ephemeris,  now  in  preparation,  will  be  by  far  the  most  perfect 
work  of  the  kind  that  ever  has  been  published. 

T-  From  the  lunar  theory,  the  mean  distance  of  the  sun  from 
the  earth,  and  thence  the  whole  dimensions  of  the  solar  sys- 

tem are  known  ;  for  the  forces  which  retain  the  earth  and  moon 

in  their  orbits,  are  respectively  proportional  to  the  radii  vec- 
tores  of  the  earth  and  moon,  each  being  divided  by  the  square 
of  its  periodic  lime;  and  as  the  lunar  theory  gives  the  ratio  of 
the  forces,  the  ratio  of  the  distance  of  the  sun  and  moon  from 

the  earth  is  obtained:  whence  it  appears  that  the  sun's  dis- 
tance from  the  earth  is  nearly  39G  times  greater  than  that  of 

the  moon. 

The  method  however  of  finding  the  absolute  distances  of 
the  celestial  bodies  in  miles,  is  in  fact  the  same  with  that 

employed  in  measuring  distances  of  terrestrial  objects.  From 
the  extremities  of  a  known  base  the  angles  which  the  visual  rays 

from  the  object  form  with  it,  are  measured ;  their  sum  sub- 
tracted from  two  right-angles  gives  the  angle  opposite  the 

base  i  therefore  by  trigonometry,  all  the  angles  and  sides  of 
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the  triangle  may  be  computed  ;  consequently  the  distance  of 
the  object  is  found.  The  angle  under  which  the  b&se  of  the 
triangle  is  seen  from  the  object,  is  the  parallax  of  that  object; 
it  evidently  increases  and  decreases  with  the  distance ;  there- 

fore the  base  must  be  very  great  indeed,  to  be  visible  at  all 
from  the  celestial  bodies.  But  the  globe  itself  whose  dimen- 

sions aro  ascertained  by  actual  admeasurement,  furnishes  a 
standard  of  measures,  with  which  we  compare  the  distances, 
masses,  densities,  and  volumes  of  the  sun  and  planets. 

The  courses  of  the  great  rivers,  which  are  in  general  navi- 
gable to  a  considerable  extent,  prove  that  the  curvature  of  the 

land  differs  but  little  from  that  of  the  ocean ;  and  as  the  heights 
of  the  mountains  and  continents  are,  at  any  rate,  quite  incon- 

siderable when  compared  with  the  magnitude  of  the  earth,  its 
figure  is  underatood  to  be  determined  by  a  surface  at  every 
point  perpendicular  to  the  direction  of  gravity,  or  of  the  plumb- 
line,  and  is  the  same  which  the  sea  would  have  if  it  were  con- 

tinued all  round  the  earth  beneath  the  continents.  Such  ts 

the  Sgure  that  has  been  measured  in  the  following  manner : — 
A  terrestrial  meridian  is  a  line  passing  through  both  poles, 

all  the  points  of  which  have  contemporaneously  the  same 
noon.  Were  the  lengths  and  curvatures  of  difierent  meridians 
known,  the  figure  of  the  earth  might  be  determined ;  but  the 
length  of  one  degree  is  sufficient  to  give  the  figure  of  the  earth, 
if  it  be  measured  on  different  meridians,  and  in  a  variety  oF 
latitudes ;  for  if  the  earth  were  a  sphere,  all  degrees  would  be 
of  the  same  length,  but  if  not,  the  lengths  of  the  degrees  will 
be  greatest  where  the  curvature  is  least ;  a  comparison  of  the 

length  of  the  degrees  in  different  parts  of  the  earth's  surface will  therefore  determine  its  size  and  form. 

An  arc  ofthe  meridian  may  be  measured  by  observing  thelati> 
tude  of  its  extreme  points,  and  then  measuring  the  distance  be- 

tween them  in  feet  or  fathoms ;  the  distance  thus  determined  on 

the  surface  of  the  earth,  divided  by  the  degrees  and  parts  of  a 
degree  contained  in  the  difference  of  the  latitudes,  will  give  the 

exact  length  of  one  degree,  the  difference  of  the  latitudes  being 

tiie  angle  contained  between  the  verticals  at  the  extremities  of 

the  arc.  This  would  be  easily  accomplished  were  the  distance 

unobstructed,  and  od  a  level  with  the  eea ;  but  od  account  of 
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the  innumerable  obstacles  on  ihe  surface  of  the  earth,  it  is 

necessary  to  connect  the  extreme  points  of  the  arc  by  a  series 
of  triangles,  the  sides  and  angles  of  which  are  either  measured 

or  computed,  so  that  Ihe  length  of  the  arc  is  ascertained  with 

much  laborious  computation.  In  consecjuence  of  the  inequa- 
lities of  the  surface,  each  triangle  is  in  a  different  plane;  they 

must  therefore  be  reduced  by  computation  to  what  they  would 
have  been,  had  they  been  measured  on  the  surface  of  the  sea ; 
and  as  the  earth  is  spherical,  they  require  a  correction  to 
reduce  them  from  plane  to  spherical  triangles. 

Arcs  of  the  meridian  have  been  measured  in  a  variety  of 
latitudes,  both  north  and  south,  a.s  well  as  arcs  perpendicular 
to  the  meridian.  From  these  measurements  it  appears  that 
the  length  of  the  degrees  increase  from  Ihe  equator  to  Ihe 

poles,  nearly  as  the  square  of  the  sine  of  the  latitude ;  con- 
sequently, the  convexity  of  the  earth  diminishes  from  the 

equator  to  the  poles.  Many  discrepancies  occur,  but  the 

figure  that  most  nearly  follows  this  law  is  an  ellipsoid  of  re- 
volution, whose  equatorial  radius  is  3962.6  miles,  and  the 

polar  radius  3949.7;  the  difference,  or  12.9  miles,  diviiled  by 

the  equatorial  radius,  is  — - — ,  or  ̂ J^  nearly ;  this  fraction 
is  called  the  compression  of  the  earth,  because,  acconling 
as  it  is  greater  or  less,  the  terrestrial  ellipsoid  is  more  or  less 
flattened  at  the  poles ;  it  does  not  differ  much  from  that 
given  by  the  lunar  inequalities.  If  we  assume  the  earth  to 
be  a  sphere,  the  length  of  a  degree  of  the  meridian  is  69j^ 
British  miles;  therefore  3G0  degrees,  or  the  whole  circum- 

ference of  the  globe  is  24866,  and  the  diameter,  which  is 
somelhing  less  than  a  third  of  the  circumference,  is  7916  or 

8000  miles  nearly.  Eratosthenes,  who  died  194  years  before 
the  Christian  era.  was  the  first  to  give  an  approximate  value  of 

the  earth's  circumference,  by  the  mensuration  of  an  arc  be- 
tween  Alexandria  and  Syene. 

But  there  is  another  method  of  finding  the  figure  of  the 
earth,  totally  independent  of  either  of  Ihe  preceding.  If  the 
earth  were  a  homogeneous  sphere  without  rotation,  its  attrac- 

tion on  bodies  at  its  surface  would  be  everywhere  Ihe  same ; 
tf  it   be  elliptical,    the  force    of  gravity   theoretically  ought 
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to  increase,   from   the  equator  to  the  polei  as  the  square 
of  the  sine  of  the  latitude;  but  for  a  spheroid  in  rotatioDg 
by  the  laws  of  mechanics  the  centrifugal  force  varies  as  the 
square  of  the  sine  of  the  latitude  from  the  equator  where  it 
is  greatest,  to  the  pole  where  it  vanishes ;  and  as  it  tends  to 
make  bodies  fly  off  the  surface,  it  dimiiiishes  the  effects  of  gra- 

vity by  a  small  quantity.     Hence  by  gravitation^  which  is  the 
difference  of  these  two  forces,  the  fall  of  bodies  ought  to  be 
accelerated  in  going  from  the  equator  to  the  poles,  proportion* 
ably  to  the  square  of  the  sine  of  the  latitude  ;  and  the  weight 
of  the  same  body  ought  to  increase  in  that  ratio.    This  is 
directly  proved  by  the  oscillations  of  the  pendulum ;  for  if  the 
fall  of  bodies  be  accelerated,  the  oscillations  will  be  mord 
rapid ;  and  that  they  may  always  be  performed  in  the  same 
time,  the  length  of  the  pendulum  must  be  altered.     Now,  by 
numerous  and  very  careful  experiments,  it  is  proved  that  a 
pendulum,  which  makes  86400  oscillations  in  a  mean  day  at 

the  equator,  will  do  the  same  at  every  point  of  the  earth's 
surface,  if  its  length  be  increased  in  going  to  the  pole,  as  the 
square  of  the  sine  of  the  latitude.     From  the  mean  of  these 
it    appears  that  the  compression    of  the   terrestrial    sphe* 
roid  is  about  ̂ i^f  which  does  not  differ  much  from  that  given 
by  the  lunar  inequalities,  and  from  the  arcs  of  the  meridian. 
The  near  coincidence  of  these  three  values,  deduced  by  me« 
thods  so  entirely  independent  of  each  other,  shows  that  the 
mutual  tendencies  of  the  centres  of  the  celestial  bodies  to  one 

another,  and  the  attraction  of  the  earth  for  bodies  at  its  surface, 
result  from    the    reciprocal  attraction   of  all  their  particles. 
Another  proof  may  be  added ;  the  nutation  of  the  earth  s  axis, 
and  the  precession  of  the  equinoxes,  are  occasioned  by  the 
action  of  the  sun  and  moon  on  the  protuberant  matter  at  the 

earth's  equator ;  and  although  these  inequalities  do  not  give 
the  absolute  value  of  the  terrestrial  compression,  they  show 
that  the  fraction  expressing  it  is  comprised  between  the  limits 

rb  ̂ "^  rW- 
It  might   be  expected  that  the  same  compression   should 

result  from  each,  if  the  different  methods  of  observation  could 
be  made  without  error.    This,  however,  is  not  the  case ;  for 

such  discrepancies  are  found  both  in  the  degrees  of  the  me- 
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ridian  and  in  the  lenglh  of  the  pendulum,  as  show  that  the 
figure  of  the  earth  is  very  complicated  ;  but  they  are  ho  small 

when  comjiared  with  the  general  results,  that  they  may  be  dis- 
regarded. The  compression  deduced  from  the  mean  of  the 

whole,  appears  to  be  about  ̂ is  j  tliat  given  by  the  lunar  theory 
has  the  advantage  of  being  independent  of  the  irregularities  at 

the  earth's  surface,  and  of  local  attractions.  The  form  and 
size  of  the  earth  being  delermiued,  it  furnishes  a  standard  of 
measure  with  which  the  dimensions  of  the  solar  system  may 
be  compared. 

The  parallax  of  a  celeslial  body  is  the  angle  under  which  the 
radius  of  the  earth  would  be  seen  if  viewed  from  the  centre  of 

that  body ;  it  aSbrds  the  means  of  ascertaining  the  distances  of 
the  sun,  moon,  and  planets.  Suppose  that,  when  the  moon 
is  in  the  horizon  at  the  instant  of  rising  or  setting,  lines  were 
drawn  from  her  centre  to  the  spectator  and  to  the  centre  of  the 

earth,  these  would  form  a  right-angled  triangle  with  (he  ter- 
restrial radius,  which  is  of  a  known  length  ;  and  as  the  paral- 

lax or  angle  at  the  moon  can  be  measured,  all  the  angles  and 
one  side  are  given  j  whence  the  distance  of  the  moon  from  the 
centre  of  the  earth  may  be  computed.  The  parallax  of  an 
object  may  be  found,  if  two  observers  under  the  same  meri- 

dian, but  at  a  very  great  distance  from  one  another,  observe 
its  zenith  distances  on  the  same  day  at  the  time  of  its  passage 
over  the  meridian.  By  such  contemporaneous  observations 
at  the  Cape  of  Good  Hope  and  at  Berlin,  the  mean  hori- 

zontal parallax  of  the  moon  was  found  to  be  3454". 2 ;  whence 
the  mean  distance  of  the  moon  is  about  sixty  times  the  mean 
terrestrial  radius,  or  240000  miles  nearly.  Since  the  parallax 
is  equal  to  the  radius  of  the  earth  divided  by  the  distance  of 
the  moon;  under  the  same  parallel  of  latitude  it  varies  with 

the  distance  of  the  moon  from  the  earth,  and  proves  the  ellip- 
ticity  of  the  lunar  orbit ;  and  when  the  moon  is  at  her  mean 

distance,  it  varies  with  the  terrestrial  radii,  thus  showing  that 
the  earth  is  not  a  sphere. 

Although  the  method  described  is  sufficiently  accurate  for 
finding  the  parallax  of  an  object  so  near  as  the  moon,  it  will 
not  answer  for  the  sun  which  is  so  remote,  that  the  smallest 
error  in  observation  would  lead  to  a  false  result;  but  by  the 
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transifs  of  Venus  that  difficulty  is  obviated.  When  that  planet 

is  in  her  nodes,  or  within  1^°  of  them,  that  is,  in,  or  nearly  in 
the  plane  o(  the  ecliptic,  she  is  occasionally  seen  to  pass  over 

the  sun  tike  a  block  spot.  If  we  could  imagine  that  the  sun 
and  Venus  had  no  parallax,  the  line  described  by  the  planet  on 
hisdisc,  and  the  duration  of  the  transit,  would  be  the  same  to 
all  the  inhabitants  of  the  earth ;  butas  the  sun  is  not  so  remote 

but  that  the  semidiameter  of  the  earth  has  a  sensible  magni- 
tude when  viewed  from  his  centre,  the  line  described  by  the 

planet  in  its  passage  over  bis  disc  appears  -to  be  nearer  to  bis 

centre  or  farther  from  it,  according  to  the  position  of  the  ob- 
server ;  BO  that  the  duration  of  the  tran»t  varies  with  the  dif- 

ferent points  of  the  earth's  surface  at  which  it  is  observed. 
This  diSerence  of  time,  being  entirely  the  efiect  of  parallax, 
furnishes  the  means  of  computing  it  from  the  known  motions 
of  the  earth  and  Venus,  by  the  same  method  as  for  the  eclipses 
of  the  sun.  In  fact  the  ratio  of  the  distances  of  Venus  and 
the  sun  from  the  earth  at  the  time  of  the  transit,  are  known 

from  the  theory  of  their  elliptical  motion ;  consequently,  the 
ratio  of  the  parallaxes  of  these  two  bodies,  being  inversely 

as  their  distances,  b  given  ;  and  as  the  transit  gives  the  dif- 
ference of  the  parallaxes,  that  of  the  sun  is  obtained.  In  1769, 

the  parallax  of  the  sun  was  determined  by  observations  of 
a  transit  of  Venus  made  at  Wardhus  in  Lapland,  and  at 

Otaheite  in  the  South  Sea,  the  latter  observation  being  the 

object  of  Cook's  first  voyage.  The  transit  lasted  about  six 
hours  at  Otaheite,  and  the  diSerence  in  the  duration  at  these 

two  stations  was  eight  minutes ;  whence  the  sun's  parallax  was 
found  to  be  8". 72 ;  but  by  other  considerations  it  has  subse- 

quently been  reduced  to  8".575 ;  from  which  the  mean  dis- 
tance of  the  sun  appears  to  be  about  95996000,  or  ninety*six 

millions  of  miles  nearly.  This  is  confirmed  by  an  inequality  in 
the  motion  of  the  moon,  which  depends  on  the  parallax  of  the 

sun,  and  which  when  compared  with  observation  gives  8",6 

for  the  sun's  parallax. 
The  parallax  of  Venus  is  determined  by  her  transits,  that  of 

Mars  by  direct  observation.  The  distances  of  these  two  planets 

from  the  earth  are  therefore  known  in  terrestrial  radii ;  conse- 

quently their  mean  distances  from  the  sun  may  be  computed  i 
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ami  ns  the  ralios  of  the  distances  of  the  planets  from  the  sun 

ere  known  by  Kepler's  law,  their  absolute  distances  in  miles 
Bre  easily  found. 

Far  tm  the  earth  seems  to  be  from  the  sun,  it  is  near  to  him 

when  compared  with  Uranus  ;  that  planet  is  no  less  than 

1843  millions  of  miles  from  the  luminary  that  warms  and 

enlivens  the  world  ;  to  it,  situate  on  the  verge  of  the  system, 

the  sun  must  appear  not  much  larger  than  Venus  does  to 

us.  The  earth  cannot  even  be  visible  aa  a  telescopic  object  to 

a  body  so  remote ;  yet  man,  the  inhabitant  of  the  earth,  soars 

beyond  the  vast  dimensions  of  the  system  to  which  his  planet 

belongs,  and  assumes  the  diameter  of  its  orbit  as  the  base 

of  a  triangle,  whose  opex  extends  to  the  stars. 

Sublime  as  the  Idea  is,  this  assumption  proves  inefiectual, 

for  the  apparent  places  of  the  fixed  slars  are  not  sensibly  changed 

by  the  earth's  annual  revolution  ;  and  with  the  aid  derived  from 
the  refinements  of  modern  astronomy  aud  the  most  perfect  in- 

struments, it  is  still  a  matter  of  doubt  whether  a  sensible  paral- 

lax has  been  detected,  even  in  the  nearest  of  these  remote  suns. 

If  a  fixed  star  had  the  parallax  of  one  second,  its  distance  from 

the  sun  would  be  20500U00  millions  of  miles.  At  such  a  dis- 

tancc  not  only  the  terrestrial  orbit  shrinks  to  a  point,  but, 

where  the  whole  solar  system,  when  seen  in  the  focus  of  the 

most  powerful  telescope,  might  be  covered  by  the  thickness 

of  a  spider's  thread.  Light,  flying  at  the  rate  of  200000  miles 
in  a  second,  would  take  three  years  and  seven  days  to  travel 

over  that  space  ;  one  of  the  nearest  stars  may  therefore  have 

been  kindled  or  extinguished  more  than  three  years  before  we 

could  have  been  aware  of  so  mighty  an  event.  But  this  distance 

must  be  small  when  compared  with  that  of  the  most  remote 

of  the  bodies  which  are  visible  In  the  heavens.  The  fixed  stars 

are  undoubtedly  luminous  like  the  sun ;  it  is  therefore  pro- 

bable that  they  are  not  nearer  to  one  another  than  the  sun 

is  to  the  nearest  of  them.  In  the  milky  way  and  the  other 

starry  nebulEo,  some  of  the  stars  that  seem  to  us  to  be  close  to 

Others,  may  be  far  behind  them  in  the  boundless  depth  of 

space ;  nay,  may  rationally  be  supposed  (o  be  situate  many 

thousand  times  further  off:  light  would  therefore  require  thou- 

sands of  years  to  come  to  the  earth  from  those  myriads  of  suns, 

of  which  our  own  is  but '  the  dim  and  remote  companion.' 
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The  masses  of  such  ploDeto  as  have  no  satellites  are  known 
by  comparing  the  inequalities  they  produce  in  the  motions  of 
the  earth  and  of  each  other,  determined  theoretically,  with 
the  same  inequalities  given  by  observation,  for  the  disturbing 

cause  must  necessarily  be  proportional  to  the  eOect  it  pro- 
duces. But  aa  the  quantities  of  matter  in  any  two  primary 

planets  are  directly  as  the  cubes  of  the  mean  distances  at 
which  their  satellites  revolve,  and  inversely  as  the  squares  of 
their  periodic  times,  the  mass  of  the  sun  and  of  any  planets 
which  have  satellites,  may  be  compared  with  the  mass  of  the 
earth.  In  this  manner  it  is  computed  that  the  mass  of  the 

sun  is  354936  times  greater  than  that  of  the  earth  *,  whence 
the  great  perturbations  of  (he  moon  and  the  rapid  motion  of 
the  perigee  and  nodes  of  her  orbit.  Even  Jupiler,  the  largest 
of  (he  planets,  is  1070.5  times  less  than  the  sun.  The  mass 

of  the  moon  is  determined  from  four  different  sources, — from 
her  action  on  the  terrestrial  equator,  which  occasions  the 
nutation  in  the  axis  of  rotation  ;  from  her  horizontal  parallax^ 

from  an  inequality  she  produces  in  the  sun^s  longitude,  and 
from  her  action  on  the  titles.  The  three  first  quantities,  com- 

puted from  theory,  and  compared  with  their  observed  values, 

give  her  mass  respectively  equal  to  the  ̂   tt~<  ̂ "^  t^— 
part  of  that  of  the  earth,  which  do  not  differ  very  much  from 

each  other ;  but,  from  her  action  in  raising  the  tides,  which 
furnishes  the  fourth  method,  her  mass  appears  to  be  about 
the  seventy-fifth  part  of  that  of  the  earth,  a  value  that  cannot 
difier  much  from  the  truth. 

The  apparent  diameters  of  the  sun,  moon,  and  planets  are 
determined  by  measurement;  therefore  (heir  real  diameters  may 
be  compared  with  that  of  the  earth  ;  for  the  real  diameter  of 
a  planet  is  to  the  real  diameter  of  the  earth,  or  8000  miles,  as 
the  apparent  diameter  of  the  planet  to  the  apparent  diameter 

of  the  earth  as  seen  from  the  planet,  that  is,  to  twice  the  pa- 
rallax of  the  planet  The  mean  apparent  diameter  of  the  sun 

IS  1920",  and  with  the  solar  parallax  8".65,  it  will  be  found 
that  (he  diameter  of  the  sun  is  about  888000  miles  ;  therefore, 

the  centre  of  the  sun  were  to  coincide  with  the  centre  of  the 

earth,  his  volume  would  not  only  include  the  orbit  of  the 

moon,  but  would  extend  nearly  as  far  again,  for  the  idood'i 



XXXII  PRELIMINAEY  DISSERTATION. 

mean  distance  from  the  earth  is  about  sixty  times  the  earth's 
mean  radius  or  240000  miles  ;  so  that  twice  the  distance  of 
the  moon  is  480000  miles,  which  differs  but  httle  from  Ihe 

solar  radius  ;  his  equatorial  radius  is  probably  not  much  less 
than  the  major  axis  of  the  lunar  orbit. 

The  diameter  of  the  moon  is  only  2160  miles ;  and  Jupi- 

ter's diameter  of  88000  miles  is  incomparably  less  than  that 
of  the  sun  The  diameter  of  Pallas  does  not  much  ex- 

ceed 71  miles,  so  that  an  inhabitant  of  that  planet,  in  one 

of  our  steam- carriages,  might  go  round  his  world  in  five  or 

The  oblate  form  of  the  celestial  bodies  indicates  rotatory 
motion,  and  this  has  been  confirmed,  in  most  cases,  by  tracing 
spots  on  their  surfaces,  whence  their  poles  and  times  of  rota- 

tion have  been  determined.  The  rotation  of  Mercury  is 
unknown,  on  account  of  his  proximity  to  the  sun ;  and  that 
of  the  new  planets  has  not  yet  been  ascertained.  The  sun 

revolves  in  twenty-five  days  ten  hours,  about  an  axis  that  is 
directed  towards  a  point  half  way  between  the  pole  star  and 
Lyra,  the  plane  of  rotation  being  inclined  a  little  more  than 
Itf  to  that  on  which  the  earth  revolves.  From  the  rotation 

of  the  sun,  there  is  every  reason  to  believe  that  he  has  a  pro- 
gressive motion  in  space,  although  the  direction  to  which  he 

tends  is  as  yet  unknown  ;  but  in  consequence  of  the  reaction 
of  the  planets,  he  describes  a  small  irregular  orbit  about  the 

centre  of  inertia  of  the  system,  never  deviating  from  his  posi- 
tion by  more  than  twice  his  own  diameter,  or  about  seven 

times  Ibe  distance  of  tlie  moon  from  the  earth. 
The  sun  and  all  his  attendants  rotate  from  west  to  east 

on  axes  that  remain  nearly  parallel  to  themselves  in  every 

point  of  their  orbit,  and  with  angular  velocities  that  are  sen- 
sibly uniform.  Although  the  uniformity  in  the  direction  of 

their  rotation  is  a  circumstance  hitherto  unaccounted  for  in  the 

economy  of  Nature,  yet  from  the  design  and  adaptation  of 
every  other  part  to  the  perfection  of  the  whole,  a  coincidence 
BO  remarkable  cannot  he  accidental;  and  as  the  revolutions  of 

the  planets  and  satellites  are  also  from  west  to  east,  it  is  evi- 
dent that  both  must  have  arisen  from  the  primitive  causes 

which  have  determined  the  planetary  motions. 
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The  larger  planets  rotate  in  shorter  periods  than  the  smaller 
planets  and  the  earth ;  their  compression  is  consequently  greater, 
and  the  action  of  the  sun  and  of  their  satellites  occasions  a 

nutation  in  their  axes,  and  a  precession  of  their  equinoxes, 
similar  to  that  which  obtains  in  the  terrestrial  spheroid  from 
the  attraction  of  the  sun  and  moon  on  the  prominent  matter 
at  the  equator.  In  comparing  the  periods  of  the  revolutions 
of  Jupiter  and  Saturn  with  the  times  of  their  rotation,  it  ap- 

pears that  a  year  of  Jupiter  contains  nearly  ten  thousand  of 
his  days,  and  that  of  Saturn  about  thirty  thousand  Satumian 
days. 

The  appearance  of  Saturn  is  unparalleled  in  the  system  of 
the  world ;  he  is  surrounded  by  a  ring  even  brighter  than  him- 

self, which  always  remains  in  the  plane  of  his  equator,  and 
viewed  with  a  very  good  telescope,  it  is  found  to  consist  of 
two  concentric  rings,  divided  by  a  dark  band.  By  the  laws  of 
mechanics,  it  is  impossible  that  this  body  can  retain  its  position 

by  the  adhesion  of  its  particles  alone ;  it  must  necessarily  re- 
volve with  a  velocity  that  will  generate  a  centrifugal  force  suf- 

ficient to  balance  the  attraction  of  Saturn.  Observation  con- 

firms the  truth  of  these  principles,  showing  that  the  rings 
rotate  about  the  planet  in  10^  hours,  which  is  considerably  less 
than  the  time  a  satellite  would  take  to  revolve  about  Saturn  at 

the  same  distance.  Their  plane  is  inclined  to  the  ecliptic  at  an 
angle  of  3P;  and  in  consequence  of  this  obliquity  of  position 
they  always  appear  elliptical  to  us,  but  with  an  eccentricity  so 
variable  as  even  to  be  occasionally  like  a  straight  line  drawn 
across  the  planet.  At  present  the  apparent  axes  of  the  rings 
are  as  1000  to  160 ;  and  on  the  29th  of  September,  1832,  the 

plane  of  the  rings  will  pass  through  the  centre  of  the  earth 
when  they  will  be  visible  only  with  superior  instruments,  and 
will  appear  like  a  fine  line  across  the  disc  of  Saturn.  On  the 
1st  of  December  in  the  same  year^  the  plane  of  the  rings 
will  pass  through  the  centre  of  the  sun. 

It  is  a  singular  result  of  the  theory^  that  the  rings  could  not 
maintain  their  stability  of  rotation  if  they  were  everywhere  of 
uniform  thickness ;  for  the  smallest  disturbance  would  destroy 
the  equilibrium,  which  would  become  more  and  more  deranged, 
till  at  last  they  would  be  precipitated  on  the  surface  of  the 
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planet.  The  rings  of  Saturn  must  therefore  be  irregular  solids 

of  unequal  breadth  in  the  different  parts  of  the  circumference, 

BO  that  their  centres  of  gravity  do  not  coincide  with  the  centres 

of  their  figures. 

Professor  Struve  has  also  discovered  that  the  centre  of  the 

ring  is  not  concentric  with  the  centre  of  Saturn  ;  the  interval 

between  the  onter  edge  of  the  globe  of  the  planet  and  the  outer 

edge  of  the  ring  on  one  side,  is  ll".073,  and  on  the  other  side 

the  interval  is  H",288;  consequently  there  is  an  eccentricity 

of  the  globe  in  the  ring  of  0",215. 
If  the  rings  obeyed  dilTorent  forces,  they  would  not  remain 

in  the  same  plane,  but  the  powerful  attraction  of  Saturn  always 

maintains  them  and  his  satellites  in  the  plane  of  his  equator. 

Tiie  rings,  by  Iheir  mutual  action,  and  that  of  the  sun  and 

satellites,  must  oscillate  about  the  centre  of  Saturn,  and  pro- 

duce phenomena  of  light  and  shadow,  whose  periods  extend  to 

many  years. 

The  periods  of  the  rotation  of  the  moon  and  the  other  satel- 

lites are  eipial  (o  the  times  of  their  revolutions,  consequently 

these  bodies  always  turn  the  same  face  to  their  primaries ;  how- 

ever, as  the  mean  motion  of  the  moon  is  subject  to  a  secular 

inequality  which  will  ultimately  amount  to  many  circumfer- 
ences, if  the  rotation  of  the  moon  were  perfectly  uniform,  and 

not  alTecled  by  the  same  inequalities,  it  would  cease  exactly  lo 
counterbalance  the  motion  of  revolution  ;  and  the  moon,  in  the 

course  of  ages,  would  successively  and  gradually  discover  every 

point  other  surface  to  the  earth.  But  theory  proves  that  this 

never  can  happen ;  for  the  rotation  of  the  moon,  though  it  does 

not  partake  of  the  periodic  inequalities  of  her  revolution,  is 

nfTected  by  the  same  secular  variations,  so  that  her  motions  of 

rotation  and  revolution  round  the  earth  will  always  balance 

each  other,  and  remain  equal.  This  circumstance  arises  from 

the  form  of  the  lunar  spheroid,  which  has  three  principal  axes 

of  different  lengths  at  right  angles  to  each  other.  The  moon  is 

flattened  at  the  poles  from  her  centrifugal  force,  therefore  her 

polar  axis  is  least ;  the  other  two  are  in  the  plane  of  her  equa- 

tor, but  that  directed  towards  the  earth  is  the  greatest.  The 

attraction  of  the  earth,  as  if  it  had  drawn  out  that  part  of  the 

moon's  equator,  conBtantly  brings  the  greatest  axis,  and  con- 
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sequently  the  same  hemisphere  towards  us,  which  makes  her 
rotation  participate  in  the  secular  variations  in  her  mean  mo* 
tion  of  revolution.  Even  if  the  angular  velocities  of  rotation 
and  revolution  had  not  been  nicely  balanced  in  the  beginning 

of  the  moon's  motion,  the  attraction  of  the  earth  would  have 
recalled  the  greatest  axis  to  the  direction  of  the  line  joining 
the  centres  of  the  earth  and  moon ;  so  that  it  would  vibrate 
on  each  side  of  that  line  in  the  same  manner  as  a  pendulum 
oscillates  on  each  side  of  the  vertical  from  the  influence  of 
gravitation. 

No  such  Ubration  is  perceptible ;  and  as  the  smallest  dis* 
turbance  would  make  it  evident,  it  is  clear  that  if  the  moon 
has  ever  been  touched  by  a  comet,  the  mass  of  the  latter  must 
have  been  extremely  small ;  for  if  it  had  been  only  the  hun- 

dred-thousandth part  of  that  of  the  earthy  it  would  have  ren- 
dered  the  libration  sensible.  A  similar  libration  exists  in  the 

motions  of  Jupiter's  satellites  ;  but  although  the  comet  of  1767 
and  1779  passed  through  the  midst  of  them,  their  libration 
still  remains  insensible.  It  is  true,  the  moon  is  liable  to  libra- 
tions  depending  on  the  position  of  the  spectator ;  at  her  rising, 
part  of  the  western  edge  of  her  disc  is  visible,  which  is  invisible 
at  her  setting,  and  the  contrary  takes  place  with  regard  to  her 
eastern  edge.  There  are  also  librations  arising  from  the  rela- 

tive positions  of  the  earth  and  moon  in  their  respective  orbits, 
but  as  they  are  only  optical  appearances,  one  hemisphere  will  be 
eternally  concealed  from  the  earth.  For  the  same  reason,  the 
earth,  which  must  be  so  splendid  an  object  to  one  lunar  hemi- 

sphere, will  be  for  ever  veiled  from  the  other.  On  account  of 
these  circumstances,  the  remoter  hemisphere  of  the  moon  has 
its  day  a  fortnight  long,  and  a  night  of  the  same  duration  not 
even  enlightened  by  a  moon,  while  the  favoured  side  is  illumi- 

nated by  the  reflection  of  the  earth  during  its  long  night.  A 
moon  exhibiting  a  surface  thirteen  times  larger  than  ours,  with 
all  the  varieties  of  clouds,  land,  and  water  coming  successively 
into  view,  would  be  a  splendid  object  to  a  lunar  traveller  in  a 
journey  to  his  antipodes. 

The  great  height  of  the  lunar  mountains  probably  has  a 
considerable  influence  on  the  phenomena  of  her  motion,  the 
more  so  as  her  compression  is  small^  and  her  mass  considerable* 
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Ill  the  curve  passing  through  the  poles,  and  that  diameter  of 
the  moon  which  always  points  to  the  earth,  nature  has  furnished 
aperninnent  meridian,  to  which  the  different  spots  on  her  surface 
have  been  referred,  and  their  positions  determined  with  as  much 
accuracy  as  those  of  many  of  the  most  remarkable  places  on 
the  surface  of  our  globe. 

The  rotation  of  the  earth  which  determines  the  length  of  the 
day  may  he  regarded  as  one  of  the  most  important  elements  in 
the  system  of  the  world.  It  serves  as  a  measure  of  time,  and 
forms  the  standard  of  comparison  for  the  revolutions  of  the 

celestial  bodies,  which  by  their  proportional  increase  or  de- 
crease would  soon  disclose  any  changes  it  might  sustain. 

Theory  and  observation  concur  in  proving,  that  among  the 
innumerable  vicissitudes  that  prevail  throughout  creation,  the 

period  of  the  earlh's  diurnal  rotation  is  immutable.  A  fluid,  as 
Mr.  Babbage  observes,  in  falling  from  a  higher  to  a  lower 
level,  carries  with  it  the  velocity  due  to  its  revolution  with  the 
earth  at  a  greater  distance  from  its  centre.  It  will  therefore 
accelerate,  although  to  an  almost  infinitesimal  extent,  the 

earth's  daily  rotation.  The  sum  of  all  these  increments  of 

velocity,  arising  from  the  descent  of  all  the  rivers  on  the  earth's 
surface,  would  in  lime  become  perceptible,  did  not  nature,  by 
the  process  of  evaporation,  raise  the  waters  back  to  their 
sources  ;  and  thus  again  by  removing  matter  to  a  greater 
distance  from  the  centre,  destroy  the  velocity  generated 
by  its  previous  approach  ;  so  that  the  descent  of  the  rivers 

does  not  affect  the  earth's  rotation.  Enormous  masses  pro- 
jected by  volcanoes  from  the  equator  to  the  poles,  and  the 

contrary,  would  indeed  affect  it,  but  there  is  no  evidence 
of  such  convulsions.  The  disturbing  action  of  the  moon  and 
planets,  which  has  so  powerful  an  effect  on  the  revolution 
of  the  earth,  in  no  way  influences  its  rotation  :  the  constant 
friction  of  the  trade  winds  on  the  mountains  and  continents 

between  the  tropics  does  not  impede  its  velocity,  which  theory 
even  proves  to  be  the  same,  as  if  the  sea  together  with  the 
earth  formed  one  solid  mass.  But  although  these  circumstances 
be  inefficient,  a  variation  in  the  mean  temperature  would  cer- 

tainly occasion  a  corresponding  change  in  the  velocity  of  rotn- 
Jion :  for  in  the  science  of  dynamics,  it  is  a  principle  in  a  systen^ 
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of  bodies,  or  of  particles  revolving  about  a  fixed  centre,  that 
the  momentum,  or  sum  of  the  products  of  the  mass  of  each 
into  its  angular  velocity  and  distance  from  the  centre  is  a  con- 

stant quantity,  if  the  system  be  not  deranged  by  an  external 
cause.  Now  since  the  number  of  particles  in  the  system  is 
the  same  whatever  its  temperature  may  be,  when  their  distances 
from  the  centre  are  diminished,  their  angular  velocity  must  be 
increased  in  order  that  the  preceding  quantity  may  still  remain 
constant.  It  follows  then,  that  as  the  primitive  momentum 
of  rotation  with  which  the  earth  was  projected  into  space  must 
necessarily  remain  the  same,  the  smallest  decrease  in  heat,  by 
contracting  the  terrestrial  spheroid,  would  accelerate  its  rota- 

tion, and  consequently  diminish  the  length  of  the  day.  Not- 

withstanding the  constant  accession  of  heat  from  the  sun's 
raysy  geologists  have  been  induced  to  believe  from  the  nature 
of  fossil  remains,  that  the  mean  temperature  of  the  globe  is 
decreasing. 

The  high  temperature  of  mines,  hot  springs,  and  above  all, 
the  internal  fires  that  have  produced,  and  do  still  occasion  such 
devastation  on  our  planet,  indicate  an  augmentation  of  heat 

towards  its  centre  ;  the  increase  of  density  in  the  strata  cor- 
responding to  the  depth  and  the  form  of  the  spheroid,  being 

what  theory  assigns  to  a  fluid  mass  in  rotation,  concur  to  induce 
the  idea  that  the  temperature  of  the  earth  was  originally  so 
high  as  to  reduce  all  the  substances  of  which  it  is  composed  to 
a  state  of  fusion,  and  that  in  the  course  of  ages  it  has  cooled 
down  to  its  present  state ;  that  it  is  still  becoming  colder,  and 
that  it  will  continue  to  do  so,  till  the  whole  mass  arrives  at  the 

temperature  of  the  medium  in  which  it  is  placed,  or  rather  at 
a  state  of  equilibrium  between  this  temperature,  the  cooling 

power  of  its  own  radiation,  and  the  heating  effect  of  the  sun's 
rays.  But  even  if  this  cause  be  sufficient  to  produce  the  ob- 
ser\'ed  effects,  it  must  be  extremely  slow  in  its  operation ;  for 
in  consequence  of  the  rotation  of  the  earth  being  a  measure 
of  the  periods  of  the  celestial  motions,  it  has  been  proved,  that 
if  the  length  of  the  day  had  decreased  by  the  three  hundredth 

part  of  a  second  since  the  observations  of  Hipparchus  two 

thousand   years  ago,  it  would  have  diminished  the  secular 
d 
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equation  of  the  moon  by  4".4.  It  is  therefore  beyond  a 
doubt,  that  the  mean  temperature  of  the  earth  cannot  have  sen- 

sibly varied  during  that  time  ;  if  then  the  appearances  exhibited 

by  the  strata  ure  really  owing  to  a  decrease  of  internal  tempe- 
rature, it  either  shows  the  immense  periods  requisite  to  produce 

geological  changes  to  which  two  thousand  years  are  as  nothing, 
or  that  the  mean  temperature  of  the  earth  had  arrived  at  a  state 
of  equilibrium  before  these  observations.  However  strong  the 

indlcationaof  the  primitive  fluidity  of  the  earth,  as  there  is  no 

direct  proof,  it  can  only  be  regarded  as  a  very  probable  hypo- 
thesis ;  but  one  of  the  most  profound  philosophers  and  elegant 

writers  of  modern  times  has  found,  in  the  secular  variation  of 

the  eccentiicityof  the  terrestrial  orbit,  an  evident  cause  of  de- 
creasing temperature.  That  accomplished  author,  in  pointing 

out  the  mutual  dependences  of  phenomena,  says — '  It  is  evi- 
dent that  the  mean  tem])erature  of  the  whole  surface  of  the 

globe,  in  so  fur  as  it  is  maintained  by  the  action  of  the  sun  at 
8  higher  degree  than  it  would  have  were  the  sun  extinguished, 

must  depend  on  the  mean  quantity  of  the  sun's  rays  which  it 
receives,  or,  which  comes  to  the  same  thing,  on  the  total  quan- 

tity received  in  a  given  invariable  time :  and  the  length  of  the 
year  being  unchangeable  in  all  the  fluctuations  of  the  planetary 
system,  it  follows,  Ibat  the  total  amount  of  solar  radiation  will 

determine,  ceteris  paribus,  the  general  climate  of  the  earth. 
Now  it  is  not  difficult  to  show,  that  this  amount  is  inversely 

proportional  to  the  minor  axis  of  the  ellipse  described  by  the 
earth  about  the  sun,  regarded  as  slowly  variable  ;  and  that, 

therefore,  the  major  axis  remaining,  as  we  know  it  to  be,  con- 
stant, anil  the  orbit  being  actually  in  a  state  of  approach  to  a 

circle,  and  consequently  the  minor  axis  being  on  the  increase, 
the  mean  annual  amount  of  solar  radiation  received  by  the 
whole  earth  must  be  actually  on  the  decrease.  We  have, 

therefore,  an  evident  real  cause  to  account  for  the  phenome- 

non.* The  limits  of  the  variation  in  the  eccentricity  of  the 
earth's  orbit  are  unknown  ;  but  if  its  ellipticity  has  ever  been 
as  great  as  that  of  the  orbit  of  Mercury  or  Pallas,  the  mean 
temperature  of  the  earth  must  have  been  sensibly  higher  than 
it  is  at  present ;  whether  it  was  great  enough  to  render  our 



FRBUHINART  DISSSRTATION.  XXXix 

northern  climates  fit  for  the  production  of  tropical  plants,  and 
for  the  residence  of  the  elephant,  and  the  other  inhabitants  of 
the  torrid  zone,  it  is  impossible  to  say. 

The  relative  quantity  of  heat  received  by  the  earth'  at  dif* 
ferent  moments  during  a  single  revolution,  varies  with  the 
position  of  the  perigee  of  its  orbit,  which  accomplishes  a  tro- 

pical revolution  in  20935  years.  In  the  year  1250  of  our  era, 
and  29653  years  before  it,  the  perigee  coincided  with  the  sum- 

mer solstice ;  at  both  these  periods  the  earth  was  nearer  the 
sun  during  the  summer,  and  farther  from  him  in  the  winter 
than  in  any  other  position  of  the  apsides :  the  extremes  of  tem- 

perature must  therefore  have  been  greater  than  at  present ; 
but  as  the  terrestrial  orbit  was  probably  more  elliptical  at  the 
distant  epoch,  the  heat  of  the  summers  must  have  been  very 
great^  though  possibly  compensated  by  the  rigour  of  the  win- 

ters ;  at  all  events,  none  of  these  changes  a&ct  the  length  of 
the  day. 

It  appears  from  the  marine  shells  found  on  the  (ops  of  the     . 
highest  mountains,  and  in  almost  every  part  of  the  globe,  that 
inunense  continents  have  been  elevated  above  the  ocean,  which 

must  havejuag^hed  others.  Such  a  catastrophe  would  be  occa- 

sioned by  a  variation  in  the  position  of  the  axis  of  rotation  on        I  ̂r^ 
the  surface  of  the  earth;  for  the  seas  tending  to  the  new  equa- 

tor would  leave  some  portions  of  the  globe,  and  overwhelm  j  -^ky^-^^ 
others. 

But  theory  proves  that  neither  nutadon,  precession,  nor  any. 
of  the  disturbing  forces  that  affect  the  system,  have  the  smallest 
influence  on  the  axis  of  rotation,  which  maintains  a  permanent 
position  on  the  surface,  if  the  earth  be  not  disturbed  in  its 
rotation  by  some  foreign  cause,  as  the  collision  of  a  comet 
which  may  have  happened  in  the  immensity  of  time.  Then 
indeed,  the  equilibrium  could  only  have  been  restored  by  the 
rushing  of  the  seas  to  the  new  equator,  which  they  would  con* 
tinue  to  do,  till  the  surface  was  every  where  perpendicular  to 
the  direction  of  gravity.  But  it  is  probable  that  such  an  accu-. 
mutation  of  the  waters  would  not  be  sufficient  to  restore  equi-. 
librium  if  the  derangement  had  been  great ;  for  the  mean  den- 

sity of  the  sea  is  only  about  a  fifth  part  of  the  mean  density  of 
the  earth,  and  the  mean  depth  even  of  the  Pacific  ocean  is  not 

d8 
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more  thftn  Tour  miles,  whereas  the  equatorial  radius  of  the 

earth  exceeds  the  polar  radius  by  twenty-five  or  thirty  miles  ; 

consequently  the  influence  of  the  sea  on  the  direction  of  gra- 
vity is  very  small ;  and  as  it  appears  that  a  great  change  in  the 

position  of  the  axes  is  incompatible  with  the  law  of  equili- 

brium, the  geoIo(;ical  phenomena  must  be  ascribed  to  an  in- 
ternal cause.  Thus  amidst  the  mighty  revolutions  which  have 

swept  innumerable  races  of  organized  beings  from  the  earth, 
which  have  elevated  plains,  and  buried  mountains  in  the  ocean, 
the  rotation  of  the  earth,  and  the  position  of  the  axis  on  its 
surface,  have  undergone  but  slight  variations. 

It  is  beyond  a  doubt  that  the  strata  increase  in  density  from 
the  surface  of  the  earth  to  its  centre,  which  is  even  proved  by 
the  lunar  ineqaahties  ;  and  it  is  manifest  from  the  mensuration 
of  arcs  of  the  meridian  and  the  lengths  of  the  seconds  pendulum 
that  the  strata  are  elliptical  and  concentric.  This  certainly 

would  have  happened  if  the  earth  had  originally  been  fluid,  for 
the  denser  parts  must  have  subsided  towards  the  centre,  as  it 
approached  a  state  of  equilibrium  ;  but  the  enormous  pressure 

of  the  superincumbent  mass  is  a  sufficient  cause  for  these  phe- 
nomena. Professor  Leslie  observes,  that  air  compressed  into 

the  fiftieth  part  of  its  volume  has  its  elasticity  fifty  times  aug- 
mented ;  if  it  continue  to  contract  at  that  rate,  it  would,  from 

its  own  incumbent  weight,  acquire  the  density  of  water  at  the 

depth  of  thirty-four  miles.  But  water  itself  would  have  rts 
density  doubled  at  the  depth  of  ninety-three  miles,  and  would 
even  attain  the  density  of  quicksilver  at  a  depth  of  3(52  miles. 
In  descending  therefore  towards  the  centre  through  4000  miles, 
the  condensation  ofordinRry  materials  would  surpass  the  utmost 

powers  of  conception.  But  a  density  so  extreme  is  not  borne- 
out  by  astronomical  observation.  It  might  seem  therefore  to- 
follow,  that  our  planet  must  have  a  widely  cavernous  structure-, 
and  that  we  tread  on  a  crust  or  shell,  whose  thickness  bears- 

a  very  small  proportion  (o  the  diameter  of  lis  sphere.  Pos- 
sibly too  this  great  condensation  at  the  central  regions  may  be 

counlerbalanced  by  the  increased  elasticity  due  to  a  very- 
elevated  temperature.  Dr.  Young  says  that  steel  would  be 

compressed  into  one-fourth,  and  stone  into  one-eighth*of  its 
bulk  at  the  earth's  centre.     However  we  are  yet  ignorant  of 

■^  ,-..  ,,1  -y  ̂  '■■  -.,-  "^.^^r^H,*'/^  i*f  iit^ti^t ^ 
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lie  lar^gQf  compression  of  solid  bodies  beyond  a  certain  limit; 
Lut,  from  the  experiments  of  Mr.  Perkins,  they  appear  to  be 
capable  of  a  greater  degree  of  compression  than  has  generally 
been  imagined. 

It  appears  then,  that  the  axis  of  rotation  is  invariable  on  the 
surface  of  the  earth,  and  observation  shows,  that  were  it  not 

for  the  action  of  the  sun  and  moon  on  the  matter  at  the  equa- 
tor, it  would  remain  parallel  to  itself  in  every  point  of  its 

orbit. 

The  attraction  of  an  exterior  body  not  only  draws  a  spheroid 
towards  it ;  but,  as  the  force  varies  inversely  as  the  square  of 
the  distance,  it  gives  it  a  motion  about  its  centre  of  gravity, 
unless  when  the  attracting  body  is  situated  in  the  prolongation 
of  one  of  the  axes  of  the  spheroid. 

The  plane  of  the  equator  is  inclined  to  (he  plane  of  the 

ecliptic  at  an  angle  of  about  23^  28',  and  the  inclination 
of  the  lunar  orbit  on  the  same  is  nearly  5^ ;  consequently, 
from  the  oblate  figure  of  the  earth,  the  sun  and  moon  acting 
obliquely  and  unequally  on  the  difierent  parts  of  the  terrestriid 
spheroid,  urge  the  plane  of  the  equator  from  its  direction,  and 
force  it  to  move  from  east  to  west,  so  that  the  equinoctial  points 
have  a  slow  retrograde  motion  on  the  plane  of  the  ecliptic  of  about 

50".4l2  annually.  The  direct  tendency  of  this  action  would  be 
to  make  the  planes  of  the  equator  and  ecliptic  coincide ;  but  in 
consequence  of  the  rotation  of  the  earth,  the  ipcllnnion  of  the 

two  planes  remains  constant,  as  a  top  in  snin:.^.:£;  preserves  the 
same  inclination  to  the  plane  of  the  horizon.  Were  the  earth 
spherical  this  eflect  would  not  be  produced,  and  the  equinoxes 
would  always  correspond  to  the  same  points  of  the  ecliptic,  at 
least  as  far  as  this  kind  of  action  is  concerned.  But  another 

and  totally  difierent  cause  operates  on  this  motion,  which  has 
already  been  mentioned.  The  action  of  the  planets  on  one 
another  and  on  the  sun,  occiisions  a  very  slow  variation  in  the 

position  of  the  plane  of  the  ecliptic,  which  affects  its  inclination 
on  the  plane  of  the  equator,  and  gives  the  equinoctial  points  a 

slow  but  direct  motion  on  the  ecliptic  of  0''.312  annually,  which 
is  entirely  independent  of  the  figure  of  the  earlh,  an(i  would  be 
the  same  if  it  were  a  sphere.  Thus  the  sun  ami  moon,  by 

moving  the  plane  of  the  equator,  cause  the  equinoctial  pointi^ 
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to  relrograde  on  the  ecliptic;  and  llie  (jlanels.  by  moving  the 

plane  of  ihe  ecliptic,  give  ihem  a  direct  motion,  but  much  less 
than  the  former  ;  consequently  the  difference  of  the  two  is  the 

mean  precession,  which  is  proved,  both  by  theory  and  observa- 
tion, to  be  about  50". 1  annually.  As  the  longitudes  of  all  the 

fixed  stars  are  increased  by  this  quantity,  the  effects  of  preces- 
sion are  soon  detected ;  it  was  accordingly  discovered  by  Hip- 

parchus,  in  the  year  128  before  Christ,  from  a  comparison  oF 
his  own  observations  with  those  of  Timocharis,  155  years 
before.  In  the  time  of  Hipparchus  the  entrance  of  the  sun 
into  the  constellation  Aries  was  the  beginning  of  spring,  but 

since  then  the  equinoctial  points  have  receded  30° ;  so  that  the 
constellations  called  the  signs  of  the  zodiac  are  now  at  a  con- 

siderable distance  from  those  divisions  of  the  ecliptic  which 

bear  their  names.  Moving  at  the  rate  of  50".l  annually,  the 
equinoctial  points  will  accomplish  a  revolution  in  258G8  years ; 
but  as  the  precession  varies  in  different  centuries,  the  extent  ot 
this  period  will  be  slightly  modified.  Since  the  motion  of  the 
Bun  is  direct,  and  that  of  the  equinoctial  points  retrograde,  he 
takes  a  shorter  time  to  return  to  the  equator  than  to  arrive  at 
the  same  stars;  so  that  the  tropical  year  of  365.2422G4  days 
must  be  increased  by  the  time  he  takes  to  move  through  an 

arc  of  50".l,  in  order  to  have  the  length  of  the  sidereal  year. 
By  simple  proportion  it  is  the0.014119lh  part  ofaday,  so  that 
the  sidereal  year  is  365.250383. 

The  mean  annual  precession  is  subject  to  a  secular  variation  ; 
for  although  the  change  in  the  plane  of  the  ecliptic  which  is 
the  orbit  of  the  sun,  be  independent  of  the  form  of  the  earth, 
yet  by  bringing  the  sun,  mooo  and  earth  into  different  relative 
positions  from  age  to  age,  it  alters  the  direct  action  of  the  two 
first  on  the  prominent  matter  at  the  equator  ;  on  this  account 

the  motion  of  the  equinox  is  greater  by  0''.455  now  than  it  was 
in  the  lime  of  Hipparchus  ;  consequently  the  actual  length  of 

the  tropical  year  is  about  4".154  shorter  than  it  was  at  that 
time.  The  utmost  change  that  it  can  experience  from  this 
cause  amounts  to  43". 

Such  is  the  secular  motion  of  the  equinoxes,  but  it  is  some- 
times increased  and  sometimes  diminished  by  periodic  varia- 
tions, whose  periods  depend  on  the  relative  positions  of  the  sun 
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and  moon  with  regard  to  the  earth,  and  occasioned  by  the 
direct  action  of  these  bodies  on  the  equator.  Dr.  Bradley  dis- 

covered that  by  this  action  the  moon  causes  the  pole  of  the 
equator  to  describe  a  small  ellipse  in  the  heavens,  the  diameters 

of  which  are  16^'  and  2iy\  The  period  of  this  inequality  is 
nineteen  years,  the  time  employed  by  the  nodes  of  the  lunar 
orbit  to  accomplish  a  revolution.  The  sun  causes  a  small 
variation  in  the  description  of  this  ellipse ;  it  runs  through  its 

period  in  half  a  year.  This  nutation  in  the  earth's  axis  affects 
both  the  precession  and  obliquity  with  small  periodic  variations; 
but  in  consequence  of  the  secidar  variation  in  the  position  of 
the  terrestrial  orbit,  which  is  chiefly  owing  to  the  disturbing 
energy  of  Jupiter  on  the  earth,  the  obliqui^  of  the  ecliptic  is 

annually  diminished  by  0''.52109.  With  regard  to  the  fixed 
stars,  this  variation  in  the  course  of  ages  may  amount  to  tea 
or  eleven  degrees ;  but  the  obliquity  of  the  ecliptic  to  the 
equator  can  never  vary  more  than  two  or  three  degrees,  since 
the  equator  will  follow  in  some  measure  the  motion  of  the 
ecliptic. 

It  is  evident  that  the  places  of  all  the  celestial  bodies  are 
affected  by  precession  and  nutation,  and  therefore  all  obser- 

vations of  them  must  be  corrected  for  these  inequalities. 
The  densities  of  bodies  are  proportional  to  their  masses 

divided  by  their  volumes ;  hence  if  the  sun  and  planets  be 
assumed  to  be  spheres,  their  volumes  will  be  as  the  cubes  of 
their  diameters.  Now  the  apparent  diameters  of  the  sun  and 

earth  at  their  mean  distance,  are  1922''  and  17''.06,  and  the 
mass  of  the  earth  is  the  g^Aagth  part  of  that  of  the  sun  taken 
as  the  unit ;  it  follows  therefore,  that  the  earth  is  nearly  four 
times  as  dense  as  the  sun ;  but  the  sun  is  so  large  that  his 
attractive  force  would  cause  bodies  to  fall  through  about  450 
feet  in  a  second  ;  consequently  if  he  were  even  habitable  by 
human  beings,  they  would  be  unable  to  move,  since  their  weight 
would  be  thirty  times  as  great  as  it  is  here.  A  moderate  sized 
man  would  weigh  about  two  tons  at  the  surface  of  the  sun. 
On  the  contrary,  at  the  surface  of  the  four  new  planets  we 
should  be  so  light,  that  it  would  be  impossible  to  stand  from 
the  excess  of  our  muscular  force,  for  a  man  would  only  weigh 
a  few  pounds.    All  the  planets  and  satellites  appear  to  be  of 
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less  density  than  (he  earth.  The  motions  of  Jupiter's  safcl- liles  sliow  that  his  density  increases  towards  his  centre  ;  and 
the  singular  irref^iilarities  in  the  form  of  Saturn,  and  the  great 

compression  of  Mars,  prove  the  internal  structure  of  these  two 
planets  to  be  very  far  from  uniform. 

Astronomy  has  been  of  immediate  and  essential  use  in 
afibrding  invariable  standards  for  measuring  duration,  distance, 

,  magnitude,  and  velocity.  The  sidereal  day,  measured  by  the 
i  (ime  elapsed  between  two  consecutive  transits  of  any  star  at 

the  same  meridian,  and  ihe  sidereal  year,  are  immutable  uniis 

witli  which  to  compare  all  great  periods  of  time;  the  oscilla- 
tions of  the  isoclironous  pendulum  measure  its  smaller  por- 

tions. By  these  invariable  standards  alone  we  tan  judge  of 
the  slow  changes  that  other  elements  of  the  system  may  have 

undergone  in  the  lapse  of  ages. 
The  returns  of  the  sun  to  the  same  meridian,  and  to  the 

same  equinox  or  solstice,  have  been  universally  adopted  as  the 

measure  of  our  civil  days  and  years.  The  solar  or  astrono- 
mical day  is  the  lime  that  elapses  between  two  consecutive 

noons  or  midnights;  it  is  consequently  longer  than  the  side- 
real day,  on  account  of  the  proper  motion  of  the  sun  during  a 

revolution  of  the  celestial  sphere;  but  as  the  sun  moves  with 
greater  rapidity  at  the  winter  than  at  ihe  summer  solstice,  the 
astronomical  day  is  more  nearly  equal  to  the  sidereal  day  in 
summer  than  in  winter.  The  obliquity  of  the  ecliptic  also 
afTecIs  its  duration,  for  in  the  equinoxes  the  arc  of  the  equator 
is  less  than  the  corresponding  arc  of  the  echptic,  and  in  Ihe 
solstices  it  is  greater.  The  astronomical  day  is  therefore 
diminished  in  the  first  case,  and  increased  in  the  second.  If 

the  sun  moved  uniformly  in  the  equator  at  the  rate  of  59'  a".3 
every  day,  the  soiar  days  would  be  all  equal;  the  time  there- 

fore, which  is  reckoned  by  the  arrival  of  an  imaginary  sun  at 
the  meridian,  or  of  one  which  is  supposed  to  move  in  the 
equator,  is  denominated  mean  solar  time,  such  as  is  given  by 
clocks  and  watches  in  common  life :  when  it  is  reckoned  by  the 
nrrivul  of  the  real  sun  at  the  meridian,  it  is  apparent  time,  such 
as  is  given  by  dials.  The  diiference  between  the  lime  shown 

by  a  clock  and  a  dial  is  the  equation  of  lime  given  in  Ihe  A'uii- 
tical  Almanac,  and  soiaelimes  amounts  to  as  much  as  si.steen 
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minutes.    The  apparent  and  mean  time  coincide  four  times  in 

the  year. 

Astronomers  begin  tlie  day  at  noon,  but  in  common  reckon- 
ing the  day  begins  at  midnight.     In  England  it  is  divided  into 

twenty -four  hours,  which  are  counted  by  twelve  and  twelve  ; 
but  in  France,  astronomers  adopting  decimal  division,  divide 
the  day  into  ten  hours,  the  hour  into  one  hundred  minutes,  and 
the  minute  into  a  hundred  seconds,  because  of  the  iacility  in 
computation,  and  in  conformity  with  their  system  of  weights 
and  measures.    This  subdivision  is  not  used  in  common  life,  nor 

has  it  been  adopted  in  any  other  country,  though  their  scientific 
writers  still  employ  that  division  of  time.     The  mean  length  of 
the  day,  though  accurately  determined,  is  not  sufficient  for  the 
purposes  either  of  astronomy  or  civil  life.  The  length  of  the  year 
is  pointed  out  by  nature  as  a  measure  of  long  periods ;  but  (he 
incommensurability  that  exists  between  the  lengths  of  the  day, 
and  the  revolutions  of  the  sun,  renders  it  difficult  to  adjust  the 
estimation  of  both  in  whole  numbers.     If  the  revolution  of  the 

sun  were  accomplished  in  365  days,  all  the  years  would  be  of 
precisely  the  same  number  of  days^  and  would  begin  and  end 

with  the  sun  at  the  same  point  of  the  ecliptic ;  but  as  the  sun's 
revolution  includes  the  fraction  of  a  day,  a  civil  year  and  a 
revolution  of  the  sun  have  not  the  same  duration.     Since  the 

fraction  is  nearly  the  fourth  of  a  day,  four  years  are  nearly 
equal  to  four  revolutions  of  the  sun,  so  that  the  addition  of  a 
supernumerary  day  every  fourth  year  nearly  compensates  the 
difterence ;  but  in  process   of  time  further  correction  will  be 

necessary,  because  the  fraction  is  less  than  the  fourth  of  a  day. 
The  period  of  seven  days^  by  far  the  most  permanent  division 
of  time,  and  the   most  ancient   monument   of  astronomical 

knowledge,  was  used   by  the  Brahmins  in  India  with  the  same 
denominations  employed  by  us,  and  was  alike  found  in  the 
Calendars  of  the  Jews,  Egyptians,  Arabs,  and  Assyrians ;  it 
has  survived  the  fall  of  empires,  and  has  existed  among  ail 
successive  generations,  a  proof  of  their  common  origin. 

The  new  moon  immediately  following  the  winter  solstice  in  the 
707th  year  of  Rome  was  made  the  1st  of  January  of  the  first 

year  of  Caesar ;  the  25th  of  December  in  his  45th  year,  is  con- 

sidered as  the  date  of  Christ's  nativity ;  and  Caesar's  46th  year  is 
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assumefl  to  be  the  first  of  our  era.  The  preceding  year  is  called 

the  first  year  befort  Christ  by  chronologists,  but  by  astronomers 
it  is  called  the  year!).  The  astronomical  year  begins  on  the  31st 
of  December  at  noon  ;  and  the  dale  of  an  observation  expresses 
the  days  and  hours  which  actually  elapsed  since  that  time. 

Some  remarkable  astronomical  eras  are  determined  by  the 
position  of  the  major  axis  of  the  solar  ellipse.  Moving  at 

the  rate  of  6l".906  annually,  it  accomplishes  a  tropical  revo- 
lution in  20935  years.  It  coincided  with  the  line  of  the 

equinoxes  4000  or  4089  years  before  the  Christian  era, 
much  about  the  time  chronologists  assign  for  the  creation  of 
man.  In  6485  the  major  axis  will  again  coincide  with  the 

line  of  the  equinoxes,  but  then  the  solar  perigee  will  coincide 
with  the  equinox  of  spring;  whereas  at  the  creation  of  man  it 
coincided  with  the  autumnal  equinox.  In  the  year  1250  the 
major  axis  was  perpendicular  to  the  line  of  the  equinoxes,  and 
then  the  solar  perigee  coincided  with  the  solstice  of  winter,  and 
the  apogee  with  the  solstice  of  summer.  On  that  account  La 
Place  proposed  the  year  1250  as  a  universal  epoch,  and  that 
the  vernal  equinox  of  that  year  should  be  the  first  day  of  the 
first  year. 

The  variations  in  the  positions  of  the  solar  ellipse  occasion 

corresponding  changes  in  the  length  of  the  seasons.  In  its  pre- 
sent position  spring  is  shorter  than  summer,  and  autumn  longer 

than  winter ;  and  while  the  solar  perigee  contiuues  as  it  now 
is,  between  the  solstice  of  winter  and  the  equinox  of  spring, 
the  period  including  spring  and  summer  will  be  longer  than 
that  including  autumn  and  winter:  iu  this  century  the  diffe- 

rence is  about  seven  days.  These  intervals  will  be  equal 
towards  the  year  6485,  when  the  jierigee  comes  to  the  equinox 

of  spring.  Were  the  earth's  orbit  circular,  the  seasons  would 
be  equal;  their  differences  arise  from  the  eccentricity  of  the 

earth's  orbit,  small  as  it  is;  but  the  changes  are  so  gradual  aa 
to  be  imperceptible  in  the  short  space  of  human  life. 

No  circumstance  in  the  whole  science  of  astronomy  excites 

a  deeper  interest  than  its  application  to  chronologj'.  'Whole 
nations,'  says  La  Place,  '  have  been  swept  from  the  earth,  with 
their  language,  arts  and  sciences,  leaving  but  confused  masses 

of  niin  to  mark  the  place  where  mighty  cities  stood ;  their 
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history,  with  the  exception  of  a  few  doubtful  traditions,  has 
perished ;  but  the  perfection  of  their  astronomical  observations 
marks  their  high  antiquity,  fixes  the  periods  of  their  existence, 
and  proves  that  even  at  that  early  period  they  must  have  made 

considerable  progress  in  science.' 
The  ancient  state  of  the  heavens  may  now  be  computed  with 

great  accuracy ;  and  by  comparing  the  results  of  computation 
with  ancient  observations,  the  exact  period  at  which  they 
were  made  may  be  verified  if  true,  or  if  false^  their  error  may 
be  detected.  If  ihe  date  be  accurate,  and  the  observation 
good,  it  will  verify  the  accuracy  of  modem  tables,  and  show 
to  how  many  centuries  they  may  be  extended,  without  the  fear 
of  error.  A  few  examples  will  show  the  importance  of  this 
subject. 

At  the  solstices  the  sun  is  at  his  greatest  distance  from  the 
equator,  consequently  his  declination  at  these  times  is  equal  to 
the  obliquity  of  the  ecliptic,  which  in  former  times  was  deter- 

mined from  the  meridian  length  of  the  shadow  of  the  style  of  a 
dial  on  the  day  of  the  solstice.  The  lengths  of  the  meridian 
shadow  at  the  summer  and  winter  solstice  are  recorded  to 

have  been  observed  at  the  city  of  Layang,  in  China,  1100 
years  before  the  Christian  era.  From  these,  the  distances 
of  the  sun  from  the  zenith  of  the  city  of  Layang  are  known. 
Half  the  sum  of  these  zenith  distances  determines  the  latitude, 
and  half  their  difference  gives  the  obliquity  of  the  ecliptic  at  the 
period  of  the  observation ;  and  as  the  law  of  the  variation  in 
the  obliquity  is  known,  both  the  time  and  place  of  the  obser- 

vations have  been  verified  by  computation  from  modem  tables. 
Thus  the  Chinese  had  made  some  advances  in  the  science  of 

astronomy  at  that  early  period ;  the  whole  chronology  of 
the  Chinese  is  founded  on  the  observations  of  eclipses,  which 
prove  the  existence  of  that  empire  for  more  than  4700  years. 
The  epoch  of  the  lunar  tables  of  the  Indians,  supposed  by 
Bailly  to  be  3000  before  the  Christian  era,  was  proved  by  La 
Place  from  the  acceleration  of  the  moon,  not  to  be  more  ancient 
than  the  time  of  Ptolemy.  The  great  inequality  of  Jupiter  and 
Saturn  whose  cycle  embraces  929  years,  is  peculiarly  fitted  for 

marking  the  civilization  of  a  people.  The  Indians  had  deter- 
mined the  mean  motions  of  Uiese  two  planets  in  that  part  of 
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thfcir  periods  when  the  apparent  menu  motion  of  Saturn  iviis  at 
the  slowest,  and  that  of  Jupiter  the  most  rnpid.  The  periods 
ill  which  that  happened  were  3102  years  before  the  Christiaii 
ern,  and  the  year  1491  arter  It. 

The  returns  of  comets  to  their  perihelia  may  possiblymarU 
the  present  slate  of  astronomy  to  future  ages. 

The  places  of  the  fixed  stars  are  affected  by  the  precession 
of  the  equinoxes ;  and  as  the  law  of  that  variniion  is  known, 

]  their  positions  at  any  time  may  be  computed.  Now  Eudoxus, 
I  contemporary  of  Plato,  mentions  a  star  situate  in  (he  pole 
of  tlie  equator,  and  from  computation  it  appears  ihat  k  Dra- 
conis  ivas  not  very  fur  from  that  place  about  3000  years  ago  ; 
but  as  Eudoxus  lived  only  about  2150  years  ago,  he  must  have 
described  an  anterior  state  of  the  heavens,  supposed  to  be  the 

I  same  Ihat  was  determined  by  Chiron,  about  the  time  of  the 
HegeofTroy,     Every  circumstance  concurs  in  showing  that 

[  astronomy  was  cultivated  in  ihe  highest  ages  of  antiquity. 
A  knowledge  of  astronomy  leads  to  the  interpretation  of 

I  hieroglyphical  characters,  since  astronomical  signs  are  often 
found  on  the  ancient  Egyptian  monuments,  which  were  pro- 

bably employed  by  the  priests  to  record  dates.  On  the 
ceiling  of  the  portico  of  a  temple  among  the  ruins  of  Tentyris, 
there  is  a  long  row  of  figures  of  men  itrnl  imimals,  following 
e^ch  other  in  the  some  direction  j  amoug  the.e  are  the  twelve 
BJgns  of  the  zodiac,  pinced  according  to  the  motion  of  the  sun : 
it  is  probable  thr.t  ti.e  first  figure  in  the  procession  represents 
the  lieginniug  r,l  tiic  \  car.  Now  the  first  is  the  Lion  as  if  com- 

ing out  of  the  tem'^le  ;  and  as  it  is  well  known  that  tlie  agri- 

cultural year  of  [■-.- Tvi  _ilians  commenced  at  the  solstice  of 
summer,  the  epoch  ff  [t.^  inundations  of  the  Nile,  if  the  pre- 

ceding hypotht^si.i  i?  I  rue,  llic  solstice  at  the  time  the  temple 
was  built  musf  have  hn)ipenetl  in  the  constellation  of  the  lion ; 

but  OS  the  soUlK-e  now  happens21°.6  north  of  the  constellation 
of  the  Twins,  it  is  e  isy  lo  compute  that  the  zodiac  of  Teniyria 
must  have  been  made  lOOO  years  ago. 

The  author  had  occasion  to  witness  an  instance  of  this  most 

interesting  application  of  astronomy,  in  ascertaining  the  dale  of 
a  papyrus  sent  from  Egypt  by  Mr.  Salt,  in  the  hieroglyphical 
researches  of  the  late  Dr.  Thomas  Young,  whose  profound  and 
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Varied  acquirements  do  honour  not  only  to  his  country,  but 
to  the  age  in  which  he  lived.  The  manuscript  was  found  in 
a  mummy  case ;  it  proved  to  be  a  horoscope  of  the  age  of 
Ptolemy,  and  its  antiquity  was  determined  from  the  configu- 

ration of  the  heavens  at  the  time  of  its  construction. 

The  form  of  the  earth  furnishes  a  standard  of  weights  and 
measures  for  the  ordinary  purposes  of  life,  as  well  as  for  the 
determination  of  the  masses  and  distances  of  the  heavenly 
bodies.  The  length  of  the  pendulum  vibrating  seconds  in  the 
latitude  of  London  forms  the  standard  of  the  British  measure 

of  extension.  Its  length  oscillating  in  vacuo  at  the  tempera- 
ture of  62®  of  Fahrenheit,  and  reduced  to  the  level  of  the  sea, 

was  determined  by  Captain  Kater,  in  parts  of  the  imperial 
standard  yard,  to  be  39,1387  inches.  The  weight  of  a  cubic 

inch  of  water  at  the  temperature  of  62®  Fahrenheit,  baro- 
meter 30,  was  also  determined  in  parts  of  the  imperial  troy 

pound,  whence  a  standard  both  of  weight  and  capacity  is  de- 
duced. The  French  have  adopted  the  metre  for  their  unit  of 

linear  measure,  which  is  the  ten  millionth  part  of  that  quadrant 
of  the  meridian  passing  through  Formentera  and  Greenwich, 

the  middle  of  which  is  nearly  in  the  forty-fifth  degree  of  lati- 
tude. Should  the  national  standards  of  the  two  countries  be 

lost  in  the  vicissitudes  of  human  affairs,  both  may  be  recovered, 
since  they  are  derived  from  natural  standards  presumed  to  be 
invariable.  The  length  of  the  pendulum  would  be  found  again 
with  more  facility  than  the  metre  ;  but  as  no  measure  is  mathe- 

matically exact,  an  error  in  the  original  standard  may  at  length 
become  sensible  in  measuring  a  great  extent,  whereas  the  error 
that  must  necessarily  arise  in  measuring  the  quadrant  of  the 

meridian  is  rendered  totally  insensible  by  subdivision  in  taking 
its  ten  millionth  part.  The  French  have  adopted  the  decimal 
division  not  only  in  time,  but  in  their  degrees,  weights,  and 
measures,  which  affords  very  great  facility  in  computation.  It 
has  not  been  adopted  by  any  other  people  ;  though  nothing  is 
more  desirable  than  that  all  nations  should  concur  in  using  the 
same  division  and  standards,  not  only  on  account  of  the  con- 

venience, but  as  affording  a  more  definite  idea  of  quantity.  It 
is  singular  that  the  decimal  division  of  the  day,  of  degrees, 

weights  and  measures,  was  employed  in  China  4000  years  ago ; 
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and  that,  at  the  time  Ibn  Junis  made  his  obseu'alions  af  Cniroj 
about  the  year  1000,  the  Arabians  were  in  the  liabit  of  em- 

ploying the  vibrations  of  the  pendulum  in  their  astronomical 
observations. 

One  of  the  most  immediate  and  striking  effects  of  a  gravi- 
tating force  external  to  the  earth  is  the  alternate  rise  and  fall 

of  the  surface  of  the  sea  twice  in  the  course  of  a  lunar  day, 

or  24'' 50°  46'  of  mean  solar  time.  As  it  depends  on  the 
^action  of  the  sun  and  moon,  it  is  classed  among  astronomical 

problems,  of  which  it  is  by  far  the  most  difficult  and  iht;  Ii^ast 
Batisfaetory.  The  form  of  the  surface  of  the  ocean  in  equi- 
librio,  when  revolving  with  the  earth  round  its  axis,  is  an 
ellipsoid  flattened  at  the  poles;  but  the  action  of  the  sun  and 
moon,  especially  of  the  moon,  disturbs  the  equilibrium  of  the 
ocean. 

If  the  moon  attracted  the  centre  of  gravity  of  the  earth  and 

all  its  particles  with  equal  and  parallel  forces,  the  whole  sys- 
tem of  the  earth  and  the  waters  that  cover  it,  would  yield  to 

these  forces  with  a  common  motion,  and  the  equilibrium  of  the 
seas  would  remain  undisturbed.  The  difference  of  the  forces, 

and  the  inequality  of  their  directions,  alone  trouble  the  equi- 
librium. 

It  is  proved  by  daily  experience,  as  well  as  by  strict  mecha- 
nical reasoning,  that  if  a  number  of  waves  or  oscillations  be 

excited  in  a  fluid  by  different  forces,  each  pursues  its  course, 
and  has  its  effect  independently  of  the  rest.  Now  in  the  tides 

there  are  three  distinct  kinds  of  oscillations,  depending  on  dif-  ' 
ferent  causes,  producing  their  effects  independently  of  each 
other,  which  may  therefore  be  estimated  separately. 

The  oscillations  of  the  first  kind  which  are  very  small,  are 
independent  of  the  rotation  of  the  earth  ;  and  as  they  depend 
on  the  motion  of  the  disturbing  body  in  its  orbit,  they  are  of 
long  periods.  The  second  kind  ofoscillations  depends  on  the  ro- 

tation of  the  earth,  therefore  their  period  is  nearly  a  day  :  and  the 
oscillations  of  the  third  kind  depend  on  an  angle  equal  to  twice 
the  angular  rotation  of  the  earth;  and  consequently  happen 
twice  in  twenty-four  hours.  The  first  afford  no  particular  in- 

terest, and  are  extremely  small ;  but  the  difference  of  two  con- 
secutive tides  depends  on  the  second.  At  the  time  of  the  solstices, 
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this  difference  which,  according  to  Newton's  theory,  ought  to    /r,,   '"'  •  •>^ 
be  very  great,  is  hardly  sensible  on  our  shores.     La  Place  has 
shown  that  this  discrepancy  arises  from  the  depth  of  the  sea, 
and  that  if  the  depth  were  uniform,  there  would  be  no  difference 

in  the  consecutive  tides,  were  it  not  for  local  circumstances:     ^\\]   ̂ \ it  follows  therefore^  that  as  this  difference  is  extremely  small^ 
the  sea,  considered  in  a  large  extent,  must  be  nearly  of  uniform 
depth,  that  is  to  say,  there  is  a  certain  mean  depth  from  which 
the  deviation  is  not  great.     The  mean  depth  of  the  Pacific 
CK:ean  is  supposed  to  be  about  four  miles,  that  of  the  Atlantic 
only  three.     From  the  formulse  which  determine  the  difference 
of  the  consecutive  tides  it  is  also  proved  that  the  preces^on  of 

the  equinoxes,  and  the  nutation  in  the  earth's  axis,  are  the same  as  if  the  sea  formed  one  solid  mass  with  the  earth. 
The  third  kind  of  oscillations  are  the  semidiurnal  tides,  so 

remarkable  on  our  coasts ;  they  are  occasioned  by  the  com- 
bined action  of  the  sun  and  moon,  but  as  the  effect  of  each  is 

independent  of  the  other,  they  may  be  considered  separately. 
The  particles  of  water  under  the  moon  are  more  attracted 

than  the  centre  of  gravity  of  the  earth,  in  the  inverse  ratio  of 
the  square  of  the  distances ;  hence  they  have  a  tendency  to 
leave  the  earth,  but  are  retained  by  their  gravitation,  which 
this  tendency  diminishes.  On  the  contrary,  the  moon  attracts 

the  centre  of  the  earth  'miore  powerfully  than  she  attracts  the 
particles  of  water  in  the  hemisphere  opposite  to  her ;  so  that 
the  earth  has  a  tendency  to  leave  the  waters  but  is  retained 
by  gravitation,  which  this  tendency  again  diminishes.  Thus 
the  waters  immediately  under  the  moon  are  drawn  from  the 
earth  at  the  same  time  that  the  earth  is  drawn  from  those  which 

are  diametrically  opposite  to  her ;  in  both  instances  producing 
an  elevation  of  the  ocean  above  the  surface  of  equilibrium  of 
nearly  the  same  height ;  for  the  diminution  of  the  gravitation 
of  the  particles  in  each  position  is  almost  the  same,  on  account 
of  the  distance  of  the  moon  being  great  in  comparison  of  the 
radius  of  the  earth.  Were  the  earth  entirely  covered  by  the 
sea,  the  water  thus  attracted  by  the  moon  would  assume  the 
form  of  an  oblong  spheroid,  whose  greater  axis  would  point 
towards  the  moon,  since  the  columns  of  water  under  the  moon 

md  in  the  direction  diametrically  opposite  to  her  are  ren- 
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r  (Iieir  gravi^l dered  lighler,  in  conscf|ueiicc  of  the  diminution  of  tlie 

latioii ;  nnil  in  order  to  preserve  tlie  equilibrium,  the  axes  90° 
distant  wouUi  be  shortened.  The  elevation,  on  account  of  the 

smaller  space  to  which  It  is  confined,  is  twice  as  great  as  llie 
depression,  because  ihe  contents  of  the  spheroid  always  remain 
(he  same.  The  effects  of  the  sun's  attraction  are  in  all  re- 

spects similar  to  those  of  tiie  moon's,  thouf^h  ̂ really  less  in 
degree,  on  account  of  his  distance  ;  he  therefore  only  modifies 
the  form  of  this  splieroid  a  litlle.  If  the  waters  were  capable  of 
instantly  assuming  the  form  of  equilibrium,  that  is,  the  form  of 

the  spheroid,  its  summit  would  always  point  lo  the  moon,  not- 

withstanding the  earth's  rotation  ;  but  on  account  of  their 
resistance,  the  rapid  motion  piwluced  in  them  by  rotation 
prevents  them  from  assuming  at  every  instant  the  form  which 
the  equilibrium  of  the  forces  acting  on  them  requires.  Hence, 
on  account  of  the  inertia  of  the  waters,  if  the  tides  be  consi- 

dered relatively  to  the  whole  earth  and  ojien  sea,  there  is  a 

meridian  about  30°  eastward  of  the  moon,  where  it  is  always 
high  water  both  in  the  hemisphere  where  the  moon  is,  and  in 
that  which  is  opposite.  On  the  west  side  of  this  circle  the  tide 

is  Howing.  on  the  east  it  is  ebbing,  and  on  the  meridian  at  90' 
distant,  it  is  everywhere  low  water.  It  is  evident  that  these 
tides  must  happen  twice  in  a  day,  since  in  that  time  the 
rotation  of  the  earth  brings  the  same  point  twice  under  the 
meridian  of  the  moon,  once  under  the  superior  and  once  under 
the  inferior  meridian. 

In  the  semidiurnal  tides  there  are  two  phenomena  particu- 
larly to  be  distinguished,  one  that  happens  twice  in  a  month, 

and  the  other  twice  in  a  year. 
The  first  phenomenon  is,  that  the  tides  are  much  increased  in 

the  syzigies,  or  at  the  time  of  new  and  full  moon.  In  both 
cases  the  sun  and  moon  are  in  the  same  meridian,  for  when 

the  moon  is  new  they  are  in  conjunction,  and  when  she  is  full 
they  are  in  opposition.  In  each  of  these  positions  their  action 
is  combined  to  produce  the  highest  or  spring  tides  under  that 

meridian,  and  the  lowest  in  those  points  that  are  yO''distant.  It 
is  obser\-ed  that  the  higher  the  sea  rises  in  the  full  tide,  the  lower 
it  is  in  the  ebb.  The  neap  tides  lake  place  when  the  tnoon  is 
in  <juadrature,  they  neither  rise  so  liigh  nor  sink  so  low  as  the 
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spring  tides.  The  spring  tides  are  much  increased  when  the 
moon  is  in  perigee.  It  is  evident  that  the  spring  tides  must 
happen  twice  a  month,  since  in  that  time  the  moon  is  once  new 
and  once  full. 

The  second  phenomenon  in  the  tides  is  the  augmentation 

which  occurs  at  the  time  of  the  equinoxes  when  the  sun's  de- 
clination is  zero,  which  happens  twice  every  year.  The  greatest 

tides  take  place  when  a  new  or  full  moon  happens,  near  the 
equinoxes  while  the  moon  is  in  perigee.  The  inclination  of  the 

moon's  orbit  on  the  ecliptic  is  5^  9^ ;  hence  in  the  equinoxes the  action  of  the  moon  would  be  increased  if  her  node  were  to 

coincide  with  her  perigee.  The  equinoctial  gales  oden  raise 
these  tides  to  a  great  height.  Beside  these  remarkable  varia- 

tions, there  are  others  arising  from  the  declination  of  the  moon, 
which  has  a  great  influence  on  the  ebb  and  flow  of  the  waters. 

Both  the  height  and  time  of  high  water  are  thus  perpetually 
changing ;  therefore,  in  solving  the  problem,  it  is  required  to 
determine  the  heights  to  which  they  rise,  the  times  at  which 
they  happen,  and  tne  daily  variations. 

The  periodic  motions  of  the  waters  of  the  ocean  on  the  hypo* 
thesis  of  an  ellipsoid  of  revolution  entirely  covered  by  the  sea, 
are  very  far  from  according  with  observation  ;  this  arises  from 
the  very  great  irregularities  in  the  surface  of  the  earth,  which 
is  but  partially  covered  by  the  sea,  the  variety  in  the  depths  of 
the  ocean,  the  manner  in  which  it  is  spread  out  on  the  earth, 
the  position  and  inclination  of  the  shores,  the  currents,  the 
resistance  the  waters  meet  with,  all  of  them  causes  which  it  is 

impossible  to  estimate,  but  which  modify  the  oscillations  of  the 

great  mass  of  the  ocean.  However,  amidst  all  these  irregu- 
larities, the  ebb  and  flow  of  the  sea  maintain  a  ratio  to  the 

forces  producing  them  sufficient  to  indicate  their  nature,  and 

to  verify  the  law  of  the  attraction  of  the  sun  and  moon  on  the 
sea.  La  Place  observes,  that  the  investigation  of  such  relations 
between  cause  and  effect  is  no  less  useful  in  natural  philosophy 

than  the  direct  solution  of  problems,  either  to  prove  the  exist- 
ence of  the  causes,  orjrace  the  laws  of  their  effects.  Like  the 

tEeory  of  probabilities,  it  is  a  happy  supplement  to  the  igno- 
rance and  weakness  of  the  human  mind.  Thus  tlie  problem 

of  the  tides  does  not  admit  of  a  general  solution ;  it  is  certainly 



necessary  to  analyse  ihe  funeral  phenomena  ivhicli  ought  to 
result  from  tlie  atlractioii  of  the  sun  and  moon,  but  iheee  miiBt 

be  corrected  in  each  jiarticular  case  by  those  local  observations 

n-hich  arc  modillcil  by  the  extent  and  depth  of  the  sea,  and  the 
peculiar  circumstances  ofthe  port. 

Since  the  disturbing  action  of  the  sun  and  moon  can  only 
become  sensible  in  b  very  great  extent  of  water,  it  is  evident 
that  the  Pacific  ocean  is  one  of  the  principal  sources  of  our 
tides  ;  but  in  consequence  of  the  rotation  of  the  earth,  and  the 
inertia  ofthe  ocean,  high  water  does  not  happen  till  some  time 

after  the  moon's  southing.  The  tide  raised  in  that  world 
of  waters  is  transmitted  to  the  Atlantic,  and  from  that  sea  it 

moves  in  a  northerly  direction  along  the  coasts  of  Africa  and 
Europe,  arriving  later  and  later  at  each  place.  This  great 
wave  however  is  modified  by  the  tide  raised  in  the  Atlantic, 
Tfhich  sometimes  combines  with  that  from  the  Pacific  in  raising 
the  sea,  and  sometimes  is  in  opposition  to  it,  so  that  the 
tides  only  rise  in  proportion  to  their  difference.  This  great 

combined  wave,  reflected  by  the  shores  of  the  Atlantic,  extend- 
ing nearly  from  pole  lo  pole,  still  coming  northward,  jcurs 

through  the  Irish  and  British  channels  into  the  North  sea, 

80  that  the  tides  in  our  [lorts  are  modified  by  those  of  ano- 
ther hemisphere.  Thus  the  theory  of  the  tides  in  each  port, 

both  as  to  their  height  and  the  times  at  which  they  take  place, 

is  really  a  matter  of  experiment,  and  can  only  l>e  jierfectly  de- 
termined by  the  mean  of  a  very  great  number  of  observations 

including  several  revolutions  of  the  moon's  nodes. 
The  height  to  which  the  tides  rise  is  much  greater  in  narrow 

channels  than  in  the  open  sea,  on  account  of  the  obstruc- 
tions they  meet  with.  In  high  latitudes  where  the  ocean  is  less 

directly  under  tiie  influence  of  the  luminaries,  the  rise  and  fall 
ofthe  seu  is  inconsiderable,  so  that,  in  all  probability,  there  is 
no  tide  at  the  poles,  or  only  a  small  annual  and  monthly  one. 
The  ebb  and  flow  of  the  sea  are  perceptible  in  rivers  lo  a  very 
great  distance  from  their  estuaries.  In  the  straits  of  Pauxis, 
in  the  river  of  the  Amazons,  more  than  five  hundred  miles 
from  the  sea,  the  tides  are  evident.  It  requires  so  many 
days  for  the  tide  to  ascend  this  mighty  stream,  that  the 
returning  tides  meet  a  succession  of  those  which  are  coming 
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up  ;  so  that  every  possible  variety  occurs  in  some  part  or  other 
of  its  shores,  both  as  to  magnitude  and  time.  It  requires  a 
very  wide  expanse  of  water  to  accumulate  the  impulse  of  the 
sun  and  moon,  so  as  to  render  their  influence  sensible ;  on 
that  account  the  tides  in  the  Mediterrimean  and  Black  Sea 
are  scarcely  perceptible. 

These  perpetual  commotions  in  the  waters  of  the  ocean  are 
occasioned  by  forces  that  bear  a  very  small  proportion  to  terres- 

trial gravitation :  the  sun's  action  in  raising  the  ocean  is  only  the 
^fliAodo  of  gravitation  at  the  earth's  surface,  and  the  action 
of  the  moon  is  little  more  than  twice  as  much^  these  forces 
being  in  the  ratio  of  1  to  2.35333.    From  this  ratio  the  mass 
of  the  moon  is  found  to  be  only  V^  part  of  that  of  the  earth. 
The  initial  state  of  the  ocean  has  no  influence  on  the  tides ;  for 
whatever  its  primitive  conditions  may  have  been,  they  must 
soon  have  vanished  by  the  friction  and  mobility  of  the  fluid. 
One  of  the  n^ost  remarkable  circumstances  in  the  theory  of  the 
tides  is  the  assurance  that  in  consequence  of  the  density  of  the 
sea  being  only  one-fiflh  of  the  mean  density  of  the  earth,  the 
stability  of  the  equilibrium  of  the  ocean  never  can  be  subverted 
by  any  physical  cause  whatever.    A  general  inundatbn  arising 
from  the  mere  instability  of  the  ocean  is  therefore  impossible. 

The  atmosphere  when  in  equilibrio  is  an  ellipsoid  flattened  at 
the  poles  from  its  rotation  with  the  earth :  in  that  state  its  strata 
are  of  unifonn  density  at  equal  heights  above  the  level  of  the 
sea,  and  it  is  sensibly  of  finite  extent^  whether  it  consists  of  par* 
tides  infinitely  divisible  or  not.     On  the  latter  hypothesis  it 
must  really  be  finite;  and  even  if  the  particles  of  matter  be  infi- 

nitely divisible,  it  is  known  by  experience  to  be  of  extreme 
tenuity  at  very  small  heights.     The  barometer  rises  in  propor- 

tion to  the  superincumbent  pressure.     Now  at  the  temperature 
of  melting  ice,  the  density  of  mercury  is  to  that  of  air  as  10320 
to  1 ;  and  as  th^  mean  height  of  the  barometer  is  29.528  inches, 
the  height  of  the  atmosphere  by  simple  proportion  is  30407 

feet,  at  the  mean  temperature  of  62'',  or  34153  feet,  which  is 
extremely  small,  when  compared  with  the  radius  of  the  earth. 
The  action  of  the  sun  and  moon  disturbs  the  equilibrium  of 

the  atmosphere^  producing  oscillations  similar  to  those  in  the 

ocean,  which  occasion  periodic  variations  in  the  heights  of  the 
eS 
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barometer.  These,  however,  are  so  extremely  small,  that  their 
existence  in  latitudes  so  far  removed  from  the  equator  la 
doubtful ;  a  series  of  observations  within  the  tropics  can  alone 
decide  this  delicate  point.  La  Place  seems  to  think  that  the  flux 
and  reflux  distinguishable  at  Paris  may  be  occasioned  by  the 
rise  and  fall  of  the  ocean,  which  forms  a  variable  base  to  so 

great  a  portion  of  the  atmosphere. 
The  attraction  of  the  sun  and  moon  has  no  sensible  effect 

on  tlie  trade  winds ;  the  heat  of  the  sun  occEtsions  these  atrial 

currents,  by  rarefying  the  air  at  the  equator,  which  causes 
the  cooler  and  more  dense  part  of  the  atmosphere  to  rush 
along  the  surface  of  the  earth  to  the  equator,  while  that 

which  is  heated  is  carried  along  the  higher  strata  to  the  poles, 
forming  two  currents  in  the  direction  of  the  meridian.  But  the 
rotatory  velocity  of  the  air  corresponding  to  its  geof;raphical 
situation  decreases  towards  the  poles  ;  in  approaching  the 

equator  it  must  therefore  revolve  more  slowly  than  the  corre- 
sponding parts  of  the  earth,  and  the  bodies  on  the  surface  of 

the  earth  must  strike  against  it  with  the  excess  of  their  velocity, 
and  by  its  reaction  they  will  meet  with  a  resistance  contrary  to 
their  motion  of  rotation  ;  so  that  the  wind  will  appear,  to  a 
person  supposing  himself  to  be  at  rest,  to  blow  in  a  contrary 

direction  to  the  earth's  rotation,  or  from  east  to  west,  which  is 
the  direction  of  the  trade  winds.  The  atmosphere  scatters  the 

sun's  rays,  and  gives  all  the  beautiful  tints  and  cheerfulness  of 
day.  It  transmits  the  blue  light  in  greatest  abundance;  the 
higher  we  ascend,  the  sky  assumes  a  deeper  hue,  but  in  the 
expanse  of  space  the  sun  and  stars  must  appear  like  brilliant 
specks  in  profound  blackness. 

The  sun  and  most  of  the  planets  appear  to  be  surrounded 
with  atmospheres  of  considerable  density.  The  attraction  of 
the  earth  has  probably  deprived  the  moon  of  hers,  for  the 
refraction  of  the  air  at  the  surface  of  the  earth  is  at  least  a 
thousand  times  as  great  as  at  the  moon.  The  lunar  atmos- 

phere, therefore,  must  be  of  a  greater  degree  of  rarity  than  can 
be  produced  by  our  best  air-pumps;  consequently  no  terres- 

trial animal  could  exist  in  it. 

Many  philosophers  of  the  highest  authority  concur  in  the 
belief  that  light  consists  in  the  undulations  of  a  highly  elastic 
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ethereal  medium  pervading  space,  which,  communicated  to  the  '^ 
optic  nerves^  produce  the  phenomena  of  vision.  The  experi- 

ments of  our  illustrious  countryman^  Dr.  Thomas  Young,  and 
those  of  the  celebrated  Fresnel,  show  that  this  theory  accords 
better  with  all  the  observed  phenomena  than  that  of  the  emission 
of  particles  from  the  luminous  body.  As  sound  is  propagated  by 
the  undulations  of  the  air,  its  theory  is  in  a  great  many  respects 
similar  to  that  of  light.  The  grave  or  low  tones  are  produced 

by  very  slow  vibrations,  which  increase  in  frequency  progres- 
uvely  as  the  note  becomes  more  acute.  When  the  vibrations 
of  a  musical  chord,  for  example,  are  less  than  sixteen  in  a 
second,  it  will  not  communicate  a  continued  sound  to  the  ear ; 
the  vibrations  or  pulses  increase  in  number  with  the  acutenessof 
the  note,  till  at  last  all  sense  of  pitch  is  lost.  The  whole  extent 
of  human  hearing,  from  the  lowest  notes  of  the  oigan  to  the 
highest  known  cry  of  insects,  as  of  the  cricket,  includes  about 
nine  octaves. 

The  undulations  of  light  are  much  more  rapid  than  those  of 
sound,  but  they  are  analogous  in  this  respect,  that  as  the 
frequency  of  the  pulsations  in  sound  increases  from  the  low 
tones  to  the  higher,  so  those  of  light  augment  in  frequency, 
from  the  red  rays  of  the  solar  spectrum  to  the  extreme  violet 
By  the  experiments  of  Sir  William  Herschel,  it  appears  that 
the  heat  communicated  by  the  spectrum  increases  from  the 
violet  to  the  red  rays ;  but  that  the  maximum  of  the  hot  invisible 

rays  is  beyond  the  extreme  red.  Heat  in  all  probability  con- 
sists, like  light  and  sound,  in  the  undulations  of  an  elastic 

medium.  All  the  principal  phenomena  of  heat  may  actually 
be  illustrated  by  a  comparison  with  those  of  sound.  The  exci- 

tation of  heat  and  sound  are  not  only  similar,  but  often  iden- 
tical, as  in  friction  and  percussion ;  they  are  both  communi- 
cated by  contact  and  by  radiation ;  and  Dr.  Young  observes, 

that  the  effect  of  radiant  heat  in  raising  the  temperature  of  a 

body  upon  which  it  falls,  resembles  the  sympathetic  agitation 
of  a  string,  when  the  sound  of  another  string,  which  is  in 
unison  with  it,  is  transmitted  to  it  through  the  air.  Light,  heat, 

sound,  and  the  waves  of  fluids  are  all  subject  to  the  same  laws 

of  reflection,  and,  indeed,  their  undulating  theories  are  perfectly 

similar.    If,  therefore,  we  may  judge  from  analogy,  the  undu* 
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lations  of  the  heat  producing  rays  must  be  less  frequent  tnan 
those  of  the  extreme  red  of  the  solar  spectrum ;  but  if  the 

analogy  were  perfect,  the  interference  of  two  hot  rays  ought 

to  produce  cold,  since  darkness  results  from  the  interference  of 

two  undulations  of  light,  silence  ensues  from  the  interference  of 
two  undulations  of  sound ;  and  still  water,  or  no  tide,  is  the 
consequence  of  the  interference  of  two  tides. 

The  propagation  of  sound  requires  a  much  denser  medium 
than  that  of  either  light  or  heat;  its  intensity  diminishes  as  the 
rarity  of  the  air  increases  ;  so  that,  at  a  very  small  height  above 
the  surface  of  the  earth,  the  noise  of  the  tempest  ceases,  and 
the  thunder  is  heard  no  more  in  those  boundless  regions  where 

the  heavenly  bodies  accomplish  their  periods  iti  eternal  and 
sublime  silence. 

What  the  body  of  the  sun  may  be,  it  is  impossible  to  con- 
jecture ;  but  he  seems  to  be  surrounded  by  an  ocean  of  flame^ 

through  which  his  dark  nucleus  appears  like  black  spots,  often 
of  enormous  size.  The  solar  rays,  which  probably  arise  from 

the  chemical  processes  that  continually  take  place  at  his  sur- 
face, are  transmitted  through  space  in  all  directions  ;  but,  not- 

withstanding the  sun's  magnitude,  and  the  inconceivable  heat 
that  must  exist  where  such  combustion  is  going  on,  as  the 
intensity  both  of  his  light  and  heat  diminishes  with  the  square 
of  the  distance,  his  kindly  influence  can  hardly  be  felt  at  the 
boundaries  of  our  system.  Much  depends  on  the  manner  in 
which  the  rays  fall,  as  we  readily  perceive  from  the  difierent 
climates  on  our  globe.  In  winter  the  earth  is  nearer  the  sun 

by  ̂'^th  than  in  summer,  but  the  rays  strike  the  northern  hemi- 
sphere more  obliquely  in  winter  than  in  the  other  half  of  the 

year.  In  Uranus  the  sun  must  be  seen  like  a  small  but  bril- 
liant star,  not  above  the  hundred  and  fiftieth  part  so  bright  as 

he  appears  to  us ;  that  is  however  2000  times  brighter  than  our 
moon  to  us,  so  that  he  really  is  a  sun  to  Uranus,  and  probably 
imparts  some  degree  of  warmth.  But  if  we  consider  that  water 

would  not  remain  fluid  in  any  part  of  Mars,  even  at  his  equa- 
tor, and  that  in  the  temperate  zones  of  the  same  planet  even 

alcohol  and  quicksilver  would  freeze,  we  may  form  some  idea 
of  the  cold  that  must  reign  in  Uranus,  unless  indeed  the 
ether  has  a  temperature.    The  climate  of  Venus  more  nearly 
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resembles  that  of  the  earth,  though,  excepting  perhaps  at  her 
poles,  much  too  hot  for  animal  and  vegetable  life  as  they  exist 
here ;  but  in  Mercury  the  mean  heat^  arising  only  from  the 

intensity  of  the  sun's  rays^  must  be  above  that  of  boiling  quick- 
silver, and  water  would  boil  even  at  his  poles.  Thus  the  pla- 

nets, though  kindred  with  the  earth  in  motion  and  structure^ 
tLve  totally  Unfit  for  the  habitation  of  such  a  being  as  man. 

The  direct  light  of  the  sun  has  been  estimated  to  be  equal 
to  that  of  5563  wax  candles  of  a  moderate  size^  supposed  to 
be  placed  at  the  distance  of  one  foot  from  the  object :  that  of 
the  moon  is  probably  only  equal  to  the  light  of  one  candle  at 
the  distance  of  twelve  feet ;  consequently  the  light  of  the  sun 
is  more  than  three  hundred  thousand  times  greater  than  that 
of  the  moon  ;  for  which  reason  the  light  of  the  moon  imparts 
no  heat,  even  when  brought  to  a  focus  by  a  mirror. 

In  adverting  to  the  peculiarities  in  the  form  and  nature  of 
the  earth  and  planets,  it  is  impossible  to  pass  in  .sUfiOCfiJji.e 

magnetism  of  the  earth,  the  director  of  the  mariner's  compass, 
and  his  guide  through  the  ocean.  This  property  probably  arises 
from  metallic  iron  in  the  interior  of  the  earth,  or  from  the 
circulation  of  currents  of  electricity  round  it :   its  influence 
extends  over  every  part  of  its  surface,  but  its  accumulation 
and  deficiency  determine  the  two  poles  of  this  great  magnet, 

which  are  by  no  means  the  same  as  the  poles  of  the  earth's 
rotation.     In  consequence  of  their  attraction  and  repulsion, 
a  needle  freely  suspended,  whether  it  be  magnetic  or  not, 
only  remains  in   equilibrio  when  in  the  magnetic  meridian, 
that  is,  in  the  plane  which  passes  through  the  north  and  south 

magnetic  poles.     There  are  places  where  the  magnetic  meri- 
dian coincides  with  the  terrestrial  meridian ;  in  these  a  mag- 
netic needle  freely  suspended,  points  to  the  true  north,  but  if 

it  be  carried  successively  to  difierent  places  on  the  earth's  sur- 
face, its  direction  will  deviate  sometimes  to  the  east  and  some- 
times to  the  west  of  north.     Lines  drawn  on  the  globe  through 

all  the  places  where  the  needle  points  due  north  and  south, 
are  called  lines  of  no  variation,  and  are  extremely  complicated. 
The  direction  of  the  needle  is  not  even  constant  in  the  same 

place,  but  changes  in  a  few  years,  according  to  a  law  not  yet 
determined.    In  1657,  the  line  of  no  variation  passed  through 

\ 
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London.  In  ihe  year  1819,  Captain  Parry,  in  his  voyage  to 
discover  Ihe  norlh-west  passage  round  America,  sailed  directly 
over  the  magnetic  pole;  and  in  1824,  Captain  I.yon,  when  on 
en  expedition  for  the  same  purpose,  found  that  the  variation 

of  the  compass  was  37°  30'  west,  and  that  the  magnetic  pole 
was  then  situate  in  63"  26'  51."  north  latitude,  and  in  80°  51' 

25"  west  longitude.  It  appears  however  from  later  reaearchea 
that  the  law  of  terrestrial  magnetism  is  of  considerable  com- 

plication, and  the  existence  of  more  than  one  magnetic  pole 
in  either  hemisphere  has  been  rendered  highly  probable.  The 
ni.?dle  is  also  subject  to  diurnal  variations;  in  our  latitudes  it 

moves  J-iwly  westward  from  about  three  in  the  morning  till 
two,  and  retuns  to  its  former  position  in  the  evening. 

A  needle  suspei.  'ed  go  as  only  to  be  moveable  in  the  vertical 
plane,  dips  or  become  more  and  more  inclined  to  the  horizon 
the  nearer  it  is  brought  to  the  magnetic  pole.  Captain  Lyon 

found  that  the  dijtin  the  lati'ude  and  longitude  mentioned  was 
86°  32',  What  properties  tie  planets  may  have  in  this  re- 

spect, it  is  impossible  to  Icnov,  but  it  is  probable  that  the  moon 
has  become  highly  magnetic,  in  consequence  of  her  proximity 

to  the  earth,  and  because  'ler  greatest  diameter  always  points 
towards  it. 

The  passage  of  comets  has  never  sensibly  disturbed  the  sta- 
bility of  the  solar  system ;  their  nucleus  is  rare,  and  their 

transit  so  rapid,  that  the  lime  has  not  been  long  enough  to 
admit  of  a  sufficient  accumulation  of  impetus  to  produce  a 
perceptible  effect.  The  comet  of  1770  passed  within  80000 
miles  of  the  earth  without  even  affecting  our  tides,  and  swept 

through  the  midst  of  Jupiter's  satellites  without  deranging  the 
motions  of  those  little  moons.  Had  the  mass  of  that  comet 

been  equal  to  the  mass  of  the  earth,  its  disturbing  action  would 
have  shortened  the  year  by  the  ninth  of  a  day;  but,  as  Delam- 

bre's  computations  from  the  Greenwich  observations  of  the 
sun,  show  that  the  length  of  the  year  has  not  been  sensibly 
affected  by  the  approach  of  the  comet.  La  Place  proved  that 
its  mass  could  not  be  so  much  as  the  5000th  part  of  that  of 
the  earth.  The  paths  of  comets  have  every  possible  inclination 
to  the  plane  of  the  ecliptic,  and  unlike  the  planets,  their  motion 
|b  frequently  retrograde.     Comets  are  only  visible  when  near 

1 
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their  perihelia.  Then  their  velocity  is  such  that  its  square  is 
twice  as  great  as  that  of  a  body  moving  in  a  circle  at  the  same 
distance ;  they  consequently  remain  a  very  short  time  within  the 
planetary  orbits ;  and  as  all  the  conic  sections  of  the  same  focal 
distance  sensibly  coincide  through  a  small  arc  on  each  side  of 
the  extremity  of  their  axis^  it  is  difficult  to  ascertain  in  which 
of  these  curves  the  comets  move,  from  observations  made,  as 

they  necessarily  must  be,  at  their  perihelia :  but  probably  they 
all  move  in  extremely  eccentric  ellipses,  although,  in  most 

cases,  the  parabolic  curve  coincides  most  nearly  with  their  ob- 
served motions.  Even  if  the  orbit  be  determined  with  all  the 

accuracy  that  the  case  admits  of,  it  may  be  difficult,  or  even 
impossible,  to  recognise  a  comet  on  its  return,  because  its  orbit 
would  be  very  much  changed  if  it  passed  near  any  of  the  large 
planets  of  this  or  of  any  other  system,  in  consequence  of  their 
disturbing  energy,  which  would  be  very  great  on  bodies  of  so 
rare  a  nature.  Halley  and  Clairaut  predicted  that,  in  conse- 

quence of  the  attraction  of  Jupiter  and  Saturn,  the  return  of 
Uie  comet  of  1759  would  be  retarded  618  days,  which  was 
Verified  by  the  event  as  nearly  as  could  be  expected. 

The  nebulous  appearance  of  comets  is  perhaps  occasioned 
by  the  vapours  which  the  solar  heat  raises  at  their  surfaces  in 
their  passage  at  the  perihelia,  and  which  are  again  condensed 
as  they  recede  from  the  sun.  The  comet  of  1680  when  in  its 

perihelion  was  only  at  the  distance  of  one-sixth  of  the  sun's 
diameter,  or  about  148000  miles  from  its  surface ;  it  conse- 

quently would  be  exposed  to  a  heat  27500  times  greater  than 

that  received  by  the  earth.  As  the  sun's  heat  is  supposed  to  be 

in  proportion  to  the  intensity  of  his  h'ght,  it  is  probable  that  a 
degree  of  heat  so  very  intense  would  be  sufficient  to  convert 
into  vapour  every  terrestrial  substance  with  which  we  are  ac- 

quainted. 
In  those  positions  of  comets  where  only  half  of  their  en- 

lightened hemisphere  ought  to  be  seen,  they  exhibit  no  phases 
even  when  viewed  with  high  magnifying  powers.  Some  slight 
indications  however  were  once  observed  by  Hevelius  and 
La  Hire  in  1682;  and  in  1811  Sir  William  Herschel  disco- 

vered a  small  luminous  point,  which  he  concluded  to  be  the 
4isc  of  the  comet.     In  general  their  masses  are  so  minute, 
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that  they  have  no  sensible  diBmeters,  the  nacleus  being  princi- 
pally formed  of  denser  strata  of  the  nebulous  matter,  but  so 

rare  that  stars  have  been  seen  through  them.  The  transit  of 

a  comet  over  the  sun's  disc  would  aSbrd  the  best  informatioa 
on  this  point.  It  ins  computed  that  such  an  event  was  to  take 

place  in  the  year  1627;  unfortunately  the  sun  was  hid  by 
clouds  in  this  country,  but  it  was  observed  at  Vtviers  and  at 
Marseilles  at  the  time  the  comet  must  have  been  on  it,  but  no 

.  spot  was  seen.  The  taib  are  olten  of  very  great  length,  and 
are  generally  situate  in  the  planes  of  their  orbits;  they  follow 

"  them  in  their  descent  towards  the  sun,  but  precede  them  in 
their  return,  with  a  small  degree  of  curvature ;  but  their  extent 
and  form  must  vary  in  appearance,  according  to  the  position  of 
iheir  orbits  with  regard  to  the  ecliptic.  The  tail  of  the  comet 

of  1680  appeared,  at  Paris,  to  extend  over  sixty-two  degrees. 
The  matter  of  which  the  tail  is  composed  must  be  extremely 
buoyant  to  precede  a  body  moving  with  such  velocity ;  indeed 
the  mpidity  of  its  ascent  cannot  be  accounted  for.  The  nebu- 

lous part  of  comets  diminishes  every  time  they  return  to  their 

perihelia ;  afler  frequent  returns  they  ought  to  lose  it  altoge- 
ther, and  present  the  appearance  of  a  fixed  nucleus ;  this  ought 

to  happen  sooner  in  comets  of  short  periods.  I,b  Place  sup- 
poses that  the  comet  of  1682  must  be  approaching  rapidly 

to  that  state.  Should  the  substances  be  altogether  or  even  to 
a  great  degree  evaporated,  the  comet  wilt  disappear  for  ever. 
Possibly  comets  may  have  vanished  from  our  view  sooner  than 
they  otherwise  would  have  done  from  this  cause.  Of  about 
six  hundred  comets  that  have  been  seen  at  diSerent  times, 

three  are  now  perfectly  ascertained  to  form  part  of  our  system ; 
that  is  to  say,  they  return  to  the  sun  at  intervals  of  76,  6j^,  and 

3^  years  nearly. 
Ahundredand  forty  comets  have  appeared  within  the  earth's 

orbit  during  the  last  century  that  have  not  again  been  seen ;  if 
a  thousand  years  be  allowed  as  the  average  period  of  each,  it 
may  be  computed  by  the  theory  of  probabilities,  that  the  whole 

number  that  range  within  the  earth's  orbit  must  be  1400; 
but  Uranus  being  twenty  times  more  distant,  there  may  be 
no  less  than  11,200,000  comets  that  come  within  the  knowti 

extent  of  our  system.  In  such  a  multitude  of  wandering  bodies 
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|t  is  just  possible  that  one  of  them  may  come  in  collision  with 
the  earth  ;  but  even  if  it  should,  the  mischief  would  be  local, 

and  the  equilibrium  soon  restored.  It  is  however  more  pro- 
bable that  the  earth  would  only  be  deflected  a  little  from  its 

course  by  the  near  approach  of  the  comet,  without  being 
touched.  Great  as  the  number  of  comets  appears  to  be^  it  is 
absolutely  nothing  when  compared  to  the  number  of  the  fixed 
stars.  About  two  thousand  only  are  visible  to  the  naked  eye, 
but  when  we  view  the  heavens  with  a  telescope,  their  number 
seems  to  be  limited  only  by  the  imperfection  of  the  instrument. 
In  one  quarter  of  an  hour  Sir  William  Herschel  estimated  that 
116000  stars  passed  through  the  field  of  his  telescope,  which 

subtended  an  angle  of  15'.  This  however  was  stated  as  a 
specimen  of  extraordinary  crowding ;  but  at  an  average  the 
whole  expanse  of  the  heavens  must  exhibit  about  a  hundred 
millions  of  fixed  stars  that  come  within  the  reach  of  telescopic 
vision. 

Many  of  the  stars  have  a  very  small  progressive  motion^ 
especially  pt  Cassiopeia  and  6l  Cygni,  both  small  stars ; 

and,  as  the  sun  is  decidedly  a  star,  it  is  an  additional  rea- 
son for  supposing  the  solar  system  to  be  in  motion.  The 

distance  of  the  fixed  stars  is  too  great  to  admit  of  their  exhi- 
biting a  sensible  disc ;  but  in  all  probability  they  are  spherical, 

and  must  certainly  be  so,  if  gravitation  pervades  all  space. 
With  a  fine  telescope  they  appear  like  a  point  of  light ;  their 
twinkling  arises  from  sudden  changes  in  the  refractive  power 
of  the  air,  which  would  not  be  sensible  if  they  had  discs  like 

the  planets.  Thus  we  can  learn  nothing  of  the  relative  dis- 
tances of  the  stars  from  us  and  from  one  another,  by  their 

apparent  diameters ;  but  their  annual  parallax  being  insensible, 
dhow  s  that  we  must  be  one  hundred  millions  of  millions  of  miles 

from  the  nearest ;  many  of  them  however  must  be  vastly  more 
remote,  for  of  two  stars  that  appear  close  together,  one  may 
be  far  beyond  the  other  in  the  depth  of  space.  The  light  of 
Sirius,  according  to  the  observations  of  Mr.  Herschel,  is  324 
times  greater  than  that  of  a  star  of  the  sixth  magnitude  ;  if  we 
suppose  the  two  to  be  really  of  the  same  size,  their  distances 

from  us  must  be  in  the  ratio  of  57.3  to  1,  because  light  dimi- 
nishes as  the  square  of  the  distance  of  the  luminous  body 

increases. 
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Of  the  absolute  magnilude  of  llie  stars,  nothing'  is  knonn, 
only  that  many  of  them  must  be  much  larger  than  the  sun, 
from  the  quantity  of  light  eniilted  by  them.  Dr.  Wollas 
determined  the  approximate  ratio  that  the  light  of  a  wax  c 
die  bears  to  that  of  the  sun,  moon,  and  stars,  by  comparing 
their  respective  images  reflected  from  small  glass  globes  filled, 
with  mercury,  whence  a  comparison  was  established  between: 

the  quantities  of  light  emitted  by  the  celestial  bodies  them- 
selves. By  this  method  he  found  that  the  light  of  the  sun  is 

about  twenty  roiiUons  of  millions  of  times  greater  than  that  of  ' 
Sirius,  the  brightest,  and  supposed  to  be  the  nearest  of  the 
fixed  stars.  If  Sirius  had  a  parallax  of  half  a  second,  its  di^ 
tance  from  the  earth  would  be  525481  times  the  distance  of 

the  sun  from  the  earth ;  and  therefore  Sirius,  placed  where 
the  snn  is,  would  appear  to  us  to  be  3.7  times  as  large  as  ihe 

■un,  and  would  give  13.8  times  more"light ;  but  many  of  the 
fixed  stars  must  be  immensely  greater  than  Sirius.  Somefimea 

stars  have  all  at  once  appeared,  shone  with  a  brilliant  light, 
and  then  vanished.  In  1572  a  star  was  discovered  in  Cas- 

siopeia, which  rapidly  increased  in  brightness  till  it  even  sur- 
passed that  of  Jupiter;  it  then  gradually  diminished  in  splen- 

dour, and  after  exhibiting  all  the  variety  of  tints  that  indicates 
the  changes  of  combustion,  vanished  sixteen  months  after  its 
discovery,  without  altering  its  position,  it  is  impossible  to 
imagine  any  thing  more  tremendous  than  a  conflagration  that 
could  be  visible  at  such  a  distance.  Some  stars  are  periodic, 
possibly  from  the  intervention  of  opaque  bodies  revolv- 

ing about  them,  or  from  extensive  spots  on  their  surfaces. 
Many  thousands  of  stars  that  seem  to  be  only  brilliant  points, 
when  carefully  examined  are  found  to  be  in  reality  systems  of 
two  or  more  suns  revolving  about  a  common  centre.  These 

double  and  multiple  stars  are  extremely  remote,  requiring  the 
most  powerful  telescopes  to  show  them  separately. 

The  first  catalogue  of  double  stars  in  which  their  places  and 
relative  positions  are  determined,  was  accomplished  by  the 
talents  and  industry  of  Sir  William  Herschel,  to  whom  aslro- 
uomy  is  indebted  for  so  many  brilliant  discoveries,  and  with 

whom  originated  the  idea  of  their  combination  in  binary  and 
multiple  systems,   an  idea  which   his  own  observations  had 
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completely  established,  but  i^hich  has  since  received  additional 
confirmation  from  those  of  his  son  and  Sir  James  South,  the 
former  of  whom,  as  well  as  Professor  Strove  of  Dorpat,  have 
added  many  thousands  to  their  numbers.  The  motions 
of  revolution  round  a  common  centre  of  many  have  been 
clearly  established,  and  their  periods  determined  with  consi- 

derable accuracy.  Some  have  already  since  their  first  disco- 
very accomplished  nearly  a  whole  revolution,  and  one,  if  the 

latest  observations  can  be  depended  on,  is  actually  considerably 
advanced  in  its  second  period.  These  interesting  systems  thus 
present  a  species  of  sidereal  chronometer,  by  which  the  chrono- 

logy of  the  heavens  will  be  marked  out  to  future  ages  by  epochs 
of  their  own,  liable  to  no  fluctuations  from  planetary  disturb- 

ances such  as  obtain  in  our  system. 
Possibly  among  the  multitudes  of  small  stars,  whether  double 

or  insulated,  some  may  be  found  near  enough  to  exhibit  dis- 
tinct parallactic  motions,  or  perhaps  something  approaching 

to  planetary  motion,  which  may  prove  that  solar  attraction  is 
not  confined  to  our  system,  or  may  lead  to  the  discovery  of 
the  proper  motion  of  the  sun.  The  double  stars  are  of  various 
hues,  but  most  frequently  exhibit  the  contrasted  colours.  The 
large  star  is  generally  yellow,  orange,  or  red ;  and  the  small 
star  blue,  purple,  or  green.  Sometimes  a  white  star  is  com- 

bined with  a  blue  or  purple,  and  more  rarely  a  red  and  white 
are  united.  In  many  cases,  these  appearances  are  due  to 
the  influences  of  contrast  on  our  judgment  of  colours.  For 
example,  iu  observing  a  double  star  where  the  large  one  is  of 
a  full  ruby  red,  or  almost  blood  colour,  and  the  small  one  a 
fine  green,  the  latter  lost  its  colour  when  the  former  was  hid  by 
the  cross  wires  of  the  telescope.  But  there  are  a  vast  number 
of  instances  where  the  colours  are  too  strongly  marked  to  be 
merely  imaginary.  Mr.  Herschel  observes  in  one  of  his 
papers  in  the  Philosophical  Transactions,  as  a  very  remarkable 
fact,  that  although  red  single  stars  are  common  enough,  no 
example  of  an  insulated  blue,  green,  or  purple  one  has  as  yet 
been  produced. 

In  some  parts  of  the  heavens,  the  stars  are  so  near  together  as 
to  form  clusters,  which  to  the  unassisted  eye  appear  like  thin 

white  clouds ;  such  is  the  milky  way,  which  has  its  brightness 
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from  the  diffused  light  of  myriads  of  stars.  Many  of  these 
clouds,  however,  are  never  resolved  into  separate  stars,  even 

|jy  the  highest  magnifying  powers.  This  nebulous  matter 
exists  in  vast  abundance  in  space.  No  fewer  than  2500 
nebuIiE  were  observed  by  Sir  William  Herschel,  whose  places 
have  been  computed  from  his  observations,  reduced  to  a 
common  epoch,  and  arranged  into  a  catalogue  in  order  of 
right  ascension  by  his  sister  Miss  Caroline  Herschel,  a  lady 

HO  justly  celebrated  for  astronomical  knowledge  and  disco- 
very. The  nature  and  use  of  this  matter  scattered  over  the 

heavens  in  sucli  a  variety  of  forms  is  involved  in  the  greatest 

obscurity.  That  it  is  a  self-luminous,  phosphorescent  material 
substance,  in  a  highly  dilated  or  gaseous  state,  but  gradually 
subsiding  by  the  mutual  gravitation  of  its  particles  into  stars 
and  sidereal  systems,  is  the  hypothesis  which  seems  to  be  most 
gencritlly  received  ;  but  the  only  way  tliat  any  real  knowledge 

on  this  mysterious  anhject  can  be  obtained,  is  by  the  determi- 
nation of  the  form,  place,  and  present  state  of  each  individual 

nebula,  and  a  comparison  of  these  with  future  observations 
will  show  generations  to  come  the  changes  that  may  now  be 
going  on  in  these  rudiments  of  future  systems.  With  this 
view,  Mr.  Herschel  is  now  engaged  in  the  difhcult  and  laborious 
investigation,  which  is  understood  to  be  nearly  approaching  its 
completion,  and  the  results  of  which  we  may  therefore  hope 
ere  long  to  see  made  public.  The  most  conspicuous  of  these 

appearances  are  found  in  Orion,  and  in  the  girdle  of  Andro- 
merla.  It  is  probable  that  light  must  he  millions  of  years 
travelling  to  the  earth  from  some  of  the  nebulae. 

So  numerous  are  the  objects  which  meet  our  view  in  the 

"heavens,  that  we  cannot  imagine  a  part  of  space  where  some 
light  would  not  strike  the  eye :  but  as  the  fixed  stars  would  not 
be  visible  at  such  distances,  if  they  did  not  shine  by  their  own 
light,  it  is  reasonable  to  infer  that  they  are  suns  ;  and  if  so, 
they  are  in  all  probability  attended  by  systems  of  opaque  bodies, 
revolving  about  them  as  the  planets  do  about  ours.  But 
although  there  be  no  proof  that  planets  not  seen  by  iis  revolve 

about  these  remote  suns,  certain  it  is,  that  there  are  many  in- 
visible bodies  wandering  in  space,  which,  occasionally  coming 

wUfaia  the  sphere  of  the  earth's  attraction,  are  ignited  by  the 
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velocity  with  which  they  pass  through  the  atmosphere,  and 
are  precipitated  with  great  violence  on  the  earth.     The  obli- 

quity of  the  descent  of  meteorites,  the  peculiar  matter  of 
which  they  are  composed,  and  the  explosion  with  which  their 
fall  is  invariably  accompanied,  show  that  they  are  foreign  to 
our  planet.     luminous  spots  altogether  independent  of  the 
phases  have  occasionally  appeared  on  the  dark  part  of  the 
moon,  which  have  been  ascribed  to  the  light  arising  from  the 
eruption  of  volcanoes;    whence  it  has  been  supposed  that 
meteorites  have  been  prcgected  from  the  moon  by  the  impetus  of 
volcanic  eruption  ;  it  has  even  been  computed,  that  if  a  stone 
were  projected  from  the  moon  in  a  vertical  line,  and  with  an  ini- 

tial velocity  of  10992  feet  in  a  second,  which  is  more  than  four 
times  the  velocity  of  a  ball  when  first  discharged  from  a  can- 

non, instead  of  falling  back  to  the  moon  by  the  attraction  of 

gravity,  it  would  come  within  the  sphere  of  the  earth's  attrac- 
tion, and  revolve  about  it  like  a  satellite.    These  bodies,  im- 

pelled either  by  the  direction  of  the  primitive  impulse,  or  by 
the  disturbing  action  of  the  sun,  might  ultimately  penetrate  the 

earth's  atmosphere,  and  arrive  at  its  surface.     But  from  what- 
ever source  meteoric  stones  may  come,  it  seems  highly  probable, 

that  they  have  a  common  origin,  from  the  uniformity,  we  may 
almost  say  identity,  of  their  chemical  composition. 

The  known  quantity  of  matter  bears  a  very  small  proportion 
to  the  immensity  of  space.  Large  as  the  bodies  are,  the  distances 
that  separate  them  are  immeasurably  greater ;  but  as  design  is 
manifest  in  every  part  of  creation,  it  is  probable  that  if  the 
various  systems  in  the  universe  had  been  nearer  to  one  another, 
their  mutual  disturbances  would  have  been  inconsistent  with  the 

harmony  and  stability  of  the  whole.  It  is  clear  that  space  is 
not  pervaded  by  atmospheric  air,  since  its  resistance  would 
long  ere  this  have  destroyed  the  velocity  of  the  planets ; 
neither  can  we  affirm  it  to  be  void,  when  it  is  traversed  in 

all  directions  by  light,  heat,  gravitation,  and  possibly  by  in- 
fluences of  which  we  can  form  no  idea;  but  whether  it  be  re^ 

plete  with  an  ethereal  medium,  time  alone  will  show. 
Though  totally  ignorant  of  the  laws  which  obtain  in  the  more 

distant  regions  of  creation,  we  are  assured,  that  one  alone  re- 
gulates the  motions  of  our  own  system ;  and  as  general  laws 
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form  the  ultimate  object  of  philosophical  research,  we  cannot 
conclude  these  remarks  without  considering  the  nature  of  that 

extraordinary  power,  whose  effects  we  have  been  endeavouring 
to  trace  through  some  of  iheir  mazes.  It  was  at  one  lime 

imagined,  that  the  acceleration  in  the  moon's  mean  motion 
was  occasioned  by  the  successive  transmission  of  the  gravita- 

ting force  ;  but  it  has  been  proved,  that,  in  order  to  produce 
this  effect,  its  velocity  muat  be  about  fifty  millions  of  limes 
greater  than  that  of  hght,  which  flies  at  the  rate  of  200000 
miles  in  a  second ;  its  action  even  at  the  distance  of  the  sun 

may  therefore  be  regarded  as  instantaneous  ;  yet  so  remote  are 
the  nearest  of  the  fixed  stars,  that  it  may  be  doubted  whether 
the  sun  has  any  sensible  influence  on  them. 

The  analytical  expression  for  the  gravitating  force  is  a 
straight  line  ;  the  curves  in  which  the  celestial  bodies  move 
by  the  force  of  gravitation  are  only  lines  of  the  second  order; 
the  attraction  of  spheroids  according  to  any  other  law  would 
be  much  more  complicated ;  and  as  it  is  easy  to  prove  that 
matter  might  have  been  moved  according  to  an  infinite  variety 
of  laws,  it  may  be  concluded,  that  gravitation  must  have  been 
selected  by  Divine  wisdom  out  of  an  infinity  of  other  laws,  its 
being  the  most  simple,  and  that  which  gives  the  greatest  stabi- 

lity to  the  celestial  motions.  J 
It  is  a  singular  result  of  the  simplicity  of  the  laws  of  nature,! 

which  admit  only  of  the  observation  and  comparison  of  ratios," 
that  the  gravitation  and  theory  of  the  motions  of  the  celestial 

bodies  are  independent  of  their  absolute  magnitudes  and  dis- 
tances; consequently  if  all  the  bodies  in  the  solar  system,  their 

mutual  distances,  and  their  velocities,  were  to  diminish  propor- 
tionally, they  would  describe  curves  in  all  respecU  similar  to  those 

in  which  they  now  move ;  and  the  system  might  be  successively 
reduced  to  the  smallest  sensible  dimensions,  and  still  exhibit 
the  same  appearances.  Experience  shows  that  a  very  different 
law  of  attraction  prevails  when  the  particles  of  matter  are  placed 
within  inappreciable  distances  from  each  other,  as  in  chemical 
and  capillary  attractions,  and  the  attraction  of  cohesion  ;  whether 
it  be  a  modification  of  gravity,  or  that  some  new  and  unknown 
power  comes  into  action,  does  not  appear  ;  but  as  a  change  in 
the  law  of  the  force  takes  place  at  one  end  of  the  scale,  it  19 
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possible  that  gravitation  may  not  remain  the  same  at  the  im- 
mense distance  of  the  fixed  stars.  Perhaps  the  day  may  come 

when  even  gravitation,  no  longer  regarded  as  an  ultimate  prin* 
ciple,  may  be  resolved  into  a  yet  more  general  cause,  embracing 
every  law  that  regulates  the  material  world. 

llie  action  of  the  gravitating  force  is  not  impeded  by  the  in-  .  \  \  v 
tervention  even  of  the  densest  substances.  If  the  attraction  of  !  ' 
the  sun  for  the  centre  of  the  earthy  and  for  the  hemisphere  dia- 

metrically opposite  to  him,  was  diminished  by  a  difficulty  in 
penetrating  the  interposed  matter,  the  tides  would  be  more 
obviously  affected.  Its  attraction  is  the  same  also,  whatever 
the  substances  of  the  celestial  bodies  may  be,  for  if  the  action 
of  the  sun  on  the  earth  differed  by  a  millionth  part  from  his 
action  on  the  moon^  the  difference  would  occasion  a  variation 

in  the  sun's  parallax  amounting  to  several  seconds,  which  is 
proved  to  be  impossible  by  the  agreement  of  theory  with  obser- 

vation. Thus  all  matter  is  pervious  to  gravitation,  and  is 
equally  attracted  by  it  ^  . 

As  far  as  human  knowledge  goes,  the  intensity  of  gravitation^//;  ̂  
has  never  varied  within  the  limits  of  the  solar  system  f^r 

does  even  analogy  lead  us  to  expect  that  it  should ;  on  the  ^   . 
contrary,  there  is  every  reason  to  be  assured,  that  the  great 
laws  of  the  universe  are  immutable  like  their  Author.  Not  . 

only  the  sun  and  planets,  but  the  minutest  particles  in  all 
the  varieties  of  their  attractions  and  repulsions^  nay  even  the 
imponderable  matter  of  the  electric,  galvanic,  and  magnetic 
fluids  are  obedient  to  permanent  laws,  though  we  may  not  be 
able  in  every  case  to  resolve  their  phenomena  into  general 
principles.  Nor  can  we  suppose  the  structure  of  the  globe 
alone  to  be  exempt  from  the  universal  fiat,  though  ages  may 
pass  before  the  changes  it  has  undergone,  or  that  are  now  in  pro- 

gress, can  be  referred  to  existing  causes  with  the  same  certainty 
with  which  the  motions  of  the  planets  and  all  their  secular 
variations  are  referable  to  the  law  of  gravitation.  The  traces  of 
extreme  antiquity  perpetually  occurring  to  the  geologist,  give 
that  information  as  to  the  origin  of  things  which  we  in  vain 
look  for  in  the  other  parts  of  the  universe.  They  date  the 

beginning  of  time ;  since  there  is  every  reason  to  believe,  that f 



PRELIMINARY  DISSERTATION. ^ 

the  formation  of  the  earth  was  contemporaneous  with  that  of 
the  rest  of  the  planets ;  but  they  show  that  creation  is  the 

work  of  Him  with  whom  *  a  thousand  years  are  as  one  clay, 

and  one  day  as  a  thousand  years.' 
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Thb  infinite  varieties  of  motion  in  the  heavens,  and  on  the  earth, 

obey  a  few  laws,  so  universal  in  their  application,  that  they  regulate 

the  curve  traced  by  an  atom  which  seems  to  be  the  sport  of  the 

winds,  with  as  much  certainty  as  the  orbits  of  the  planets.  These 

laws,  on  which  the  order  of  nature  depends,  remained  unknown 

till  the  sixteenth  century,  when  Galileo,  by  investigating  the  dreum- 
Btances  of  falling  bodies,  laid  the  foundation  of  the  science  of 

mechanics,  which  Newton,  by  the  discovery  of  gravitation,  after* 
wards  extended  firom  the  earth  to  the  farthest  limits  of  our  system. 

This  original  property  of  matter,  by  means  of  which  we^ascer* 
tain  the  past  and  anticipate  the  future,  is  the  link  which  connects 

our  planet  with  remote  worlds,  and  enables  us  to  determine  dis* 

lances,  and  estimate  magnitudes,  that  might  seem  to  be  placed 

beyond  the  reach  of  human  faculties.  To  discern  and  deduce  from 

ordinary  and  apparently  trivial  occurrences  the  universal  laws  of 

nature,  as  Galileo  and  Newton  have  done,  is  a  mark  of  the  highest 

intellectual  power. 

Simple  as  the  law  of  gravitation  is,  its  application  to  the  motions 

of  the  bodies  of  the  solar  system  is  a  problem  of  great  difficulty, 

but  so  important  and  interesting,  that  the  solution  of  it  has  engaged 

the  attention  and  exercised  the  talents  of  the  most  distinguished 

mathematicians ;  among  whom  La  Place  holds  a  distinguished  place 

by  the  brilliancy  of  his  discoveries,  as  well  as  from  having  been 

the  first  to  trace  the  influence  of  this  property  of  matter  from  the 

elliptical  motions  of  the  planets,  to  its  most  remote  effects  on  their 

mutual  perturbations.  Such  was  the  object  contemplated  by  him 

in  his  splendid  work  on  the  Mechanism  of  the  Heavens ;  a  work 
B 
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wliicli  may  be  considered  aa  a  great  problem  of  djiiamica,  wherein 
it  is  required  to  deduce  all  tbc  plieoomena  of  tbc  solar  system  from 
the  abstract  laws  of  motioD,  and  to  confirm  tlie  truth  of  those  laws, 

by  comparing  theory  with  observation. 
Tables  of  the  motions  of  the  planeta,  by  which  tlieir  places  may 

be  determined  at  any  instant  for  Ihousands  of  years,  are  computed 

from  the  analytical  funnultc  of  La  Place.  In  a  research  bo  profound 
and  compUcated,  the  most  abstruse  analysis  is  required,  the  liigher 
branches  of  malhcmatical  science  are  employed  from  the  first,  and 

approximations  are  made  to  the  most  Intricate  series.  Easier 
methods,  and  more  convergent  series,  may  probably  be  discovered 

in  process  of  time,  wliich  will  supersede  lliose  now  in  use ;  but 

the  work  of  La  Place,  regarded  as  embod}'ing  the  rei.ulta  of  not 
only  Ilia  own  rescarclics,  but  those  of  so  many  of  tiis  illustrious 

predecessors  and  contemporaries,  must  ever  remain,  as  he  himself 
expressed  it  to  the  writer  of  Uicse  pages,  a  monument  to  the  geiiius 
of  the  age  in  which  it  appeared. 

Although  physical  astronomy  is  now  the  most  perfect  of  sciences, 
a  wide  range  is  still  left  for  the  industry  of  future  astronomers. 
The  whole  system  of  comets  is  a  subject  involved  in  mystery  ;  they 
obey,  indeed,  the  general  law  of  gravitation,  but  many  generations 

must  be  swept  from  the  earth  before  tlieir  paths  can  be  traced 
through  the  regions  uf  space,  or  the  periods  of  their  return  can  be 
determined.  A  new  and  extensive  field  of  investigation  luis  lately 

been  opened  in  the  discovery  of  thousands  uf  double  stars,  or,  to 

■peak  more  strictly,  of  systems  of  double  stars,  since  many  of  them 

revolve  round  centres  in  various  and  long  periods.  AVho  can  ven- 
ture to  predict  when  their  theories  shall  be  known,  or  what  laws 

may  be  revealed  by  the  knowledge  of  their  motions  ? — but,  perhaps, 
Veniel  tempm,  in  quo  iUa  qua  nunc  latent,  in  tucem  die*  exlrahat 
et  loagioris  teei  dUigentia:  ad  inquisilionem  lantorum  celas  una 

non  tiffficit.  Veniet  tempiu,  guo  poiteri  nostri  tarn  aperta  not 
nesoUse  mirentur. 

It  must,  however,  be  acknowledged  that  many  circumstances  seem 
to  be  placed  beyond  our  reach.  Tlie  planets  arc  eo  remote,  that 

obscn'aUon  discloses  but  Utile  of  their  structure;  and  ahhough  their 
similarity  to  the  eartli,  iu  the  appearance  of  their  surfaces,  and  in 

theii  annual  and  diurnal  revolutions  producing  the  vicissitudes  of 
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seasons,  and  of  day  and  night,  may  lead  us  to  fancy  that  they  are 

peopled  with  inhabitants  like  ourselves ;  yet,  were  it  even  permitted 
to  form  an  analogy  from  the  single  instance  of  the  earth,  the  only 

one  known  to  us,  certain  it  is  that  the  physical  nature  of  the  inhabit- 
ants of  the  planets,  if  such  there  be,  must  diflfer  essentially  from 

ours,  to  enable  them  to  endure  every  gradation  of  temperature,  from 

the  intensity  of  heat  in  Mercury,  to  the  extreme  cold  that  probably 
reigns  in  Uranus.  Of  the  use  of  Comets  in  the  economy  of 
nature  it  is  impossible  to  form  an  idea ;  still  less  of  the  Nebulae,  or 

cloudy  appearances  that  are  scattered  through  the  inunensity  of 
sjiAcb;  but  instead  of  being  surprised  that  much  is  unknown,  we 
hare  t^afton  to  be  astonished  that  Ae  successful  daring  of  man  has 
developed  So  much. 

In  the  following  pages  it  is  not  Intended  to  limit  the  ilccount  of 
.Ae  SKcanique  CHesde  to  a  detail  of  results,  but  rather  to  endeavotlt 

to  explain  the  methods  by  which  these  results  are  deduced  from  one 

general  equation  of  ̂ e  motion  of  matter.  To  accomplish  diis,  widi* 

out  having  recourse  to  the  higher  branches  of  mathematics,  is  impos- 
sible; many  subjects,  indeed,  admit  of  geometrical  demonstration; 

but  as  the  object  of  this  woric  is  rather  to  give  the  spirit  of  La 

Place's  method  than  to  pursue  a  regular  system  of  demonstration,  it 
would  be  a  deviation  from  the  unity  of  liis  plan  to  adopt  it  in  the 

ptesent  case. 

Diagrams  are  not  elnployed  in  La  Place's  works,  being  unneces- 
sary to  those  versed  in  analysis ;  some,  however,  will  be  occasionally 

introduced  for  the  convenience  of  the  reader. 

B2 
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1,  Thb  activity  of  matter  aeeniB  lo  be  a  law  of  llie  univetBo,  as  we 

know  of  no  particle  that  ia  at  rest.  Were  a  body  alisolutely  at  rest, 
we  could  not  prove  it  to  be  so,  because  there  are  no  fixed  points  to 
which  it  coulil  be  referred ;  consequently,  if  only  one  particle  of  matter 

were  in  existence,  it  woiJd  be  impossible  to  ascertain  wbellier  it  were 

at  rest  or  in  motion.  Tbtis,  being  totally  ignorant  of  absolute  mo- 
tion, relative  tnoUon  alone  forms  the  subject  of  investigation  :  a  body 

is,  therefore,  said  to  be  in  motion,  when  it  changes  ita  position  with 

regard  to  other  bodies  which  are  assumed  to  be  at  reat. 
2.  The  cause  of  motion  ia  unknown,  force  being  only  a  name 

given  to  a  certain  set  of  phenomena  preceding  the  motion  of  a  body, 
known  by  the  experience  of  ila  effects  alone.  Even  after  esperience, 
we  cannot  jirove  that  the  same  consequents  will  invariably  follow 
certain  antecedents ;  we  only  believe  that  they  will,  and  experience 
tends  to  confirm  this  belief. 

3.  No  idea  of  force  can  be  formed  independent  of  matter;  all  the 
forces  of  which  we  have  any  experience  are  exerted  by  matter;  aa 

gravity,  muscular  force,  electricity,  chemical  attractions  and  repul- 
sions, &c.  &c,,  in  all  wliich  cases,  one  portion  of  matter  acta  upon 

another. 

4.  Wlien  bodies  in  a  state  of  motion  or  rest  are  not  acted  upon 
by  matter  under  any  of  these  circumalances,  we  know  by  experience 

that  they  will  remain  in  that  stater  hence  a  body  will  continue  to 
move  uniformly  in  the  direction  of  the  force  which  caused  its  motion, 
tmlesB  in  some  of  the  cases  enumerated,  in  which  wo  have  ascer- 

tained by  experience  that  a  change  of  motion  will  take  place,  then  a 
force  is  said  to  act. 

5.  Force  is  proportional  to  the  differential  of  the  velocity,  divided 
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by  the  diflferential  of  the  time,  or  analytically  F  =  — ,  which  is 
all  we  know  about  it. 

6.  The  direction  of  a  force  is  the  straight  line  in  which  it  causes 

a  body  to  move.     This  is  knoWn  by  experience  only. 

7.  In  dynamics,  force  is  proportional  to  the  indefinitely  small 

space  caused  to  be  moved  over  in  a  given  indefinitely  small  time. 

8.  Velocity  is  the  space  moved  over  in  a  given  time,  how  small 

soever  the  parts  may  be  into  which  the  interval  is  divided. 

9.  The  velocity  of  a  body  moving  uniformly,  is  the  straight  line 
or  space  over  which  it  moves  in  a  given  interval  of  time  ;  hence  if 

the  velocity  v  be  the  space  moved  over  in  one  second  or  unit  of 

time,  vt  is  the  space  moved  over  in  t  seconds  or  units  of  time ;  or 

representing  the  space  hy  s,  «  =  vL 
10.  Thus  it  is  proved  that  the  space  described  with  a  uniform 

motion  is  proportional  to  tlie  product  of  the  time  and  the  velocity. 

11.  Conversely,  r,  the  space  moved  over  in  one  second  of  time, 

18  equal  to  «,  the  space  moved  over  in  t  seconds  of  time,  multiplied 

1"  1"       • 
by-.  orr  =  .-=_. 

12.  Hence  the  velocity  varies  directly  as  the  space,  and  inversely 

as  the  time;  and  because  /  =  — , V 

13.  The  time  varies  directiy  as  the  space,  and  inversely  as  the 
velocity. 

14.  Forces  are  proportional  to  the  velocities  they  generate  in 

equal  times. 
The  intensity  of  forces  can  only  be  known  by  comparing  their 

effects  under  precisely  similar  circumstances.  Thus  two  forces  are 

equal,  which  in  a  given  time  will  generate  equal  velocities  in  bodies 

of  the  same  magnitude ;  and  one  force  is  said  to  be  double  of 

another  which,  in  a  given  time,  will  generate  double  the  velocity  in 

one  body  that  it  will  do  in  another  body  of  the  same  magnitude. 

15.  The  intensity  of  a  force  may  therefore  be  expressed  by  the 

ratios  of  numbers,  or  both  its  intensity  and  direction  by  the  ratios  of 

lines,  since  the  direction  of  a  force  is  the  straight  line  in  which  it 

causes  the  body  to  move. 

16.  In  general,  a  line  expressing  tiie  intensity  of  a  force  is  taken 

in  the  direction  of  the  force,  beginning  from  the  jpoint  of  application. 
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17.  Since  molion  is  the  change  of  rectilinear  distance  between 

two  points,  it  appears  that  force,  velocity,  and  motion  are  exptcssed 

by  the  ratios  of  spaces  ;  we  are  acquainted  with  the  ratios  of  quan- 
tities only. 

Onijhrm  Molion. 

18.  A  body  is  said  to  move  uniformly,  nhcn,  in  equal  succesuve 
intervals  of  time,  how  short  soever,  it  moTea  ovei  equal  intetvaU  of 

■pace. 
19.  Hence  in  uniform  motion  the  space  is  proportional  to  the  time. 
20.  Tlie  only  uniform  motiou  that  comes  under  our  observation  is 

Ihe  rotation  of  tlie  earth  upon  its  a»ia ;  all  other  motions  in  nature 
are  accelerated  or  retarded.  The  rotation  of  the  earth  forms  the 

only  standard  of  time  to  whieli  all  recuning  periods  are  referred. 
To  be  certain  of  the  unifomiity  of  its  rotation  is,  therefore,  of  the 

gieatcet  importance.  The  descent  of  materiuU  from  a  liigher  to  a 
lowet  level  at  its  sririacc,  or  a  change  of  internal  temperature,  would 
alter  the  Icngtii  of  the  radius,  and  consequeiilly  the  time  of  rotation : 

sueh  causes  of  disturbance  do  take  place  ;  but  it  will  be  shown  that 

Uieir  effects  are  so  nunutc  as  to  be  insensible,  and  that  the  earth's 
rotation  has  sulfered  no  sensible  change  from  the  earliest  times 
recorded. 

21.  Tlie  equaUty  of  successive  intervals  of  time  may  he  measured 

by  the  recurrence  of  an  event  under  circumstances  as  precisely 

similar  as  possible  :  for  e.\amplc,  from  the  oscillations  of  a  pendu- 
lum. When  dissimilarity  of  circumslances  takes  place,  we  rectify 

GUI  CQUclusions  respecting  the  presumed  equality  of  the  inter^'als,  by 
introducing  an  equation,  wluch  is  a  quantity  to  be  added  or  token 

nway,  in  order  to  obtain  the  equaUty. 

Composition  and  Resolution  of  Forces. 

j!g.\,  22.  Let  m  be  a  particle  of  matH 

tn%—    ■  -  ,s    ■    ̂    A       -C    ter  which  is  free  to  move  in  every 
direction ;  if  two  forces,  repre- 

Bsnled  both  in  intensity  and  direction  by  the  lines  mA  and  niB,  be 
applied  to  it,  and  urge  it  towards  C,  the  particle  will  move  by  the 
comhiued  action  of  these  two  forces,  and  it  will  require  a  force  equal 
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to  their  stmi,  apfilied  in  a  contrary  direction*  to  keep  H  at  rest  It  19 
tken  said  to  be  in  II  state  of  equifibrium. 

83.   If  the  forces  mA,  mB,  be  >^-^* 

^ipUed  to  a  particle  m  in  contrary  ̂   •   m 

directions,  and  if  mB  be  greater  than  ntA,  the  pa^cle  m  will  be  put 
in  motion  by  the  difierence  of  these  forces,  and  a  force  equal  to  their 
di£feience  acting  in  a  contrary  direction  will  be  required  to  keep  tbe 
particle  at  rest 

24.  When  the  forces  mA,  mB  are  equal,  and  in  contrary  dim- 
tions,  the  particle  will  remain  at  rest 

2&.  It  b  usual  to  determine  the 

position  of  points,  lines,  surfaces, 

and  the  motions  of  bodies  in  space, 

.  by  means  of  three  plane  surfaces,  oP, 

•Q,  oR,  fig.  S,  intersecting  at  giyen 

angles.  The  intersecting  or  co-or- 
dinate planes  are  generally  assumed 

lo  be  perpendicular  to  each  other, 

so  that  jpoy,  xoz^  yozj  are  right 

angles.  The  position  of  or,  oy,  os,  the  axes  of  the  co-ordinates, 
and  their  origin  o,  are  arbitrary ;  that  is,  they  may  be  placed  where 

we  please,  and  are  therefore  always  assumed  to  be  known.  Hence 

the  portion  of  a  point  m  in  space  is 
determined,  if  its  distance  from  each 

co-ordinate  fdane  be  given;  for  by 

taking  oA,  oB,  oC,  fig.  4,  respectively 

equal  to  the  given  distances,  and  draw- 
ing three  planes  through  A,  B,  and 

C,  parallel  to  the  co-ordinate  planes, 
ihey  will  intersect  in  m. 

86.  If  a  force  applied  to  a  particle 

of  matter  at  m,  (fig.  5,)  make  it  ap- 
proach to  the  plane  oQ  uniformly  by 

the  space  mA,  in  a  given  time  t ;  and 

if  another  force  applied  to  m  cause  it 

to  approach  the  plane  oR  uniformly 

by  the  space  mB,  in  the  same  time  ty 

Ae  particle  will  move  in  the  diagonal 

/ir.4. 
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[BookM mo,  by  ihe  simultaneouB  action  of  these  two  forces.     For,  Binca  I 

the    forces    are   proportional   to  the    spaces,    if  a    be    the   apace  I 
described   in   one    second,    a  I   will  be  the  space   described  : 

seconds ;  hence  if  a  I  be  equal  to  the  space  mA,  and  b  t  equal  to  ] 

the  space  mB,  we  have  (  =  —  =   ;    whence  mA  =  —  mB  ] 

which  is  the  equation  to  a  straight  line  mo,    passing  through  t 

the  origin  of  the  co-ordinates.     If  the  co-ordinates  bf.  Tectanguhur,.J 

—  is  the  tangent  of  the  angle  moA,  for  mB  :=  oA,  and  oAm  is  «  | 

right  angle;  hence  oA;Ani::i;  tanAom;  whence  mA  =  oAx 

tan  Aom  :=  mB  .  tan  Aom.  As  this  relation  is  the  same  for  every  I 
point  of  the  straigjit  line  mo,  it  is  called  its  equation.  Now  since  I 

forces  ore  proportloual  to  the  velocities  they  generate  in  equal  J 

times,  mA,  mB  are  proportional  to  the  forces,  and  may  he  taken  | 
to  (^present  them.  The  forces  mA,  mB  are  called  component  or  I 
partial  forces,  and  mo  is  called  the  resulting  force.  Tlie  resulting  I 
force  being  that  which,  taken  in  a  contrary  direction,  will  keep  the  1 
component  forces  in  equilibrio. 

27.  Thus  llie  resulting  force  is  represented  in  magnitude  and  I 

direction  by  the  diagonal  of  a  parallelogram,  whose  sides  are  mA,  ' 
mB  the  partial  ones. 

28.  Since  the  diagonal  cm,  fig.  6,  is 
the  resultant  of  the  two  forces  mA,  wiB, 

whatever  may  be  the  angle  they  make 
with  each  other,  so,  conversely  these 

two  forces  may  he  used  in  place  of  the 

sbgle  force  mc.  But  mc  may  be  re- 
solved into  any  two  forces  whatever 

which  form  the  sides  of  a  parallelogram 

of  which  it  is  the  diagonal ;  it  may,  therefore,  be  resolved  into  two 
forces  ma,  mb,  winch  are  at  right  angles  to  each  other.  Hence  it 

is  always  possible  to  resolve  a  force  mc  into  two  others  wluch  are 

parallel  to  two  rectangular  axes  ox,  oy,   situate  in  the  same  plane 

/tf.O. 

with  tlio  force ;  by  drawing  through  m  tlic  lines p,  respec- 
tively, parallel  to  ox,  ay,  and  completing  the  parallelogram  ma^b, 

29.  If  from  any  point  C,  fig.  7,  of  the  direction  of  a  resulting  force 

mC,  perpendiculars  CD,  CE,  be  drawn  on  the  directions  of  the 
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component  forces  mA,  mB,  these  per- 

pendiculars are  reciprocally  as  the  com- 
ponent forces.  That  is,  CD  is  to  C£  as 

CA  to  CB,  or  as  their  equals  mB  to  mA. 

80.  Let  BQ,  fig.  8,  be  a  figure  formed  by 

parallel  planes  seen  in  perspective,  of  which 
mo  is  the  diagonal.  If  mo  represent  any  force 

both  in  direction  and  intensity,  acting  on  a 

material  point  m,  it  is  evident  from  what  has 

been  said,  that  this  force  may  be  resolved  into 

two  other  forces,  mC,  mR,  because  mo  is  the 

diagonal  of  the  parallelogram  mCoR.  Again 

mC  is  the  diagonal  of  the  parallelogram  ̂  
mQCP,  therefore  it  may  be  resolved  into  the  two  forces  mQ,  mP ; 
and  thus  the  force  mo  may  be  resolved  into  three  forces,  mP,  mQ, 
and  mR ;  and  as  this  is  independent  of  the  angles  of  the  figure,  the 
force  mo  may  be  resolved  into  three  forces  at  right  angles  to  each 
other.  It  appears  then,  that  any  force  mo  may  be  resolved  into 
three  other  forces  parallel  to  three  rectangular  axes  given  in  posi- 

tion: and  conversely,  three  forces  mP,  mQ,  mR,  acting  on  a 
material  point  m,  the  resulting  force  mo  may  be  obtained  by  con- 

structing the  figure  BQ  with  sides  proportional  to  these  forces,  and 

drawing  the  diagonal  mo, 

SI.  Therefore,  if  the  directions  and 

intensities  with  which  any  number  of 

forces  urge  a  material  pomt  be  given, 

they  may  be  reduced  to  one  single 

force  whose  direction  and  intensity  is 

known.  For  example,  if  there  were 

four  forces,  mA,  mB,  mC,  mD,  fig.  9, 

acting  on  m,  if  the  resulting  force  of 

mA  and  mB  be  found,  and  then  tliHt  of 

mC  and  mD ;  these  four  forces  would 

be  reduced  to  two,  and  by  finding  the  resulting  force  of  these  two, 
the  four  forces  would  be  reduced  to  one. 

32.  Again,  this  single  resulting  force  may  be  resolved  into  three 

^.9. 

i» 

^ 
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forces  paralk'i  lo  lliree  rectangular  axes  o 
oz,  Rg.  10,  which  would  rejircsent  the  artion  of 
the  forces  mA,  mB,  &c.,  eatimntfKl  in  ihe  direc- 

tion of  the  axes  ;  or,  which  is  the  aamo  thing, 
each  of  the  forces  mA,  mB,  &c.  acting  on  tn, 

may  he  resolved  into  three  other  forces  parallel 
to  the  axes. 

r 
■  33.  It  13  evident  that  when  the  partial  forces  act  ia  the  ume 
I  direction,  their  sum  is  the  force  in  that  axia  ;  and  when  Bome  act  in 

I  one  direction,  and  others  in  an  opposite  directioD,  it  is  their  difference 
I  that  ia  lo  be  cBtimated. 

I  34.  Tims  any  number  of  forces  of  any  kind  are  capable  of  being 
I  resolved  into  other  forces,  in  the  direction  of  two  or  of  three  reclao> 

gidar  axes,  according  u  the  forcei  act  in  the  aame  or  in  different 

planes. 
3b.  If  a  paidcle  of  matter  remain  in  a  state  of  equilibrium,  though 

acted  upon  by  any  number  of  forces,  and  [tee  to  move  ia  eveiy 
direction,  the  resulting  force  must  be  zero. 

36.  If  the  material  point  be  in  equilibrio  on  a  curved  surface,  or 
on  a  curved  line,  the  resulting  force  must  be  perpendicular  to  the 

line  or  surface,  otherwise  Uie  particle  would  shde.  The  line  or  sur- 

face resists  Uie  resulting  force  with  an  equal  and  conUar}'  pressure. 
37.  Let  o\—X,  oB=Y.  oC=Z,  fig.  10,  be  three  rectangular 

component  forces,  of  wluch  om=F  ia  their  resulting  force.  Tlien,  if 
«iA,  mB.  mC  he  joined,  r>m=F  will  be  the  hypothenus 
to  three  rcctangiUar  triangles,  oAtn,  oBm,  and  oCm, 

angles  moA=:a,  moB=6,  moC=c;  then 
XkF  cob  a,  Y=F  cos  6,  Z  =  F  cos  c. 

Thus  the  partial  forces  are  proportional  to  tlie  coair 

angles  which  their  directions  make  with  their  resultant, 

being  a  rectangular  parallelopiped 
p  =  X"  +  r  +  z*. 

Hence 

a  common 

Let  the 

(1)- 
les  of  the But  £Q 

(2)- 

X'+ V+Z" . 
a+coa*6+cos'c 

=  I. 

VTien  the  component  forces  are  known,  e<]uation  (2)  will  give  a 
value  of  the  resulting  force,  and  equations  (1)  will  determine  its 

direction  by  the  angles  n,  i,  and  c ;  but  if  the  resulting  force  be 

given,  its  resolution  into  the  three  component  forces  X,  Y,  Z,  making 
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with  it  the  angles  «,  h^  c,  will  be  given  by  (}).    If  ope  of  tl^e  ocm- 
ponept  forces  as  Z  be  zero,  then 

c=  90«,  F  cs  VX«  +  Y«,X»Foo8a.Y=Fooslk 
88.  Velocity  and  force  being  each  represented  by  the  same  spacOi 

whatever  has  been  explained  with  regard  to  the  resi^ution  and  com- 
position of  the  one  applies  equally  to  the  other. 

B^ The  general  Principkt  of  EquUihrium' 

89.  The  general  principles  of  equi- 
librium may  be  expressed  analyti- 

cally, by  supposing  o  to  be  the  origin 
of  a  force  F,  acting  on  a  particle^  cif 

matter  at  m,  fig.  11,  in  the  directH)n 

om.  If  o'  be  the  origin  of  the  coh 
ordinates ;  a,  6,  c,  the  co-ordinates  ̂ f 

o,  and  Xj  y,  z  those  of  m ;  the  dia-  ̂  
gonal  om^  which  may  be  represented  by  r,  will  be 

Q 
^ 

nZ 

But  F,  the  whole  fqrce  in  om,'  is  to  its  component  ̂ rpe  in 
oA  ::  r  :  a  —  or, 

hence  the  component  force  parallel  to  the  axis  ox  \% 

F  ifSL^l. 
r 

In  the  same  manner  it  may  be  shown,  that 

r      '  r 

are  the  component  forces  parallel  to  oy  and  oz.    Now  the  equation 
of  the  diagonal  gives 

ir    ̂   (j-q)     ?r    ̂   (y-  6),     Sr   _  (z_-0  . 

Jx  r         5y  r       *     iz  r       ' 
hence  the  component  forces  of  F  are 

Again,  if  F'  be  another  force  acting  on  the  particle  at  m  in  another 

direction  r',  its  component  forces  parallel  to  the  co-ordinates  will  be. 

^'(£)-©'<D 
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And  any  number  of  forces  acting  on  the  particle  m  may  (be  resolved 
in  the  same  manner,  whatever  their  directionB  may  be.  If  S  be 

employed  to  denote  the  sum  of  any  number  of  finite  quantities, 

represented  by  the  same  general  BjTwbol 

is  the  sum  of  the  partial  forces  urging  the  panicle  parallel  to  the  axis 

ox.  Likewise  2.F.  P^\,  I,-F(~\,  are  the  suma  of  the  par- 

tial forces  that  urge  the  particle  parallel  to  the  axis  oy  and  oz.  Now  if 

F,  be  ihe  reBulting  force  of  all  the  forces  F,  F',  F",  &c.  that  act  on  thd 
particle  m,  and  if  u  be  the  straight  line  drawn  from  the  origiu  of  the 
resulting  force  to  m,  by  what  precedes 

K&>KI>K.t) 
are  the  expressions  of  the  reBiiUing  force  f„  rcBolved  in  dkwtiona 

]iarallel  to  the  three  co-ordinates  ;  hence 

or  if  the  sums  of  the  component  forces  parallel  to  llie  asia  x,  y,  r,  be 

represented  by  X,  Y,  Z,  we  shall  have 

If  the  first  of  these  be  multiplied  by  S,i,  the  second  by  Sy,  and  the 

third  by  Sz,  their  sum  will  be 
F,Su  =  Xlx  +  YSy  +  Ztz. 

40,  If  the  intensity  of  the  force  can  be  expressed  in  terms  of  the 

distance  of  its  point  of  application  from  its  origin,  X,  V,  and  Z  may 
be  eliminated  from  tliis  equation,  and  the  resulting  force  wilt  then  be 
given  in  functions  of  the  distance  only.  All  the  forces  in  nature  are 

functions  of  the  distance,  gravity  for  example,  which  varies  inversely 

as  the  square  of  the  distance  of  its  origin  from  the  point  of  its  appli- 
cation.    Were  tJiat  not  the  case,  the  preceding  equation  could  be  of 

41,  Wlien  the  particle  is  in  equilibrio,  the  resulting  force  is  zero ; 
consequently 

XSi  +  VSy  +  ZSz  =  0  (3), 

which  is  the  general  equation  of  the  equilibrium  of  a  free  particle. 
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.  42.  Thus,  when  a  particle  of  matter  urged  by  any  forces  whatever 

remains  in  equilibrio,  the  sum  of  tlie  products  of  each  force  by  the 

element  of  its  direction  is  zero.  As  the  equation  is  true,  whatever 

be  the  values  of  ix,  $y,  iz^  it  is  equivalent  to  the  three  partial  equa- 
tions in  the  direction  of  the  axes  of  the  co-ordinates,  that  is  to 

X  =  0,  Y  =  0,  Z  =  0, 

for  it  is  evident  that  if  the  resulting  force  be  zero,  its  component 
forces  must  also  be  zero. 

On  Pressure, 

43.  A  pressure  is  a  force  opposed  by  another  force,  so  that  no 

motion  takes  place. 

44.  Equal  and  proportionate  pressures  are  such  as  are  produced 

by  forces  which  would  generate  equal  and  proportionate  motions  in 

equal  times. 
45.  Two  contrary  pressures  will  balance  each  other,  when  the 

motions  which  the  forces  would  separately  produce  in  contrary  direc- 
tions are  equal ;  and  one  pressure  will  counterbalance  two  others, 

when  it  would  produce  a  motion  equal  and  contrary  to  the  resultant  of 

the  motions  which  would  be  produced  by  the  other  forces. 

46.  It  results  from  the  comparison  of  motions,  that  if  a  body 

remain  at  rest,  by  means  of  three  pressures,  they  must  have  the 

same  ratio  to  one  another,  as  the  sides  of  a  triangle  parallel  to  the 
directions. 

On  the  Normal, 

47.  The  normal  to  a  curve,  or  surface 

in  any  point  m,  fig.  12,  is  the  straight  line 

mN  perpendicular  to  the  tangent  wiT. 

If  mm'  be  a  plane  curve 

wiN  =  V(T-a)«+(y-6)« 
X  and  y  being  the  co-ordinates  of  m, 
a  and  b  those  of  N.     If  the  point  m  be 

on  a  surface,  or  curve  of  double  curva- 

ture, in  which  no  two  of  its  elements  are  in  the  same  plane,  then, 

mN  =  V(x  -  ay  +  (y  -  6)«+(*  -  c/ 
dP,  y,  z  being  the  coH>rdinate8  pf  fn,  and  a,  6,  c  those  of  N.    The 
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CPiitrc  of  curvature  N,  whicli  is  the  iiiletwctiun  of  two  conBecutive 

notmitls  mN,  ni'N,  never  varies  in  the  circle  anJ  Bjjhere,  because  the 
curvnture  is  every  where  the  same ;  but  in  all  other  cutvcb  and  sur- 

faces the  position  of  N  changes  with  every  point  in  the  curve  or 
surface,  and  a,  b,  c.  are  only  constant  from  one  point  to  anotbcr. 
By  this  projwrty,  tlie  equation  of  the  radius  of  curvature  is  formed 
from  the  equation  of  the  curve,  or  surface.  If  r  be  the  radius  of 
curvature,  it  is  evident,  that  though  it  may  vary  from  one  point  to 

another,  it  is  constant  for  any  one  point  m  where  Sr  =  0. 

Equilibrium  of  a  Particle  on  a  curved  Surfitrx. 

49.  The  equation  (3)  is  sufficient  for  the  equilibrium  of  a  particle 

of  matter,  if  it  be  free  to  move  in  any  direction  ;  but  if  it  be  con- 
strained to  remain  on  a  curved  surface,  tlie  resulting  force  of  all  the 

forces  acting  upon  it  must  be  perpendicular  to  the  surface,  otherwise 

it  would  slide  along  it ;  but  as  by  experience  it  is  found  that  re-action 

is  equal  and  contrary  to  action,  the  perpendicular  force  will  be  re- 
sisted by  the  re-action  of  the  surface,  so  tliat  the  re-action  is  equal, 

and  contrary'  to  the  force  destroyed  ;  bcnce  if  R^  be  the  resistance  of 
the  surface,  the  equation  of  equilibrium  will  be 

XU  +  \'Sy  +  Zit=  -  R,Sr. 
3j,  Sy,  ixjae  arbitrary  ;  these  variations  may  therefore  be  assumed 
to  take  place  in  the  direction  of  the  curved  surface  on  wliich  tlie 

particle  moves ;  then  by  the  property  of  the  normal,  Sr^O;  which 
reduces  the  preceding  equation  to 

XSi  -f  VJy  +  ZSe  =  0. 
But  tliia  equation  is  no  longer  equivalent  to  three  equations,  but  to 

two  only,  since  one  of  the  elements  Sx,  Sj,  S*.  must  be  ehminated  by 
the  equation  of  the  surface. 

49.  The  same  reault  may  be  obtained  in  another  way.  For  if 

u  ;=  0  be  the  equation  of  the  surface,  then  Sn  =:  0  ;  but  as  the  equa- 

tion of  -the  normal  is  derived  from  tliat  of  the  surface,  the  equation 
Sr  =  0  is  connected  with  tfie  preceding,  so  that  Sr  =  NSu.     But 

whence 
Sr    _  x-a,  Sr    _  y-6.  Sr 
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consequently, 

on  account  of  whichi  the  equation 

V  =  N,.  ,i,e.  N.  {(I)-.  (g)-+  (I)-}  =    .. or 
1 

for  «  ia  a  function  of  x,  y,  z ;   hence, 

  R^Su   
^*'"  "=     //^^^•J    nu\\    /SttV;  and  if 

v/(gFeMl)-' 
X  = 

y(&)'^  (
£)■-(&)■• 

iy 

then  B^Sr  becomes  XSu,  and  the  equation  of  the  equilibrium  of  a 
particle  m,  on  a  curved  line  or  surface,  is 

XSx  +  YSy  +  ZSz  +  XJu  =  0  (4), 

where  $u  is  a  function  of  the  elements  Sx,  Sy,  iz  :  and  as  this  equa- 
tion exists  whatever  these  elements  may  be,  each  of  them  may  be 

made  zero,  which  will  divide  it  into  three  equations  ;  but  they  will 
be  reduced  to  two  by  the  elimination  of  X.  And  these  two,  with 

the  equation  of  the  surface  u  =  0,  will  suffice  to  determine  x,  y,  2, 

the  co-ordinates  of  m  in  its  position  of  equilibrium.  These  found,  N 

and  consequently  X  become  known.    And  since  R^  is  the  resistance 

is  the  pressure,  which  is  equal  nnd  contrary  to  the  resistance,  and  is 
therefore  determined. 

50.  Tlius  if  a  particle  of  matter,  either  free  or  obliged  to  remain 

oti  a  curved  line  or  surface,  be  urged  by  any  number  of  forces,  it 

will  continue  in  equilibrio,  if  the  sum  of  the  products  of  each  force 

by  the  element  of  its  direction  be  zero. 
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Virtual  Velocities. 

51.  This  principle,  discovered  by  John  Bernouilli,  and  called  tie  I 

principle  of  virtual  velocities,  is  perfectly  general,  and  may  be  ex- 

pressed thus : — 
If  a  particle  of  matter  be  arbitrarily  moved  from  its  position  I 

through  BU  indefmitcly  small  space,  so  that  it  always  remains  on  I 

&£  curve  or  surface,  which  it  ought  to  follow,  if  not  entirely  free,  1 

the  sum  of  the  forces  which  urge  it,  each  multiplied  by  the  element  \ 
of  its  direction,  will  he  zero  in  the  case  of  equilibrium. 

On  this  general  law  of  equilibrium,  the  whole  theory  of  statica  1 

depends. 
52.  An  idea  of  \vhat  virtual  velo*  I 

city  is,  may  be  formed  by  supposing  I 
that  a  particle  of  matter  m  a  urged  i 

in  the  direction  tnA  by  a  force  a^ 

plied  to  m.     If  m  be  arbitrarily 
moved  to  any  place  n  indelinitely 
near  to  m,  then  mn  will  be  the  virtual 

-^  velocitj-  of  m. 

53.  Let  na  be  drawn  at  right  angles  to  mA,  then  ma  is  the  virtual 

velocity  of  ni  resolved  in  llie  direction  of  the  force  mA :  it  is  also  the    ■ 
projection  of  tnn  on  niA  ;  for  I 

mtt  :  ma  ;:  I  ;  cos  «ma  and  ma  =  tnn  cos  ntno. 

54.  Again,  imagine  a  polygon  ABCDM  of  any  number  of  sides, 

^ther  in  the  same  plane  or  not,  and  suppose  the  sides  MA,  AU,  Sec.} 
lo  represent,  both  in  magnitude 
and  direction,  any  forces  applied 

to  a  particle  at  M.     Let  these 
forces  he  resolved  in  the  direc- 

tion of  the  axis  o  x,  bo  that  ma^  ] 

ab,  be,  &c.  may  be  the  projeedonS'  I 
of  the  sides  of  the  polygon,  or  the  cosines  of  the  angles  made  by  the  f 

sides  of  the  polygon  with  ox  to  the  several  radii  MA,  AB,  &c.,  thea  i 
will  tlie  segments  ma,  ab,  be,  &c.  of  the  axis  represent  the  resolved  .1 
portions  of  the  forces  estimated  in  that  single  direction,  and  calling  J 

a,  fi,  7,  &e.  the  angles  above  mentioned, 
ma  =  MA  cos  a;  ab  =  AB  cos  ̂  ;  and  6c  =  BC  cos  7, 

jtj.U. 
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&c.  and  the  sum  of  these  partial  foices  wH  be 

BfAcosa  +  AB  cos fi  +  BCcos7  +  &c  =  0 

by  the  general  property  of  polygons,  as  will  abo  be  crident  if  ve 

consider  that  dm,  ma,  ab  lying  towards  o  are  to  be  taken  positirelT, 

and  be,  cd  lying  towards  x  negatively ;  and  the  latter  making  op  die 
same  whole  M  as  the  form^,  thdr  smns  most  be  aero.  Tims  it  b 

evident,  that  if  any  nmnber  of  forces  urge  a  particle  of  matter,  the  smn 

of  these  forces  when  estimated  in  any  given  directi<m,  most  be  aero 

when  the  particle  is  in  equilibrio  ;  and  vict  vend,  when  this  condition 

holds,  the  eqiulibrium  will  take  place.  Hence,  we  see  that  a  point 

will  rest,  if  urged  by  forces  represented  by  the  sides  of  a  polygon, 
taken  in  ordor. 

In  thb  case  also,  the  sum  of  the  virtual  velocities  is  zero ;  for, 

if  M  be  removed  from  its  place  through  an  infinitely  small  space  in 

any  direction,  since  the  position  of  or  is  arbitrary,  it  may  represent 

that  direction,  and  mo,  ab,  bcy  oi ,  dm,  will  therefore  represent  the 
virtual  velocities  of  M  in  directions  of  the  several  forces,  whose  sum, 

as  above  shown,  is  zero. 

55.  The  principle  of  virtual  velocities  b  the  same,  whether  we 

consider  a  material  particle,  a  body,  or  a  system  of  bodies. 

Variations. 

56.  The  symbol  i  is  appropriated  to  the  calculus  of  variations, 

whose  general  object  is  to  subject  to  analytical  investigation  the 

changes  which  quantities  undergo  when  the  relations  which  connect 

them  are  altered,  and  when  the  functions  which  are  the  objects  of 

dbcussion  undergo  a  change  of  form,  and  pass  into  other  functions 

by  the  gradual  variation  of  some  of  their  elements,  which  had 

previously  been  regarded  as  constant.  In  this  point  of  view,  varia- 
tions are  only  differentials  on  another  hypothesis  of  constancy  and 

variability,  and  are  therefore  subject  to  all  the  laws  of  the  differen- 
tial calculus. 

57.  The  variation  of  a  function  may  be  illustrated  by  problems  of 

maxima  and  minima,  of  which  there  are  two  kinds,  one  not  sub- 
ject to  the  law  of  variations,  and  ^ 

^  15 another  that  is.     In  the  former 

case,  the  quantity  whose  maxi-    jn* 
mum   or  minimum  is   required 

*  C 
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depends  by  known  relationa  on  some  arbitrary  independent  variable! 

— for  example,  in  a  given  curve  MN,  fig.  15,  it  ib  required  to  d»-  1 
termine  tlie  point  in  which  tlie  ordinate  p  m  is  the  greatest  p 
Bible.  In  tliia  case,  tlie 
remains  tiie  same ;  but  i 
tion   whose  maximum  oi 

:urve,  or  function  expresung  I 

the  other  case,  the  form  of  the  fiine- 

minimum  is  '^ required,  is  variable :  for, 
-jV  let  M,  N,  fig.  16,  be  any  two  given 

points  in  space,  and  suppose  itwers  I 

required,  among'  the  inRntte  numi*  I 
ber  of  curves  that  can  be  dravn 

between  these  two  points,  to  deter- 
mine that  whose  length  is  a  minimum.  If  ds  be  the  element  of  Ihs 

carve,  J'tb  is  the  curve  itself;  now  as  the  required  curve  must  be  a 
minimum,  the  variation  o{  fdx  when  made  equal  to  zero,  will  give 

that  curve,  for  when  quantities  are  at  iheir  maxima  or  minima,  their 

bicretnetits  are  2ero.  Thus  the  form  of  the  function  yti*  varies  to 
u  to  fulfil  the  conditions  of  the  problem,  that  is  to  say,  in  place  of 

retaining  its  general  form,  it  takes  the  form  of  that  particular  curve, 
subject  to  the  conditions  required.  J 

58.  It  is  evident  from  the  nature  of  variations,  that  the  variatiott  I 

of  a  quantity  ia  independent  of  its  differential,  so  that  we  may  take  1 

the  differential  of  a  variation  as  d.Sy,  or  the  variation  of  a  differen- 
tial as  \.dy,  and  that  d.iy  =  i.dy. 

69,  From  what  has  been  said,  it  appears  that  virtual  velodties  are 

real  variations  ;  for  if  a  body  be  moving  on  a  curve,  the  virtual  velo- 
city may  be  assumed  cither  to  be  on  the  curve  or  not  on  tlie  curve  ; 

it  is  consequently  independent  of  the  law  by  which  the  co-ordinates 
of  the  curve  vary,  unless  when  we  choose  to  subject  it  to  tliat  law. 

I 
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CHAPTER  II. 

VARIABLE  MOTION. 

TO.  Whim  the  velocity  of  a  moying  body  changes,  the  cause  of  that 
ehange  is  called  an  accelerating  or  retarding  force ;  and  when  the 
increase  or  diminution  of  the  velocity  is  uniform,  its  cause  is  called  a 
oontinaed,  or  uniformly  accelerating  or  retarding  force,  the  incre- 

ments of  space  which  would  be  described  in  a  given  time  with  the 
initial  velocities  being  always  equally  increased  or  ̂ minished. 

Gravitation  is  a  uniformly  accelerating  force,  for  at  the  earth's 
mtbce  a  stone  falls  16^  feet  nearly,  during  the  first  second  of  its 

motion,  4&fi-  during  the  second,  80^  during  the  third,  &c.,  Ming 
every  second  92^  feet  more  than  during  the  preceding  second. 

61.  The  action  of  a  continued  force  is  uninterrupted,  so  that  the 
velocity  is  either  gradually  increased  or  diminished ;  but  to  facilitate 
mathematical  investigatjpn  it  is  assumed  to  act  by  repeated  impulses, 
separated  by  indefinitely  small  intervals  of  time,  so  that  a  particle  of 
matter  moving  by  the  action  of  a  continued  force  is  assumed  to 

describe  indefinitely  small  but  unequal  spaces  with  a  uniform  motion, 

in  indefinitely  small  and  equal  intervals  of  time. 

62.  In  this  hypothesis,  whatever  has  been  demonstrated  regarding 

tmifonn  motion  is  equally  applicable  to  motion  uniformly  varied ; 

and  X,  Y,  Z,  which  have  hitherto  represented  the  components  of  an 

impulsive  force,  may  now  represent  the  components  of  a  force  acting 
uniformly. 

Central  Force, 

63.  If  the  direction  of  the  force  be  always  the  same,  the  motion  will 

be  in  a  straight  line  ;  but  where  the  direction  of  a  continued  force  is 

perpetually  varying  it  will  cause  the  particle  to  describe  a  curved  line. 

Demontfro^tOTt.— Suppose  a  particle  impelled  in  the  direction  mA, 
fig.  17,  and  at  the  same  time  attracted  by  a  continued  force  whose 

origin  is  in  o,  the  force  being  supposed  to  act  impulsively  at  equal 

successive  infinitely  small  times.  By  the  first  impulse  alone,  in  any 

given  time  the  particle  would  move  equably  to  A  :  but  in  the  same 
time  the  action  of  the  continued,  or  as  it  must  now  be  considered 

the  impulsive  force  alone,  would  cause  it  to  move  unifonnly  through 

C  2 
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ma  i  licnce  at  the  end  of  that  time  the  particle  wouUl  be  found  in  I 

B,    having   described    tho  I 

diagonal  «iB.      Were  the  ] 

particle  now  left  to  itself,  if  I 
would  move  uniformly  to  C  I 

in  the  next  equal  interval  J 

of  time ;  but  the  action  of  | 

the  second  impulse  of  the 

attractive  force  would  bring  1 

it  equably  to  b  in  the  same  time.     Thus  at  the  end  of  the  second 

interval  it  would  1>c  found  in  D,  having  described  the  diagonal  BD, 

and  BO  on.     In  tliia  manner  the  particle  would  describe  the  polygon 

mBDE  ;  but  if  the  inlervala  between  tho  successive  impulses  of  the 

sttraclive  force  be  indefinitely  small,  llie  diagonals  niB,  BD,   DE,    ' 

SfC..  will  also  be  indefinitely  small,  and  will  coincide  with  the  cuire 

passing  through  the  points  m,  B,  D,  E,  Sic. 

64.  In  tliis  hypothesis,  no  error  can  arise  from  assuming  that  the 

particle  describes  the  sides  of  a  polygon  with  a  uniform  motion  ;  for 

the  polygon,  when  tlie  number  of  its  sides  is  indefinitely  multiplied, 

coincides  entirely  with  the  curve. 

65.  The  lines  mA,  BC,  8:c.,  fig.  17,  are  tangents  to  the  curve  in 

the  points,  m,  B,  &c. ;  it  therefore  follows  that  when  a  particle  t> 

moving  in  a  curved  line  in  consequence  of  any  continued  force,  if 

the  force  should  cease  to  act  at  any  instant,  the  particle  would  move 

on  in  the  tangent  mth  an  equable  motion,  and  with  a  velocity  equal 

to  what  it  Iiad  acquired  when  the  force  ceased  lo  act. 

66.  Tlic  spaces  ma,  Bi,  CD,  fig. 

18,  flic.,  are  the  sagittue  of  the  in- 
definitely small  arcs  mB,  BD,  DE, 

Sic.  Hence  the  clTect  of  the  cen- 

tral force  is  measured  by  ma,  the 

sagitta  of  the  arc  mB  described  in  an 

inilefiniCely  small  given  time,  or  by" 

1   i-  =:  ma,  om  hehm  the  radius 
2  .  om 

of  the  circle  coinciding  with  the  curve  in  m. 

67.  We  shall  consider  the  element  or  differentia!  of  lime  tu  be  a 

constant  quantity  ;  the  clement  of  space  lo  be  the  indefinitely  small 
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space  moved  over  in  an  element  of  time,  and  the  element  of  velocity 

to  be  the  velocity  that  a  particle  would  acquire,  if  acted  on  by  a  con- 
stant force  during  an  element  of  time.  Thus,  if  t^s  and  v  be  the  time, 

space,  and  velocity,  the  elements  of  these  quantities  are  dt,  ds^  and 

dv ;  and  as  each  element  is  supposed  to  express  an  arbitrary  unit  of 

its  kind,  these  heterogeneous  quantities  become  capable  of  compari- 
son. As  a  decrement  only  differs  from  an  increment  by  its  sign,  any 

expressions  regarding  increasing  quantities  will  apply  to  those  that 

decrease  by  changing  the  signs  of  the  differentials;  and  thus  the 

theory  of  retarded  motion  is  included  in  that  of  accelerated  motion. 

68.  In  uniformly  accelerated  motion,  the  force  at  any  instant  is 

directly  proportional  to  the  second  element  of  the  space,  and  in- 
versely as  the  square  of  the  element  of  the  time. 

Demansiratum. — Because  in  uniformly  accelerated  motion,  the 
velocity  is  only  assumed  to  be  constant  for  an  indefinitely  small 

time,  v=  — ,  and  as  the  element  of  the  tune  is  constant,  the  dif- 
dt 

/fla 

ferential  of  the  velocity  is  (ft?  =  —  ;  but  since  a  constant  force,  act- dt 

ing  for  an  indefinitely  small  time,  produces  an  indefinitely  small 

velocity,  Fdt  =  dv;  hence  F=:  — . ^  dt^ 

General  Equations  of  the  Motions  of  a  Particle  of  Matter. 

69.  The  general  equation  of  the  motion  of  a  particle  of  matter, 

when  acted  on  by  any  forces  whatever,  may  be  reduced  to  depend  on 

the  law  of  equilibrium. 

Demonstration. — Let  m  be  a  particle  of  matter  perfectly  free  to 
obey  any  forces  X,  Y,  Z,  urging  it  in  the  direction  of  three  rectan- 

gular co-ordinates  x,  y^  z.  Then  regarding  velocity  as  an  effect  of 
force,  and  as  its  measure,  by  the  laws  of  motion  these  forces  will 

produce  in  the  instant  c//,  the  velocities  Xdt^  Ydt,  Zdt^  proportional 
to  the  intensities  of  these  forces,  and  in  their  directions.  Hence 

when  m  is  free,  by  article  68, 

d.^:=:Xdt;    d  .  ̂  =z  Ydt ;    d.  —  =:Zdt;  (5) 
dt  dt  dt 

for  the  forces  X,  Y,  Z,  being  perpendicular  to  each  other,  each  one  is 

independent  of  the  action  of  the  other  two,  and  may  be  regarded  as 
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if  it  acted  alone.  If  the  first  of  these  equations  be  multiplied  by  S  j, 

the  second  by  Sy,  and  the  third  by  Ss,  their  Etun  will  be 

and  since  X  -  ̂  ;      Y  -  ̂  ;     Z  -  —  ;  arc  Beparately  zero, 

ix,  iy,  Sz,  are  absolutely  arbitrary  and  independent ;  and  vice  txr»3, 

if  they  are  so,  this  one  equation  will  be  equivalent  to  the  three 

separate  ones. 
This  is  the  genera!  equation  of  the  motion  of  a  particle  of  matter, 

when  free  to  move  in  every  direction. 

3nd  case. — But  if  the  particle  m  be  not  free,  it  must  either  be 
constrained  to  move  on  a  curve,  or  on  a  surface,  or  be  subject  to 
a  resistance,  or  otherwise  subject  to  some  condition.  But  matter 

is  not  moved  otherwise  than  by  force  ;  therefore,  whatever  constrains 
it,  or  subjects  it  to  conditions,  is  a  force.  If  a  curve,  or  surface,  or 

a  string  constrains  it,  the  force  is  called  reaction :  if  a  fluid  me- 
dium, the  force  is  called  resistance  ;  if  a  condition  however  abstract, 

{a,s  for  example  that  it  move  in  a  tautochrone,)  stiil  this  condition, 
by  obliging  it  to  move  out  of  its  free  course,  or  with  an  unnatural 

velocity,  must  ultimately  resolve  itself  into  ̂ rce ;  only  that  in  tliii 

case  it  is  an  implicit  and  not  an  explicit  function  of  the  co-ordinates. 
This  new  force  may  therefore  be  considered  first,  as  involved  in 

X,  y,  Z  ;  or  secondly,  as  added  to  them  when  it  is  resolved  into 

X',  V,  Z'. 
In  the  first  case,  if  it  be  regarded  as  included  in  X,  Y,  Z,  these 

really  contain  an  indeterminate  function  :  but  the  equations 

dt  dt  dt 

still  subsist ;  and  therefore  also  equation  (0). 

Now  however,  there  are  not  enough  of  equations  lo  determine 

x,y,  I,  in  functions  of  f,  becauseof  the  unknown  forma  of  X',  Y',  Z'; 
but  if  the  equation  w  =  0,  which  expresses  the  condition  of  restr^nt, 
with  all  its  consequences  du  =  0,  Su  ̂   0,  &c.,  be  superadded  to 
these,  there  will  then  be  enough  to  determine  the  problem.  Thus 
the  equations  are 

«=:0;     X-^  =  0;     Y-^  =  0,    Z-'^  =  a. de  dc  dc 
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ic  is  n  fimctiou  of  jf,  y, «,  X,  Y,  Z,  and  i.    Therefore  the  equation 
II  =;  0  establishes  the  existence  of  a  relation 

^u  =  p^x  +  qiy  +  ri«  s  0 
between  the  variations  ̂ x,  ̂ y,  iz^  which  can  no  longer  be  regarded 

as  arbitrary ;  but  die  equation  (6)  subsists  whether  they  be  so  or 
not,  and  may  therefore  be  used  simultaneously  with  ̂ u  =  0  to 
eliminate  one  ;  after  which  the  other  two  being  reaUy  arbitrary,  their 

co-efficients  mutt  be  separately  zero. 
In  the  second  case ;  if  we  do  not  regard  the  forces  arising  from 

the  conditions  of  constraint  as  involved  in  X,  Y,  Z,  let  iu  =  0  be 

that  condition,  and  lei  X\  Y',  Z',  be  the  unknown  forces  brought 
into  action  by  that  condition,  by  which  the  action  of  X,  Y,  Z,  is  modi- 

fied ;  then  will  the  whole  forces  acting  on  m  be  X+X',  Y+Y',  Z+Z^» 
and  under  the  influence  of  these  the  particle  will  move  as  a  free  par- 
tide  ;  and  therefore  Sjr,  iy^  }«,  being  any  variations 

0  =  (X+X.  -  §)^H.  (V+V-  §)  ̂+  (^V-  g)^ 
or, 

+  X'lx  +  Y'Sy  +  mx  ; 
and  this  equation  is  independent  of  any  particular  relation  between 

ijr,  iy,  S«,  and  holds  good  whether  they  subsist  or  not.    But  the  con- 
dition 3i«  s=  0  establishes  a  relation  of  the  formp$x+9^y +rds  =  0, 

-^    '>=(s>'=(^)'=(s> 
and  since  this  is  true,  it  is  so  when  multiplied  by  any  arbitrary 

quantity  X ;  therefore, 

X  (pix  +  qiy  +  rlz)  =  0,  or  \lu  =  0  ; 

because  ju  =  plx  -h  qly  +  rlz  =  0. 
If  this  be  added  to  equation  (7),  it  becomes 

+  X'^x  +  Y'Jy  +  Z'lz  -  XJm, 
which  is  true  whatever  4x,  Jy,  Jz,  or  X  may  be. 

Now  since  X',  Y',  Z',  are  forces  acting  in  the  direction  j?,  y,  «, 

(though  unknown)  they  may  be  compounded  [into  one  resultant  R^, 

which  must  have  one  direction,  whose  element  may  be  represented 
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by  S».  And  since  the  single  force  R,  is  resolved  into  X',  Y',  Z',  vn 
must  have  X'Sr  +  Y'iy  +  Z'Ss  =  B^Sj  ; 
so  that  the  preceding  equation  beeomea 

+  R>  -  Wu  (8) 
and  this  is  true  whatever  X  may  be. 

But  K  being  thus  left  arbitrary,  we  are  at  liberty  to  determine  it 

by  any  canveuicnt  condition.  Let  this  condition  he  R,Si  —  XSu  ̂   0, 

or  A  =  H,  .  — ,  which  reduces  ei^uation  (8)  to  equation  (6).     So 

wlien  X,  V,  '£,  are  the  only  acting  forces  explicitly  given,  this 
equation  still  suflices  to  resolve  tlie  problem,  provided  it  be  taken  in 
conjunction  with  the  equation  Su  =  0,  or,  which  is  the  same  thing, 

pix  +  qSy  +  rS;  =  0, 
which  establishes  a  relation  between  Jj:,  i^,  Sz. 

J. 

Now  let  the  condition  as: t   be  conBidcrcd  which  determines  X, 
iu 

Since  B,  is  the  resultant  of  the  forces  X',  Y',  Z',  its  magnitude  must 

be  represented  by  VX"  +  Y"  +  Z"    by    article    37,    and   since 
R,3«  =  hiu,  or 

X'ix  +  Y'Jy  +  Z'Sr  =  \.*f  Jj  +  X  .  *f  Sy  +  X  .  ̂  3i. da:  dy  dz 
therefore,  in  order  tliat  dx,  dy,  ds,  may  remain  arbitrary,  we  must 

dx  dy  dz 
and  consequently 

and 

and  if  to  abridge  - 

B, 

v^HlHSJ 

^/(s)'+(SJHI')' be  t)ie  angles  that  the  normal  to  the  curve  or  surfocc  makes  with  the 

co-ordinates,      K   = 

dy 

}»P,    K  — =C08Y, 

Y,  =  B,.coB^, 
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TbiOB  if  «  lie  ghren  in  texxns  of  «,  y,  z ;  tiie  ibar  ijuaodties  K,  X', 
Y'f  mod  2,\  will  be  determined.  If  iIk  ooDdiliflin  of  oonstndnt  ex* 
pressed  by  «  =  0  be  pressure  agminst  a  snrfiioe,  R,  is  tbe  ve«*«ction. 

Tims  Ibe  geneial  equation  of  a  paitide  of  natter  moving  on  m 
curved  surfiioe,  or  subject  to  any  given  condition  of  constnint,  is 

proved  to  be 

70.  Hie  whole  theory  of  the  motion  of  a  particle  of  matter  is 
contained  in  equatiotts  (6)  and  (10)  ;  but  the  finte  values  of  these 
equations  can  only  be  found  when  the  variations  of  the  forces  are 

expressed  at  least  implicitly  in  functions  of  the  distance  of  the  moving 
particle  from  their  origin. 

71.  When  the  particle  is  free,  if  the  forces  X,  Y,  Z,  be  eliminated 

from  X-^=0;    X-^  =  0;    Z-^  =  0 dt  dt  dr 

by  functions  of  the  distance,  these  equations,  which  then  may  be 
integrated  at  least  by  af^iroxhnation,  will  only  contain  space  and 
time ;  and  by  the  elimination  of  the  latter,  two  equations  will  remain, 
both  functions  of  the  co-ordinates  which  will  determine  the  curve  in 

which  the  particle  moves. 
72.  Because  the  force  which  urges  a  particle  of  matter  in  motion, 

is  given  in  functions  of  the  indefinitely  small  increments  of  the  co» 
ordinates,  tiie  path  or  trajectory  of  the  particle  depends  on  the  nature 
of  the  force.  Hence  if  the  force  be  given,  the  curve  in  which  the 

particle  moves  may  be  found ;  and  if  the  curve  be  given,  the  law  of 
the  force  may  be  determined. 

73.  Since  one  constant  quantity  may  vanish  from  an  equation  at 
each  differentiation,  so  one  must  be  added  at  each  integration ;  hence 

the  integral  of  the  three  equations  of  the  motion  of  a  particle  being 
of  the  second  order,  will  contain  six  arbitrary  constant  quantities, 
which  are  the  data  of  the  problem,  and  are  determined  in  each  case 

either  by  observation,  or  by  some  known  circumstances  peculiar  to 

each  problem. 
74.  In  most  cases  finite  values  of  the  general  equation  of  the 

motion  of  a  particle  cannot  be  obtained,  unless  the  law  according  to 

which  the  force  varies  with  the  distance  be  known ;  but  by  asftum* 

ing  from  experience,  that  the  intensity  of  the  forces  in    nature 
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Tariei  according  to  same  Uw  of  the  distance  and  leaving  tboEl 

otherwise  indole nninale,  it  ii  ]Jossible  to  deduce  certain  propertieil 

of  a  moving  particle,  bo  general  that  they  vrould  exist  whatever  thv  I 
forces  might  in  other  respects  be.  Though  the  variations  differ  I 

materially,  and  must  be  carefully  distinguished  from  the  differenlialt  I 

dt,  dy,  di,  which  arc  the  s])aces  moved  over  by  the  particle  paraUat  | 

to  the  co-ordinates  in  the  instant  dt ;  yet  being  arbitrary,  we  raaj;  I 
assume  tiiem  to  ba  equal  to  these,  or  to  any  other  quantities  coihl 
■istent  with  the  nature  of  the  problem  under  consideration.  Thef 

fore  let  ti,  Jy,  ii,  ho  assumed  equal  to  dx,  dy,  dz,  in  the  geiu 

equation  of  motion  (6),  which  becomes  in  consequence 

Xrfj  +  Vi/y  +  Zd2  : ,   dxd'x  +  dj/ipy  +  d:d*t 

di* 

75.  Tlie  integral  of  this  equation  can  only  bo  obtained  when  the 
first  member  is  a  complete  differential,  which  it  will  be  if  all  the 

forces  acting  on  the  particle,  in  whatever  directions,  be  functions  of 

its  distance  From  their  origin. 

Demomlraiion. — If  F  be  a  force  acting  on  the  particle, 

the  distance  of  the  particle  from  its  origin,  F  -^    is    the    Tesotved 

portion  parallel  to  the  axis  x ;  and  if  F',  F",  &c.,  he  the  othei  foro 

acting  on  the  particle,  then  X  :=  2.FJL  n-ill  be  the  ston  of  all  tl 

forces  resolved  in  a  direction  parallel  to  the  axis  x.     In  tbe  ft 

manner,  Y  s=  £.  F  -^  i  Z  =  £.  F  ̂   are  the  sums  of  ttie  forcet 

resolved  in  a  direction  parallel  to  tlie   axes  y  and   t,    so    tliat 

JU*  +  Yij,  +  Zd.  =  X. F£iL+*^±if^  =  X. F 'if  =  2  .  FJ., 

which  is  a  complete  differential  when  F,  F',  &c.,  are  functions  of  i. 
76.  In  this  case,  the  integral  of  llie  first  member  of  the  equation  is 

y^Xir  +  Vrfy  +  Zrfr),  or/{x,  y,  r,)  a  function  of  j,  y,  x  ;  and  by 

- — ^ — '-  which  is  evidently  the  half 
of  tlie  square  of  the  velocity  ;  for  if  any 
curve  MN,  fig,  19,  be represeented  by«, 
its  first  diiTerentiol  ds  or  Am  is 

VAU'  +  Dm'  =    Vd^'  +    dy*  \ 
hence,  d*"  =  (ii"  +  dy"  when  the  cuzve 

mtegmtion  the  second  is  ̂  



C1M9.  UO  VARIABIiB  MOnCM.  27 

18  in  one  plane,  but  when  in  space  higd^  ss  dtfi  +  dif  -f  & : 

and  as  — ,  [the  element  of  the  space  divided  hj  the  efement  of  Ae 

time  is  the  Telocity :  therefore, 

J    ^  =4^'> 
oonseqnently,  2/(*,  y,  «)  +  e  =  «^, 
e  being  an  arbitrary  constant  quantity  introduced  by  integialioii. 

77.  This  equation  will  give  the  velocity  of  the  particle  in  any 

point  of  its  path,  provided  its  velocity  in  any  other  point  be  known : 

for  if  A  be  its  velocity  fai  that  pomt  of  its  trajectory  whoae  co-ordi- 
nates are  a,  6,  e,  then 

A«  =  c+  2/(0,6,  c), 

and  «^  -  A«=  2/(j:,  y,  *)  -  %f{a,  6,  c)  ; 
whence  9  will  be  found  when  A  is  given,  and  the  co-ordinates  a,  6,  c, 

dp,  y, }?,  are  known. 

It  is  evident,  from  the  equation  b«ng  independent  of  any  particu- 
lar curve,  that  if  the  particle  begins  to  move  from  any  given  point 

with  a  given  velocity,  it  will  arrive  at  another  given  point  with  the 

same  velocity,  whatever  the  curve  may  be  that  it  has  described. 
78.  When  the  particle  is  not  acted  on  by  any  forces,  then 

X,  Y,  and  Z  are  zero,  and  the  equation  becomes  t^  =  c.  The  velo- 
city in  this  case,  being  occasioned  by  a  primitive  impulse,  will  be 

constant ;  and  the  particle,  in  moving  from  one  given  point  to 

another,  will  ̂ always  take  the  shortest  path  that  can  be  traced  be- 
tween these  points,  which  is  a  particular  case  of  a  more  general  law, 

called  the  principle  of  Least  Action. 

Principle  of  Least  AcMon. 

79.  Suppose  a  particle  beginning  to  move 

•^'     '       ̂ /^"^"^  from  a  given  point  A,  fig.  20,  to  arrive  at 
another  given  point  B,  and  that  its  velocity 
at  the  point  A  is  given  in  magnitude  but  not 

in  direction.  Suppose  also  that  it  is  urged 
by  accelerating  forces  X,  Y,  Z,  such,  that 
the  finite  value  of  Xcir  +  Ydy  +  Uz  can 

be  obtained.  We  may  then  determine  v  the  velocity  of  the  particle 

in  terms  of  «,  y,  z,  without  knowing  the  porve  described  by  the 
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particle  in  moving  from  A  lo  B.  If  d»  be  tlie  element  of  the  curve, 
tbe  finite  value  of  vdi  bctneen  A  am)  1)  will  depend  on  the  nalure 

of  tlic  path  or  curve  in  wliich  the  body  moves.  Tlic  principle  of 
Least  Action  consists  in  this,  that  if  the  particle  be  free  to  move  in 
every  direction  between  these  two  points,  except  in  eo  fat  as  it 
obeys  the  action  of  the  forces  X,  Y,  Z,  it  will  in  virtue  of  this  action, 

choose  the  path  in  which  the  integral  fvdt  ia  a  minimum  ;  and  if  It 
be  constrained  to  move  on  a  given  surface,  it  will  still  move  in  the 

curve  in  which  fxids  is  a  minimum  among  all  those  that  can  be 

traced  on  tbe  surface  between  the  given  points. 
To  demonstrate  this  principle,  it  is  required  to  prove  the  variation 

of  y  vdi  to  he  xero,  when  A  and  B,  the  e.'itreme  points  of  the  curve 

By  the  method  of  variations  'Sfvdi  ̂ J'i.vda:  fory"the  mark  of 
integration  being  relative  t.o  the  differentials,  is  independent  of  the 
variations. 

Now       •i.vds  =  Sv.di  +  vidi,  but  e  =  ̂ _  01 dt 

hence  iv.di  =  vivdt  :=  dt^i,v\ 

and  therefore  i.vdii  =  dt  .  JS.t''+  u.S.ds. 
The  values  of  the  two  last  terms  of  this  equation  must  be  founl] 

separately.     To  find  dl.  ̂ i.c".     It  has  been  shown  that 
v'  =  c  +  2/(Xtir  +  Ydy  +  Zds), 

its  differential  is     vdv  =  (\dx  +  Ydy  +  Zrf:), 

and  changing  the  differentials  Into  v 

4S.b'  =  X5j  + YJ; 

If^^.o*  be  substituteti  in  the  general  equation  of  the  motion  of  a  I 
particle  on  its  surface,  it  becomes 

ii.«'  = 

is  + 
Sx  +  \Sit  =  0. 

But  XSu  does  not  enter  into  this  equation  when  the  particle  is  &ee ;  I 

and  when  it  must  move  on  the  surface  whose  equation  is  u  z=  Of  f 

S«  is  also  zero ;  hence  in  every  case  the  term  XJu  vanishes;  tliero<  J 

fbre 
d(.JS.D'  = 

df 

-Jj;4-  ̂ 
dC 

ly  H 

s  the  value  of  the  fursi  term  required. 
A  value  of  the  second  term  v.&.dt  must  c 

dt'sidj^  +  df  +  dz\ 

dP v  be  found.     SJnCB 
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its  yariatioii  is  di.idisz  dx.idx  +  dy.ldy  +  dz.idSj  but  d$  =  vdtj 

hteaee  v.idi  sz^Mx-^^idy^  —  ̂ dz, dt  dt  dt 

which  is  the  value  of  the  second  term ;  and  if  the  two  be  added, 
their  sum  is 

i.vdi  =  d\^  is  +  ̂ iy+^^z\ 
\dt         dt  ̂       dt     y 

as  may  easily  be  seen  by  taking  the  differential  of  the  last  member 

of  tUs  equation.     Its  integral  is 

If  the  given  points  A  and  B  be  moveable  in  space,  the  last  member 

of  this  equation  will  determine  their  motion ;  but  if  they  be  fixed 

pointB,  the  last  member  which  is  the  variation  of  the  co-ordinates  of 

these  points  is  zero :  hence  also  ifvdt  =  0,  which  indicates  either 
m  maximum  or  minimum,  but  it  is  evident  from  the  nature  of  the 

problem  that  it  can  only  be  a  minimum.  If  the  particle  be  not  urged 

by  accelerating  forces,  the  velocity  is  constant,  and  the  integpral  is  v«. 

Then  the  curve  t  described  by  the  particle  between  the  points  A  and 

B  is  a  minimum ;  and  since  the  velocity  is  uniform,  the  particle  will 

describe  that  curve  in  a  shorter  time  than  it  would  have  done  any 

other  curve  that  could  be  drawn  between  these  two  points. 

80.  The  principle  of  least  action  was  first  discovered  by  Euler : 

it  has  been  very  elegantly  applied  to  the  reflection  and  refraction 

of  light     If  a  ray  of  light  IS,  fig.  21,  falls  on  any  surface  CD,  it 
will  be  turned  back  or  reflected  in  the 

direction  Sr,  so  that  ISA  =:  rSA.  But  if 

the  medium  whose  surface  is  CD  be  dia- 

phanous, as  glass  or  water,  it  will  be 
broken  or  refracted  at  S,  and  will  enter 

the  denser  medium  in  the  direction  SR, 

so  that  the  sine  of  the  angle  of  incidence 

ISA  will  be  to  the  sine  of  the  angle  of 

refraction  RSB,  in  a  constant  ratio  for 

any  one  medium.  Ptolemy  discovered  that  light,  when  reflected 

from  any  surface,  passed  from  one  given  point  to  another  by  the 

shortest  path,  and  in  the  shortest  tune  possible,  its  velocity  being 
uniform. 

j 
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gilt :  ■ad-^ Fermat  extended  the  same  principle  to  tlie  refractiou  of  light 

supposing  the  veloeity  of  a  ray  of  light  to  be  less  in  the  deiuer 
medium,  he  found  that  the  ratio  of  the  sine  of  the  angle  of  incidence 
to  that  of  the  angle  of  refraction,  is  constant  and  greater  than  unity. 
Newton  however  proved  by  the  attraction  of  the  denser  medium  im 

the  ray  of  light,  that  in  the  corpuscular  hypothesis  its  velocity  it 

greater  in  that  medium  than  in  the  rarer,  which  induced  Maupertuii 
to  apply  the  theory  of  maxima  and  minima  to  this  problem.  If  IS, 

a  ray  of  light  moving  in  a  rare  medium,  fall  obliquely  on  CD  the 

surface  of  a  medium  that  is  more  dense,  it  moves  uniformly  fi-om 
I  to  S  ;  but  at  the  point  S  botli  its  direction  and  velocity  are 
changed,  bo  that  at  the  instant  of  its  passage  from  one  to  the  other, 

it  describes  an  indefinitely  small  curve,  which  may  be  omitted 

without  sensible  error:  hence  the  whole  trajectory  of  the  light  is 
ISR ;  but  IS  and  SR  are  described  with  different  velocities  ;  and  if 

these  velocities  be  v  and  v',  then  the  variation  of  IS  X  c  -|-  SR  X  t/ 
must  be  zero,  in  order  that  tlie  trajectory  may  be  a  minimum: 

hence  the  general  expression  ifvdt  =  0  becomes  in  thia  case 

S.(IS  X  !>+  SR  X  i/)  =  0,  when  applied  to  the  refraction  of  light; 
from  whence  it  is  easily  found,  by  the  ordinary  analysis  of  maxima 

and  minima,  that  v  sin  ISA  =  v'  sin  BBS.  As  the  ratio  of  these 
sines  depends  on  the  ratio  of  the  velocities,  it  is  constant  for  the 
transition  out  of  any  one  medium  into  another,  but  varies  with 

the  media,  on  account  of  the  velocity  of  light  being  different  in 
different  media.  If  the  denser  medium  be  a  crystallized  diaphanoui 
substance,  the  velocity  of  light  in  it  will  depend  on  the  ilireclion 
of  the  luminous  ray ;  it  is  constant  for  any  one  ray,  but  variable 
from  one  ray  to  another.  Double  refraction,  as  in  Iceland  spar  and 

in  crj'stallized  bodies,  arises  from  the  different  velocities  of  the  rays  ; 
in  these  substances  two  images  are  seen  instead  of  one.  Huygens 
first  gave  a  distinct  account  of  tins  phenomenon,  wliich  has  since, 

been  investigated  by  others. 

i 

Motion  of  a  Particle  on  a  cnntd  Surfhtx. I 
81.  The  motion  of  a  particle,  when  constrained  to  move  on  a 

curve  or  surface,  is  easily  determined  from  equation  (7)  ;  for  If  tli« 



Chip.  n.J  VARIABLE  MOTION.  81 

TBrUtions  be  changed  into  differentials,  and  if  X',  Y^  TJ  be  elimi- 
nated by  their  values  in  the  end  of  article  69,  that  equation  becomes 

+  R;  {cb  .  cos  ft  +  c'j^  •  cos  )3  4-  <!'  •  COB  y}, 
By  being  the  reaction  in  the  normal,  and  or,  /),  7  the  angles  made  by 

die  normal  with  tbe  co-ordinates.     But  the  equation  of  the  surface 
bebg  tf  ss  0, 

ax  dy  at 

consequently,  by  article  69, 

\du  =  dr  .  cos  »  +  dy  .  ca»  fi  -^  di  •  co%y  ̂   0  \ 
■0  that  the  pressure  vanishes  from  the  preceding  equation;  and 

iriiCD  the  forces  are  functions  of  the  distance,  the  integral  is 

2/(*i  y»  0  +  ̂  =  «^» 
and  A«-»*  =  2/(«,y,«)-2/(a,6,c), 
aa  before.  Hence,  if  the  particle  be  urged  by  accelerating  forceSf 

the  Telocity  is  independent  of  the  ciirve  or  surface  on  which  the  par- 
tide  moves ;  and  if  it  be  not  urged  by  accelerating  forces,  the  velo- 

city is  constant  Hius  the  principle  of  Least  Action  not  only  holds 
with  regard  to  the  curves  which  a  particle  describes  in  space,  but 
also  for  those  it  traces  when  constrained  to  move  on  a  surface. 

82.  It  is  easy  to  see  that  the  velocity  must  be  constant,  because  a 

particle  moving  on  a  curve  or  surface  only  loses  an  indefinitely  small 

part  of  its  velocity  of  the  second  order  in  passing  from  one  indefi- 
nitely small  plane  of  a  surface  or  side  of  a  curve  to  the  consecutive ; 

a 

finr  if  the  particle  be  moving  on  ab  with    c   "  ̂^ 

the  velocity  t ;  then  if  the  angle  aht  =  /),  the  velocity  in  he  will 

be  D  COS  )8 ;  but  cos  i8  =:  1  —  J^jS*-  &c. ;  therefore  the  velocity  on  he 
diflfers  from  the  velocity  on  ah  by  the  indefinitely  small  quantity 

( o  .  )8*.  In  order  to  determine  the  pressure  of  the  particle  on  the 

surface,  the  analytical  expression  of  the  radius  of  curvature  must  be 
found. 
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Radius  ofCurvalure. 

83.  The  circle  AmB,  fig.  22,  which  coincides  with  a  curve  or  curved 

surface  through  an  indefinitely  small  space  on  each  side  of  m  the 

point  of  contact,  is  called  the  curve  of  equal  curvature,  or  the  oscu- 

lating circle  of  the  curve  MN,  and  om  is  the  radius  of  curvature. 

fy.  22.        Ii^  A  plane  curve  the  radius  of  cur- 
vature r,  is  expressed  by 

d^ 

N  and  in  a  curve  of  double  curvature 

It  IS 

d^ 
V(d'j')*+(rf'y)*+(d'2r)* 

d»  being  the  constant  element  of  the  curve. 

Let  the  angle  com  be  represented  by  0,  then  if  Am  be  the  indefi- 
nitely small  but  constant  clement  of  the  curve  MN,  the  triangles 

com  and  ADm  are  similar ;  hence  mA  :  mD  ::  om  :  mcj  or  <ft : 

dx::l  :  sin  O,  and  sin  0  =  —     In  the  same  manner  cos  0 :=  ̂ , 
ds 

dM 

Butd.cose=:— (2dBine,andde=:— ^l2^;    also  i2  .  sin  9  = 
sin  9 

do  cos  0,  and  dB  =  — I — -_  ;  but  these  evidently  become 
cos  9 

dy. 

de=  +  ̂  .  d^anddd=  -^  .  dlS;  or 
dy        da  dx        da 

dB^  +i^andde=:^i:V  . 
dy  dx 

Now  if  om  the  radius  of  curvature  be  represented  by  r,  then  moA 
being  the  indefinitely  small  increment  dO  of  the  angle  com^  we  have 
r  I  da  III  I  dB)  for  the  sine  of  the  infinitely  small  angle  is  to  be 

considered  as  coinciding  with  the  arc:  hence  dO  =  _,    whence r 

.  .^       da  .dy       dadx      -n^,.!!.       ,.        , 
*"  —  -     J,      =  -;--•     But  d2r  +  tfy*  =  cfa",  and  as  <2«  is  constant 

d^x  d^y  1     ̂   » 

dr.d^x  +  dyd^  =  0.     Whence  ̂   =  -  ̂,  or  ( -^^  =  ̂^^ ~ dx        \d*y  J 

d'y 

dx" 
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and  adding  one  to  each  side  of  the  last  equation,  it  becomes 

ds Whence dx 

V  («cx)'  +  id^y 
AtAm 

But  it  has  been  shown  that  r  =   ;  hence  in  a  plane  curve  the 

dhf 

ndius  of  curvature  is 

A* 

We  may  imagine  MN  to  be  t^x 

dw  projection  of  a  curve  of 

double  curvature  on  the  plane 

xoy^  Uien 

c2i* 

f0.2Z. 

will  be 

die  projection  of  the  radius  of  curvature  on  xoy^  and  it  is  evident 

that  a  similar  expression  will  be  found  for  the  projection  of  the 

radius  of  curvature  on  each  of  the  other  co-ordinate  planes.     In  fact 

4  ̂(cPop)"  +(<iV)*  ̂   ̂ ®  sagitta  of  curvature  nE ;  for 
{nmyz:i  2r.nE, 

^  *"        2nE         2nE  V  (cTx)'  +  (d^)* fiir  the  arc  being  indefinitely  small,  the  tangent  may  be  considered 

as  coinciding  with  it  Tlius  the  three  projections  of  the  sagitta  of 
curvature  of  the  surface,  or  curve  of  double  curvature,  are 

hence  the  sum  of  their  squares  is 

and  the  radius  of  curvature  of  a  surface,  or  curve  of  double  curva- 
ture, is 

^(d^xy  +  ((Ty)*  +  {d^zy 
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Pressure  of  a  Particle  moving  on  a  curved  Surface. 

84.  If  the  particle  be  moving  on  a  curved  surface,  it  exerts  a 

pressure  which  the  surface  opposes  with  an  equal  and  contrary 

pressure. 
Demonstration, — For  if  F  be  the  resulting  force  of  the  partial 

accelerating  forces  X,  Y,  Z,  acting  on  the  particle  at  m,  it  may  be 
resolved  into  two  forces,  one  in  the  direction  of  the  tangent  mT, 

and  the  other  in  the  normal  mN,  fig.  12.  The  forces  in  the  tan- 
gent have  their  full  effect,  and  produce  a  change  in  the  velocity  of 

the  particle,  but  those  in  the  normal  are  destroyed  by  the  resistance 

of  the  surface.  If  the  particle  were  in  equilibrio,  the  whole  pressure 

would  be  that  in  the  normal ;  but  when  the  particle  is  in  motion, 

the  velocity  in  the  tangent  produces  another  pressure  on  the  surface, 
in  consequence  of  the  continual  effort  the  particle  makes  to  fly  ofiP 
in  the  tangent.  Hence  when  the  particle  is  in  motion,  its  whole 

pressure  on  the  surface  is  the  difference  of  these  two  pressures, 
which  are  both  in  the  direction  of  the  normal,  but  one  tends  to  the 

interior  of  the  surface  and  the  other  from  it.  The  velocity  in  the 
tangent  is  variable  in  consequence  of  the  accelerating  forces  X,  Y,  Z, 
and  becomes  uniform  if  we  suppose  them  to  cease. 

Centrifugal  Force. 

85.  When  the  particle  is  not  urged  by  accelerating  forces,  its 
motion  is  owing  to  a  primitive  impulse,  and  is  therefore  unifbmu 
In  this  case  X,  Y,  Z,  are  zero,  the  pressure  then  arising  from  the 
velocity  only,  tends  to  the  exterior  of  the  surface. 

And  as  v  the  velocity  is  constant,  if  ds  be  the  element  of  the  curve 
described  in  the  tune  dt,  then 

ds  =  vdt^  whence  dt  =i —y 
V 

therefore  ds  is  constant ;  and  when  this  value  of  ctt  is  substituted  in 
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equation  (7),  in  consequence  of  the  values  of  X^  Y^  Z^  in  the  end 
of  article  69,  it  giTes 

«• .  -— -  r=  R^  cos  a dr 

or 

tr  •  —  =  R/  cos  7 

tot  by  article  81  the  particle  may  be  considered  as  free,  whence 

'  d^ 

and  as  the  osculating  radius  is 

V(d«x)«+(dV)«+((fO' 

■D  R,  =  I^. 
r 

The  first  member  of  this  equation  was  shown  to  be  the  pressure  of 
the  particle  on  the  surface,  which  thus  appears  to  be  equal  to  the 
square  of  the  velocity,  divided  by  the  radius  of  curvature. 

86.  It  is  evident  that  when  the  particle  moves  on  a  surface  of 

unequal  curvature,  the  pressure  must  vary  with  the  radius  of  cur- 
vature. 

87.  When  the  surface  is  a  sphere,  the  particle  will  describe  that 

great  circle  which  passes  through  the  primitive  direction  of  its 

motion.  In  this  case  the  circle  AmB  is  itself  the  path  of  the  par- 
ticle ;  and  in  every  part  of  its  motion,  its  pressure  on  the  sphere  is 

equal  to  the  square  of  the  velocity  divided  by  the  radius  of  the  circle 

in  which  it  moves ;  hence  its  pressure  is  constant. 

88.  Imagine  the  particle  attached  to  the  extremity  of  a  thread 
assumed  to  be  without  mass,  whereof  the  other  extremity  is  fixed  to 

the  centre  of  the  surface ;  it  is  clear  that  the  pressure  which  the 

particle  exerts  against  the  circumference  is  equal  to  the  tension  of 

the  thread,  provided  the  particle  be  restrained  in  its  motion  by  the 

thread  alone.  The  effort  made  by  the  particle  to  stretch  the  thread, 

in  order  to  get  away  from  the  centre,  is  the  oentrifugml  foroa. D8 
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Hence  the  centrifugal  force  of  a  particle  revolving  about  a  centKy  is 

equal  to  the  square  of  its  velocity  divided  by  the  radius. 

89.  Tlic  plane  of  the  osculating  circle,  or  the  plane  that  passes 

tlirough  two  consecutive  and  indefinitely  small  sides  of  the  curve 

described  by  the  particle,  is  perpendicular  to  the  surface  on  which 

the  particle  moves.  And  the  curve  described  by  the  particle  is  die- 
shortest  line  that  can  be  drawn  between  any  two  points  of  die  sur- 

face, consequently  this  singular  law  in  the  motion  of  a  particle  on  a 

surface  depends  on  the  principle  of  least  action.  Widi  regard  to  the 

Earth,  this  curve  drawn  from  point  to  point  on  its  surbce  is  called  « 

perpendicular  to  the  meridian ;  such  are  the  lines  wluch  have  been 

measured  both  in  France  and  England,  in  order  to  ascertain  the 

true  figure  of  the  globe. 

90.  It  appears  that  when  there  are  no  constant  or  accelerating 

forces,  the  pressure  of  a  particle  on  any  point  of  a  curved  surface  is 

equal  to  the  square  of  the  velocity  divided  by  the  radius  of  curvature 

at  that  point  If  to  this  the  pressure  due  to  the  accelerating  forces 

be  added,  the  whole  pressure  of  the  particle  on  the  surface  will  be 

obtained,  when  the  velocity  is  variable. 

91.  If  the  particle  moves  on  a  surface,  the  pressure  due  to  the 

centrifugal  force  will  be  equal  to  what  it  would  exert  against  the 

^g,  24.  ^ — '^^  curve  it  describes  resolved  in  the  di- rection of  the  normal  to  the  surface 

in  that  point ;  that  is,  it  will  be  equal 

to  the  square  of  the  velocity  divided 

by  the  radius  of  the  Dsculating  circle, 

and  multiplied  by  the  sine  of  the 

angle  that  the  plane  of  that  circle 

makes  with  the  tangent  plane  to  the 

Let  MN,  fig.  24,  be  the  path  of  a  particle  on  the  surface ; 
mo  the  radius  of  the  osculating  circle  at  m,  and  mD  a  tangent  to  the 
surface  at  m ;  then  om  being  radius,  oD  is  the  sine  of  the  inclination 

of  the  plane  of  the  osculating  circle  on  the  plane  that  is  tangent  to 
the  surface  at  m,  the  centrifugal  force  is  equal  to 

»•  X  oD 

om 

If  to  this,  the  part  of  the  pressure  which  is  due  to  tlie  accelerate 
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fg.  26. 

ing  forces  be  added,  the  sum  will  be  the  whole  pressure  on  the 
surface. 

92.  It  appears  that  the  centrifugal  force  is  that  part  of  the 
pressure  which  depends  on  velocity  alone ;  and  when  there  are  no 
accelerating  forces  it  is  the  pressure  itself. 

93.  It  is  very  easy  to  show  that  in  a  circle, 
the  centrifugal  force  is  equal  and  contrary  to  the 
central  force. 

DemonMiratiom^^By  article  G3  a  central 
force  F  combined  with  an  impulse,  causes  a 

particle  to  describe  an  indefinitely  small  arc 

mA,  fig.  25,  in  the  time  dl.  As  the  sine  may 

be  taken  for  the  tangent,  the  space  described  firom  the  impulse  alcme 

is  oA  :=  vdt; 

but  (oA)"  =  2r  .  am, 

so am  =   , 

2r 
r  being  radius.     But  as  the  central  force  causes  the  particle  to 

move  through  the  space 

0m  s=  J^F  .  d(^y 

in  the  same  time, 

^=  F. 
r 

94.  If  V  and  i/  be  the  velocities  of  two  bodies,  moving  in  circles 

whose  radii  are  r  and  r^,  their  velocities  are  as  the  circumferences 
divided  by  the  times  of  their  revolutions ;  that  is,  directly  as  the 

space,  and  inversely  as  the  time,  since  circular  motion  is  uniform. 
But  the  radii  are  as  their  circumferences,  hence 

i  and  V  being  the  times  of  revolution.     If  c  and  d  be  the  centrifugal 
fiirces  of  the  two  bodies,  then 

r .  f^ 

or,  substitutmg  for  %f  and  X3f*y  we  have 
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^•^  ••y^^.- 

Thus  the  centrifugal  forces  are  as  the  radii  divided  by  the  sqaaiM  of 
the  times  of  revolution. 

95.  With  regard  to  the  Earth  the  times  of  rotation  are  ererf* 
where  the  same ;  hence  the  centrifugal  forces,  in  different  latitiides, 

are  as  the  radii  of  these  parallels.  These  elegant  theorems  dis« 

covered  by  Huygens,  led  Newton  to  the  general  theory  of  moCioD 
in  curves,  and  to  the  law  of  universal  gravitation. 

Motion  0 

96.  From  the  general  equation  of  motion  is  also  derived  the 

motion  of  projectiles. 

Gravitation  aflfords  a  perpetual  example  of  a  continued  force ;  its 
influence  on  matter  is  the  same  whether  at  rest  or  in  motion  ;  it 

penetrates  its  most  intimate  recesses,  and  were  it  not  for  the  resist- 
ance of  the  air,  it  would  cause  all  bodies  to  fall  with  the  same  velo- 

city :  it  is  exerted  at  the  greatest  heights  to  which  man  has  been 

able  to  ascend,  and  in  the  most  profound  depths  to  which  he  has 

penetrated.  Its  direction  is  perpendicular  to  the  horizon,  and 

therefore  varies  for  every  point  on  the  earth's  surface ;  but  in  the 

motion 'of  projectiles  it  may  be  assumed  to  act  in  parallel  straight 
lines ;  for,  any  curves  that  projectiles  could  describe  on  the  earth 

may  be  esteemed  as  nothing  in  comparison  of  its  circumference. 
The  mean  radius  of  the  earth  is  about  4000  miles,  and  MM.  Biot 

and  Gay  Lussac  ascended  in  a  balloon  to  the  height  of  about  four 

miles,  which  is  the  greatest  elevation  that  has  been  attained,  but 
even  that  is  only  the  1000th  part  of  the  radius. 

Tlie  power  of  gravitation  at  or  near  the  earth's  surface  may, 
without  sensible  error,  be  considered  as  a  uniform  force ;  for  the 

decrease  of  gravitation,  inversely  as  the  square  of  the  distance,  is 
hardly  perceptible  at  any  height  within  our  reach. 

97.  Demonstration, — If  a  particle  be  projected  in  a  straight  line 
MT,  fig.  26,  forming  any  angle  whatever  with  the  horizon,  it  will  con- 

stantly deviate  from  the  direction  MT  by  the  action  of  the  gravitating 
force,  and  will  describe  a  curve  MN,  which  is  concave  towards  the 

horizon,  and  to  which  MT  is  tangent  at  M.    On  this  particle  there 
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are  Iwo  Foicm  act- 

ing Kt  every  iuUnt 
of  its  motion  ;  the 

resistance  of  the 

air,  which  is  always 
in  a  direction  con- 

Uaiy  to  the  motion 

of  the  particle ;  and 

the  force  of  giavi- 
latioD,  which  urges 
it  with  an  accele- 

rated motion,  ac- 

cording to  the  perpendiculars  Ed,  Cf,  &c.  The  resistance  of  the 
ait  may  be  resolved  into  three  partial  forces,  in  the  direction  of  the 

three  axes  ox,  oy,  oi,  but  gravitation  acts  on  the  particle  ia  the 
direction  of  oz  alone.     If  A  represents  the  resistance  of  the  air,  its 

component  force  in  tiie  axis  ox  is  cvideDtly  —  A  — ;  for  if  Am  or 

dt  be  the  space  proportional  to  the  resistance,  then 

Am:Ec::  A:A^  =A^; 
Am  d$ 

but  as  thia  (bice  acts  in  a  direction  contrary  to  the  motion  of  the 

particle,  it  must  be  taken  wiUi  a  negative  «gn.     llie  resistance  in 

the  axes  oy  and  oj  are  - -  A-1 ;  hence  if  ;  be  the  force  of 

gravitation,  the  forces  acting  on  the  particle  are 

as  at  ds 

As  the  particle  is  free,  each  of  the  virtual  velocities  is  zero ;  hence 
we  have 

dP  di'  dC  di'  dP  d> 

for  the  determination  of  the  motion  of  the  projecUle.     If  A  be  eli- 
minated between  the  two  first,  it  appears  tlmt 

iPx     dy  _  d'y     dx ""°8^  =  '"«8g 
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Hence  the  centrifugal  force  of  a  particle  revolving  about  a  centre,  is 

equal  to  the  square  of  its  velocity  divided  by  the  radius. 

89.  Tlie  plane  of  the  osculating  circle,  or  the  plane  that  passes 

through  two  consecutive  and  indefinitely  small  sides  of  the  curve 

described  by  the  particle,  is  perpendicular  to  the  surface  on  which 

the  particle  moves.  And  the  curve  described  by  the  particle  is  the- 
shortest  line  that  can  be  drawn  between  any  two  points  of  the  sur- 

face, consequently  this  singular  law  in  the  motion  of  a  particle  on  a 

surface  depends  on  the  principle  of  least  action.  With  regard  to  the 

Earth,  this  curve  drawn  from  point  to  point  on  its  surface  is  called  « 

perpendicular  to  the  meridian ;  such  are  the  lines  which  have  been 

measured  both  in  France  and  England,  in  order  to  ascertain  the 

true  figure  of  the  globe. 
90.  It  appears  that  when  there  are  no  constant  or  accelerating 

forces,  the  pressure  of  a  particle  on  any  point  of  a  curved  surface  is 

equal  to  the  square  of  the  velocity  divided  by  the  radius  of  curvature 

at  that  point.  If  to  this  the  pressure  due  to  the  accelerating  forces 

be  added,  the  whole  pressure  of  the  particle  on  the  surface  will  be 

obtained,  when  the  velocity  is  variable. 

91.  If  the  particle  moves  on  a  surface,  the  pressure  due  to  the 

centrifugal  force  will  be  equal  to  what  it  would  exert  against  the 

^g,  24.  ^^^-^"-^  curve  it  describes  resolved  in  the  di- 
rection of  the  normal  to  the  surface 

in  that  point ;  that  is,  it  will  be  equal 

to  the  square  of  the  velocity  divided 

by  the  radius  of  the  -osculating  circle, 
and  multiplied  by  the  sine  of  the 

angle  that  the  plane  of  that  circle 

makes  with  the  tangent  plane  to  the 

surface.  Let  MN,  fig.  24,  be  the  path  of  a  particle  on  the  surface ; 

9710  the  radius  of  the  osculating  circle  at  m,  and  mD  a  tangent  to  the 
surface  at  m ;  then  om  being  radius,  oD  is  the  sine  of  the  inclination 

of  the  plane  of  the  osculating  circle  on  the  plane  that  is  tangent  to 
the  surface  at  m,  the  centrifugal  force  is  equal  to 

y'  X  oD 

om 

Ifto  this,  the  part  of  the  pressure  which  is  due  to  the  accelerate 
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ing  forces  be  added,  the  sum  will  be  the  whole  pressure  on  the 
surface. 

92.  It  appears  that  the  centrifugal  force  is  that  part  of  the 
pressure  which  depends  on  velocity  alone ;  and  when  there  are  no 
accelerating  forces  it  is  the  pressure  itself. 

93.  It  is  very  easy  to  show  that  in  a  circle,  j!g.25. 
the  centrifugal  force  is  equal  and  contrary  to  the 
central  force. 

Demonstration.'^By  article  G3  a  central 
force  F  combined  with  an  impulse,  causes  a 
particle  to  describe  an  indefinitely  small  arc 

iitA,  fig.  25,  in  the  time  dt.  As  the  sine  may 

be  taken  for  the  tangent,  the  space  described  from  the  impulse  alone 

is  0A  :=;  vdt; 

but  (oA)'  r=  2r  •  am, 

so  am  =   , 

2r 
r  being  radius.    But  as  the  central  force  causes  the  particle  to 
move  through  the  space 

am  =  J^F  .  itt*, 
in  the  same  time, 

I-  =  F. 
r 

94.  If  V  and  1/  be  the  velocities  of  two  bodies,  moving  in  circles 

whose  radii  are  r  and  r^,  their  velocities  are  as  the  circumferences 

divided  by  the  times  of  their  revolutions ;  that  is,  directly  as  the 

space,  and  inversely  as  the  time,  since  circular  motion  is  uniform. 
But  the  radii  are  as  their  circumferences,  hence 

"•""-?■•  EST' 

t  and  i^  being  the  times  of  revolution.     If  c  and  d  be  the  centrifugal 
fiirces  of  the  two  bodies,  then 

c  •  c    •  •  ̂ —  •  — — », 
r        r 

or,  substituting  for  t^  and  1^,  we  have 
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r  .  r' 
Thus  the  centrifugal  forces  are  as  the  radii  divided  by  the  squares  of 
the  times  of  revolution. 

95.  With  regard  to  the  Earth  the  times  of  rotation  are  every* 
where  the  same ;  hence  the  centrifugal  forces,  in  different  latitudes, 

are  as  the  radii  of  these  parallels.  These  elegant  theorems  di»< 

covered  by  Huygens,  led  Newton  to  the  general  theory  of  motion 

in  curves,  and  to  the  law  of  universal  gravitation. 

Motion  of  PrpjectOes, 

96.  From  the  general  equation  of  motion  is  also  derived  the 

motion  of  projectiles. 

Gravitation  affords  a  perpetual  example  of  a  continued  force ;  ib 
influence  on  matter  is  the  same  whether  at  rest  or  in  motion  ;  H 

penetrates  its  most  intimate  recesses,  and  were  it  not  for  the  resist- 
ance of  the  air,  it  would  cause  all  bodies  to  fall  with  the  same  velo- 

city :  it  is  exerted  at  the  greatest  heights  to  which  man  has  been 

able  to  ascend,  and  in  the  most  profound  depths  to  which  he  has 

penetrated.  Its  direction  is  perpendicular  to  the  horizon,  and 

therefore  varies  for  every  point  on  the  earth's  surface ;  but  in  the 

motion'of  projectiles  it  may  be  assumed  to  act  in  parallel  straight 
lines ;  for,  any  curves  that  projectiles  could  describe  on  the  earth 

may  be  esteemed  as  nothing  in  comparison  of  its  circumference. 
The  mean  radius  of  the  earth  is  about  4000  miles,  and  MM.  Biot 

and  Gay  Lussac  ascended  in  a  baUoon  to  the  height  of  about  four 

miles,  which  is  the  greatest  elevation  that  has  been  attained,  bat 

even  that  is  only  the  1000th  part  of  the  radius. 

The  power  of  gravitation  at  or  near  the  earth's  surface  may, 
without  sensible  error,  be  considered  as  a  uniform  force ;  for  the 
decrease  of  gravitation,  inversely  as  the  square  of  the  distance,  is 
hardly  perceptible  at  any  height  within  our  reach. 

97.  DemoTutratum, — If  a  particle  be  projected  in  a  straight  line 
MT,  fig.  26,  forming  any  angle  whatever  with  the  horizon,  it  will  con- 

stantly deviate  from  the  direction  MT  by  the  action  of  the  gravitating 
force,  and  will  describe  a  curve  MN,  which  is  concave  towards  the 

horison.  and  to  which  MT  is  tangent  at  M.    On  this  particle  there 
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are  two  foices  act- 

iog  at  every  instant 
of  its  motion  :  the 
reaistance  of  the 

ail,  which  is  alwaya 
in  a  direction  con- 

trary to  the  motion 

of  the  particle ;  and 

the  force  of  giari- 
tadou,  which  urgea 
it  with  an  accele- 

rated motion,  ac-  '" 
cording  to  the  perpendiculars  Ed,  Cf,  &c.  The  resistance  of  the 
air  may  be  resolved  into  three  partial  forces,  in  the  direction  of  the 

three  axes  ox,  oy,  ot,  but  gravitation  acts  on  the  particle  in  the 
direction  of  ox  alone.     If  A  represents  the  resistance  of  the  air,  its 

component  force  ia  the  axis  ox  is  evidently  —  A  — ;  for  if  Am  or 

d*  be  the  space  proportional  to  the  resistance,  then 

Am  :  Ec ::  A:  A 
Am 

-.A^: 

but  as  this  force  acts  in  a  direction  contrary  to  the  motion  of  the 

particle,  it  must  be  taken  with  a  negative  ugn.  The  resistance  in 

theaxesovand  osare—  A-^,— A-i;  bence  if  ;  be  the  force  of Of  <If 

gravitation,  the  forces  acting  on  the  particle  are 

X  =  -A*5!  y=-A*iZ  =  (r-A^. di  at  OM 

As  the  particle  is  free,  each  of  the  virtual  velocities  is  zero ;  hence 
we  have 

^_  _A— ■  ̂ =-A^-  ^=g-A  — ■ 
dP  dt'  dP  dn'  de  di  ' 

for  the  determination  of  the  motion  of  tlie  projectile.  If  A  be  eli- 

minated between  the  two  first,  it  appears  that 

d^x     dy  ̂   d?y     dx 
':i .'jl.  otdioB2;  =  dic 
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andintegratmg,  log^  =  log  C  +  log  ̂.     Whence  ̂ =C^  or dt  at  at  dl 

dx  =  Cdyj  and  if  we  integrate  a  second  time, 
X  =:  Cy  +  D, 

in  which  C  and  D  are  the  constant  quantities  introduced  by  double 
integration.  As  this  is  the  equation  to  a  straight  line,  it  follows  that 

the  projection  of  the  curve  in  which  the  body  moves  on  the  plane 
xoy  is  a  straight  line,  consequently  the  curve  MN  is  in  the  plane 
zoxj  that  is  at  right  angles  to  xoy ;  thus  MN  is  a  plane  curve,  and 
the  motion  of  the  projectile  is  in  a  plane  at  right  angles  to  die 
horizon.     Since  the  projection  of  MN  on  xoy  is  the  straight  line 

ED,  therefore  y  =  0,  and  the  equation  — ^  =  —  A  -If  is  of  no cU*  di 

use  in  the  solution  of  the  problem,  there  being  no  motion  in  the 

direction  oy.  Theoretical  reasons,  confirmed  to  a  certain  extent  by 

experience,  show  that  the  resistance  of  the  air  supposed  of  uniform 

density  is  proportional  to  the  square  of  the  velocity ; 

hence,  A  =  At?'  =  A  — , 

di^ 
h  being  a  quantity  that  varies  with  the  density,  and  is  constant  when 
it  is  uniform  ;  thus  the  general  equations  become 

^  ̂   di^  '  dt*  dt'       d^^^^       dt^di' 
the  mtegral  of  the  first  is 

dt 

C  being  an  arbitrary  constant  quantity,  and  c  the  number  whose 
hyperbolic  logarithm  is  unity. 

In  order  to  integrate  the  second,  let  dz  r=  udxj  u  being  a  func- 
tion of  2  ;  then  the  differential  according  to  /  gives 

d^z     du    dx   ,         d^x 
di^         dt     dt  dC 

If  this  be  put  in  the  second  of  equations  (a), it  becomes,  in  conse- 
quence of  the  first, 

du     dx  ̂  

di'di~     ̂ '' 
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or,  eliminaling  dl  by  means  of  the  preceding  integral,  and  making 

il  becomes 

dx 

The  integral  of  this  equation  will  give  u  in  functions  of  x,  and 
when  substituted  in 

d2  =  1/dr, 
• 

it  will  furnish  a  new  equation  of  the  first  order  between  z,  x^  and  U 
which  will  be  the  differential  equation  of  the  trajectory. 

If  the  resistance  of  the  medium  be  zero,  A  :=  0,  and  the  preceding 

equation  gives 
u  =:  2ax  +  6, 

dz 
and  substituting  —  for  ii,  and  mtegrating  again dx 

2  =5  aa^  +  bx  +  h' 

h  and  V  being  arbitrary  constant  quantities.  This  is  the  equation 

to  a  parabola  whose  axis  is  vertical,  which  is  the  curve  a  projectile 
would  describe  in  vacuo.    When 

A  =  0,  cf'z  =  gd^ ; 

and  as  the  second  differential  of  the  preceding  integral  gives 

therefore  i  =  x     /^  +  a'. 
g 

If  the  particle  begins  to  move  from  the  origin  of  the  co-ordinates, 

the  time  as  well  as  x,  y,  z,  are  estimated  from  that  point ;  hence  b' 

and  a'  are  zero,  and  the  two  equations  of  motion  become 

whence 

'=4+'*v^- 
2a 
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Tliese  three  equations  contain  the  whole  thecny  of  projectfleB  in 

vacuo ;  the  second  equation  shows  that  the  horizontal  motion  is 

uniform,  being  proportional  to  the  time ;  the  third  expresses  that 

the  motion  in  the  perpendicular  is  uniformly  accelerated,  being  as 

the  square  of  the  time. 

Theory  of  Falling  Bodies. 

99.  If  the  particle  begins  to  move  from  a  state  of  rest,  6=0,  and 

•the  equations  of  motion  are 

^  =  ̂ <,  and  «  =  Jg^. 

The  first  shows  that  the  velocity  increases  as  the  time ;  tiie  second 

shows  that  the  space  increases  as  the  square  of  the  time,  and  that 

the  particle  moving  uniformly  with  the  velocity  it  has  acquired  in 

the  time  ty  would  descril)e  the  space  22,  that  is,  double  the  space 

it  has  moved  through.  Since  gt  expresses  the  velocity  v,  the  last 

of  the  preceding  equations  gives 

2ffa  =  «■<•  =  v\ 
where  z  is  the  height  through  which  the  particle  must  have  descended 

from  rest,  in  order  to  acquire  the  velocity  v.     In  fact,  were  the  par- 
ticle ])rojected  perpendicularly  upwards,  the  parabola  would  then 

coincide  with  the  vertical :  thus  the  laws  of  parabolic  motion  include 

those  of  falling  bodies  ;  for  the  force  of  gravitation  overcomes  the 

force  of  projection,  so  that  the  initial  velocity  is  at  length  destroyed, 

and  the  body  then  begins  to  fall  Irom  the  highest  point  of  its  ascent 

by  the  force  of  gravitation,  as  from  a  state  of  rest     By  experience 

it  is  found  to  acquire  a  velocity'  of  nearly  32 .  19  feet  in  the  first  second 
of  its  descent  at  London,  and  in  two  seconds  it  acquires  a  velocity  of 

64.38,  having  fallen  through  16.095  feet  in  the  first  second,  and  in 

the  next  32. 19  +  16.095  =  48.285  feet,  &c.  Tlie  spaces  described 
are  as  the  odd  numbers  1,3,  5,  7,  &c. 

These  laws,  on  which  the  whole  theory  of  motion  depends,  were 

discovered  by  Galileo. 
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Comparison  of  the  Centrifugal  Force  with  Gravity. 

100.  The  centrifugal  force  may  now  be  compared  with  gravity, 

tat  if  V  he  the  velocity  of  A  particle  moving  in  the  circmnference  of 

_t 

a  circle  of  which  r  is  the  radius,  
its  centrifugal  

force  is/=:  
.^    Let r 

A  be  the  space  or  height  through  which  a  body  must  fall  in  order 

to  acquire  a  velocity  equal  to  v;  then  by  what  was  shown  in 

article  99,  v*  =  2hgy  for  the  accelerating  force  in  the  present  case 

is  gravity  ;  hence  /=  — I — l£-.        If  we  suppose  h=s^r^ 

Ae  centrifugal   force  becomes  equal  to  gravity. 

101.  Thus,  if  a  heavy  body  be  attached  to  one  extremity  of  a 

tfiiead,  and  if  it  be  made  to  revolve  in  a  horizontal  plane  round 

llie  other  extremity  of  the  thread  fixed  to  a  point  in  the  plane ; 

if  the  velocity  of  revolution  be  oqual  to  what  the  body  would 

acquire  by  falling  through  a  space  equal  to  half  the  length  of  the 

thread,  the  body  will  stretch  the  thread  with  the  same  force  as  if  it 

hung  vertically. 

102.  Suppose  the  body  to  employ  the  time  T  to  describe  the  cir- 

cumference whose  radius  is  r ;  then  v  being  the  ratio  of  the  circum- 

£^ence  to  the  diameter,  v  =   ,  whence 

Urns  the  centrifugal  force  is  directly  proportional  to  the  radius,  and 

in  the  inverse  ratio  of  the  square  of  the  time  employed  to  describe 

the  circumference.  Therefore,  with  regard  to  the  earth,  the  centri- 

fugal force  increases  from  the  poles  to  the  equator,  and  gradually 

diminishes  the  force  of  gravity.  The  equatorial  radius,  computed 

from  the  mensuration  of  degrees  of  the  meridian,  is  20920600  feet, 

T  =  365^.2564,  and  as  it  appears,  by  experiments  with  the  pendu- 
lum, that  bodies  fall  at  the  equator  16.0436  feet  in  a  second,  the 

preceding  formulae  give  the  ratio  of  the  centrifugal  force  to  gravity  at 

the  equator  equal  to  -^g.  Therefore  if  the  rotation  of  the  earth 
were  17  times  more  rapid,  the  centrifugal  force  would  be  equal  to 

gravity,  and  at  the  equator  bodies  would  be  in  cquilibrio  from  the 
action  of  these  two  forces. 



44 VARIABLE  MOTION. 

IBookL 

/^.  27. 

SimpU  Pendulum. 

103.  A  particle  of  matter  suspended  at  the  extremity  of  a  thread, 

supposed  to  be  without  weight,  and  fixed  at  its  other  extremity,  forms 

the  simple  pendulum. 
104.  Let  m,  fig.  27,  be  the  particle  of 

matter,  Sm  the  thread,  and  S  the  pomt 

of  suspension.  If  an  impulse  be  given 

to  the  particle,  it  will  move  in  a  curve 
mADC,  as  if  it  were  on  the  surface 

of  the  sphere  of  which  S  is  the  centre; 

and  the  greatest  deviation  from  the 
vertical  Sz  would  be  measured  by  the 

sine  of  the  angle  CSm.  This  motion 
arises  from  the  combined  action  of 

gravitation  and  the  impulse. 

105.  The  impube  may  be  such  as  to  make  the  particle  describe  a 

curve  of  double  curvature ;  or  if  it  be  given  in  the  plane  xSz,  the 

particle  will  describe  the  arc  of  a  circle  DCm,  fig.  28 ;  but  it  is 

evident  that  the  extent  of  the  arc  will  be  in  proportion  to  the 

>^.28.  intensity  of  the  impulse,  and  it  may  be  so 

great  as  to  cause  the  particle  to  describe 
an  mdefinite  number  of  circumferences. 

But  if  the  impulse  be  small,  or  if  the  par- 
ticle be  drawn  from  the  vertical  to  a  pcmit 

B  and  then  left  to  itself,  it  will  be  urged 

in  the  vertical  by  gravitation,  which  will 
cause  it  to  describe  the  arc  mC  with  an 

accelerated  velocity ;  when  at  C  it  will 

have  acquired  so  much  velocity  that  it  will  overcome  the  force  of 

gravitation,  and  having  passed  that  point,  it  will  proceed  to  D  ;  but 

in  this  half  of  the  arc  its  motion  will  be  as  much  retarded  by  gravi- 
tation as  it  was  accelerated  in  the  other  half ;  so  that  on  arriving 

at  D  it  will  have  lost  all  its  velocity,  and  it  will  descend  through 

DC  with  an  accelerated  motion  which  will  carry  it  to  B  again.  In 
this  manner  it  would  continue  to  move  for  ever,  were  it  not  for 
the  resistance  of  the  air.    Tliis  kind  of  motion  is  called  oscillation. 
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The  time  of  an  oscillation  is  the  time  the  particle  employs  to  move 

through  the  arc  BCD. 

106.  Demomtration. — Whatever  may  be  the  nature  of  the  curve, 
it  has  iNready  been  shown  in  article  99,  that  at  any  point  m, 

9*  =  2gz^  g  being  the  force  of  gravitation,  and  z  =  Hp,  the 
height  through  which  the  particle  must  have  descended  in  order  to 

moquire  the  velocity  v.  If  the  particle  has  been  impelled  instead 

of  falling  from  rest,  and  if  I  be  the  velocity  generated  by  the 

impulse,  the  equation  becomes  v*  ==  I  -f  2g2.  The  velocity  at  m  is 
directly  as  the  element  of  the  space,  and  inversely  as  the  element  of 
the  time;  hence 

dt*  df  ^    6       » 

whence  dt  =         ""       — . 
^l+2g  .2 

The  sign  is  made  negative,   because  z  diminishes  as  t  augments. 

If  the  equation  of  the  trajectory  or  curve  mCD  be  given,  the  value 

of  (iff  =  Am  may  be  obtained  from  it  in  terms  of  2  =:  Hp,  and  then 
the  finite  value  of  the  preceding  equation  will  give  the  time  of  an 
oscillation  in  that  curve. 

107.  The  case  of  gpreatest  importance  is  that  in  which  the  trajec- 
tory is  a  circle  of  which  Sm  is  the  radius ;  then  if  an  impulse  be 

given  to  the  pendulum  at  the  point  B  perpendicular  to  SB,  and 

in  the  plane  jroz,  it  will  oscillate  in  that  plane.  Let  h  be  the 

height  through  which  the  particle  must  fall  in  order  to  acquire  the 

velocity  given  by  the  impulse,  the  initial  velocity  I  will  then  be  2gh; 

and  if  BSC  =  a  be  the  greatest  amplitude,  or  greatest  deviation 

of  the  pendulum  from  the  vertical,  it  will  be  a  constant  quantity. 
Let  the  variable  angle  mSC  =  6,  and  if  the  radius  be  r,  then 

Sp  =  r  cos  6;  SH  =  r  cos  a;  Up  =  Sj?  —  SH  =r  r  (cos  0  —  cos  a), 
and  the  elementary  arc  mA  =  rdS ;  hence  the  expression  for  the 
time  becomes 

dt  = 
V  2g'(A  +  r  cos  d  —  r  cos  «) 

This  expression  will  take  a  more  convenient  form,  if  j?  =  C/?  = 

(1  —  cos  6)  be  the  versed   sine  of  mSC,   and  /8  =  (1  —  cos  et) 

dx the  versed  sine  of  BSC  ;  then  d$  =   ,  and 
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dt  = 

—  rrfjp 

t?  =    V2^(A  +  r/3  -  rar). 

Since  the  versed  sine  never  can  surpass  2,  if  A  +  r/9  ̂   2r,  the 

velocity  will  never  be  zero,  and  the  pendulum  will  describe  an  inde- 
finite number  of  circumferences  ;  but  if  A  +  rjS  <  2r»  the  velocity  « 

will  be  zero  at  that  point  of  the  trajectory  where  x  = 

',  and 

tlic  pendulum  will  oscillate  on  each  side  of  the  vertical. 

If  the  origin  of  motion  be  at  the  commencement  of  an  oidllaftioiit 
A  =  0,  and 

/T"  dx 
g 

-^y^ 
No* 

2  J  2       2        2.4      4        2.4.6      8 
therefore, 

TTiij         2       2       2.4     4  J 
=  _4     /r  .   ± 

By  La  Croix'  Integral  Calculus^ 

■  =  arc  (cos  =s   l.  )  +  constant 

But  the  integral  must  be  taken  between  the  limits  d?  s=  /9  and  «  =  Oy 

that  is,  from  the  greatest  amplitude  to  the  point  C.     Hence 

/
-
 

=  t; 

»  being  the  ratio  of  tlie  circumference  to  the  diameter.     From  the 
same  author  it  will  be  found  that 

r-^;^  =  i/ST;   Z-;:^^  =  i  .  i/3«T,  &c.  Ac. 
J     J  fix  -  J«  J     y/fix-J^ 

between  the  same  limits.     Hence,  if  ̂ T  be  the  time  of  half  an  oscil* 
lation, 

/^  .         /iV^        /^l-3V^*      /1.3.5V /3« } 
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This  series  gives  the  time  whatever  may  be  the  extent  of  the  oscil- 

lations ;  but  if  they  be  very  small,  E^  may  be  omitted  in  most 

cases:  then 

T  =  »\/j.  (11) 

As  this  equation  does  not  contain  the  arcs,  the  time  is  independent 
of  their  amplitude,  and  only  depends  on  the  length  of  the  thread  and 
the  intensity  of  gravitation ;  and  as  the  intensity  of  gravitation  is 
invariable  for  any  one  place  on  the  earth,  the  time  is  constant  at 

Aat  place.  It  follows,  that  the  small  oscillations  of  a  pendulum 
•re  performed  in  equal  times,  whatever  their  comparative  extent 
maybe. 

The  series  in  which  the  time  of  an  oscillation  is  given  however, 

•howB  that  it  is  not  altogether  independent  of  the  amplitude  of  the 
aic  In  very  delicate  observations  the  two  first  terms  are  retained ; 
so  that 

T=.v4,.<l)"i},»T=.yi,H(iK}<-, for  as  /3  is  the  versed  sine  of  the  arc  a,  when  the  arc  is  very  small, 

fi  ̂s  —  nearly.     The  term  t  v  — K'o'J  "T»  which  is  very  small, 

is  the  correction  due  to  the  magnitude  of  the  arc  described,  and 

is  the  equation  alluded  to  in  article  9,  which  must  be  applied  to 

make  the  times  equal.  This  correction  varies  with  the  arc  when  the 
pendidum  oscillates  in  air,  therefore  the  resistance  of  the  medium 
has  an  influence  on  the  duration  of  the  oscillation. 

108.  The  intensity  of  gravitation  at  any  place  on  the  earth  may 
be  determined  from  the  time  and  the  corresponding  length  of  the 
pendulum.  If  the  earth  were  a  sphere,  and  at  rest,  the  intensity  of 

gravitation  would  be  the  same  in  every  point  of  its  surface ;  because 
every  point  in  its  surface  would  then  be  equally  distant  from  its 

centre.  But  as  the  earth  is  flattened  at  the  poles,  the  intensity  of 

gravitation  increases  from  the  equator  to  the  poles;  therefore  the 

pendulum  that  would  oscillate  in  a  second  at  the  equator,  must  be 
lengthened  in  moving  towards  the  poles. 
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If  A  be  the  epace  a  body  would  describe  by  its  gravitation  during 

the  time  T,  then  2A  =  oT",  and  because  T"  =  »• .  — ;  therefore 

A  =:  4  »« .  r.  (13) 

If  r  be  the  length  of  a  pendulum  beating  seconds  in  any  latitude, 

this  expression  will  give  A,  the  height  described  by  a  heavy  body 

during  the  first  second  of  its  fall. 

The  length  of  the  seconds  pendulum  at  London  is  39 .  1387  inches; 

consequently  in  that  latitude  gravitation  causes  a  heavy  body  to  fidl 

through  16.0951  feet  during  the  first  second  of  its  descent. 

Huygens  had  the  merit  of  discovering  that  the  rectilinear  motion  of 

heavy  bodies  might  be  determined  by  the  oscillations  of  the  pendu* 
lum.  It  is  found  by  experiments  first  made  by  Sir  Isaac  Newton, 

that  the  length  of  a  pendulum  vibrating  in  a  given  time  is  the  same, 

whatever  the  substance  may  be  of  which  it  is  composed;  hence 

gravitation  acts  equally  on  all  bodies,  producing  the  same  velocity 
in  the  same  time,  when  there  is  no  resistance  from  the  air. 

Isochronous  Curve. 

109.  The  oscillations  of  a  pendulum  in  circular  arcs  being  isochro* 

nous  only  when  the  arc  is  very  small,  it  is  now  proposed  to  inves* 
tigate  the  nature  of  the  curve  in  which  a  particle  must  move,  so  as 

to  oscillate  in  equal  times,  whatever  the  amplitude  of  the  arcs  may  be. 

The  forces  acting  on  the  pendulum  at  any  point  of  the  curve  are 

the  force  of  gravitation  resolved  in  the  direction  of  the  arc,  and 
the  resistance  of  the  air  which  retards  the  motion.     The  first  b 

-  g  — ?.,  or  -^  .  -i,    the   arc  Am  being  indefinitely  small ;  and Am  ds 

the  second,  which  is  proportional  to  the  square  of  the  velocity,  ii 

expressed  by  —  n  [  —  j ,  in  which  n  is  any  number,  for  the  velocity 

is  directly  as  the-element  of  the  space,  and  inversely  as  the  element  of 

the  time.    Thus  »  g.  ̂  —  71  —  is  the  whole  force  acting  on  the 
ds  df} 
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pendulum,  hence  the  equation  F  =:  —f  article  '^^'     ' 

68,  becomes  -  g  — —  n  —  =  — 

The  integral  of  which  will  give  the  isochro-  / 
rouB   curve  in  air;  but  the  most  interesting 

retults  are    obtained  when    the   particle  is 

assumed  to  move  in  vacuo  ;  then  n  =  0,  and 

the  equation  becomes  —  z=   —  g*  — , 
^  dC  ""  ds 

ds^ 

whic
h,  

mult
ipli

ed  

by  2ds 
 
and 

 
inte

grat
ed, 

 

give
s  

—  =:  c  —  2gz,
  

c  bein
g 

dl^ 

an  arbitrary  constant  quantity. 

Let  z  ̂   h  at  m,  fig.  29,  where  the  motion  begins,  the  velocity 

being  zero  at  that  point,  then  will  c  =:  2gh,  and  therefore 

whence 

d<=- ds 
^2g{h  -  2) 

the  sign  is  negative,  because  the  arc  diminishes  as  the  time  increases. 

When  the  radical  is  developed. 

rf/=  - 
d9 

'J^gh {1  +4£.  +  LJ.il  +&C.} 

Whatever  the  nature  of  the  required  curve  may  be,  «  is  a  function 

of  z ;  and  supposing  this  function  developed  according  to  the  powers 
of  r,  its  differential  will  have  the  form, 

^  =  az'  +  62"  +  &c. 
dz 

Substituting  this  value  of  ds  in  the  preceding  equation,  it  becomes 

V2i     A*'  2 

J2i     h^  2       h  2  .  4     A«  ̂ 
The  integral  of  this  equation,  taken  from  2  =z  A  to  2  =  0,  will  give 

the  time  employed  by  the  particle  in  descending  to  C,  the  lowest  point 

of  the  curve.  But  according  to  the  conditions  of  the  problem,  the 

time  must  be  independent  of  A,  the  height  whence  the  particle  has 

descended ;  consequently  to  fulfil  that  condition,  all  the  terms  of  the 

•  £ 

1    +    LJ.   fl+&C.}rf2 

A  2  .  4     /t«  ̂  
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value  of  dt  must  be  zero,  except  Uie  first ;  therefore  b  must  be  zero, 

and  I  +  1  =  J,  or  t  =  -  J ;  thus  (fo=  az'^dz  ;  the  integral  of  which 
is  «  =  2az^  the  equation  to  a  cycloid  DzE,  fig.  SO,  with  a  horizontal 

base,  the  only  curve  in  vacuo  having  the  property  required.  Hence 

the  oscillations  of  a  pendulum  moving  in  a  cycbid  are  rigorously 

isochronous  in  vacuo.  If  r  =  SBC,  by  the  properties  of  the  qrdoid 

r  =  2a',  and  if  the  preceding  value  ofds  be  put  in 

ds 
dib- 

its integral  is 
trz  I  f^  —  •  arc  (cos  =  -ir 

^ 
) 

It  is  unnecessary  to  add  a  constant  quantity  if  z  =  A  when  /  =  0. 
If  t^T  be  the  time  that  the  particle  takes  to  descend  to  the  lowest 

point  in  the  curve  where  z  =  0,  then 

T  =  ,^/Z  •  arc  (cos  =—1)  =  t.  .^XE* 

Thus  the  time  of  descent  through  the  cycloidal  arc  is  equal  to  a  semi- 
oscillation  of  the  pendulum  whose  length  is  r,  and  whose  oscillations 

are  very  small,  because  at  the  lowest  point  of  the  curve  the  cycloidal 

arc  ds  coincides  with  the  indefinitely  small  arc  of  the  osculating  circle 
whose  vertical  diameter  is  2r. 

110.  The  cycloid  in  question  is  formed  by  supposing  a  circle  ABC» 

fig^  30,  to  roll  along  a  straight  line  ED.  The  curve  EAD  traced  by 

a  point  A  in  its  circumference  is  a  cycloid.  In  the  same  manner  the 

cycloidal  arcs  SD,  SE,  may  be  traced  by  a  point  in  a  circle,  rolling 

on  the  other  side  of  DE.  Tliese  arcs  are  such,  that  if  we  imagine 

a  thread  Axed  at  S  to  be  applied  to  SD,  and  then  unrolled  so  that 

it  may  always  be  tangent  to  SD,  its  extremity  D  will  trace  the 

cycloid  DzE;  and  the  tangent  zS  is  equal  to  the  correspond- 
ing arc  DS.  It  is  evident  also,  that  the  line  DE  is  equal  to  the 

circumference  of   the  circle  ABC.      The  curve    SD  is  called  the 

'"}  involute,  and  the  curve  Dz  the 
fig,  30. 

^y. 
evolute.  In  applying  this  princi- 

ple to  the  construction  of  clocks, 
it  is  so  difficult  to  make  the 

cycloidal  arcs  SE,  SD,  round 

which  the  thread  of  the  pendu- 
lum winds  at  each  vibration,  that 

the  motion  in  small  circular  arcs 
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is  preferred.    The  properties  of  the  isochronous  curve  were  discovered 

by  Huygens,  who  first  applied  the  pendulum  to  clocks. 

111.  The  time  of  the  very  small  oscillation  of  fig-  31, 

a  circular  pendulum  is  expressed  by  T=irA/ _L 

r  being  the  length  of  the  pendulum,  and  conse- 
^ently  the  radius  of  the  circle  AmB,  fig.  81.  Also 

i  r=  ,^/  ?!  is  the  time   employed  by  a  heavy 
8 

body  to  fall  by  the  force  of  gravitation  through  a  height  equal  to  «. 

Now  the  time  employed  by  a  heavy  body  to  fall  through  a  space 

equal  to  twice  the  length  of  the  pendulum  will  be  <  =  jsY— 

hence  J  T  :  / : :  Jtt 

S 

or 
2  2 

that  is,  the  time  employed  to  move  through  the  arc  Pam,  which  is  Imlf 

an  oscillation,  is  to  the  time  of  falling  through  fQ-  32. 

twice  the  length  of  the  pendulum,  as  a  fourth  of 
the  circumference  of  the  circle  AmB  to  its  dia- 

meter. But  the  times  of  falling  through  all 

/chords  drawn  to  the  lowest  point  A>  fig.  32,  of  a  cir- 
cle are  equal :  for  the  accelerating  force  F  in  any 

chord  AB,  is  to  that  of  gravitation  as  AC  :  AB, 

or  as  AB  to  AD,  since  the  triangles  are  similar.  But  the  forces 

being  as  the  spaces,  the  times  are  equal :  for  as 

F :  g :  :  AB  :  AD  and  T  :  /  ::  4?  :  — , 
8 

it  follows  that  T  =  ̂ . 

112.  Hence  the  time  of  falling  through  the  chord  AB,  is  the 

same  with  that  of  falling  through  the  diameter ;  and  thus  the  time  of 

falling  through  the  ara  AB  is  to  the  time  of  falling  through  the  chord 

AB  as  -^  :  2,  that  is,  as  one-fouith  of  the  circumference  to  the  dia- 2 

E  2 
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meter,  or  as  1 .  57079  to  2.  Thus  the  stnught  line  AB,  though 

the  shortest  tliat  can  be  drawn  between  the  points  B  and  A,  is  not 
the  line  of  quickest  descent 

Curve  of  quickest  DacenL 

113.  In  order  to  find  the  curve  in  which  a  heavy  body  will  descend 
from  one  given  point  to  another  in  the  shortest  time  possible,  let 

CP  =  r,  PM  =  y,  and  CM  =  »,  fig.  38. 

Tlie  velocity  of  a  body  moving  in  the 

curve  at  M  will  be^2gz,  g  being  the 
force  of  gravitation.    Tlierefore 

VW^  =  ±ordt=      ̂  

tlie  time  employed  in  moving  from  M  to 
m.     Now  let 

C/)  =  z-^-dz  =zz\pm  =z  y  +  dy  zny^ 
and  Cm  =  dv  +  «  =  «'. 

d»'
 

Tlien  the  time  of  moving  through  mm'  is 

ds 

     Therefore  the  time 

^2gz^ 

,  wliich  by  hypothesis of  moving  from  M  to  m'  is .         
^  2gz  V2g? 

must  be  a  minimum,  or,  by  the  method  of  variations, 

Vz  ^/T' 
The  values  of  z  and  z'  are  the  same  for  any  curves  that  can  be  drawn 
between  the  points  M  and  m' :  hence  idz  =  0   idz'  =  0.     Besides, 
whatever  the  cur>'es  may  be,  the  ordinate  om*  is  the  same  for  all ; 

hence  dy  4*  dy  is  constant,  therefore  S(c/y  +  dy')  =  0 :  whence 

ds  da' 
S(£y=  -Sdy';  and  S   +  S — — .  =  0,  from  these  considerations, 

dy' 

^      z=r  0.     Now 
 
it  is  evide

nt,  
that 

 
the becomes    U. —  —    

da  i/~z  ds  4^ 
second  term  of  this  equation  is  only  the  first  term  in  wliich   each 

variable  quantity  is  augmented  by  its  increment,  so  that 

^y    -    dy'_-.  d   
ds  */li  ds^  z'  ds  *fz 

^y  =0, 
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whence    ^--.  =  A. 
ds  J  z 

But  J^  is  the  sine  of  the  angle  that  the  tangent  to  the  curve 

makes  with  the  line  of  the  abscissae,  and  at  the  point  where  the  tan- 

gent is  horizontal  this  angle  is  a  right  angle,  so  that  -^  =i  I:  hence 
ds 

if  a  be  the  value  of  z  at  that  point,  A  =    ,  and  ̂   sz     /JLi 

VT  ds        >/    a 
but,  da*  =  dy^  +  dz*^  therefore 

^=      XT' the  equation  to  the  cycloid,  which  is  the  curve  of  quickest  descent. 
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CHAPTER  III. 

ON  THE  EQUILIBRIUM  OF  A  SYSTEM  OF  BODIES. 

Definitiom  and  Axioms. 

114.  Any  number  of  boflics  which  can  in  any  way  mutually  affect 

each  othcr*s  motion  or  rest,  is  a  system  of  bodies. 
115.  Momentum  is  the  product  of  the  mass  and  the  velocity  of  a 

bodv. 

116.  Force  is  proportional  to  velocity,  and  momentum  is  propor- 
tional to  the  product  of  the  velocity  and  the  mass ;  hence  the  only 

diflcrence  between  the  equilibrium  of  a  particle  and  that  of  a  solid 

body  is,  that  a  particle  is  balanced  by  equal  and  contrary  forces, 

whereas  a  body  is  balanced  by  equal  and  contrary  momenta. 

117.  For  the  same  reason,  the  motion  of  a  solid  body  difTers  from 

the  motion  of  a  particle  by  the  mass  alone,  and  thus  the  equation  of 

the  equilibrium  or  motion  of  a  particle  will  determine  the  equilibrium 

or  motion  of  a  solid  body,  if  they  be  multiplied  by  its  mass. 

118.  A  moving  force  is  proportional  to  the  quantity  of  momentum 

generated  by  it. 

Reaction  eqval  and  contrary  to  Action. 

119.  Tlic  law  of  reaction  being  equal  and  contrary  to  action,  is  a 

general  induction  from  observations  made  on  the  motions  of  bodies 
when  placed  within  certain  distances  of  one  another ;  the  law  is,  that 

the  sum  of  the  momenta  generated  and  estimated  in  a  given  direc- 
tion is  zero.  It  is  found  by  exj)eriment,  that  if  two  spheres  A 

and  B  of  the  same  dimensions  and  of  homogeneous  matter,  as  of 

gold,  be  suspended  by  two  threads  so  as  to  touch  one  another  when 

at  rest,  then  if  they  be  drawn  aside  from  the  perpendicular  to 
equal  heights  and  let  fall  nt  the  same  instant,  tliey  will  strike 

one  another  centrically,  and  will  destroy  each  other's  motion,  so  as  to 
remain  at  rest  in  the  pcr])endicular.  The  experiment  being  repeated 

with  spheres  of  homogeneous  matter,  but  of  different  dimensions,  if 

the  velocities  be  inversely  as  the  quantities  of  matter,  the  bodies 
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after  impinging  will  remain  at  rest  It  is  evident,  that  in  this  case, 

the  smaller  sphere  must  descend  through  a  greater  space  than  the 

larger,  in  order  to  acquire  the  necessary  velocity.  If  the  spheres 

move  in  the  same  or  in  opposite  directions,  with  different  momenta, 

and  one  strike  the  other,  the  body  that  impinges  will  lose  exactly 

the  quantity  of  momentum  that  the  other  acquires.  Thus,  in  all 

cases,  it  is  known  by  experience  that  reaction  is  equal  and  contrary 

to  action,  or  that  equal  momenta  in  opposite  directions  destroy  one 

another.  Daily  experience  shows  that  one  body  cannot  acquire 

motion  by  the  action  of  another,  without  depriving  the  latter  body  of 

the  same  quantity  of  motion.  Iron  attracts  the  magnet  with  the 

same  force  that  it  is  attracted  by  it;  the  same  thing  is  seen  in 

electrical  attractions  and  repulsions,  and  also  in  animal  forces  ;  for 

whatever  may  be  the  moving  principle  of  man  and  animals,  it  is 

found  they  receive  by  the  reaction  of  matter,  a  force  equal  and  con- 
trary to  that  which  they  communicate,  and  in  tliis  respect  they  are 

subject  to  the  same  laws  as  inanimate  beings. 

Mass  proportional  to  Weight. 

130.  In  order  to  show  that  the  mass  of  bodies  is  proportional  to 

their  weight,  a  mode  of  defining  their  mass  without  weighing 

them  must  be  employed ;  the  experiments  that  have  been  described 

afford  the  means  of  doing  so,  for  having  arrived  at  the  preceding 

results,  with  spheres  formed  of  matter  of  the  same  kind,  it  is  found 

that  one  of  the  bodies  may  be  replaced  by  matter  of  another  kind, 

but  of  different  dimensions  from  that  replaced.  That  wliich  produces 

the  same  effects  as  the  mass  replaced,  is  considered  as  containing 

the  same  mass  or  quantity  of  matter.  Tims  tlie  mass  is  defined 

independent  of  weight,  and  as  in  any  one  point  of  the  earth's  surface 
every  particle  of  matter  tends  to  move  with  the  same  velocity  by  the 

action  of  gravitation,  the  sum  of  their  tendencies  constitutes  the 

weight  of  a  body ;  hence  the  mass  of  a  body  is  proportional  to  its 

weight,  at  one  and  the  same  place. 

Density, 

121.  Suppose  two  masses  of  different  kinds  of  matter.  A,  of  ham- 
mered gold,  and  B  of  cast  copper.     If  A  in  motion  will  destroy  the 
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motion  of  a  third  mass  of  matter  C,  and  twice  B  is  required  to 

produce  the  same  effect,  then  the  density  of  A  is  said  to  be  doubk 

the  density  of  B. 

Mass  proportional  to  the  Volume  into  the  Densiiy. 

122.  The  masses  of  bodies  are  proportional  to  their  volumes  mul- 
tijilicd  by  their  densities ;  for  if  the  quantity  of  matter  in  a  grren 

cubical  magnitude  of  a  given  kind  of  matter,  as  water,  be  arbitrarily 

assumed  as  the  unit,  the  quantity  of  matter  in  another  body  of  the 

same  magnitude  of  the  density  /),  will  be  represented  by  p ;  and  if  the 
magnitude  of  the  second  body  to  that  of  the  first  be  as  m  to  I,  the 

quantity  of  matter  in  the  second  body  will  be  represented  by  m  x^« 

Specific  Gravity. 

1 23.  Tlic  densities  of  bodies  of  equal  volumes  are  in  the  ratio  of 
their  weights,  since  tlic  weights  are  proportional  to  their  masses; 

therefore,  liy  assuming  for  the  unit  of  density  the  maximum  density 
of  distilled  water  at  a  constant  temperature,  the  density  of  a  body  will 
be  the  ratio  of  its  weight  to  that  of  a  like  volume  of  water  reduced  to 
tliis  maximum. 

Tliis  ratio  is  the  specific  gravity  of  a  body. 

Equilibrium  of  two  Bodies, 

124.  If  two  heavy  bodies  be  attached  to  the  extremities  of  an  in- 

flexible line  witliout  mass,  which  may  turn  freely  on  one  of  its  points ; 
when  in  cquilibrio,  tlicir  masses  arc  reciprocally  as  their  dJRtanc^ 

from  the  point  of  motion. 

Demonstration, — ^For,  let  two  heavy  bodies,  m  and  m',  fig.  34,  be  at- 
tached to  the  extremities  of  an  inflexible  line,  free  to  turn  round  one  of 

fi9'  3^-  its  points  n,  and  suppose  the 

**   a    "     '^     little,  that  m'wm  only  dif- 
fers from  two  right  angles  by  an  indefinitely  small  angle  amn,  wluch 

may  be  represented  by  cu.  If  ̂   be  the  force  of  gravitation,  g-m,  gm' 
will  be  the  gravitation  of  the  two  bodies.  But  the  gravitation  gm 
acting  in  the  direction  na  may  be  resolved  into  two  forces,  one  in  the 



Chap,  nj.]  A  SYSTEM  OF  BODIES.  57 

direction  mn^  which  is  destroyed  by  the  fixed  point  n,  and  another 

acting  on  m'  in  the  direction  m'm.  Let  mn  =  /,  m'n  =y' ;  then 
m^mszf+f  very  nearly.  Hence  the  whole  force  gm  is  to  the 
part  acting  on  mf  una  :  mm\  and  the  action  of  m  on  m^  is 

f»»(/  -Tj) .  |,y^  ̂ ij^  :  na  ::  1  :  w,  for  the  arc  is  so  small  that  it na 

may  be  taken  for  its  sine.  Hence  na=z  to  .f^  and  the  action  of  m  on 

m' is  ?^LC^t>L).  • 

In  the  same  manner  it  may  be  shown  that  the  action  of  m'  on  m 

jg  £^_v/_2lJLi ;  but  when  the  bodies  are  in  equilibrio,  these  forces 

must  be  eqiud :    therefore  ̂ ^^  J,        =  ̂^       T     \    whence 

gfn.fi:zgm'>fj  or  gm  :  ̂ m'  llflfi  which  is  the  law  of  equili- 
brium in  the  lever,  and  shows  the  reciprocal  action  of  parallel  forces. 

Equilibrium  of  a  System  of  Bodies, 

125.  Hie  equilibrium  of  a  system  of  bodies  may  be  found,  when 

the  system  is  acted  on  by  any  forces  whatever,  and  when  the  bodies 

also  mutually  act  on,  or  attract  each  other. 

Demonstration. — Let  m,  m',  m^^  &c.,  be  a  system  of  bodies 
attracted  by  a  force  whose  origin  is  in  S,  fig.  35 ;  and  suppose  each 

body  to  act  on  all  the  other  bodies,  and  also  to  be  itself  subject  to  the 

action  of  each, — ^the  action  of  all  these  forces  on  the  bodies  m,  m', 
m",  &C.,  are  as  the  masses  of  these  bodies  and  the  intensities  of  the 
forces  conjointly. 

Let  the  action  of  the  forces  on  one  body,  as  m,  be  first  consi- 
dered ;  and,  for  simplicity, 

suppose  the  number  of  bo- 
dies to  be  only  three — m, 

m',  and  m".  It  is  evident 
that  m  is  attracted  by  the 
force  at  S,  and  also  urged 

by  the  reciprocal  action  of 

the  bodies  m'  and  m''. 

Suppose  m'  and  m"  to  remain  fixed,  and  that  m  is  arbitrarily 

moved  to  n :  then  mn  is  the  virtual  velocity  of  m ;  and  if  the  per- 
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pendiculan  na,  fi6,  nc  be  drawn,  the  lines  ma^  mbt  fnCf  an  the 
virtual  velocitieB  of  m  resolved  in  the  direction  of  the  forces  which 

act  on  m.  Hence,  by  the  principle  of  virtual  velocities,  if  the  action 

of  the  force  at  S  on  m  be  multiplied  by  ma,  the  mutual  action  of  m 

and  fn'  by  yii6,  and  the  mutual  action  of  m  and  m"  by  mc,  the  sum  of 
these  products  must  be  zero  when  tlie  point  m  is  in  equilibrio ;  or, 

m  being  the  mass,  if  the  action  of  S  on  m  be  F.m,  and  the  reci- 

procal actions  of  m  on  m'  and  m''  be  p,  p\  then 

mT  Xfn«  +  /?X*n6  +  p'Xmc  =  0. 
Now,  if  m  and  m"  remain  fixed,  and  that  m'  is  moved  to  n',  then 

mT'  X  tn'a'  +  p  X  m'6'  +  p"  x  mV  =:  0. 
And  a  similar  equation  may  be  found  for  each  body  in  the  system. 

Hence  the  sum  of  all  these  equations  must  be  zero  when  the  system 

is  in  equilibrio.  If,  then,  the  distances  Sm,  Sm',  Sm'\  be  represented 

by  «,  «', «",  and  the  distances  mm',  mm'\  mW^  ̂ yfjfjf\^^  ̂ ^ 
have 

S.mFS*  +  2.pS/+  S.pS/  ±,  &c.  =  0, 
£  being  the  sum  of  finite  (Jiiantities  ;  for  it  is  evident  that 

if:=i  mh  +  m'b',  if  ::zmc  +  m"&\  and  so  on. 
If  the  bodies  move  on  surfaces,  it  is  only  necessary  to  add  the 

terms  RSr,  R'Sr',  &c.,  in  which  R  and  R'  are  the  pressures  of 
resistances  of  the  surfaces,  and  ir  ir'  the  elements  of  their  direc- 

tions or  the  variations  of  the  normals.     Hence  in  equilibrio 

l.mFh  +  £.pJ/+  &c.  +  RJr  +  R'Jr',  &c.  =  0. 
Now,  the  variation  of  the  normal  is  zero  ;  consequently  the  pres- 

sures vanish  from  this  equation :  and  if  the  bodies  be  united  at  fixed 

distances  from  each  other,  the  lines  fnm\  m'm"y  &c.,  m  fif^  &c., 
are  constant : — consequently  if=  0,     S/'  =:  0,  &c. 

The  distimce/of  two  points  in  and  m'  in  space  is 

/=  V(^'-j:)*  +  (y'-y)-+(2'-z;«, 
J?,  y,  z,  being  the  co-ordinates  of  m,  and  x\  y',  z',  those  of  m' ;  so 
that  the  variations  may  be  expressed  in  terms  of  these  quantities :  and 

if  they  be  taken  such  that  J/=  0,  S/'  =  0,  &c.,  the  mutual  action  of 
the  bo<lics  will  also  vanish  from  the  equation,  which  is  reduced  to 

2.mF.S»=0.  (14). 
126.  Tims  in  every  case  the  sum  of  the  products  of  the  forces  into 

the  elementary  variations  of  their  directions  is  zero  when  the  system 
is  in  equilibrio,  povided  the  conditions  of  the  connexion  of  the 
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system  be  observed  in  their  variations  or  virtual  velocities,  which 

are  the  only  indications  of  the  mutual  dependence  of  the  different 

parts  of  the  system  on  each  other. 

127.  The  converse  of  this  law  is  also  true — that  when  the  prin* 
di^e  of  virtual  velocities  exists,  the  system  is  held  in  equilibrio  by 
the  forces  at  S  alone. 

DtmondraiiorL^-^FoT  if  it  be  not,  each  of  the  bodies  would 

aoqidre  a  velocity  v,  v',  &c.,  in  consequence  of  the  forces  mF,  m'F', 
ftc     If  }n,  in\  &c.,  be  the  elements  of  their  direction,  then 

£ .  mFis  —  2 .  mvin  =  0. 

The  virtual  velocities  Jn,  Sn',  &c.,  being  arbitrary,  may  be  assumed 

equal  to  vdi^  v'diy  &c.,  the  elements  of  the  space  moved  over  by  the 
bodies ;  or  to  v,  t/,  &c.,  if  the  element  of  the  time  be  unity.    Hence 

S.mFJ*— 2.fwi7«=:0. 
It  has  been  shown  that  in  all  cases  S.f/iF^f  =  0,  if  the  virtual 

velocities  be  subject  to  the  conditions  of  the  system.  Hence,  also, 

S.mo'  ss  0 ;  but  as  all  squares  are  positive,  the  sum  of  these  squares 

can  only  be  sero  if  r  =  0,  r'  =:  0,  &c.  Therefore  the  system  must 
remain  at  rest,  in  consequence  of  the  forces  Fm,  &c.,  alone. 

Rotatory  Pressure, 

128.  Rotation  is  the  motion  of  a  body,  or  system  of  bodies,  about 

a  line  or  point  Thus  the  earth  revolves  about  its  axis,  and  bil- 
liard-ball about  its  centre. « 

129.  A  rotatory  pressure  or  moment  is  a  force  that  causes  a  system 

of  bodies,  or  a  solid  body,  to  rotate  about  any  point  or  line.  It  is 

expressed  by  the  intensity  of  the  motive  force  or  momentum,  multi- 

plied by  the  distance  of  its  direction  from  the  point  or  line  about 

which  the  system  or  solid  body  rotates. 

On  the  Lever, 

130.  The  lever  first  gave  the  idea  of  rotatory  pressure  or  moments, 

for  it  revolves  about  the  point  of  support  or  fulcrum. 

When  the  lever  mm\  fig.  36,  is  in  equilibrio,  in  consequence  of 

forces  applied  to  two  heavy  bodies  at  its  extremities,  the  rotatory 
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pressure  of  these  forces,  with  regard  to  N,  the  point  of  support,  must 

be  equal  and  contrary. 

Demonstration. — Let  ma,  in*a\  fig.36,  whichare  proportional  to  the 

velocities,  represent  the  forces  acting  on  m  and  m'  during  the  inde^ 
finitely  small  time  in  which  the 

bodies  m  and  m'  describe  the  in- 

definitely small  spaces  ma,  m'a'. 
Tlic  dbtance  of  the  direction  of  the 

forces  muy  m'a'    from  the  fixed 

point  N,  are  Nm,  Nm' ;  and  the  momentum  of  m  into  Nm,  must  be 

equal  to  the  momentum  of  m'  into  Nm' ;  that  is,  the  product  of  ma 

by  Nm  and  the  mass  m,  must  be  equal  to  the  product  of  m,'a'  by  Nm' 

and  the  mass  m'  when  the  lever  is  in  cquilibrio  ; 

or,  ma   X  Nm  x  m  =  m'a'  x  Nm'  x  m'.     But 

ma  X  Nm  is  twice  the  triangle  Nma,  and  ' 

m'a'  X  Nm'  is  twice  the  triangle  Nm'o* ; 
hence  twice  the  triangle  Nma  into  the  mass  m,  is  equal  to  twice  the 

triangle  Nm'a'  into  the  mass  m',  and  these  are  the  rotatory  pressures 
which  cause  the  lever  to  rotate  about  the  fulcrum;  thus,  in  equi- 
librio,  the  rotatory  pressures  arc  equal  and  contrary,  and  the  moments 

arc  inversely  as  the  distances  from  the  point  of  support. 

Projection  of  Lines  and  Surfaces, 

131.  Surfaces  and  areas  may  be  projected  on  the   co-ordinate 
planes  by  letting  fall  perpendiculars  from  every  point  of  them  on  these 

planes.  For  let  oMN,fig.  37,  be 

'^^'  '  •  a  surface  meeting  the  plane  xoif 
in  0,  the  origin  of  the  co-ordi- 

nates, but  rising  above  it  to- 
wards MN.  If  perpendiculars 

be  dra>vn  from  every  point  of 
the  area  oMN  on  the  plane  xoy^ 

they  will  trace  the  area  omn, 

which  is  the  projection  of  oMN. 

Since,  by  hypothesis,  xoy  is  a 

right  angle,  if  the  lines  mD,  nC, 
be  drawn  })aral]el  to  oy,  DC  is  the  projection  of  mn  on  the  axis 

ox.  In  tlie  same  manner  AB  is  the  projection  of  the  same  line  on  oy« 
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Equilibrium  of  a  System  of  Bodies  invariably  united. 

132.  A  system  of  bodies  invariably  united  will  be  in  equilibrio 

upon  a  point,  if  the  sum  of  the  moments  of  rotation  of  all  the  forces 

that  act  upon  it  vanish,  when  estimated  parallel  to  three  rectangular 
co-ordinates. 

Demonstration. — Suppose  a  system  of  bodies  invariably  united, 
moving  about  a  fixed  point  o  in  cpnsequence  of  an  impulse  and  a 

force  of  attraction ;  o  being  the  origin  of  the  attractive  force  and  of 
the  co-ordinates. 

Let  one  body  be  considered  at  a  time,  and  suppose  it  to  describe 

the  indefinitely  small  arc  MN,  fig.  37,  in  an  indefinitely  small  time,  and 

let  mn  be  the  projection  of  this  arc  on  the  plane  xoy.  If  m  be  the 

mass  of  the  body,  then  m  x  mn  is  its  momentum,  estimated  in 

the  plane  xoy ;  and  if  oP  be  perpendicular  to  mn,  it  is  evident  that 
m  X  mn  x  oP  is  its  rotatory  pressure.  But  mn  x  oP  is  twice  the 

triangle  mon ;  hence  the  rotatory  pressure  is  equal  to  the  mass  m 

into  twice  the  triangle  mon  that  the  body  could  describe  in  an  ele« 
ment  of  time.  But  when  m  is  at  rest,  the  rotatory  pressure  must  be 

zero  ;  hence  in  equilibrio,  m  x  m^  X  oP  =  0. 

Let  omtij  fig.  38,  be  the  projected  area,  and  complete  the  parallelo- 

gram  oDEB  ;  then  if  oD,  oA,  the  co-ordinates  of  m,  be  represented 
by  X  and  y,  it  is  evident  that  y  increases,  while  x  diminishes ;  hence 

CD  =  —  djT,  and  AB  =  dy. 

Join  0£,  then  tioE  =  ̂ nD, 

because  the  triangle  and  parallelogram  are  on  the  same  base  and  be« 
tween  the  same  parallels ;  also  mo^  =  ̂ A£ :    hence  the  triangle 

mon  =  i  {  wD  -I-  AE.  }  /y.  38. 

Now  nD  =:  —  djT  (y  -I-  dy)  o   C__^D 
and  AE  =  xdy, 

therefore  mon  =  J  (xdy  -  ydx)  -  l^dxdy ; 
but  when  the  arc  mn  is  indefinitely 

small,  i^dxdy  =  JnE .  mE  may  be  omit-  ̂  
ted  in  comparison  of  the  first  powers  B 

of  these  quantities,  hence  the  triangle 

mon  =  i  (xcfy  —  ydx), 

therefore  m  (xcfy  —  ydx)  =  0  is  the  rotatory  pressure  in  the  plane  xoy 
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when  m  is  in  cquilibrio.  A  similar  equation  must  exist  for  each  co- 
ordinate plane  when  m  is  in  a  state  of  equilibrium  with  regard  to  each 

axis,  therefore  also 

m  {xdz  -  zdx)  =  0,  m(^yd9  —  zdy)  =  0. 

Tlie  same  may  be  proved  for  every  body  in  the  system,  conse- 
quently when  the  whole  is  in  equilibrio  on  the  point  o 

^m(j£dy  —  ydr)  =  0      2m  {xdz  —  zdx)  =  0 

2m  (yds  —  zdtf)  =  0.  (15). 

133.  This  property  may  be  expressed  by  means  of  virtual  velo- 
cities, namely,  that  a  system  of  bodies  will  be  at  rest,  if  the  sum  of 

the  products  of  their  momenta  by  the  elements  of  their  directions  be 

zero,  or  by  article  125 

2mFJ«=:0. 
Since  the  mutual  distances  of  the  parts  of  the  system  are  invariable, 

if  the  whole  system  be  8U])po8ed  to  be  turned  by  an  indefinitely  small 

angle  about  tlie  axis  oz^  all  the  co-ordinates  z',  z",  &c.,  will  be  in- 
variable.    If  Szj  be  any  arbitrary  variation,  and  if 

Sx  =  y  Jbt  Sy  =  —  xlzs 

lx'=:y'lzs  Sy'=  — wP'Jw;   then  /being 
the  mutual  distance  of  the  bodies  m  and  m'  whose  co-ordinates  are 

•r,  y,  *  ;  x\  y\  z'y  there  will  arise 

S/=  V(  r'  -  X)'  +  (y'  -  y)'  +  («'  -  «)•  = 

i {  (^'-0  (y'-y)  Sw- (y-  y)  (*'- *)$«}  =  o. 
So  that  the  vaUu>8  assumed  for  ix,  iy,  ix',  iy'  arc  not  incompatible 
with  the  invariability  of  the  system.  It  is  tlierefure  a  penniasibfe 
assumption. 

Now  if  «  be  the  direction  of  the  force  acting  on  tn,  its  variation  is 

J,  =  |i  Sx  +  |L  Sy, Sx  Sif 

since  z  is  constant ;  and  substituting  the  preceding  values  of  ix,  ig, 
the  result  is 

ix    '  5y  Xix    *       Sy     j 
or,  niultii)lying  by  the  momentum  Fwi, 

FwiS»  =  Fm  I  y  |i  -  « li  I  Sw. I    5*  Jy  J 
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In  the  same  manner  with  regard  to  the  hody  m' 

and  to  on ;  and  thus  the  equation  2,rnFh  =  0  becomes 

It  follows,  from  the  same  reasoning,  that 

In  fact,  if  X,  Y,  Z  be  the  components  of  the  force  F  in  the  direction 
of  the  three  axes,  it  is  evident  that 

X  =  fJ.;       Y=Fii;       Z  =:  f11; 
is  iy  iz 

and  these  equations  become 

2my.X  —  2mjr.  Y  =  0 
2m2.X-2wx.Z  =  0  (16). 
2m».Y  -  I,my. Z^O 

But  2,^^y  —  expresses  the  sum  of  the  moments  of  the  forces 
ox 

parallel  to  the  axis  of  x  to  turn  the  system  round  that  of  z,  and 

is SmFx  —  that  of  the  forces  parallel  to  the  axis  of  y  to  do  the  same, 

iy 

but  
estimated  

in  the  
contrary  

direction 
; — and  

it  is  evident  
that  

the 
forces  

parallel  
to  z  have  

no  effect  
to  turn  

the  
system  

round  
x.  There- 

fore the  
equation  

2mF  
(  y  —  —  x  —  |=0,  

expresses  

that  
the  

sum  
of \    Sjp        iyj 

the  moments  of  rotation  of  the  whole  system  relative  to  the  axis 
of  z  must  vanish,  that  the  equilibrium  of  tlie  system  may  subsist. 

And  the  same  being  true  for  the  other  rectangular  axes  (whose  posi- 
tions are  arbitrary),  Uiere  results  tliis  general  theorem,  viz.,  that  in 

order  that  a  system  of  bodies  may  be  in  equilibro  upon  a  point,  the 
sum  of  the  moments  of  rotation  of  all  the  forces  that  act  on  it  must 

vanish  wlien  estimated  parallel  to  any  three  rectangular  co-ordinates. 
134.  Tliese  equations  are  suflicient  to  ensure  the  equilibrium  of  the 

system  when  o  is  a  fixed  point ;  but  if  o,  the  point  about  which  it  ro- 

tates, be  not  fixed,  the  system,  as  well  aa  the  origin  o,  may  be  cai^ 
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ried  furward  in  spa^c  by  a  Tnotion  of  tnxislalion  al  the  lame  time  that 

the  system  rotates  about  o,  like  the  earth,  which  lerolves  about  the  gun 

at  same  time  that  it  turns  on  its  asds.  In  this  case  it  is  not  only  neces- 

sar)'  for  the  equilibrium  of  the  system  that  its  rotatory  pressure  should 
be  zero,  but  also  that  the  forces  which  cause  the  translation  when  re- 

solved  in  tlie  direction  of  the  axis  ox,  oy,  oz,  should  be  zero  for  each 

axis  separately. 

On  the  Centre  ofGraviiy. 

135.  If  the  bodies  m,  m',  m",  &c.,  be  only  acted  on  by  gimvity, 
its  effect  would  be  the  same  on  all  of  them,  and  its  direction  may 
be  considered  the  same  also ;  hence 

F  =  F  =  F"  =  &c., 
and  also  the  directions 

-_=-—  =  &c.     --  =         =  &c.    __  =  _  =  &c., 
Ix         Jx'  ly         Ij/  Iz         Iz' 

are  the  same  in  this  case  for  all  the  bodies,  so  that  the  eqpUions  of 
rotatory  pressure  become 

FJ|l.2iiiy-il2iiLc}  =  0 

\ox  ly  ̂ 
F/|l.Zmy-ii2in2}  =  0 p/li.Zmy-  — 

\lz        ̂      ly 

\&x  Iz 
.2mj}=:0 

or,  if  X,  Y,  Z,  be  considered  as  the  components  of  gravity  in  the  three 

co-ordinate  axes  by  article  133 

X.Zmy  —  Y.Smo?  =  0 
Z .  Smy  —  Y .  Smz  =  0  (17). 
X.Z^nz  —  Z.Smo:  =  0 

It  is  evident  that  these  equations  will  be  zero,  whatever  the  direction 
of  gravity  may  he,  if 

Imx  =  0,     ̂ my  =  0,     Jmz  =:  0.  (18). 

Now  since  F  -i,    F  ~,     F  — ,  arc  the  components  of  the  force Ix         ly  Iz 

of  gravity  in  the  three  co-ordinates  ox,  oy,  or, 

F.|i.2m;  F.  ̂."Lm-,  Y.^.Jm\ Ix  ^y  Iz 

arc  the  forces  which  translate  the  system  parallel  to  these  axes.    But 
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if  o  be  a  fixed  point,  its  reaction  would  destroy  these   forces. 

is  the  diagonal  of  a  parallelopiped,  of  which 

1 

it 
i* 

are  the  sides;  therefore  these  three  compose  one  resulting  force 

equal  to  F.  2m.  This  resulting  force  is  the  weight  of  the  system 

which  is  thus  resbted  or  supported  by  the  reaction  of  the  fixed 

point  0. 
136.  The  point  o  round  which  the  system  is  in  equilibrio,  is  the 

centre  of  gravity  of  the  system,  and  if  that  point  be  supported,  the 
whole  will  be  in  equilibrio. 

On  the  PotUion  and  Properties  of  the  Centre  of  Gravity. 

137.  It  appears  from  the  equations  (18),  that  if  any  plane  passes 

through  the  centre  of  gravity  of  a  system  of  bodies,  the  sum  of  the 

products  of  the  mass  of  each  body  by  its  distance  from  that  plane  is 

zero.  For,  since  the  axes  of  the  co-ordinates  are  arbitrary,  any  one  of 
them,  as  X  0  y,  fig.  39,  may  be  assumed  to  be  the  section  of  the  plane 

in  question,  the  centre  of  gravity 

of  the  system  of  bodies  m,  m\  ---'  -r^'  ̂   ' 

&€.,  being  in  o.  If  the  perpen- 

diculars ma,  m'fr,  &c.,  be  drawn 
from  each  body  on  the  plane 

«  o  y,  the  product  of  the  mass 

m  by  the  distance  ma  plus  the 

product  of  m'  by  m'b  plus,  &c., 

must  be  zero  ;  or,  representing  the  distances  by  z,  z\  s",  &c.,  then 

fM 

f» 

fft 

tn 

mz  +  mz  --m   2   +m    2 +  &c.  =  0  ; 
or,  according  to  the  usual  notation, 

2.mz  =  0. 

And  the  same  property  existe  for  the  other  two  co-ordinate  planes 

Since  the  position  of  the  co-ordinate  planes  is  arbitrary,  the  property F 
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[BoQkL obtains  for  every  set  of  co-ordinate  planes  having  their  origin  in  o. 

It  is  clear  that  if  the  distances  ma,  m'b,  &c.,  be  positive  on  one  side 
of  the  plane,  those  on  the  other  side  must  be  negative,  otherwise  the 

sum  of  the  products  could  not  be  zero. 

138.  When  the  centre  of  gravity  is  not  in  the  origin  of  the  co- 

ordinates, it  may  be  found  if  the  distances  of  the  bodies  m,  m',  m% 
&c.,  from  the  origin  and  from 
each  other  be  known. 

fg.  40. DemonBiratUm. — For  let  o, 

fig.  40,  be  the  oripn,and  c  the 

centre  of  gravity  of  the-syBton 

fn,in ',  &c.  Let  MN  be  the  sec- 
tion of  a  plane  passing  through 

c;  then  by  die  property  of 
the    centre    of  gravity  just 

explained, 

but 

hence 

m.ma  +  m'.m'b  —  m'.fn'*d  +  &c.  =  0 ; 

ma  :=  oA  —  op;  mh  =  oA  —  op', &c.  &c., 

m  (oA  —  op)  +  m'(oA  —  op*)  +  &c.  =  0 ; 

or  if  Ao  be  represented  by  j',  and  op  op'  op'y  &c.,  by  *  *'  jp",  &c., then  will 

m  (T  —  jr)  +  m  (T  —  x)  —  m*  (I  —  a?*^  +  &c.  =:  0. 
Whence 

X  (rn  +  fn'  —  m"  +  &c.)  =:  mx  +  m'x  ̂   m"  of'  +  &c., 
„„  1   -  _   »wj?  +  mx  +  &c.    _  X.wix 

m  +  m'  —  7/i"-f  &c.  £fii 

(19). 
Thus,  if  the  mcisscs  of  the  bodies  and  their  respective  distances 

from  the  origin  of  the  co-ordinates  be  knowTi,  this  equation  will  give 
the  distance  of  the  centre  of  gravity  from  the  plane  yo2.     In  the  same 

manner  its  distances  from  the  otlier  two  co-ordinate  planes  are  found 
to  be 

.    ̂ .mz 

2,. my 

2m 
2,m 

(20), 139.  Tims,  because  the  centre  of  gravity  is  determined  by  its 

three  co-ordinates  .r,  ̂,  5,  it  is  a  single  point 
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140.  But  these  three  equations  give 

3^+y  +z  =  ^j^,  ,  or 

The  last  term  of  the  second  member  is  the  sum  of  all  the  pro- 
ducts similar  to  those  under  2  when  all  the  bodies  of  the  system  are 

taken  in  pairs. 

141.  It  is  easy  to  show  that  the  two  preceding  values  of  S"+Jf*+5' 
are  identical,  or  that 

(2m)«  Im     ""  (2m)« 
or  (2mxy  =  2m .  Jma^  —  1mm'  (of  —  x)\ 
Were  there  are  only  two  planets,  then 

Im  ==  m  +  m',  Imjc  =:  wu?  +  m'x',  lanm'  =  mm' ; 
consequently 

(Jjmxy  =  (mx  +  m'a?')*  =  mV  +  m'*x'*  +  2mm'xx\ 
With  regard  to  the  second  member 

2m.2mjr'=:(m  -f-m')  (mjr"+m'j?^)=*nV+m''x'*+mm'j:*+mmV, 

and  lanm*  (x  —  x)*  =  mm'x**  +  mm'a^  —  2mm'xjf ; 
consequently 

2m.  2mx*  —  2mm'  (/—  J")*  =  mV  +  m^x'*  +  2mm'xx^  =  (2mx)*. 
This  will  be  the  case  whatever  the  number  of  planets  may  be ;  and  as 

the  equations  in  question  are  symmetrical  with  regard  to  x,  y,  and  z, 
their  second  members  are  identical. 

Thus  the  distance  of  the  centre  of  gravity  from  a  given  point  may 

be  found  by  means  of  the  distances  of  the  different  points  of  the  sys- 
tem from  this  pointy  and  of  their  mutual  distances. 

142.  By  estimating  the  distance  of  the  centre  of  gravity  from  any 

three  fixed  points,  its  position  in  space  will  be  determined. 

Eqtiilibrium  of  a  Solid  Body,^ 

143.  If  the  bodies  m,  m',  m'\  &c.,  be  indefinitely  small,  infinite  in 
number,  and  permanently  united  together,  they  will  form  a  solid  mass, 

whose  equilibrium  may  be  determined  by  the  preceding  equations. 
F  2 
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For  if  X,  y,  z,  be  the  co-ordinates  of  any  one  of  ita  indefinitely  small 

paiticleft  dm^  and  X,  V,  Z,  the  forces  urging  it  in  the  direction  of 

these  axes,  the  equations  of  its  equilibrium  will  be 

fXdmzzO     /VdmrrO     /Mm  =  0 

/(Xy-Yx) rfm  =  0  ;  /(Xz- Zj)rfm  =  0  ;  /(Zy  -  Yr)dm=0. 

The  three  first  are  the  equations  of  translation,  which  are  de- 
stroyed when  the  centre  of  gravity  is  a  fixed  point ;  and  the  last  three 

are  the  sinns  of  the  rotatory  pressures. 
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CHAPTER  IV. 

MOTION  OF  A  SYSTEM  OF  BODIES. 

144.  It  18  known  by  observation,  that  the  relative  motions  of  a  sys- 
tem of  bodies,  are  entirely  independent  of  any  motion  common  to  the 

whole;  hence  it  is  impossible  to  judge  from  appearances  alone,  of  the 

absolute  motions  of  a  system  of  bodies  of  which  we  form  a  part ; 
the  knowledge  of  the  true  system  of  the  world  was  retarded,  from 

the  difficulty  of  comprehending  the  relative  motions  of  projectiles  on 
the  earth,  which  has  the  double  motion  of  rotation  and  revolution. 

But  all  the  motions  of  the  solar  system,  determined  according  to  this 
law,  are  verified  by  observation. 

By  article  117,  the  equation  of  the  motion  of  a  body  only  differs 

from  that  of  a  particle,  by  the  mass ;  hence,  if  only  one  body  be  con- 
sidered, of  which  m  is  the  mass,  the  motion  of  its  centre  of  gravity 

will  be  determined  from  equation  (6),  which  in  this  case  becomes 

A' similar  equation  may  be  found  for  each  body  in  the  system,  and 
one  condition  to  be  fidfiUed  is,  that  the  sum  of  all  such  equations 

must  be  zero ; — Whence  the  general  equation  of  a  system  of  bodies  is 

0=lm(x  - ^)*+2m(Y  -  ̂ yy+  2^Z  -  ̂ )  S.,  (21.) 
in  which  2mX,  2inY,  SmZ, 

are  the  sums  of  the  products  of  each  mass  by  its  corresponding  com- 
ponent force,  for 

ZmX  =  mX  +  mX  +  m"X"  +  &c. ; 
and  so  for  the  other  two. 

Also  2m  — - ,  2m  — ^ ,  2m  — - , 
di*  d(*  d(* 

are  the  sums  of  the  products  of  each  mass,  by  the  second  increments 

of  tlie  space  respectively  described  by  them,  in  an  element  of  time  in 
the  direction  of  each  axis,  since 

tW        dr  de 
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the  expressions         Zm  -iL  2m — 

have  a  similar  signification. 

From  this  equation  all  tlio  motions  of  the  solar  system  are  directly 
obtained. 

145.  If  the  forces  be  invariably  supposed  to  have  the  samem* 

tensity  at  equal  distances  from  the  points  to  which  they  are  directed, 

and  to  var}'in  some  ratio  of  that  distance,  all  the  principles  of  motion 

that  have  been  derived  from  the  general  equation  (6),  may  be  ob- 
tained from  this,  provided  the  sum  of  the  masses  be  employed  instead 

of  the  particle. 

146.  For  example,  if  the  equation,  in  article  74,  be  multipGed  by 
2m,  its  finite  value  is  found  to  be 

2mVt  =  C  +  2Z/m  (Xdjp  +  \dy  +  Zdz). 
Tills  is  the  Living  Force  or  Impetus  of  a  system,  which  is  the  sum 

of  the  masses  into  the  square  of  their  respective  velocities,  and  is 

analogous  to  the  equation 
Vt  =  C  +  2r, 

relating  to  a  particle. 
147.  When  the  motion  of  the  system  changes  by  insensible 

degrees,  and  is  subject  to  tlic  action  of  a^rcelerating  forces,  the 

sum  of  the  indefinitely  small  increments  of  the  impetus  is  the  same, 

whatever  be  the  i>ath  of  the  bodies,  provided  that  the  ponits  of  depar- 
ture and  arrival  be  the  same. 

148.  When  there  is  a  primitive  impulse  without  accelerating 

forces,  the  im])etus  is  constant. 

149.  Impetus  is  the  true  measure  of  labour;  for  if  a  weight  be 

raised  ten  feet,  it  will  require  four  times  the  labour  to  raise  an  equal 

weight  forty  feet.  If  lioth  these  weights  be  allowed  to  descend  freely 

by  their  gravitation,  at  the  end  of  their  fall  their  velocities  will  be  as 

1  to  2  ;  that  is,  as  the  square  roots  of  their  heights.  But  the  effects 

produced  will  be  as  their  masses  into  the  heights  from  whence  they 

fell,  or  as  tlieir  masses  into  1  and  4 ;  but  these  are  the  squares  of 

the  velocities,  hence  the  impetus  is  the  mass  into  tlie  square  of  the 
velocity.  Thus  the  imjietus  is  the  true  measure  of  the  labour  em- 

ployed to  raise  the  weights,  and  of  the  effects  of  their  descent,  and 
is  entirely  independent  of  time. 

150.  The  principle  of  least  action  for  a  particle  was  shown,  in 

article  80,  to  be  expressed  by  ifvds  =  0, 
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when  the  extreme  points  of  its  path  are  fixed ;  hence,  for  a  system 
of  bodies,  it  is 

lifmvds  =  0,        or  lifm^dt  =  0. 
Thus  the  smn  of  the  living  forces  of  a  system  of  bodies  is  a  minimum, 

during  the  time  that  it  takes  to  pass  firom  one  position  to  another. 

If  the  bodies  be  not  urged  by  accelerating  forces,  the  impetus  of 

the  system  during  a  given  time,  is  proportional  to  that  time,  therefore 

the  system  moves  firom  one  given  position  to  another,  in  the  shortest 

time  possible :  which  is  the  principle  of  least  action  in  a  system  of 
bodies. 

On  the  Motion  of  the  Centre  of  Gravity  of  a  System  of  Bodies, 

151.  In  a  system  of  bodies  the  common  centre  of  gravity  of  the 
wbole  either  remains  at  rest  or  moves  uniformly  in  a  straight  line, 

as  if  all  the  bodies  of  the  system  were  united  in  that  point,  and  the 

concentrated  forces  of  the  system  applied  to  it. 

Demonstration.^'These  properties  are  derived  from  the  general 

equation  (21)  by  considering  that,  if  the  centre  of  gravity  of  the  system 

be  moved,  each  body  will  have  a  corresponding  and  equal  motion  in- 

dependent of  any  motions  the  bodies  may  have  among  themselves : 
hence  each  of  the  virtual  velocities  ix,  Sy,  $2,  will  be  increased  by 

the  virtual  velocity  of  the  centre  of  gravity  resolved  in  the  direction 

of  the  axes ;  so  that  they  become 

ir  +  Si,  iy  +  J^,  Sz  +  S5 : 

thus  the  equation  of  the  motion  of  a  system  of  bodies  is  increased 

by  the  term, 

+  2.»ii/z — ^\iz {-^} 
arising  from  the  consideration  of  the  centre  of  gravity.  If  the 

system  be  free  and  unconnected  with  bodies  foreign  to  it,  the  virtual 

velocity  of  the  centre  of  gravity,  is  independent  of  the  connexion  of 

the  bodies  of  the  system  witli  each  other ;  therefore  Si,  Sj/,  Sz  may 

each  be  zero,  whatever  the  virtual  velocity  of  the  bodies  themselves 

may  be ;  hence 

2.m|x-^\=0 
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But  it  has  been  shewn  that  the  co-ordmates  of  the  centre  of  gravity 
arc, 

2.  mx      -      2.  my     ̂   _^*mz 
J  =  -;^   ;  y=  -V— ̂   »  *  =  -V — • Zr.TTi  20,fn  Zt,fn 

Consequently, 

2.f/l  2.111  S.9?t 

Now  2.in(2*j7=  cf^.S.fTiX;  S.tncTj/ =  c^.SmY; 

hence 

(TJ  _2.fwX.    (^    _2.fiiY.    <fE    ̂   S.mZ        ̂ ^9^ 

rf/-    ̂    2.m  '     d^    *"   X.in   *     d^  Z.m  * 
Tliese  three  equations  determine  the  motion  of  the  centre  of  graTity- 

152.  Thus  the  centre  of  gravity  moves  as  if  all  the  bodies  of  the 

system  were  united  in  that  point,  and  as  if  all  the  forces  which  act 

on  the  system  were  applied  to  it. 

153.  If  the  mutual  attnaction  of  the  bodies  of  the  system  be  the 

only  accelerating  furcc  acting  on  these  bodies,  the  three  quantities 
SmX,  SmY,  SnzZ  are  zero. 

Demonstration, — Tliis  evidently  arises  from  the  law  of  reaction 
being  equal  and  contrary  to  action  ;  for  if  F  be  the  action  that  an 

clement  of  the  mass  m  exercises  on  an  element  of  the  mass  m', 

whatever  may  be  nature  of  this  action,  m'F  will  be  the  accelerating 

force  with  wliich  m  is  urged  by  the  action  c^  m' ;  then  if  /*  be  the 
mutual  distance  of  m  and  m',  by  this  action  only 

y_m'F(x^-x).  y_mT(y'-y).  y;_m'F(.'-z)     ̂ ^^y J  J  J 

For  the  same  reasons,  the  action  of  m*  on  m  will  give 

X,  -  mF  (j  -  jQ  .  y,  _  ̂ F  (y  -  yQ  .    „,  _  mF  (g  -  zQ  . 

/  '  /  '  /  ' hence 

fwX  +  wi'X'  =  0  ;  mY  +  m'\^  =  0 ;  mZ  +  m'Z'  =  0  ; 
and  as  all  the  bodies  of  the  system,  taken  two  and  two,  give  the 
same  results,  therefore  generally 

Z.mX  =  0;  2.mY  =  0;  Z.mZ  =  0. 
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154.  Consequently 

<^^   —  A  .     ̂3?    —  /^       ̂ ^ 

=  0; 

=  0; =  0; 

and  integrating, 

in  wbich  a,  a',  a"  \  by  b\  h'\  are  the  arbitrary  constant  quantities  intro- 
duced by  the  double  integration.  These 

are  equations  to  straight  lines ;  for,  sup- 
pose the  centre  of  gravity  to  begin  to 

move  at  A,  fig.  41,  in  the'direction  or,  the 
distance  oA  is  invariable,  and  is  repre- 

sented by  6  ;  and  as  a^  increases  with  the 

time  it  it  represents  the  straight  line  AB. 
155.  Thus  the  motion  of  the  centre  of  gravity  in  the  direction  of 

each  axis  is  a  straight  line,  and  by  the  composition  of  motions  it 

describes  a  straight  line  in  space ;  and  as  the  space  it  moves  over 

increases  with  the  time,  its  velocity  is  uniform ;  for  the  velocity, 

being  directly  as  the  element  of  the  space,  and  inversely  as  the 
element  of  the  time,  is 

^/(f)■+(f)'-©^ or 

Thus  the  velocity  is  constant,  and  therefore  the  motion  uniform. 

156.  These  equations  are  true,  even  if  some  of  the  bodies,  by 

their  mutual  action,  lose  a  finite  quantity  of  motion  in  an  instant. 

157.  Thus,  it  is  possible  that  the  whole  solar  system  may  be 

moving  in  space ;  a  circumstance  which  can  only  be  ascertained 

by  a  comparison  of  its  position  with  regard  to  the  fixed  stars  at  very 

distant  periods.  In  consequence  of  the  proportionality  of  force  to 

velocity,  the  bodies  of  the  solar  system  would  maintain  their  re- 
lative motions,  whether  the  system  were  in  motion  or  at  rest. 

On  the  Constancy  of  Areas, 

1 58.  If  a  body  propelled  by  an  impulse  describe  a  curve  A  M  B,  fig. 

42,  ui  consequence  of  a  force  of  attraction  in  the  point  o,  that  force 

may  be  resolved  into  two,  one  in  the  direction  of  the  normal  AN, 
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and  the  other  in  the  direction  of  the  element  of  the  cure  or  tan- 

gent: the  first  is  balanced  by  the 

centrifugal  force,  the  second  aug- 
ments or  diminishes  the  velocity 

of  the  body;  but  the  velocity  is 

always  such  that  the  areas  AoM, 

MoB,  described  by  the  radius 

vector  Ao,  are  proportional  to  the 

time ;  diat  is,  if  the  body  moves 
from  A  to  M  in  the  same  time  dud 

it  would  move  from  M  to  B,  the 

area  AoM  will  be  equal  to  tiie 
area  MoB. 

If  a  system  of  bodies  revolve  about  any  point  in  consequence  of 

an  impulse  and  a  force  of  attrac- 
tion directed  to  tliat  point,  the  sums 

of  thcic  masses  respectively  multi^ 

plied  by  the  areas  described  by  their 

radii  vectores,  when  projected  on 

the  three  co-ordinate  planes,  are 

proportional  to  tlie  time.  Demon^ 
stratioju-^For  if  we  only  consider  the 
areas  tliat  are  projected  on  tiie  plane 

xoy,  fig.  43,  the  forces  in  the  diieo- 

tion  or,  which  are  perpendicular  to  that  plane,  must  be  sero  ;  hence 

Z  =  0,  Z'  =  0,  kc. ; 

and  the  general  equation  of  the  motion  of  a  system  of  bodies 
becomes 

If  the  same  assumptions  be  made  here  as  in  article  1S3,  namely, 

ix  =  yjtsj  Sy  =  —  rfci 

Jj?'  zz  y'^ts         Jy'  =  —  y Jcr,  &c.  &c., 

and  if  these  be  substituted  in  tiie  preceding  equation,  it  becomes, 

with  regard  to  the  plane  xoy, 

2.  m  (^^IZ^^  =  2m .  (xY  -  yX). 



I 
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In  the  ume  manner 

2m.  (^£f-^J!££\  =  2m. (*X  -  *Z)  (24). 

are  obtained  for  the  motions  of  the  system  with  regard  to  the  planes 
JR>2,  yof .    Tliese  three  equations,  together  with 

2m.  ̂ =  2mX,  2m.  ̂ =  2mY,  Im.  ̂   =  2mZ,     (25). a^  dT  di^ 

are  the  general  equations  of  the  motions  of  a  system  of  bodies  which 
does  not  contain  a  fixed  point 

159.  When  the  bodies  are  independent  of  foreign  forces,  and  only 
nibject  to  their  reciprocal  attraction  and  to  the  force  at  o,  the  sum 
of  the  terms 

m  {Xy  -  Yx}  +  m'{Xy-  YV  }, 
arismg  from  the  mutual  action  of  any  two  bodies  in  the  system,  m,  m\ 

is  aero,  by  reason  of  the  equality  and  opposition  of  action  and  reac- 

tion ;  and  this  is  true  for  every  such  pair  as  m  and  m'',  m'  and  m'', 
fcc  If/  be  the  distance  of  tn  from  0,  F  the  force  which  urges  the 

body  m  towards  that  origin,  then 

X«^F*       Y=-Fj„      Z=-FJ, 
are  its  component  forces;  and  when  substituted  in  the  preceding 

equations,  F  vanishes ;  the  same  may  be  shown  with  regard  to  m', 
m'\  £cc.     Hence  the  equations  of  areas  are  reduced  to 

and  their  integrals  are 

2m  {  xdy  —  ydx  }  =  cdt. 
2wi  {  zdx  —  xdz  }  =  ddi,  (26). 

2m  {  ydz  —  zdy  }  =  c"dt. 
As  the  first  members  of  these  equations  are  the  sum  of  the  masses 

gf  all  the  bodies  of  the  system,  respectively  multiplied  by  the  projec- 
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tions  of  double  the  areas  thef  describe  on  the  co-ordioste  pUncs, 
this  sum  is  proportional  to  the  time. 

If  the  centre  of  gravity  be  the  origin  of  the  ctvordinsto,  As 
preceding  equations  may  be  expreucd  thuB, 

.  2mm'  {  (x'  -  x)  (dy'  -dy)  -  (y'  -  y)  (dx' -^  dx)\ 

c'dt 

c"di 

So  that  the  principle  of  areas  h  reduced  to  depend  on  the  co-oidinatet 
of  the  mutual  distances  of  the  bodies  of  the  Bystem. 

160.  These  results  may  be  expressed  by  a  diagram.    Let  m,  m',  m", 
fig.  44,  &c.,  be  a  system  of  bodies  revolving  about  o,  the  origin 

of  the    co-ordinite*, 

Im 

_1m 
,■  { {•■  -  z)  (rfy -  Jt) -(x'-,)  (*«■  -  *)  1 im 

_x». "'{(»■-»)  (d''  -d.)-f,'-  .)  W  -  d,-)  1 im 

Js-u. in  consequence  of  a 
central  force  and  a 

primitive  intpidae;'— 
Suppose  that  each  of 
the  radii  vectores, 

om,  om ,  on  ,  vCj 

describes  the  indefi- 

nitely email  areas, 

MoN,  M'oN',  &c, 

in  an  indefinitely  small  time,  represented  by  dt ;  and  let  nton,  m'on', 
&c.,  be  the  projections  of  these  areas  on  the  plane  xoy.  Then  the 

equation  Zm  {  jdy  —  ydx  }  =  cdl, 
shows  that  the  sum  of  the  products  of  twice  the  area  man  by  the 

mass  m,  twice  the  area  m'on'  by  the  mass  m',  twice  m"t>vt'  by  the 
mass  m",  &c.,  is  proportional  to  the  element  of  the  time  in  which 
they  arc  described :  whence  it  follows  that  the  sum  of  the  projections 

of  tlic  areas,  each  mulliplicd  by  the  corresponding  mass,  is  propor- 
tional to  the  finite  time  in  which  they  are  described.  The  otlter  two 

equations  express  similar  results  for  the  areas  projected  on  Uie  planes 
xo:,  yoz. 

161.  The  constancy  of  areas  is  evidently  true  for  any  plane  what- 
ever, since  the  position  of  the  co-ordinate  planes  is  arbitrary.     The 



Cbf.  IV.]  MOTION  OF  A  SYSTEM  OF  BODIKS. 

77 

three  equaUons  of  areas  give  the  space  described  by  the  bodies  on 

each  co-ordinate  plane  in  value  of  the  time :  hence,  if  the  time  be 
known  or  assumed,  the  corresponding  places  of  the  bodies  will  be 

found  on  the  three  planes,  and  from  thence  their  true  positions  in 

space  may  be  determined,  since  that  of  the  co-ordinate  planes  is 
supposed  to  be  known.     It  was  shown,  in  article  132,  that 

2m  {  xdy  —  ydx  }, 

Zm  {  zdx  —  xdz  }, 

2m  {  zdy  —  ydz  }, 
are  the  pressures  of  the  system,  tending  to  make  it  tium  round  each 

of  the  axes  of  the  co-ordinates  :  hence  the  principle  of  areas  consists 

in  this — ^that  the  sum  of  the  rotatory  pressures  which  cause  a  system 
of  bodies  to  revolve  about  a  given  point,  is  zero  when  the  system 

is  in  equilibrio,  and  proportional  to  the  time  when  the  system  is  in 
motion. 

162.  Let  us  endeavour  to  ascertain  whether  any  planes  exist  on 

which  the  sums  of  the  areas  are  zero  when  the  system  is  in  motion. 

To  solve  this  problem  it  is  necessary  to  determine  one  set  of  co« 
ordinates  in  values  of  another. 

163.  If  ox,  oy,  oz^  fig.  45,  be  the 

co-ordinates  of  a  point  m,  it  is 

required  to  determine  the  position  of 

Y71  by  means  of  oar',  oy',  oz\  three  new 

rectangular  co-ordinates,  having  the 

same  origin  as  the  former. 
We  shall  find  a  value  of  ox  or  x 

first.    Now, 

;  cos  xox^        or    x^  znx  cos  xoxf, 

:  cos  xoy'        or    y'  =  x  cos  xoy'. 

/y.  45. 

ox : 

ox  : 
oxf 

oy' ::  1 
ox :  oz f 

COS  xoz' 

or a'  =  J?  cos  xoz'. 

If  the  sum  of  these  quantities  be  taken,  after  multiplying  the  first 

by  cos  xox\  the  second  by  cos  xoy',  and  the  third  by  cos  joz',  we 

shall  have    x'  cos  xox'  +  y'  cos  xoy'  +  z'  cos  xoz'  = 

X  {  cos"  joj/  +  cos"  xoy'  -f-  cos"  xoz'  }  =  x. 
Let  07,  fig.  46,  be  the  intersection  of  the  old  plane  xoy  with  the 

new  x'oy' \  and  let  0  be  the  inclination  of  these  two  planes; 

also  let  70J:,  70X'  be  represented  by  Y^  and  0.    Values  of  the 
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counes  of  jxnt',  jro^,  9ot\  miut 
be  found  in  tenns  of  ̂ ,  ̂ ,  and 

^  In  the  right-angled  tri- 

angle 7Xr',  the  aides  7:r,  7^, 

are  f  and  f ,  and  the  angle 

opposite  the  side  xje^  ia  ̂ :  — 

hence,    by  spherical  trigonome- 

try. 

cos  xoy  =  cos  ̂   sin  0  sin  Y**  +  C08  ̂   cos  0. 
This  equation  exists,  whatever  the  values  of  0  and  f  may  be ; 

hence,  if  0  +  90°  be  put  for  0,  the  line  03*  will  take  the  place  of  oy*, 
the  angle  xoj^  will  become  xoy\  and  the  preceding  equation  will  give 

cos  xoy^  =  cos  0  sin  Y^  cos  0  —  cos  "^  sin  0, 
Cos  xoz^  is  found  from  the  triangle  whose  three  sides  are  the  arcs 

intercepted  by  the  .ingles  702',  70J,  and  xoz\    The  angle  opposite  to 
the  last  side  is        90®  -  0,  ̂oz'  =  90°      70J  =  Y^, 
then  tlie  general  equation  becomes 

cos  JO?'  =  sin  9  sin  Y^. 
If  these  expressions  for  the  cosines  be  substituted  in  the  value  of 

X,  it  becomes   j?  c=  «'  {  cos  0  sin  0  sin  Y^  +  cos  Y^  cos  0  }  + 

y'  {  cos  0  cos  0  Tsin  Y^  —  cos  y  sin  0  }  +  2'  sin  0  sin  yff. 
In  the  same  manner,  the  values  of  y  and  2  are  found  to  be 

y  =  jr'  {  cos  0  cos  Y^  sin  0  —  sin  y  cos  0  }  + 

y'  {  cos  0  cos  Y^  cos  0  +  sin  Y^  sin  0  }  +  2'  {  sin  0  cos  Y^  } 
z=  —  x'  {  sin  (?  sin  0  }  —  y'  {  siu  ̂   cos  0  }  +  z'  cos  0, 

By  substituting  these  values  of  x,y,  z,  in  any  equation,  it  will  be 

transformed  from  the  planes  xoy,  xoz,  yoz^  to  the  new  {Janes  x'oy'^ 
x'oz'y  y'oz'. 

164.  We  have  now  the  means  of  ascertaining  whether,  among 

the  infinite  number  of  co-ordinate  planes  whose  origin  is  in  o,  the 
centre  of  gravity  of  a  system  of  bodies,  there  be  any  on  which  the 

sums  of  the  areas  are  zero.  This  may  be  known  by  substituting  the 

preceding  vahies  of  x,  y,  2,  and  their  differentials  in  the  equations  of 

areas  :  for  the  angles  9,  y,  and  0  l)eing  arbitrary,  such  values  may 

be  assumed  for  two  of  them  as  will  make  the  sums  of  the  projected 

areas  on  two  of  the  co-ordinate  planes  zero ;  and  if  there  be  any 
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when  the  extreme  points  of  its  path  arc  fixed ;  hence,  for  a  system 
of  bodies,  it  is 

2ifmvds  =  0,        or  lifm^dt  =  0. 
Thus  the  sum  of  the  living  forces  of  a  system  of  bodies  is  a  minimum, 

during  the  time  that  it  takes  to  pass  from  one  position  to  another. 

If  the  bodies  be  not  urged  by  accelerating  forces,  the  impetus  of 

the  system  during  a  given  time,  is  proportional  to  that  time,  therefore 

the  system  moves  from  one  given  position  to  another,  in  the  sliortest 

time  possible :  which  is  the  principle  of  least  action  in  a  system  of 
bodies. 

On  the  Motion  of  the  Centre  of  Gravity  of  a  System  of  Bodies. 

151.  In  a  system  of  bodies  the  common  centre  of  gravity  of  the 

whole  either  remains  at  rest  or  moves  uniformly  in  a  straight  line, 

as  if  all  the  bodies  of  the  system  were  united  in  that  pohit,  and  the 

concentrated  forces  of  the  system  applied  to  it. 

Demonstration.'^These  properties  arc  derived  from  the  general 
equation  (21)  by  considering  that,  if  the  centre  of  gravity  of  the  system 

be  moved,  each  body  will  have  a  corresponding  and  equal  motion  in- 

dependent of  any  motions  the  bodies  may  have  among  themselves : 

hence  each  of  the  virtual  velocities  ixj  Sy,  $z,  will  be  increased  by 

the  virtual  velocity  of  the  centre  of  gravity  resolved  in  the  direction 

of  the  axes ;  so  that  they  become 

ix  +  Jx,  iy  +  Sy,  iz  +  55 : 

thus  the  equation  of  the  motion  of  a  system  of  bodies  is  increased 

by  the  term. 

{-^} 
arising  from  the  consideration  of  the  centre  of  gravity.  If  the 

system  be  free  and  unconnected  with  bodies  foreign  to  it,  the  virtual 

velocity  of  tlie  centre  of  gravity,  is  independent  of  the  connexion  of 

the  bodies  of  the  system  witli  each  other ;  therefore  JT,  Sj,  Jz  may 
each  be  zero,  whatever  the  virtual  velocity  of  the  bodies  themselves 

may  be ;  hence 

2.m|x_J^J=0 
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But  it  has  been  shewn  that  the  co-ordinates  of  the  centre  of  gravity 
are y 

2,.mx      -      2.,  my     _  _  2.mz 
^^^-^ — ;  y=-^r— ̂ ;  *  = -v — • 2r.f7t  Z0»m  Zt,fn 

Consequently, 

2.171  Z.m  Z.fTl 

Now  Z.mcTjjrr  d<*.2.mX;  2.fwcFy  =  d^.2iwY; 

hence 

di*  2.m  *     d^  2.111   '     d^  2.m 
Tliese  three  equations  determine  the  motion  of  the  centre  of  gravity. 

152.  Thus  the  centre  of  gravity  moves  as  if  all  the  bodies  of  the 

system  were  united  in  that  point,  and  as  if  all  the  forces  which  act 

on  the  system  were  applied  to  it. 

153.  If  the  mutual  attraction  of  the  bodies  of  the  system  be  the 

only  accelerating  force  acting  on  these  bodies,  the  three  quantities 
ZmX,  2m Y,  2mZ  are  zero. 

Demonstration, — This  evidently  arises  from  the  law  of  reaction 
being  equal  and  contrary  to  action  ;  for  if  F  be  the  action  that  an 

element  of  the  mass  m  exercises  on  an  element  of  the  mass  m', 

whatever  may  be  nature  of  this  action,  m^F  will  be  the  accelerating 

force  with  wliich  m  is  urged  by  the  action  c^  m' ;  then  if  f  be  the 

mutual  distance  of  m  and  m',  by  this  action  only 

J  J  J 

For  the  same  reasons,  the  action  of  m!  on  m  will  give 

X/  -  mF  (j?  —  j?0  .  y/  —  »wF  (y  -  y')  .    7,  _  wiF  («  -  zO  . 
/  f  f 

hence 

tnX  +  m'X'  r=  0  ;  m Y  +  mT'  =  0 ;  mZ  +  m'Z'  =  0  ; 
and  as  all  the  bodies  of  the  system,  taken  two  and  two,  give  the 
same  results,  therefore  generally 

Z.f?iX  =  0;  2.mY  =  0;  Z.mZ  =  0. 
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154.  Consequently 

d^  d^  dt' 
and  integrating, 

in  which  «,  o',  a"  \  i,  6',  6'^,  are  the  arbitrary  constant  quantities  intro- 
duced by  the  double  integration.  These 

are  equations  to  straight  lines ;  for,  sup- 
pose the  centre  of  gravity  to  begin  to 

move  at  A,  fig.  41,  in  the'direction  ox,  the 
distance  oA  is  invariable,  and  is  repre- 

sented by  6  ;  and  as  a<  increases  with  the 

time^,  it  represents  the  straight  line  AB. 
155.  Thus  the  motion  of  the  centre  of  gravity  in  the  direction  of 

each  axis  is  a  straight  line,  and  by  the  composition  of  motions  it 

describes  a  straight  line  in  space ;  and  as  the  space  it  moves  over 

increases  with  the  time,  its  velocity  is  uniform ;  for  the  velocity, 

being  directly  as  the  element  of  the  space,  and  inversely  as  the 
element  of  the  time,  is 

yWFWFW' 
Thus  the  velocity  is  constant,  and  therefore  the  motion  uniform. 

156.  These  equations  are  true,  even  if  some  of  the  bodies,  by 

their  mutual  action,  lose  a  finite  quantity  of  motion  in  an  instant. 

157.  Thus,  it  is  possible  that  the  whole  solar  system  may  be 

moving  in  space ;  a  circumstance  which  can  only  be  ascertained 

by  a  comparison  of  its  position  with  regard  to  the  fixed  stars  at  very 

distant  periods.  In  consequence  of  the  proportionality  of  force  to 

velocity,  the  bodies  of  the  solar  system  would  maintain  their  re- 
lative motions,  whether  the  system  were  in  motion  or  at  rest. 

On  the  Constancy  of  Areas, 

158.  If  a  body  propelled  by  an  impulse  describe  a  curve  A  M  B,  ̂ g, 

42,  in  consequence  of  a  force  of  attraction  in  the  point  o,  that  force 

may  be  resolved  into  two,  one  in  the  direction  of  the  normal  AN, 
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aud  the  other  in  the  direction  of  the  element  of  the  curve  or  tan- 

gent :  the  first  is  balanced  by  the 

centrifugal  force,  the  second  aug- 
ments or  diminishes  the  velocity 

of  the  body ;  but  the  velocity  is 
always  such  that  the  areas  AoM, 

MoB,  described  by  the  radius 

vector  Ao,  are  proportional  to  the 
time ;  that  is,  if  the  body  moves 
from  A  to  M  in  the  same  time  that 

it  would  move  from  M  to  B,  the 

area  AoM  will  be  equal  to  the 
area  MoB. 

If  a  system  of  bodies  revolve  about  any  point  in  consequence  of 

an  impulse  and  a  force  of  attrac- 
tion directed  to  that  point,  the  sums 

of  theic  masses  respectively  multi- 

plied by  the  areas  described  by  their 
radii  vectorcs,  when  projected  on 

the  three  co-ordinate  planes,  are 

proportional  to  the  time.  Demon" 
*<ra/ion,— For  if  we  only  consider  the 
areas  that  are  projected  on  the  plane 

xoy,  fig.  43,  the  forces  in  the  direc- 

tion o;,  which  are  perpendicular  to  that  plane,  must  be  zero  ;  hence 

Z  =  0,  Z'  =  0,  &c. ; 

and  the  general  equation  of  the  motion  of  a  system  of  bodies 
becomes 

a.{x-:^}j.  +  j.,»{v-^}s,=o. 
If  the  same  assumptions  be  made  here  as  in  article  1S3,  namely, 

Jx  =  yStsj  Jy  =  —  xiz3 

Jj?'  =  y'S«T         Sy'  =  —  yScr,  &c.  &c., 

and  if  these  be  substituted  in  the  preceding  equation,  it  becomes, 

with  regard  to  the  plane  xoy, 
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In  the  same  manner 

Sm.  ̂ f*i^££f^  =  2m.  (.X  -  xZ)  (24). 

2«.(y£i^)  =  2m.(yZ-.Y) 
aie  obtained  for  the  motions  of  the  system  with  regard  to  the  planes 
xoz^  yof .    Tliese  three  equations,  together  with 

Sni.  — =  SfTtX,  2m.  -i?=  2mY,  2m.  —  =  2ntZ,     (25). rf^  dC  df^ 

are  the  general  equations  of  the  motions  of  a  system  of  bodies  which 
does  not  contain  a  fixed  point. 

159.  When  the  bodies  are  independent  of  foreign  forces,  and  only 

subject  to  their  reciprocal  attraction  and  to  Uie  force  at  o,  the  sum 
of  the  terms 

m  {  Xy  -  Yj^  }  +  m'{X'y'  -  Y'x'  }, 
arising  from  the  mutual  action  of  any  two  bodies  in  the  system,  m,  m\ 

is  sero,  by  reason  of  the  equality  and  opposition  of  action  and  reac- 

tion ;  and  this  is  true  for  every  such  pair  as  m  and  m!\  m'  and  m", 
$ic,  lif  be  the  distance  of  m  from  0,  F  the  force  which  urges  the 

body  m  towards  that  origin,  then 

X=-F^,     Y=-F^,      Z=-Fy 
are  its  component  forces;  and  when  substituted  in  the  preceding 

equations,  F  vanishes ;  the  same  may  be  shown  with  regard  to  m', 
m^\  &c.     Hence  the  equations  of  areas  are  reduced  to 

2m  I  i^^f^f^  I  =  0, 

2m{"^^-/'^M=0. 

and  their  integrals  are 

2m  {  xdy  —  ydx  }  =  cdt 

2m  {  zdx  —  xdz  }  =  c'dL  (26). 

2m  {  ydz  —  zdy  }  =  c"dt. 
As  the  first  members  of  these  equations  arc  the  sum  of  the  masses 

of  all  the  bodies  of  the  system,  respectively  multiplied  by  the  projec- 



76 MOTION  OF  A  STSTBH  OF  BODIES. 

[Book  I. 

tiona  of  double  the  areaa  tbey  describe  on  the  co-ordinate  planes, 

thia  sum  is  pioportional  to  the  time. 

If  the  centre  of  pwvity  be  the  origin   of  the  co-ordinates,  the 

preceding  equations  may  be  expressed  thus, 

-rff  -,  2wm'  f  (y  -  r)  (rfy'  -  dy)  -  fy'  -  y)  (rf^  -  dx)  \ Im 

Jmm 

{(•'- 
')('!'■ 

-d,)- 
■f^- -.)(d,' 

-*» 

im 

Smm'{fj,'- -!rt  (d' 

-di) 

-(''- rt  w- 

-dv)} 

51m 

/ff.4-1. 

So  that  the  principle  of  areas  is  reduced  to  depend  on  the  co-ordinates 

of  the  mutual  distances  of  the  bodies  of  the  system. 

160.  These  results  may  be  expressed  by  a  diagram.    Let  m,  m',  m", 

fig.  44,  &c.,  be  a  system  of  bodies  revolving  about  o,  the  origin 

of  the  co-oidinates, 

in  consec]uence  of  « 
central  force  and  a 

primitive  impulse.— 

Suppose  that  each  of 
the  radii  vectores^ 

'  om,  om',  om",  &c.j 

describes  the  indefi- 

nitely small  areas, 

MoN,  M'oN',  &c, 

in  an  indefinitely  small  time,  represented  by  dt ;  and  let  mtm,  m'on', 
&c.,  be  the  projections  of  these  areas  on  the  plane  xoy.  Then  the 

equation  2m  {  xdy  —  ydx }  =  cdl, 

showti  (hat  tlie  sum  of  the  products  of  twice  the  area  moa  by  the 

mass  TO,  twice  the  area  m'on'  by  the  mass  m',  twice  m"on"  by  the 

mass  m",  &c.,  is  proportional  to  the  element  of  the  time  in  which 
they  are  described :  whence  it  follows  that  the  sum  of  the  projections 

of  the  areas,  each  multiplied  by  the  corresponding  mass,  is  propor- 
tional to  the  finite  time  in  wliich  they  are  described.  The  other  two 

equations  express  similar  results  for  tlie  areas  projected  on  the  planCB 

xot,  yo2. 

161.  The  constancy  of  areas  is  evidently  true  for  any  plane  what- 

ever, unce  the  position  of  the  co-ordinate  planei  is  arbitrary.    The 
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tf  « three  eqwdioM  of  oeu  pre  tiie  fqmst  descrlxiKL  17  iiif  ii»di!s  ol 

eadi  00-ovdintfe  plme  in  x-ahie  of  ̂   ximt  iieus*.  r  in*  luu  ut 
knoini  or  *— "-^^^l  t^  cnmspondixir  Tii&SH  of  int  uydisst  wlL  ut 

found  OD  tbe  lloee  jdaDCfi.  and  fraiL  'Utsn'jt  Tiber  cik  iiUBCimif  h. 
space  may  be  detenimBd.  mux  laza:  of  iiit  itc^-ardmatf  pamis  it 

wppoied  to  be  kaoviL     h  ̂ira^  uicnn^  ir  sr±:it  ISr.  uia: 
2a  {  xiy  —  y«Zj  ;. 

2r  ;  sdj  —  r(2r  -. 
Zm  -;  sJy  —  ydz  \ 

aie  tbe  imimiiii  i  of  tbe  rrfCciL.  lenahir  ic-  makt  £  im.  ratmL  fatxh. 

of  tbe  axes  of  the  oo-osdiziaiefr  :  Lexict  izit  TOLdiut  uf  jsrsaift  '.rimsifiit 

in  this — that  the  smn  of  the  rounorx  jressic<!»  viiiziL  !aiiw  t  fj  aox 

of  bodies  to  rerolTe  aboot  a  pren  poizo.  i»  xsr:^  "riisx  uts:  fysiem 

is  in  eqnififaDo,  and  jropogiaazdL  to  :jif  ̂ dizK  vho.  iue  f ;  taoi  ii  is 

/#.  43. 

163.  Let  OS  CDdeaTour  to  aacertaiL  loieLiia'  axj  luoifa  •slxsl  ul 
whidi  the  smns  of  the  areai  are  x«r&  viia.  ixis:  fysLsa  ii  il  niXiiix. 

To  solTe  tins  problem  ii  is  zkeoesBET  izt  dsLssxxnzit  uia  wc  uf  'j>' 
oidinates  in  xihies  of  another. 

10.  If  bz.  sjr.  tc^  it£.  4b.  i*t  ixie 

ocHordixdaefc   of    a  iiuiia   fa.   i:  » 

reqisred  to  asLTTT^it  Ujt  jrjiiEiuL  ̂  

TcctasriiiBi  t^OKToixacM^  harin?  1^ 

hBut  oxirin  at  the  fccixieT. 

We  ELaL  food  a  rajus;  of  ex  or  x 

fafiL     Now, 

1  :  cos  rox'        or    r  =  *  cos  jsr'. 

1  :  cos  jt)y'        or    y'  =  1  ecu  i-sy'. 
1  :  cos  xor'        or    s'  =  j  oci§  xoz\ 

If  the  mm  of  these  quantities  be  taken,  after  nnJiiph'iiig  iLe  £nt 

by  cos  zor',  the  second  by  cos  ioy\  and  the  third  by  cos  xc/z\  we 

shall  haTe    x*  cos  xoj'  +  y'  cos  loy'  +  r'  cos  x&z'  = 

*{cos«Jt>r  +cos*it>y'-f  cos'xoz'  }  =  x. 
Let  07,  fig.  46,  be  the  intersection  of  the  old  plane  xoy  with  the 

new  x'oy';  and  let  ̂   be  the  inclination  of  these  two  planes; 

also  let  70X,  Tox'  be  lepresenied  by  Y^  and  0.    Values  of  the 
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fg*  46. 

cosines  of  xox^^  croy^,  xoz'^  must 
be  found  in  terms  of  0^  f^  and 

0.  In  the  right-angled  tri^ 

angle  7*4?',  the  sides  ̂ r,  7^, 

are  f  and  9,  and  the  angle 

opposite  the  side  six*  is  0:  — 

hence,    by  spherical  trigonome- 

cos  xojif  =  cos  0  sin  0  sin  Y^  +  cos  f  cos  0. 

This  equation  exists,  whatever  the  values  of  0  and  "f  may  be ; 
hence,  if  0  +  90®  be  put  for  0,  the  line  ojt'  will  take  the  place  of  oy', 
the  angle  xoji^  will  become  xorf,  and  the  preceding  equation  will  give 

cos  3coy'  =  cos  0  sin  "^  cos  0  —  cos  "^  sin  0. 
Cos  xot^  is  found  from  the  triangle  whose  three  sides  are  the  arcs 

intercepted  by  the  angles  702',  7ar,  and  xoi\    The  angle  opposite  to 

the  last  side  is        90*  -  B,  r^oi*  :=  90°      70J?  =  Y^, 
then  the  general  equation  becomes 

cos  X02*  =  sin  B  sin  f. 
If  these  expressions  for  the  cosines  be  substituted  in  the  value  of 

jt,  it  becomes   J^  :s  j;'  {  cos  0  bin  0  sin  Y^  +  cos  f  cos  0  }  + 

y'  {  cos  ̂   cos  0  sin  y  —  cos  y  sin  0  }  4-  2'  sin  ̂   sin  Y^. 
In  the  same  manner,  the  values  of  y  and  2  are  found  to  be 

y  :=z  x'  {  cos  0  cos  Y'  sin  0  —  sin  Y^  cos  0  }  + 

y'  {  cos  0  cos  Y'  cos  0  +  sin  Y^  sin  0  }  +  z'  {  sin  ̂   cos  Y^  } 
2  =  —  x'  {  sin  ̂   sin  0  }  —  y'  {  sin  0  cos  0  }  +  «'  cos  ̂ » 

By  substituting  these  Values  of  x,  y,  z,  in  any  equation,  it  will  be 

transformed  from  the  planes  jroy,  xoz,  yoz,  io  the  new  planes  x'oy'^ 
x'oz'^  y'oz*. 

164.  We  have  now  the  means  of  ascertaining  whether,  among 

the  infinite  number  of  co-ordinate  planes  whose  origin  is  in  0,  the 
centre  of  gravity  of  a  system  of  bodies,  there  be  any  on  which  the 

sums  of  the  areas  are  zero.  This  may  be  known  by  substituting  the 

preceding  values  of  .t,  y,  2,  and  their  diflfercntials  in  the  equations  of 

areas  :  for  the  angles  9,  y,  and  0  being  i^rbitrary,  such  values  may 

be  assumed  for  two  of  them  as  will  mak<i  the  sums  of  the  projected 

areas  on  two  of  the  co-ordinate  planes  tero ;  and  if  there  be  ftny 
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incongniity  in  this  assumption,  it  will  appear  in  the  detennination  of 

the  third  angle,  which  in  that  case  would  involve  some  absurdity  iii  the 

areas  on  the  third  plane.  That,  however,  is  by  no  means  the  case,  for 

the  sum  of  the  areas  on  the  third  plane  is  then  found  to  be  a  maximum. 

If  the  substitution  be  made,  and  the  angles  f  and  0  so  assiuned  that 

c"  _,_^    — c' ftin^8inV^=«r=   
V  c«  4-  c^  +  c"» 

it  follows  that  cos  ̂   =: 

,  sin^C08Y^=: 

V  c"  +  c^  +^' 

V  c«  +  c^  +  «"«' 
•*Mia 

c«  4-  c"  +  c"«» 

dt 
(27). 

whence  Im^'^^y' "  V'"^  =  ̂  dt 

^^dz^^z^dJ^ dt 

Thus,    in  every  system  of  revolving  bodies,    there   does  exist  a 

plane,  on  which  the  sum  of  the  projected  areas  is  a  maximum  ; 

and  on  every  plane  at  right  angles  to  it,  they  are  zero.  One  plane 

alone  possesses  that  property. 

165.  If  the  attractive  force  at  o  were  to  cease,  the  bodies  would 

move  by  the  primitive  impulse  alone,  and  the  principle  of  areas 

would  be  also  true  in  this  case  ;  it  even  exists  independently  of  any 

abrupt  changes  of  motion  or  velocity,  among  the  bodies ;  and  also 

when  the  centre  of  gravity  has  a  rectilinear  motion  in  space.  Indeed 

it  follows  as  a  matter  of  course,  that  all  the  properties  which  have 

been  proved  to  exist  in  the  motions  of  a  system  of  bodies,  whose 

centre  of  gravity  is  at  rest,  must  equally  exist,  if  that  point  has  a 

uniform  and  rectilinear  motion  in  space,  since  experience  shows  that 

the  relative  motions  of  a  system  of  bodies,  is  independent  of  any 
motion  common  to  them  all. 

Demonstration. — However,  tliat  will  readily  appear,  if  J,  y,  z,  be 

assumed,  as  the  co-ordinates  of  o,  the  moveable  centre  of  gravity 
estimated    from   a    fixed 

point  P,  &g.  47,  and  If  oA, 

AB,  Bm,  or  jr',  y',  z',  be 
the  co-ordinates  of  m,  one 

of  the  bodies  of  the  system 

with  regard  to  the  move- 

able point  o.  Then  tlie 

co-ordinates  of  m  relatively 

ysvjr.  47. 
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to  P  will  be  J  +  J?',  if  +y\  5  +  «'.  If  these  be  put  instead  of 
Xj  y,  z,  in  the  different  equations  relative  to  tlie  motions  of  a  system, 

by  attending  to  the  properties  of  the  centre  of  grravity,  Z,  p,  s, 
vanish  from  these  equations,  which  then  become  independent  of  them. 

If  J  +  x',  y  +"y',  s  +  2'  be  put  for  x,  y,  2,  in  equations  (25),  th^ become 

2.m  {  <W  +  cPx'  }  -  2m  Xdi*  =  0. 

2.m  {  d«p  +  d»y'  }  -  2m  Yd<«  =  0. 

2.m  {  d«s  +  d*2'  }  -  2.m  Zd^  =  0. 
But  when  the  centre  of  gravity  has  a  rectilinear  and  miifoim 

motion  in  space,  it  has  been  shown,  that 

dO  dt  di^ 

which  reduces  the  preceding  equations  to  theur  original  form,  namely, 

2.m  £^  =  2mX,  2m.  ̂ ^L  =  2mY,  2m.  £lL  =  2mZ.^ •  d<*  d^  d^ 
If  the  same  substitution  be  made  in 

2«  l^'Py-y^'^j.  =  2m  (xY  -  yX) 
it  becomes 

=  2m.  (Yx'  —  Xy)  +  2.2mY  —  p.2mX. 
But  in  consequence  of  the  preceding  equations  it  is  reduced  to 

In  the  same  manner  it  may  be  shown  that 

2.m.  i^'^'''  -  ̂'^'']  =  2.B..  (s-X  -  »'Z), 

2.m.  {y'*^"'  -  ''^y']  =  Z.m.  (y'Z  -  z^^. 
TI1U8  the  equations  that  determine  the  motions  of  a  system  of 

bodies  are  the  same,  whether  the  centre  of  gravity  be  at  rest,  or 

moving  uniformly  in  a  straight  line  ;  consequently  the  principles  of 

Impetus,  of  Least  Action,  and  of  the  Conser>*ation  of  Areas,  exist  in 
either  case. 

166.  Let  the  effect  produced  by  tlie  motion  of  the  centre  of  gravity 
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on  tbe  position  of  the  plane  for  which  the  areas  are  a  maximum,  be 
now  determined. 

If  7  -f-  X,  j7  +  ̂ 9  S  +  2>  he  put  for  x,  y^  z  in  equations  (26), 
lliey  will  retain  the  same  form,  namely, 

2m  (x^dy'  —  j/dx')  =  erf/, 
2m  iz'dx'  -  x'dz')  =  c'd/, 
2m  (y'dz'  —  z'dy')  =  c"ctt ; 

Cnt,  in  consequence  of  the  rectilinear  motion  of  the  origin, 

Sdg  -  ycte  =  0,  zd3  —  2«22  =  0,  ffdz-^  zdg  =  0. 
And  as  the  position  of  the  plane  in  question  is  determined  by  the 

oonstant  quantities  c,  c^,  and  c",  it  will  always  remain  parallel  to 
itielf  during  the  motion  of  the  system ;  on  that  account  it  is  called 
the  Invariable  Phme. 

107*  Thus,  when  there  are  no  foreign  forces  acting  on  the  system, 
the  centre  of  gravity  either  remains  at  rest,  or  moves  uniformly 

in  a  straight  line ;  and  if  that  point  be  assumed  as  the  origin  of 

the  co-ordinates,  the  principles  of  the  conservation  of  areas  and 
living  forces  wiU  exist  with  regard  to  it ;  and  the  invariable  plane, 

always  passing  through  that  point,  will  remain  parallel  to  itself,  and 
win  be  carried  Amg  with  the  centre  of  gravity  in  the  general  motion 

of  die  systflb. 

On  ike  Motion  of  a  System  of  Bodies  in  all  possible  Mathematical 
relations  between  Force  and  Velocity, 

168.  In  natofe,  force  is  proportional  to  velocity ;  but  as  a  matter 

of  speculation.  La  Place  has  investigated  the  motions  of  a  system 
oi  bodies  in  every  possible  relation  between  these  two  quantities. 

It  is  rather  singular  that  such  an  hypothesis  should  involve  no  con- 
tradiction; on  the  contrary,  principles  similar  to  the  preservation 

of  impetus,  the  constancy  of  areas,  the  motion  of  the  centre  of 

gravity,  and  the  least  action,  actually  exist. 

Q 
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CHAPIER  V 

THE  MOTION  OF  A  SOLID  BODY  OF  AHT  FORM  WHATKVER; 

169.  If  a  solid  body  receires  an  impalse  m  a  direction  passing' 
through  its  centre  of  gravity,  all  its  parts  will  move  widi  an  equal 

velocity ;  but  if  the  direction  of  the  impulse  passes  on  one  side 

of  that  centre,  the  different  parts  of  the  body  will  have  nnequsl 

Velocities,  and  from  this  inequality  results  a  motion  of  rota- 

tion in  the  body  round  its  centre  of  gravity,  at  the  same  dme' 
that  the  centre  is  moved  forward,  or  translated  with  the  same 

velocity  it  would  have  taken,  had  the  impulse  passed  through  it 

Thus  the  double  motions  of  rotation  and  translation  are  produced 

by  one  impulse. 

170.  If  a  body  rotates  about  its  centre  of  gravity,  or  about  an 

axis,  and  is  at  the  same  time  carried  forward  in  space ;  and  if  an 

equal  and  contrary  impulse  be  given  to  the  centre  of  gravity,  so 

as  to  stop  its  progressive  motion,  the  rotation  will  go  on  aa  belbnr 
it  received  the  impulse. 

171.  If  a  body  revolves  about  a  fixed  axis,  eacli  of  ila  particlel 

will  describe  a  circle,  whose  plane  is  perpendicular  to  that  axis,  and 

its  radius  is  the  distance  of  the  particle  from  the  axis.  It  is  evident, 

that  every  point  of  the  solid  will  describe  an  arc  of  the  aaine  nomber 

of  degrees  in  the  same  time  ;  hence,  if  the  velocity  of  each  particle 

be  divided  by  its  radius  or  distance  from  the  axis,  the  quotient  will 

be  the  same  for  every  particle  of  the  body.  This  is  called  the  angular 
velocity  of  the  solid. 

172.  The  axis  of  rotation  may  change  at  every  instant,  the  angu- 
lar velocity  is  therefore  the  same  for  every  particle  of  the  solid  for 

any  one  instant,  but  it  may  vary  from  one  instant  to  another. 

173.  The  general  equations  of  the  motion  of  a  solid  body  are  the 

same  with  those  of  a  system  of  bodies,  provided  we  assume  the  bodies 

m,  m\  m'\  &c.  to  be  a  system  of  particles,  infinite  in  number,  and 
Uiited  into  a  solid  mass  by  their  mutual  attraction. 

Let  X,  y ,  2,  be  the  co-ordinates  of  dm,  a  particle  of  a  solid  body 
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urged  by  the  forces  X,  Y,  Z,  parallel  to  the  axes  of  the  co-ordinates; 
then  if  S  the  sign  of  ordinary  integrals  be  put  for  2,  and  dm  for  m, 
the  general  equations  of  the  motion  of  a  system  of  bodies  in  article 
158  become 

S  .  ---  dm  ss  S  .  Xtfm, 
d^ 

S.^dm=iS.  Ydm, or 

(28) 

S  .  ̂  dm  =  S  .  Zdm, dp 

3  (pLZ^\  dm  =  S .  (xY  -  yX)dm, 

S  (^£f-Zj££\  dm  =  S .  (zX  -  *Z)dm, 
(29) 

/yd-z  ■-  2d^\  d„  =  s  .  (yZ  -  ,Y)d«. 

which  are  the  general  equations  of  the  motion  of  a  solid,  of  which 
m  is  the  mass. 

DetemdnaHiim  of  the  Equaliojis  of  the  Motion  of  the  Centre  of 
Gravity  of  a  Solid  in  Space. 

174.  Let  f +X',  p+y,  3t+2\  be  put  for  x,  y,  z,  in  equations  (28) 

then  S.dm  {^—^ }  =  S  .  Xdm 

S.dm{££i-^]  =  S.Ycfm  (30) 

I      rf<*       J 
in  which  7,  jf,  i,  are  the  co-ordinates  of  o  the  moveable  centre  of 

gravity  of  the  solid  referred  to  P  a  fixed  point,  and  x'  y'  z'  are  the 
co-ordinates  of  dm  referred  to  o,  fig.  47.     Now  the  co-ordinates  of 
the  centre  of  gravity  being  the  same  for  all  the  particles  of  the  solid, 

S.  dm 

S  .dm 

S.dm 

IF 
=  m 

dt^ 

d(^ 

=  m 

IF 

d^ 

de 
d*i 

dt^ 
•  G  2 
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UMkl And,  wkh  legaid  to  tbe  centre  of  giMfity, 

S  .  s^dm  sz  0 

S  .  y'dm  =  0 
S  .  z'dm  =  0 

which  denote  the  sum  of  the  particles  of  the  body  into  their  lespeo- 

tiTe  distances  from  the  origin  ;  therefore  their  differentials  are 

S  .  dm 

S  •  dm 

S  .  dm 

de 

d^ 

d^z' 

=  0 

=  0 

ss  0. 

This  reduces  the  equations  (30)  to 

iff? m 

m 

m 
d(* 

di* 

dl* 

=:  S  •  \dm 

=  S  .  Ydm 

=  S  .  Zcbn. 

(81) 

These  three  equations  determine  the  motion  of  the  centre  of  gniF 

vity  of  the  body  in  space,  and  are  similar  to  those  which  give  the 
motion  of  the  centre  of  gravity  of  a  system  of  bodies. 

The  solid  therefore  moves  in  space  as  if  its  mass  were  united  in 

its  centre  of  gravity,  and  all  the  forces  that  urge  the  body  applied  to 
that  point. 

175.  If  the  same  substitution  be  made  in  the  first  of  equations 

(29),  and  if  it  be  observed  that  as  ̂ ^  p,  z,  are  the  same  far  aU  tha 

particles 
S  (xd^  —  5rf»I)  dm=im  (Id^  —  §^Sf) 
S  (lY  -  pX)  dm  =  S.S.  YAn  -  ̂ .S.Xcbn ; 

also  S  (jr'd«5  -  y'd^  +  Jcd^y'  —  yd^JO  *«  = 

d'y.S.afdm  —  cPJ.S.y'rfm  +  ̂ .S.cPy'.rfm  —  ̂ .S.d^jc^.dm  s:  0, 

because  x',  y\  z\  are  referred  to  the  centre  of  gravity  as  the  origin 
of  the  co-ordinates ;  consequently  the  co-ordinates  J,  y,  5,  and  their 
differentials  vanish  from  the  equation,  which  therefore  retains  its 
original  form.    Similar  results  will  be  obtained  for  the  areas  on  the 
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other  two  co-ordinate  planes,  and  thus  equations  (29)  retain  the  same 
forms,  whether  the  centre  of  gravity  he  in  motion  or  at  rest,  proving 
thp  motions  of  rotation  and  translation  to  be  independent  of  one 
ai20ther. 

Rotation  of  a  Solid, 

176.  If  to  abridge 

S  (yZ  -  «Y)  dm  =  AT, 

S  (zX  —  xZ)  dm  =  M', 

S  (xY  -  yX)  dm  =  M '. 
ITie  integrals  of  equations  (29),  with  regard  to  the  time,  will  be 

s  (^ydLzj^yn  =.  fm, 

s(^^LZ^\dm=fM'dt,  (32) 

S  (^y  -^y^\  dm  =.fW'dt. 
These  equations,  which  express  the  properties  of  areas,  determine 

the  rotation  of  the  solid; — equations  (31)  give  the  motion  of  its 
centre  of  gravity  in  space.  S  expresses  the  sum  of  the  particles  of 

the  body,  and  ̂   relates  to  the  time  alone. 
177.  Impetus  is  the  mass  into  the  square  of  the  velocity,  but  the 

velocity  of  rotation  depends  on  the  distance  from  the  axis,  the  angle 

being  the  same ;  hence  the  impetus  of  a  revolving  body  is  the  sum  of 

the  products  of  each  particle,  multiplied  by  the  square  of  its  distance 

firom  the  axis  of  rotation.  Suppose  oA,  oB,  oC,  ̂ g,  10,  to  be  the 

co-ordinates  of  a  particle  cfm,  situate  in  m,  and  let  them  be  repre- 

sented by  j:,  y,  z ;  then  because  mA  =  Ro,  mB  =  (Jo,  inC  =  Po, 

the  squares  of  the  distances  of  dm  from  the  three  axes  ox,  oy,  oz, 

are  respectively 

(mA)«  =  y«  +  r%     (mB)«  =  :r»  +  z«,     (mC)«  =  :r»  +  y». 
Hence  if  A',  B',  C,  be  the  impetus  or  moments  of  inertia  of  a  solid 
with  regard  to  the  axes  ox,  oy^  02 y  then 

A'  =  S  .  dm  (3/«  +  z*) 

B'  =  S  .  dm  (j?«  +  2*)  (33) 

C  =  S  .  dm  (x*  4-  y*). 
178.  If  an  impulse  be  given  to  a  sphere  of  uniform  density,  m  a 
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direction  which  does  not  pass  through  its  centre  of  gravity,  it  will 

revolve  about  an  axis  perpendicular  to  the  plane  passing  through  the 

centre  of  the  sphere  and  the  direction  of  the  force ;  and  it  will  con- 
tinue to  rotate  about  the  same  axis  even  if  new  forces  act  on  the 

sphere,  provided  they  act  equally  on  all  its  particles ;  and  the  areas 

which  each  of  its  particles  describes  will  be  constant. 

179.  If  the  solid  be  not  a  sphere,  it  may  change  its  axis  of  rota- 
tion at  every  instant ;  it  is  therefore  of  importance,  to  ascertain 

if  any  axes  exist  in  the  solid,  about  which  it  would  rotate  perma- 
nently. 

180.  If  a  body  rotates  permanently  about  an  axis,  the  rotatory 

pressures  arising  from  the  centrifugal  forces  of  the  solid  are  equal 

and  contrary  in  each  point  of  the  axis,  so  that  their  sum  is  zero,  and 

the^reas  described  by  every  particle  in  the  solid  are  proportional  to 

the  time ;  but  if  foreign  forces  disturb  the  rotation,  the  rotatory 

pressures  on  the  axis  of  rotation  are  unequal,  which  causes  a  per- 
petual change  of  axis,  and  a  variation  in  the  areas  described  by  the 

particles  of  the  body,  so  that  they  are  no  longer  proportional  to  the 

time.  Tims  the  inconstancy  of  areas  becomes  a  test  of  disturbing 

forces.  In  this  disturbed  rotation  the  body  may  be  considered  to 

have  a  permanent  rotation  during  an  instant  only. 

181.  When  three  axes  of  a  solid  body  are  permanent  axes  of  ro- 
tation, the  rotatory  pressures  on  them  are  zero ;  this  is  expressed  by  the 

equations       S.xydm  =  0 ;     S.xzdm  =  0  ;  S.yzdm  =:  0  ; 
which  characterize  such  axes.  To  show  this,  it  is  necessary  to  prove 

diat  when  these  equations  hold,  the  rotation  of  the  body  round  any 

one  axis  causes  no  twisting  effort  to  displace  that  axis ;  for  example, 

that  the  centrifugal  forces  developed  by  rotation  round  z,  produce  no 

rotatory  pressure  round  y  and  <r ;  and  so  for  the  other,  and  vice  versi. 

Demonstration, — Let  r  =  V^  +  y*  be  the  distance  of  a  particle 
dm  from  z  the  axis  of  rotation,  and  let  w  be  the  angular  velocity  of 

the  particle.     By  article  171  ai  =  — ,  therefore  o^'.r  =  —    is    the r  r 

centrifugal  force  arising  from  rotation  round  2,  and  acting  in  the 
direction  r.  When  resolved  in  the  direction  x,  and  multiplied  by 

(/•n,  it  gives 

w^rdtn.  —  =  w^xdinj 
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nirhich,  regarded  as  a  force  tendinis  to  turn  the  system  round  yy  gives 

rotatory  pressure  =  w^xzdmy  because  it  acts  at  the  distance  z  from 
the  axis  y.  Therefore  when  S.xzdm  =:  0,  the  whole  effect  is  zero. 

Similarly,  when  S,yzdm  =  0,  the  whole  effect  of  the  revolving  system 
to  turn  round  x  vanishes.  Therefore,  in  order  that  z  should  be 

permanent  axis  of  rotation, 
S.xzdm  =  0,    Syzdm  =  0. 

In  like  manner,  in  order  that  y  should  be  so, 

S.xydm::!  0,     Szydm  =  0 

'  must  exist ;  and  in  order  that  x  should  be  so 
Syxdm  =  0,     S .  zxdm  =  0 

must  exist,  all  of  which  are  in  fact  only  three  different  equations, 

namely,      S.dryJm  =  0,     Sxz(fm=0,     S.yzdmszO;  (34) 
and  if  these  hold  at  once,  j?,  y,  2,  will  all  be  permanent  axes  of  rotation. 

Thus  the  impetus  is  as  the  square  of  the  distance  from  the  axis  of 

rotation,  and  the  rotatory  pressures  are  simply  as  the  distance  from 
the  same  axis. 

182.  In  order  to  ascertain  whether  a  solid  possesses  any 

permanent  axes  of  rotation,  let  the  origin  be  a  fixed  point,  and 

let  y,  y\  2',  be  the  co-ordinates  of  a  particle  cfm,  fixed  in  the 
solid,  but  revolving  with  it  about  its  centre  of  gravity.  Tlie 

whole  theory  of  rotation  is  derived  from  the  equations  (32)  con- 
taining the  principle  of  areas.  These  are  the  areas  projected  on 

the  fixed  co-ordinate  planes  xoy,  xoz^  yoz^  fig.  48 ;  but  if  ox',  o^,  oz* 
be  the  new  axes  that  revolve  with  the  solid,  and  if  the  values  of 

x,  y,  z,  given  in  article  1G3,  be  substituted,  they  will  be  the  same 

sums,  when  projected  on  the  new  co-ordinate  planes  i/oy',  j/oz' , 

yfoz'.  The  angles  9,  y,  and  0,  introduced  by  this  change  are  arbi- 
trary, so  that  the  position  of  the  new  axes  ox\  oy\  oz\  in  the  solid, 

remains  indeterminate ;  and  these  three  angles  may  be  made  to  fulfil 

any  conditions  of  the  problem. 

183.  The  equations  of  rotation  will  take  the  most  simple  form  if 

we  suppose  x'  y*  z'  to  be  the  principal  axes  of  rotation,  which  they  will 
become  if  the  values  of  9,  Y',  and  0  can  be  so  assumed  as  to  make  the 

rotatory  pressures  S.  xVdm,  So/y'dm,  Sy'z'dm,  zero  at  once,  then  the 

equations  (32)  of  the  areas,  when  transformed  to  functions  of  j:',  y',  z\ 
and  deprived  of  these  terms,  will  determine  the  rotation  of  the  body 

about  its  prmcipal,  or  permanent  axes  of  rotation,  x\  y\  z\ 
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184.  If  the  body  has  no  principal  axes  of  rotation,  h  will  be  im- 

possible to  obtain  such  values  of  0,  0  andifr,  as  will  make  the  roiar 
tory  pressures  zero  ;  it  must  therefore  be  demonstrated  whether  or 

not  it  be  possible  to  determine  the  angles  in  questionj  so  as  to  fulfil 

the  requisite  condition. 

1S5.  To  determine  the  existence  and  position  of  the  principsl 

axes  of  the  body,  or  the  angles  9,  0,  add  "f^  no  that 
S.i'y'dm=zO;     Sx'z'din  =:  0  ;     Sy'z'dmssO. 

Let  values  of  x',  y\  z',  in  functions  of  t,  y,  z,  determined  firom  the 
equations  in  article  163  be  substituted  in  the  preceding  expressions, 

then  if  to  abridge, 

S.jydmssf    &rz(fm=^     Sysdnn^h^ 
there  will  result 

cos0.S.xV(fm  —  8in0.S./2'<fiii  = 

(/"  —  71*)  sin  0  sin  y  cos  y  +  /sin  6  (cos*  f  —  ain'  f) 

+  cos  ̂   (^  cos  Y'  —  *  sin  f)  ;  (35) 

sin  0  S.x'z'dm  -|-  cos  0  S.i/z'dm  s= 

sin  e  cos  e  {/•  sin*y  +  ii*  cos* Y'  —  *^  +  2/ sin  y  cos y} 

+  (cos*  e  —  sin*  e)  .  (gnnf  +  hcoB  f). 
If  the  second  members  of  these  be  made  equal  to  zero,  there  will  be 

Asin¥r  —  ffcosY^  J tan  0  =   1-   ^   ,  and 
(/*  —  «•)  sin  Y'  cos  Y^  +  /(cos*  Y^  —  sin*  Y^) 

1  tan  29=   g  sin  Y^  +  A  cos  Y^    ^ 
«*  —  ̂   sin*  Y'  —  w*  cos*  y  —  2/Bin  Y^  cos  Y^ 

but  -      -         ̂ "^ itan2^= — —   , ^  1  -  tan*0 

by  the  arithmetic  of  sines;  hence,  equating  these  two  Talues  of 

^  tan  29,  and  substituting  for  tan  6  its  value  in  y ;  then  if  to  abridge, 
u  =:  tan  y ,  after  some  reduction  it  will  be  found  that 

0  =  (g«  +  A)  (Am  -  gy  + 

{(r-n*)  u  +/(!  -  w«)}  .  {(A^-  A/«+/g)tt  +  gn*-  gs*  -  A/}; 
where  u  is  of  the  third  degree.     This  equation  having  at  least  one 
real  root,  it  is  always  possible  to  render  the  first  members  of  the  two 

equations  (35)  zero  at  the  same  time,  and  consequently 

(S.  of'z'dmy  +  (S  .  y'z'dmyzr,  0. 
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69 
But  that  cihi  only  be  the  case  when  Sx'z'dm  =  0,  Sy'z'dm  =  0. 
The  value  bf  u  =  tan  f^  gives  Y^,  cdnsequently  tan  6  and  6  become 
known. 

It  yet  remilins  to  determbe  the  cdnditioti  S .  x'y'dm  =:  0,  and  the 

angle  </>.  If  substitution  be  made  in  S .  t'y'dtn  =  0,  for  x'  and  y'  from 
article  163,  it  will  take  the  form  H  sin  20  -f*  ̂   ̂ ^^  20t  ̂   ̂ ^^  ̂  
being  functions  of  the  knoflU  quantities  0  and  f;  aS  it  must  be  zero, 

it  gives tan  20  =  -  — H 

ibd  thus  the  diree  axes  ox',  op'^  02\  determined  by  the  preceding 
values  of  ̂ ,  f^  and  0,  satisfy  the  equations 

Sx'z'dm  =  0,     Sjr'z'rfm  =  0,    Sx'y'dm  =  0. 
186.  The  equatioii  of  the  third  degree  in  u  seems  to  give  three 

Syttems  of  pHiicipal  axes,  one  for  each  vdtie  df  u ;  but  u  is  the 

tHiigent  of  the  afigle  formed  by  the  axis  x  with  the  line  of  inter- 

section of  the  plane  xy  with  that  of  x'yf  ;  and  as  any  one  of  the  three 

axes,  j/,  jf',  z',  may  be  changed  into  any  other  of  them,  since  the  pre- 
ceding  equations  will  still  be  satisfied,  therefore  the  equation  in  tt  will 

determine  the  tangent  of  the  angle  formed  by  the  axis  x  with  the 

line  of  intersection  of  xy  and  x^y\  With  thai  of  xy  and  ifz'y  or  with 

that  of  xy  and  jfz'.  Consequently  the  three  roots  of  the  equation 
in  u  are  real,  and  belong  to  the  same  Systein  of  axes. 

187.  Whence  every  body  has  at  least  one  system  of  principal  and 

rectangular  axes,  roUnd  any  ohe  of  which  if  the  body  rotates,  the 

opposite  centrifugal  forces  balance  eiich  other.  This  theorem  was 

first  propo^  by  Segiier  in  the  year  1755,  and  was  demonstrated  by 
Albert  Euler  in  1760. 

188.  The  position  of  the  principal  axes  do/,  oy',  02^  in  the  interior 
of  the  solid,  is  now  completely  fixed ;  and  if  there  be  no  disturbing 

forces,  the  body  will  rotate  per- 
manently about  any  one  of  them, 

as  oz\  fig.  48 ;  but  if  the  rota- 
tion be  disturbed  by  foreign 

forces,  the  solid  will  ohly  rotate 
for  an  instant  about  oz\  and  in 
the  next  element  of  time  it  will 

rotate  about  oz'',  and  so  on,  per- 
petually changing.  Six  equir 

ddna  itf  e  therefore  required  M 

fg.  48. 
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fix  the  position  of  tlie  inataDtaneous  axis  oz"  ;  three  will  detemiuM 

ils  place  with  regard  lo  the  principal  axes  ox',  oy',  oz',  and  three 
more  are  necessary  to  determine  the  position  of  the  principal  ases 

theinsclves  in  space,  that  is,  with  regard  lo  the  fixed  co-ordinates  ox, 
oij,  01.  Tlte  permanency  of  rotation  is  not  the  same  for  all  the  three 
a:ies,  as  will  now  be  sliown. 

189.  The  principal  axes  possess  this  property — that  the  moment 
of  inertia  of  the  solid  is  a  maximum  for  one  of  these,  and  a  minimum 

for  another.  Let  i',  y',t',  he  the  co-ordinates  of  dm,  relative  to  the 
three  principal  axes,  and  let  x,  y,  x,  be  the  co-ordinates  of  the  same 

elementreferredtoany  axes  whatever  having  the  same  origin.     N'owif 
C  =  S  (j"  +  a')  dm 

be  the  moment  of  inertia  relatively  to  one  of  these  new  axes,  as  :, 

then  substitutiDgfor.randy  their  values  from  article  163,  and  making  - 
^=S(y"+r'').dm;  B  =^  S  ix'*+2'')dm;  C  =  8  iif'-i-y'*)dm: 
the  value  of  C  will  become 

C  =  j4  Bin's  ain'0  +  Bsiii"0  cos'0+  Ccos'  e, 
in  which  sin'  6  sin*  $,  sin*  9  cos'  0,  cos'  6, 

are  tlie  sijuares  of  the  cosines  of  the  angles  made  by  or',  oy\  oz',  with 
ox  ;  and  A,  B,  C,  are  the  moments  of  inertia  of  the  solid  with  regard 

to  the  axes  x',  y',  and  z',  respectively.  Tlie  quantity  C  is  less  than 
the  greatest  of  the  three  ijuanlilics  A,  D,  C,  ajid  exceeds  the  least 

of  lliem  ;  the  greatest  and  the  least  moments  of  inertia  belong  there- 
fore, to  the  principal  axes.  In  fact,  C  must  be  less  than  t!ie 

greatest  of  the  three  quantities.il,  B,  C,  because  tlieir  joint  coeffi- 
cients are  always  equal  to  unity  ;  and  for  a  similar  reason  it  is  always 

greater  than  tlic  least 
190.  Wlien  A  =  D  =i  C,  then  all  the  axes  of  the  solid  are  prin- 

cipal axes,  and  it  will  rotate  permanently  about  any  one  of  them. 
The  sphere  of  imiform  density  is  a  solid  of  tliis  kind,   but  there  are     r 

many  others.  , 

191.  When  two  of  the  moments  of  inertia  are  equal,  as  A:=B,tbcn 

C  =  A  sin*e  +  Ccos*0; 
and  all  the  moments  of  inertia  in  the  same  plane  with  these  are  equal : 
hence  all  the  axes  situate  in  that  plane  are  principal  axes.     The     < 

ellipsoid  of  revolution  of  uniform  density  is  of  this  kind ;  all  the    \ 
axes  in  the  plane  of  its  equator  being  jirincipal  axes. 

192.  An  ellipBoiJ  of  revolution  is  formed  by  the  rotation  of  an 

ellipBc  ABCD  about  its  minor  axis  SD.     Then  AC  is  its  equator. 
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fg.  49. 
When  the  moments  of  inertia  are 

unequal,  the  rotation  round  the  axes 
which  have  their  moment  of  inertia  a 

maximum  or  minimum  is  stable,  that 

is,  round  the  least  or  greatest  axis ;  but 

the'rotation  is  unstable  round  the  third, 
and  may  be  destroyed  by  the  slightest 

cause.  If  stable  rotation  be  slightly  derange4,  the  body  will  never 

deviate  far  from  its  equilibrium ;  whereas  in  unstable  rotation,  if  it 
be  disturbed,  it  will  deviate  more  and  more,  and  will  never  return  to 
its  former  state. 

193.  Tliis  theorem  is  chiefly  of  importance  with  regard  to  the 

^rotation  of  the  earth.  If  xoy  {fig.  46)  be  the  plane  of  the  ecliptic, 

and  z  its  pole;  sfoy'  the  plane  of  the  equator,  and  z'  its  pole:  then  oz' 

18  the  axis  of  t|ie  earth's  rotation,  zo2^  =*e  is  the  obliquity  of  the 
ecliptic,  7N  the  line  of  the  equinoxes,  and  7  the  first  point  of  Aries : 

hence  xoy  =:  y^  is  the  longitude  of  or,  and  x'oy  =  0  is  the  longitude 

of  the  principal  revolving  axis  (XT',  or  the  measure  of  the  earth's  ro- 
tation :  07!  is  therefore  one  of  the  permanent  axes  of  rotation. 

The  earth  is  flattened  at  the  poles,  therefore  02'  is  the  least  of  the 
permanent  axes«of  rotation,  and  the  moment  of  inertia  with  regard 
to  it,  is  a  maximum.  Were  there  no  disturbing  forces,^  the  earth 

would  rotate  permanently  about  it ;  but  the  sun  and  moon,  acting 

uneqiudly  on  the  different  particles,  disturb  its  rotation.  These  dis- 
turbing forces  do  not  sensibly  alter  the  velocity  of  rotation,  in  which 

neither  theory  nor  observation  have  detected  any  appreciable  varia- 

tion ;  nor  do  they  sensibly  displace  the  poles  of  rotation  on  the  sur- 
face of  the  earth ;  that  is  to  say,  the  axis  of  rotation,  and  the  plane 

of  the  equator  which  is  perjien- 
dicular  to  it,  always  meet  the 

surface  in  the  same  points  ;  but 
these  forces  alter  the  direction  of 

the  polar  axis  in  space,  and  pro- 

duce the  phenomena  of  preces- 
sion and  nutation  ;  for  the  earth 

rotates  about  oz",  fig.  50,  while 
02^'  revolves  about  its  mean  place 

02',  and  at  the  same  time  oz' 
describes  a  cone  about  oz ;  so  that  the  molion  of  the  axis  of  rottiioi 
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If  to  abridge  a 
b 

is  very  complicated.  That  axis  of  ro^tion,  of  which  all  the  points 

remain  at  rest  during  the  time  dt^  is  called  an  instantaneous  axis^of 

rotation,  for  the  solid  revolves  about  it  during  that  short  interval,  as 
it  would  do  about  a  fixed  axis. 

The  equations  (32)  must  now  be  so  transformed  as  to  give  all  the 
circumstances  of  rotatory  motion. 

194.  Tlie  equations  in  article  163,  for  changing  the  co-oidinates, 

will  become  x  =z  ax^    +  by*    +  czf 
y  ̂ alx'   +  b^y'  +  cfz'  (86) 

z  =  a  V  +  by  +  c^z'. 
=  cos  6  sin  y  sin  0  +  cos  f  cos  0 

=  cos  0  sin  Y^  cos  0  —  cos  ̂ r  sin  0 
c    =  sin  6  sin  Y^ 

a'  =  cos  6  cos  Y^  sin  0  —  sin  ̂   cos  0 

6'    =  cos  0  cos  Y^  cos  0  +  sin  Y'  sin  0 
c'    =:  sin  6  cos  y 
a"  :=  —  sin  ̂   sin  0 
b"  =  —  sin  6  cos  0 
c"  =  cos  6, 

where  a,  6,  c  arc  the  cosines  of  the  angles  made  by  x  with  x'j  y',  s^ ; 

a\  b\  d  are  the  cosines  of  the  angles  made  by  y  with  x',  y*,  z' ;  and 
a'',  6",  c"  arc  the  cosines  of  the  angles  made  by  z  with  the  same  axes 

Whatever  the  co-ordinates  of  dm  may  be,  since  they  have  the  same 

origin,  a:*  -f  3^  +  *"  =  x**  +  y'*  +  z*". 
fiy  means  of  tliese  it  may  be  found  that 

at  +  «'•  4-  a' »  =1  ab  +  a'b'  +  a"6"  =  0 

t«  4.  6'«  ̂ -  h'*  =  1  flc  +  fl'c'  4-  a"c"  =  0 

c«  4.  c'*  4-  c"»  =  1  6c  4-  b'd  4-  6V  =  0. 

In  the  same  manner,  to  obtain  afy  y\  z',  in  functions  of  jp,  y,  z, 
a:'  =  aj  4-  a'y  4-  a"z 

y':=zbx+  h'y  4-  6"z  (37) 
2'  =  cjT  4-  c'y  4-  c"z, 

whence  the  equations  of  condition, 

a*    4-6*    +  c«    =1  aa'  4-66'    4-  cc'    =0 
fl'«  4.  ft/s  ̂   c'«  =  1  aa"  +  66"  4-  «/'  =  0 
a'/«  4.  6"«  4-  C*  =  1 oV  +  6'6"  4-  Cc"  =  0, 

six  of  the  quantities  a,  6,  c,  a\  b\  d,  a",  6",  c",  are  determined  by 
the  preceding  equations,  and  three  remain  arbitrary. 
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If  values  of  x',  y^  z'^  found  from  equations  (36)  be  compared  with 
their  values  in  equations  (37),  there  will  result 

a  =  6V  —  i'V      a'  =  6"c  -  6c"      a'^  :=  Ix/  ̂   Vc 

h  =  a'V  -  aV'      6'  =  ac''  —  a"c      6"  =  a'c  -  ac'  (38) 

c  =  a'6''  -  a"6'      c'  =  a"6  -  a6"       c"  =  a6'  -  a'6. 

195.  The  axes  a^,y',  z'  retain  the  same  position  in  the  interior  of  the 
body  during  its  rotation,  and  are  therefore  independent  of  the  time  ; 

but  the  angles  a,  &,  c,  a',  b\  c\  a^\  V\  &\  vary  with  the  time ;  hence,  if 

values  of  y^z,  JL    J!^  from  equations  (36,)  be  substituted  in  the  first at    at 

at  equations  (32),  it  will  become 

g  Ua'da"^a''da'\^^/ydb''  -  b''db'\n_^^/&dc"'C"dc\^ 

-  h"da'  +  6'rfa"  —  a' 
dt 

a'dc''  —  c"Ai'  +  c'da"  -  c" 
cU 

/&^<fc" 
-  c"(f6'  +  c'*"  -  6"A? 

(f< ^y'2'\dm=ifM.dL 

Ua\  a'\  6',  &c.  be  eliminated  from  this  equation  by  their  values  in 
(88),  and  if  to  abridge 

odb  +  &db'  +  &'db"  =  -  6cic  -  b'dc'  -  6"cfc"  r=  pdt 

adc  +  a'dc'  +  a"dc"  =:  -^  cda --  c'da'  -  &'da"  =  qdi     (39) 

bda  +  Vda'  +  b'^da''  =i  -^  odb -^  a'db'  -  a"<f6"  =  rdt 

i!  =  S(y'«  +  2'«)cfm;  B  =  S(j:'«  +  2")  <fm;  C  =  S (x^ ^-y") efet. 

And  if         S.x'y'  dm  =  0      S^x'zdm  =  0    S.y'2'dm  =  0, 
it  will  be  found  that 

aAp  +  bBq  +  cCr  =: /Mdt ; 

by  the  same  process  it  may  be  found  that 

a'Ap  +  b'Bq  +  c'Cr  =  fM'dt, 

a"Ap  +  V'Bq  +  d'Cr^fU'^di. 
196.  If  the  differentials  of  these  three  equations  be  taken,  making 

all  the  quantities  vary  except  A^  B,  and  C,  then  the  sum  of  the  first 

differential  multiplied  by  a,  plus  the  second  multiplied  by  a',  plus  the 

third  multiplied  by  d'^  will  be 
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ii  &  +  (C  -  B).qr  =aM+af»t  +  a''M', dt 

in  consequence  of  the  preceding  relations  between  a  a'  a'\  h  V  ft'i 
c  &  d\  and  thdr  differentials.    By  a  similar  process  the  ooeflkieBti 

6  V  b[\  &G.,  may  be  made  to  vanish*  and  then  if 

aM  +  a'Af  +  a"  M"  =  N 
bM  +  b'M'  +  6"  M"  =  IT 

cM  +  c'M'  +  c"  Bf'  =  N"' 
the  equations  in  question  are  transformed  to 

dt 

B^  +  i4  -  C).rp  =  If  (40) at 

C^  +  iB-A).pq=  N" 

at    ' And  if  a,  a',  a",  6, 6',  &c.,  and  their  differentials,  be  replaced  by  their 
functions  in  0,  y,  and  0,  given  in  article  194,  the  equations  (39) 
become 

pdt  r=  sin  0  sin  O.d^f  "^  cos  0.(2^ 
gi^  =  cos  0  sin  O.d^  +  sin  0.(19  (41) 

rdt  =  dff>  -^  cos  ̂ .cfyr. 

197.  These  six  equations  contain  the  whole  theory  of  the  TOtation 
of  the  planets  and  their  satellites,  and  as  they  have  been  determined 

in  the  hypothesis  of  the  rotatory  pressures  being  zero,  they  will  give 
their  rotation  nearly  about  their  principal  axes. 

198.  The  quantities  p,  g,  r  determine  oz",  the  position  of  the  real 
and  instantaneous  axis  of  rotation,  with  regard  to  its  principal 

axis  02' ;  when  a  body  has  no  motion  but  that  of  rotation,  all  the 
points  in  a  ])ermanent  axis  of  rotation  remain  at  rest ;  but  in  an 

instantaneous  axis  of  rotation  the  axis  can  only  be  regarded  as  at 
rest  from  one  instant  to  another. 

If  the  equations  (36)  for  changing  the  co-ordinates,  be  re- 
sumed, then  with  regard  to  the  axis  of  rotation, 

dr  ==  0,  (fy  =  0,  cf z  =  0, 

since  all  its  points  are  at  rest;  therefore   the  indefinitely  small 

spaces  moved  over  by  that  axis  in  the  direction  of  these  co-ordinates 
being  zero,  the  equations  in  question  become. 
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yia    +  y'db    +  t'de    =  0, 
x'da'  +  y'db'  +  a'dc'   =0, 

afdat'  +  y'ib''  +  i  ̂4c"  =  0, 

which  will  determiiie  af^  ff^  i',  and  consequently  oz*'  the  axis  in 
^estbn.. 

For  if  the  first  of  these  equationt  be  multiplied  by  c,  the  second 

by  c',  and  the  third  by  c'S  Aeir  sum  is 
l^y'-gz'aO.  (42) 

Agam,  if  the  first  be  multiplied  by  6,  the  second  by  &^  and  the 

third- by  6^,  their  sum  is 
rx'  -  jp'«  =  0.  (43) 

"  Lastly,  if  die  first  equation  be  multiplied  by  a,  the  second  by 
o'y  and  the  third  by  a",  their  sum  is 

^i'  —  ry'  =2  0. 
The  last  of  these  is  contained  in  the  two  first,  wliich  are  the  equa- 

tions to  a  straight  line  ot^',  which  forms,  with  the  principal  axes  «^) 

y^y  s'y  angles  whose  cosines  are 

.     P  9    r 

For  (he  two  last  give 

whence         jr^ 

aftd  therefore 

(44) 

•Jx'*  +  y'*  +  z"  Vp*  +  9"  +  r" 

But  ©z"  r=   V^  +  y'*  +  ̂ ^ 
and  oz'' :  oc  ::  1  :  cos  z'^oc ; 

then  if  x'y  y\  z\  be  the  co-ordinates  of  the  point  z'^ 

cos  2^'oc  := 

In  the  same  manner 
Vx'«  +  y^  +  z^        ̂ j^^f+fM 

cos  z"oaf^^  " 

IUmI 
cos  «"oy'  = 

Vl^+5*+f* 
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Consequently  ox"  is  the  instantaaeous  axis  of  roUtJoD. 
/y.5I.  SOI.  He  angular  velocity  of  nti- 

tion  is  alio  §^eii  by  these  quantitiei 
If  the  object  be  to  detenoine  it  fbi  a 

pouit  in  the  axis,  as  for  example  when 
oc=:  1,  then 

S' i=  0,  J,' ss  0, 

and  the  values  of  dx,  dy,  dt  give,  when 
divided  by  dt, 

dt  dt  dt 

for  the  components  of  the  velodty  of  a  particle ;  hence  the  reralthg 
velocity  is    

Vdtf*  +  df*  sin  '0  „   /■     .     .    -V^M^ 

which  is  die  Bum  of  the  squoresof  the  two  last  of  equations  (41). 
199.  But  in  order  to  obtain  the  angular  velodty  of  the  body,  Ibii 

quantity  must  be  divided  by  the  distance  of  the  particle  at  c'  fi»m 
the  axis  oz" ;  but  tlua  distance  is  evidcnlly  equal  to  the  sine  of  z"oc, 
the  angle  between  ox'  and  oz",  tlic  principal  and  instantaneous  axes 
of  rotation  i  but 

is  the  cosine  of  this  angle 
V?'  +  9"  +  »* 

;  hence 

^A 
■If  +  if 

and  therefore 

it)  the  angular 

'  +  9*  +  '*  V'i>'  +  3*  +  H' 

•Jp>  +  j«  +  ft 
city  of  rotation.  Thus,  whatever  may  bo  the 

rotation  of  a  body  about  a  point  that  is  fixed,  or  one  conudered 

to  be  fixed,  the  motion  can  only  be  rotation  about  an  axis  that  is 

fixed  during  an  iiist;iiit,  but  may  vary  from  one  instant  to  another. 

200.  The  position  of  tlic  instantaneoue  axis  with  regard  to  the 
tliTCc  principal  axes,  and  the  angular  velocity  of  rotation,  depend  oo 

Pt  9)  r,  whose  detcrmiuation  is  very  imjjortant  in  these  researches; 
and  as  they  express  quantities  independent  of  the  situation  of  the 

fixed  plane  xoy,  they  arc  tliemBelvcii  independent  of  it, 

201.  Equations  (40)  determine  the  rotation  of  a  solid  troubled  by 

the  action  of  foreign  forces,  as  for  example,  that  of  the  earth  when 
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disturbed  by  the  sun  and  moon.     But  the  same  equations  will  also 
detenninc  the  rotation  of  a  solid,  when  not  disturbed  in  its  rotation. 

Rotation  of  a  Solid  not  subject  to  the  action  of  Disturbing  Forces^ 
and  at  liberty  to  revolve  freely  about  a  Fixed  Point,  being  its 
Centre  of  Gravity,  or  not. 

202.  Values  of  jp,  9,  r  in  terms  of  the  time  must  be  obtained,  in 

order  to  ascertain  all  the  circumstances  of  rotation  at  every  instant. 
If  we  suppose  that  there  are  no  disturbing  forces,  the  areas  are 

constant :  hence  the  equations  (40)  become 

A. dp  +  (C  -  B),q.r.dt  ss  0; 
B.dq  +.(i<  -  C).r.p.dt  =  0;  (45) 
C.dr  +  (B  —  A).p.q.dt  =  0. 

If  the  first  be  multiplied  by  py  the  second  by  7,  and  the  tliird  by  r, 
their  sum  is 

Apdp  +  Bqdq  +  Crdr  s=  0, 
and  its  integral  is 

Ap*  +  Bg*  +  O*  =  ifc»,  (46) 
P  being  a  constant  quantity.  Again,  if  the  three  equations  be  mul- 

tiplied respectively  by  Ap,  Bq,  Cr,  and  integrated,  they  give 

Ay  +  B«9»  +  CV  =  A«,  (47) 
a  constant  quantity.  This  equation  contains  the  principle  of  the 

preservation  of  impetus  or  living  force  which  is  constant  in  con- 
formity with  aiticle  148.     From  these  two  integrals  are  obtained: 

^  A{A^B)  ^    ̂ 

_  h^-'Ak  +  CA  -  O  .  Ct*) 
^  B{B-A) 

By  the  substitution  of  these  values  of  p  and  q,  the  last  of  equations 

(45)  when  resolved  according  to  dt,  gives 

dt:s  ^^^'  V-4B  (49) 
V{(A«-Bifc  +  (B-C;.Cr«).(-A«+i4ifc+(C-^)).Cr«} 

This  equation  will  give  by  quadratures  the  value  of  t  in  r,  and  reci- 
procally the  value  of  r  in  < ;  and  thus  by  the  substitution  of  this  value 

of  r  in  equations  (48)  the  three  quantities  p,  q  and  r  become  known 
in  functions  of  the  time. 

H 
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This  equation  can  only  be  integrated  when  any  two  of  die  momoili 

of  inertia  are  equal,  cither  when 
A^By     B  =  C,     otAssC; 

in  each  of  these  cases  the  solid  is  a  spheroid  of  revolution. 

203.  Thus  Pj  9,  r,  being  known  functions  of  the  time,  the  angular 

velocity  of  the  solid,  and  its  rotation  with  regard  to  the  principal 
axes,  are  known  at  every  instant. 

204.  This  however  is  not  sufficient.  To  become  acquainted  with 
all  the  circumstances  of  rotation,  it  is  requisite  to  know  the  position 

of  the  principal  axes  themselves  with  regard  to  quieacent  space,  that 
is,  their  position  relatively  to  the  fixed  axes  j;  y,  s.  But  for  diat 

purpose  the  angles  0,  y,  and  0,  must  be  determined  in  functions  of 
the  time,  or,  which  is  the  same  thing,  in  functions  of  p^  g,  r,  which 

may  now  be  regarded  as  known  quantities. 
If  tlie  first  of  equations  (45)  be  multiplied  by  a,  the  second  by  6, 

and  the  third  by  c,  their  sum  when  integrated,  in  consequence  of  the 
relations  between  tlie  angles  in  article  194,  is 

aAp     +  bBq     +  cCr    s  ̂   by  a  similar  process 

a'Ap    +  b'Bq    +  c'Cr    =  f,  (50) 
a'^Ap  +  V'Bq  +  c"Cr  =  V\ 

Ij  l\  l'\  being  arbitrary  constant  quantities.    These  equations  co- 
incide with  those  in  article  195,  and  contain  the  principle  of  areas. 

Tliey  are  not  however  three  distinct  integrals,  for  the  sum  of  their 

squares  is 

AY  +  B»9«  +  Ci*  s=  /•  +  P  +  /"•, 
in  consequence  of  the  equations  in  article  194.  But  this  is  the  same 

with  (47)  ;  hence  /»  +  /'•+/"«=  h* 
being  an  equation  of  condition,  equations  (50)  will  only  give  values 
of  two  of  the  angles  0,  y,  and  0. 

Tlie  constant   quantities    I,  l\  /",    correspond  with  c,  c',  c'%    in 

article  164,  therefore      J^  V^  +  /"  +  /"* 
is  the  sum  of  the  areas  described  in  the  time  t  by  the  projection  of 
each  particle  of  the  body  on  the  plane  on  which  that  sum  is  a 
maximum.  If  xoy  be  that  plane,  /  and  V  are  zero :  therefore,  in 
every  solid  body  in  rotation  about  an  axis,  there  exists  a  plane,  on 

which  the  sum  of  the  areas  described  by  the  projections  of  the  par- 
ticles of  the  solid  during  a  finite  time  is  a  maximum.  It  is  called 

the  Invariable  Plane,  because  it  remains  parallel  to  itself  during 
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the  motkni  of  the  body  :  it  b  (dso  named  the  plane  of  the  Greatest 
Botat<Nry  Pressure. 

Since  /  =  0,   /'  =  0,    rssA, 
if  the  first  of  equations  (50)  be  multiplied  by  a,  the  second  by  a\  and 

Iha  third  by  a*\  in  consequence  of  the  equations  in  article  194|  their 

som  is  o^'  =  — £ ; h 

m  the  same  maanev  it  will  be  found  that 

6''  =  ̂,    c"=£r; A  h 

oi^  MibstitukiBg  the  values  of  a'\  h'\  &'^  from  article  194, 

Wie'rin0'  s  -  ̂,  8ine'co80'=  -  5?L, cost's  —.      (6J) h  h  h 

The  accented  angles  6%  0^,  y,  relate  to  the  invanaUe  plane,  and 
#,  0,  y ,  to  the  fixed  plane. 

Because  f^q^  r,  are  known  functions  of  the  time,  0^  and  ̂   are 
determined;  and  if  cfO  be  eliminated  between  the  two  first  of  equation 

(41),  the  result  will  be 

sin*  e^.df*  SI  sin  0'  .  sin  (p'.pdt  +  sin  6^  •  cos  </>\qdt 

Bill  in  consequence  of  equations  (51),  and  because 

dM^  =    ̂ '^^  ̂    .  hdt\ 

|ai4  as  r  is  given  in  functions  of  the  time  by  equation  (49),  y  is 
determined. 

Thus, !»,  q^  r,  y,  ̂,  and  0^,  are  given  in  terms  of  the  time :  so 
that  the  position  of  the  three  principal  axes  with  regard  to  the  fixed 

axes,  oxy  oy^  oz  ;  and  the  angular  velocity  of  the  body,  are  known 

at  every  instant 
205.  As  there  are  six  integrations,  there  must  be  six  arbitrary 

constant  quantities  for  the  complete  solution  of  the  problem.  Be- 
sides h  and  At,  two  more  will  be  introduced  by  the  integration  of 

dt  and  d^\  Hence  two  are  still  required,  because  by  the  assumption 

of  xoy  for  the  invariable  plane,  /  and  /'  become  zero. 

Now  the  three  angles,  y,  0^,  e',  are  given  in  terms  of  p,  q,  r, 

and  these  last  are  known  in  terms  of  the  time ;  hence  y^',  0^,  ̂ , 

(fig.  49,)  are  known  with  regard  to  the  invariable  plane  xoy :  and 
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by  trigonometry  it  will  be  easy  to  determine  values  of  y,  0,  6,  with 
refill  to  any  fised  plane  whatever,  which  will  introduce  two  new 

arbitrary  quantiliea,  making  in  all  six,  which  are  requisite  for  the 
complete  solution  of  the  problem. 

206.  Tliese  two  new  arbitrary  quantities  are  the  inclination  of  the 

invariable  plane  on  tlie  fixed  plane  in  question,  and  the  angidai  dis- 
tance of  the  line  of  intersection  of  tbese  two  planes  from  a  line  arbi- 

trarily  assumed  on  the  fixed  pl&ne  -,  and  as  the  initial  position  of  the 
fixed  plane  is  supposed  to  be  given,  the  two  arbitrary  quantities  are 

If  the  position  of  the  three  principal  axes  witli  regard  to  the  inr*. 

riable  plane  be  known  at  tbe  origin  of  the  motion,  0'.  0',  will  be 
given,  and  therefore  p,  q,  r,  will  be  known  at  that  time ;  and  tlien 

equation  (46)  will  give  the  value  of  i. 
The  constant  quantity  arising  from  the  integration  of  dl  depends 

on  tbe  arbitrary  origin  or  instant  whence  the  time  is  estiniBted,  and 

that  introduced  by  tlie  integration  of  d*!/'  depends  on  the  origin  of  tiie 
angle  y,  which  may  be  assumed  at  pleasure  on  the  invariable  plane. 

S07.  The  determination  of  tlie  sixth  constant  quantity  A  ts  veiy 

interesting,  as  it  affords  the  means  of  ascertaining  the  point  in  wbich 

the  sun  and  planets  may  be  supposed  to  have  received  a  primitiTe 
impulse,  capable  of  communicating  to  them  at  once  their  rectilinear 

and  rotatory  motions. 
The  sum  of  the  areas  described  round  the  centre  of  gravity  of  the 

solid  by  the  radius  of  each  particle  projected  on  a  fixed  plane,  and 
respectively  multiplied  by  tbe  particles,  is  proportional  to  the  moment 

of  the  primitive  force  projected  on'the  same  plane;  but  this  moment 
is  a  maximum  relatively  to  the  plane  which  passes  through  the  point 
of  primitive  impulse  and  centre  of  gravity,  hence  it  is  the  invariable 

plane. 208.  Let  G,  fig.  5a,be  the  centre  of  gravity  of  a  body  of  whic^  ABC  is 

■  section,  and  suppose  thai  it  has  received  an  impulse  in  the  plane  ABC 

^.52. 
at  the  distance  GF,  from  its  centre  of  gravity  i 

it  will  move  forward  in  space  at  the  same  time 
that  it  will  rotate  about  an  axis  perpendicular 
lo  the  plane  ABC.  Let  v  be  the  velocity 
generated  in  the  centre  of  gravity  by  the  pri- 

mitive impulse;  then  ifm  be  the  mass  of  the 
body,  m.u.GF  will  be  the  moment  of  ihia 
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impulse,  and  multiplying  it  by  ̂t,  the  product  will  be  equal  to  the 
turn  of  the  areas  described  during  the  time  t ;  but  this  sum  was  shown 

to  be  J/  i/FTv^+V^i 
hence  ^/FTFTT^  =  iw.r.GF  =  h ; 
which  determines  the  sixth  arbitrary  constant  quantity  h.  Were  the 
angular  velocity  of  rotation,  the  mass  of  the  body  and  the  velocity 

of  its  centre  of  gravity  known,  the  distance  GF,  the  point  of  primi- 
tive impulse,  might  be  determined. 

209.  It  is  not  probable  that  the  primitive  impidse  of  the  planets 
and  other  bodies  of  the  system  passed  exactly  through  their  centres  of 
gravity ;  most  of  them  are  observed  to  have  a  rotatory  motion,  though 
in  others  it  has  not  been  ascertained,  on  account  of  their  immense 
distances,  and  the  smallness  of  their  volumes.  As  the  sun  rotates 

about  an  axis,  he  must  have  received  a  primitive  impulse  not  pass- 
ing through  his  centre  of  gravity,  and  therefore  it  would  cause  liim 

to  move  forward  in  space  accompanied  by  the  planetary  system, 
unless  an  impulse  in  the  contrary  direction  had  destroyed  that 

motion,  which  is  by  no  means  likely.  Thus  the  8un*s  rotation  leads 
ut  to  presume  that  the  solar  system  may  be  in  motion. 

210.  Suppose  a  planet  of  uniform  density,  whose  radius  is  R,  to 
be  a  sphere  revolving  round  the  sun  in  S,  at  the  distance  SG  or  F, 

with  an  angular  velocity  represented  by  u,  then  the  velocity  of  the 
centre  of  gravity  will  be  o  =  uf. 

Imagine  the  planet  to  be  put  in  motion 

by  a  primitive  impulse,  passing  through 

the  point  F,  fig.  53,  then  the  sphere  will  ̂ ^'  ̂^' 
rotate  about  an  axis  perpendicular  to  the 

invariable  plane,  with  an  angular  velocity 

equal  to  r,  for  the  components  q  and  p 
at  right  angles  to  that  plane  will  be  zero; 

hence,  the  equation 

V/"+ /"+/"■  =  fn.v.GF. 

becomes  /''  =  mu  r.FG ;  and  /''  =  rC. 
The  centre  of  g3rration  is  that  point  of  a  body  in  rotation,  into  which, 

if  all  the  particles  were  condensed,  it  would  retain  the  same  degree 
of  rotatory  power.  It  is  found  that  the  square  of  tlic  radius  of 

gyration  in  a  sphere,  is  equal  to  f  of  the  square  of  its  semi-diameter ; 
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2 
hence  the  rotatory  inertia  C  becomes,  m  B^, 

thus    ;"  =  r  X  -i  m  RS  and  GF  =  i- .  ?1 .  —. 5  5       7       tt 

211.  Hence,  if  tlic  ratio  of  the  mean  radius  of  a  planet  to  ha  men 

distance  from  the  sun,  and  the  ratio  of  its  anguhur  velocity  of  rotation 
to  its  an[;rular  velocity  in  its  orbit,  could  be  ascertained,  the  pobt 

in  which  tlic  primitive  impulse  was  given,  producing  its  motion  m 
S|)ace,  might  be  determined. 

212.  Were  the  earth  a  sphere  of  uniform  density,  the  fatio  — r 

would  be  0.000042665  ;  and  the  ratio  of  its  rotatory  velocity  to  thst 
in  its  orbit  is  known  by  observation  to  be  866.25638,  whence  G7 

p 
r=  —  ;  and  as  the  mean  radius  of  the  earth  is  about  4000  miles, 

160  
^^ 

the  primitive  impulse  must  have  been  given  at  the  distance  of  25 
miles  from  the  centre.  However,  as  the  density  of  the  earth  is  not 
uniform,  but  decreases  from  the  centre  to  the  sur&ce,  the  distance  of 

tlic  primitive  impulse  from  its  centre  of  gravity  must  have  been  some- 
thing less. 

213.  Tlie  rotation  of  the  earth  has  established  a  relation  between 

time  and  the  iircs  of  a  circle.  Every  point  in  the  surface  of  the 

earth  ])asses  through  360^  in  24  hours ;  and  as  the  rotation  is  urn- 
form,  the  arcs  described  arc  proportional  to  the  time,  so  that  one  of 
these  quantities  may  represent  the  other.  Tims,  if  a  be  an  arc  of 

any  number  of  degrees,  and  t  the  time  employed  to  describe  it, 

360^  :  a  ::  24  :  ̂:  hence  a  =:  ̂   < ;  or,  if  the   constant   co-effi- 
24 OfiC\ 

cicnt  —  be  represented  by  n,  a  =:  nt,  and  sin  «  =  sin  n/,  cos  a 24 

=  cos  nt. 

In  the  same  manner  the  periodic  time  of  the  moon  bdng  27.8  days 

nearly,  an  arc  of  the  moon's  orbit  would  be    L  and  may  also  be 

27.8  ^ expressed  by  nt    Thus,  n  may  have  all  values,  so  that  n^  is  a  general 
expression  for  any  arc  that  increases  uniformly  with  the  time. 
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214.  The  motions  of  the  planets  are  determined  by  equations  of 
these  forms, 

   +  vru  =  R 

^  +  nH*  =  0, df 

which  are  only  transformations  of  the  general  equation  of  the  mo- 
Ikms  of  a  system  of  bodies.  The  integrals  of  both  give  a  value  of  u 
in  terms  of  the  sines  and  cosines  of  circular  arcs  increasing  with  the 
Inne ;  the  first  by  approximation,  but  the  integral  of  the  second  will 

be  obtained  by  making  u^:^cf,c  being  the  number  whose  Napierian 
logarithm  is  unity. 

Whence  d^i  =  (f(jd^x  -f  dx% 
and  the  equation  in  question  becomes 

cfx  +  d  J*  +  n*de  =  0. 

Let  dx  =:  ydty  then  d*x  =:  dydt^ 
linoe  the  element  of  the  time  is  constant,  which  changes  the  equa- 

tion to  dy  +  di  (n*  +  ̂ )  s=  0. 
If  y  =  m  a  constant  quantity,  dm  :=  <fy  =  0, 

hmice  n'  -J-  m*  =  0  ; 

whence  m  =  ip  n  ̂-1, 

but  dx  =  ydt  =  ip  ndi  v  —  1, 
the  integral  of  which  is 

X  =1  ̂   nt  V-  1. 

Ai  X  has  two  values,  «  :=  c*  gives 

tt  =  ftc"*^^,    and  «  =  6'c-"*'^^; 
and  because  either  of  these  satisfies  the  conditions  of  the  problem, 

their  sum  u  =  bd"'^  +  ft'cT^"'^^, 

also  satisfies  the  conditions  and  is  the  general  solution,  b  and  6' 
being  arbitrary  constant  quantities. 

But  c""'^  =  cos  ni  +  V  -  1  sin  nt, 
•  c""*'*'^'^=cos nt  —  ̂ —  1  sin  nL 

Hence  u  =  (6  +  60  cos  n<  +  (6  —  6')  V  —  1  sin  nt. 

Let  ft  +  yrsilf  sine;    (6  -  6)  V  -  1  =i»fco8€; 
and  then  u  s  Jf  {sin  «  cos  n^  +  cos  6  sin  ni) 
or  u:=  M  sin  (n^  +  e), 
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wliich  is  the  integral  required,  because  M  and  c  are  two  arbitrary 

constant  quantities. 
215.  Since  a  sine  or  cosine  never  can  exceed  the  radius, 

sin. (71  <  +  0  never  can  exceed  unity,  however  much  the  time  may 

increase ;  therefore  u  is  a  periodic  quantity  whose  value  oscillates 

between  fixed  limits  which  it  never  can  surpass.  But  that  would 

not  be  the  case  were  n  an  imaginary  quantity ;  for  let 

then  the  two  values  of  x  become 

x  =  fii  +  u  V  —  1   x=zfit-  a  -y^, 
consequently, 

c^'+"*'^^=c''.c^^^  =c^{cosa<+   V^ainorf} 

^«-a*vrr==  c**.c-°"^'^=c*'{cos  a<  -  V"^  sin  «rf} 
whence    m  =  c^*  {(*  +  *')  cos  a<  +  (6  —  b')  V—  1  sin  ai] 

or  substituting  for    b  +  b' ;  (6  —  ft')  V— ̂  ; 
u  =  c^.il/.sin  (ft/  +  c)  ; 

But  c^'  =  1  +  /3<  +  i  /8*<«  +  -L  i8^/»  +  &c. 

therefore  c^*  increases  indefinitely  with  the  time,  and  tc  is  no  longer 
a  periodic  function,  but  would  increase  to  infinity. 

Were  the  roots  of  n'  equal,  then  x  =z  fit^  and 
w  =  C .  c**,  C  being  constant 

Thus  it  appears  that  if  the  roots  of  n*  be  imaginary  or  equal,  the 
function  u  would  increase  without  limit. 

These  circumstances  are  of  the  highest  importance,  because  the 
stability  of  the  solar  system  depends  upon  them. 

Rotation  of  a  Solid  which  turns  nearly  round  one  of  its  principal 
Axesy  as  the  Earth  and  the  Planets,  but  not  subject  to  the  action 
of  accelerating  Forces, 

216.  Since  the  axis  of  rotation  oz"  is  very  near  02',  fig.  50,  the 

mm 

angle  z'  0  z"  is  so  small,  that  its  cosine      di£Fers   but 
V;>*  -»-  9«  +  H 

little  from  unity ;  hence  p  and  q  are  so  minute  that  their  product 
may  be  omitted,  which  reduces  equations  (45)  to 

Cdr  =  0, 

Jdp  +  iC  —  B)  qrdl  =:  0, 
Vdq  +  (/I  -  C)  prdt  =  0  ; 
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the  first  shows  the  angular  velocity  to  be  uniform,  and  the  two  last 

give 

d<«  B         dt^    '  dt   "^       A 
hence  if  the  constant  quantity 

  AB   '^"•"' 
the  result  will  be  ̂   +  n«a  =  0; 

d^         ̂  and  by  article  214,  9  =  3r  cos  (jit+g). 

In  the  same  manner        p  z=i  M  bXh  {nt-\-g)\ 

whence  M"  ̂   M  .      /^(^  -  C). ^  B{B  -  O 

217.  If  02"  the  real  axis  of  rotation  coincides  with  oz\  the  pnn- 
cipil  axis  in  the  beginning  of  the  motion,  then  q  and  p  are  zero ; 
hence  also,  Jf  =  0,  and  ilF  s=  0.  It  follows  therefore,  that  in  this 

ease  q  and  p  will  always  be  zero,  and  the  axis  02**  will  always  coin* 
cide  with  02* ;  whence,  if  the  body  begins  to  turn  roimd  one  of  its 
principal  axes,  it  will  continue  to  rotate  uniformly  about  that  axis  for 

ever.  On  account  of  this  remarkable  property  these  are  called  the 
naloral  axes  of  rotation  ;  it  belongs  to  them  exclusively,  for  if  the 

position  of  the  real  axis  of  rotation  02!'  be  invariable  on  the  surface 
of  the  body,  the  angular  velocity  will  be  constant ; 
hence  dfp  s  0,    dg  =  0,    drzs,  0, 

and  (C  -  B)  qrdt  =0,    {A  ̂   C)  rpdt  =0,    (B  -  A)  pqdt  =  0, 
918.  If  ̂ ,  B,  C,  be  unequal,  these  equations  will  only  be  zero  in 

every  case  when  two  of  the  quantities  p,  9,  r,  are  zero ;  but  then,  the 
real  axis  coincides  with  one  of  the  principal  axes. 

If  two  of  the  moments  of  inertia  be  equal,  as  ̂   s  B,  the  three 

•qoationt  are  reduced  to  1^  =  0,  ̂ r  =  0 ;  both  of  which  will  be 
satisfied,  that  is,  they  will  both  be  zero  for  every  value  of  q  and  p,  if 
r  s=  0.  The  axis  of  rotation  is,  therefore,  in  a  plane  at  right  angles 

to  the  third  principal  axis  ;  but  as  the  body  is  then  a  solid  of  revolution, 

every  axis  in  that  plane  is  a  principal  axis. 
219.  When  ̂   =  B  =:C,  the  three  preceding  equations  are  zero, 

whatever  may  be  the  values  of  p,  g,  r,  then  all  the  axes  of  the  body 

will  be  principal  axes.  Thus  the  principal  axes  alone  have  the  prO' 
perty  of  permanmit  rotation,  though  they  do  not  possess  that  property 
in  the  same  degree.  0 



106  MOTION  OF  A  SOLib  BoDt  [Book  I. 

220.  Suppose  the  real  axis  of  rotation  o:i\  fig.  50,  to  deviate  by 

an  indefinitely  small  quantity  from  oz\  tlie  third  principal  axis,  the 

coefficients  M  andM'  will  then  be  indefinitely  small,  since  ̂   =  If  x 

cos  {jd  +  g*),  and  j?  =  M  sin  {nt  +  g)  are  indefinitely  unall.  Now 
if  n  be  a  real  quantity,  sin  (j\t  +  g),  cos  {ni  +  ̂ ),  will  never  exceed 

ver>'  narrow  limits,  therefore  q  and  p  will  remain  indefinitely  amall; 

BO  that  the  real  axis  oz'*  will  make  indefinitely  small  oscillations  about 
the  third  principal  axis.     But  if  n  be  imaginary,  by  article  215, 

sin  (/!<  +  g),     cos  {ni  +  g), 

will  bs  changed  into  quantities  which  increase  with  the  time,  and  the 

real  axis  of  rotation  will  deviate  more  and  more  from  the  third  prin- 

cipal axis,  80  that  the  motion  will  have  no  stability.     Tlie  value  of  n 

will  decide  that  important  point. 

Since  n^T  ^  AA-B)iB-C)^ 
^  AB 

it  will  be  a  real  quantity  when  C  the  moment  of  inertia  With  regard 

to  oz',  is  either  the  gpreatest  or  the  least  of  the  three  moments  of 
inertia  u4,  J5,  C,  for  then  the  product  (-4  —  C)  (B  —  C)  will  be 
positive  ;  but  if  C  have  a  value  that  is  between  those  of  A  and  B, 

that  product  will  be  negative,  and  n  imaginary.  Hence  the  rotation 

will  be  stable  about  the  greatest  and  least  of  the  principal  axes,  but 
unstable  about  the  third. 

221.  Having  determined  the  rotation  of  the  solid,  it  only  remains 

to  ascertain  the  position  of  the  principal  axis  with  regard  to  quiescent 

space,  that  is,  with  regard  to  the  fixed  axes  ojr,  oy,  02.  That  evl* 

dently  depends  on  the  angles  0,  y^,  and  0. 

If  the  third  principal  axis  oz\  fig.  50,  be  assumed  to  be  nearly  at 

right  angles  to  the  plane  xoy^  the  angle  zoz\  or  0,  will  be  so  very 

small  that  its  square  may  be  omitted,  and  its  cosine  assumed  equal 
to  unity ;  then  the  equations  (41) 

give         c?0  —  dy^  =  rd< ;  or  if  r  =  »,  be  a  constant  quantity, 
the  integral  is,  y^  =  0  —  »<  -f  e. 

If  sin  0  cos  0  =  A,  sin  ̂   sin  0  =  t/,  the  two  first  of  equations 

(41),  aflcr  the  elimination  of  Jf-,  give 
iU    .  du 

di  ^    dt  ^ 

The  integrals  of  these  two  quantities  are  obtained  by  the  methoJ 
article  2M,  and  are 
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<  =  f  cos  (a/  4-  \)  — 

u  =  f  fm(ai  +  X)  — 

Ca 

AM 

Ca 

COB  (nt  +g), 

sin  (nt  +  g). 

Q  and  X  being  new  arbitrary  quantities  introduced  by  integration. 

Tbe  problem  is  completely  solved,  since  s  and  u  give  0  and  0  in 
values  of  the  time,  and  y  is  given  in  values  of  0  and  the  time. 

Compound  Pendulums. 

222.  Hitherto  the  rotation  of  a  solid  about  its  centre  of  gravity 
has  been  considered  either  when  the  body  is  free,  or  when  the  centre 

.  jtff.  54.  of  gravity  is  fixed ;  but  imagine 

y'   SL   I— y  *  *^^^  ̂ ^»  ̂ E*  ̂ >  ̂   revolve 
about  a  fixed  axis  in  o  which 

docs  not  pass  through  its  cen- 
tre of  gravity.  If  the  body  be 

drawn  aside  from  the  vertical 

oz,  and  then  left  to  itself,  it 
will  oscillate  about  that  axis 

by  the  action  of  gravitation 

alone.  This  solid  body  of  any  form  whatever  is  the  compound 
pendulum,  and  its  motion  is  perfectly  similar  to  that  of  the  simple 
pendulum  already  described,  depending  on  the  property  of  areas. 

Hie  motion  being  in  the  plane  zoy,  the  sums  of  the  areas  in  the 

other  two  planes  are  zero  ;  so  that  the  motion  of  the  pendulum  is  de- 

rived from  the  equation  S  ̂y£!m^\  dm  =  S  (yZ-zY)  dm. 

In  order  to  adapt  that  equation  to  the  motion  of  the  pendulum,  let 

oyrzy,  oP  =  2,  Ao=2',  Ay=y', 
hence  PA  =  —  y',  fig.  55 ;  and  let 
the  angle  PoA  be  represented  by  ̂. 
P  is  the  centre  of  gravity  of  the 

pendulum,  wliich  is  supposed  to 
rotate  about  the  axis  ox,  passing 

through  0  at  right  angles  to  the 

plane  zoy,  and  therefore  it  cannot 
be  represented  in  the  diagram. 
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Now  —  y's=z  am  0 

s'=y  sin  0 

If  the  first  of  these  four  equations  be  multiplied  by  Bin  ̂ ^  and  the 

second  by  cos  0,  their  sum  is 

2  ̂ ^  2*  cos  ̂   —  y'  sin  ̂  ; 

in  the  same  way        y  =  2'  sin  ̂   +  y'  cos  0. 
If  these  values  be  substituted  in  the  equation  of  areas  it  becomes 

for  -4  =5  S  (y'«  +  z**)  dm. 
If  the  pendulum  moves  by  the  force  of  gravitation  alone  in  thf 

direction  02^  Y  =:  0        Z  =  g*. 

Hence  A  —  =  —  S^ycfm. 

If  the  value  of  y  be  substituted  in  tliis  it  becomes, 

A  —  £=  —  ̂   sin  (^.  S  2'dm  —  g  cos  0.  S.  f/dm. 

Because  s'  passes  through  the  centre  of  gravity  of  the  pendulum, 

the  rotatory  pressure  S.y'cfm  is  zero ;  hence 

d(*  ^ 
If  L  be  the  distance  of  the  centre  of  gravity  of  the  pendulum  fifom 

the  axis  of  rotation  oj?,  the  rotatory  pressure  S.  2'dm  becomes  Lm^ 
in  which  m  is  the  whole  mass  of  the  pendulum ;  hence 

A  d^^  r        •    /> A   r=  —  Lnig  sm  ̂ , 

d(*  ^ 

or  —  =:    L.  cos  0  +  C, 

dC"  A  • 

C  being  an  arbitrary  constant  quantity. 

223.  If  a  simple  pendulum  be  considered,  of  which  all  the  atoms 

are  united  in  a  point  at  the  distance  of  /  from  the  axis  of  rotation  or, 

its  rotatory  inertia  will  be  ̂   =:  m/",  m  being  the  mass  of  the  body, 
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and  /*  =  2*  -f-  y*.     In  this  case  2  =  L. 
for  Jf  we  find 

Substituting  this  value 

=  ?£  cos  ̂   +  C. 

224.  Thus  it  appears,  that  if  the  angular  velocities  of  the  com- 
pound and  simple  pendulums  be  equal  when  their  centres  of  gravity 

are  in  the  vertical,  their  oscillations  will  be  exactly  the  same,  provided 

also  that  the  length  of  the  simple  pendulum  be  equal  to  the  rotatory 

inertia  of  the  solid  body  with  regard  to  the  axis  of  motion,  divided  by 

the  product  of  the  mass  by  the  distance  of  its  centre  of  gravity  from 

llie  axis,  or  /  =  —  • 
tnL 

Hius  such  a  relation  is  established  between  the  lengths  of  the 

two  pendulums,  that  the  length  of  a  simple  pendulum  may  be  found, 

whose  oscillations  are  performed  in  the  same  time  with  those  of  a 

compound  pendulum. 

In  this  manner  the  length  of  the  sunple  pendulum  beatmg  seconds 
has  been  detennined  from  observations  on  the  oscillations  of  the  com- 

pound pendulum. 
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CHAPTER  VI. 

ON  THE  EQUILIBRIUM  OF  FLUIDS. 

DefiniliorUy  Sfc. 

225.  A  FLUID  is  a  mass  of  particles  which  yield  to  the  slightest 

pressure,  and  transmit  that  pressure  in  every  direction. 
226.  Mobility  of  the  particles  constitutes  the  difference  between 

fluids  and  solids. 

227.  There  are,  indeed,  fluids  in  nature  whose  particles  adhere 
more  or  less  to  each  other,  caUed  viscous  fluids;  but  thoBe  only 

whose  particles  do  not  adiierc  in  any  degree,  but  poBsesa  peifect 

mobility,  are  the  subject  of  this  investigation. 

228.  Strictly  speaking,  all  fluids  are  compressible,  for  even  Hqiuds 

under  very  great  pressure  change  their  volume ;  but  as  the  compres- 
sion is  insensible  in  ordinary  circumstances,  fluids  of  perfect  mobility 

are  divided  into  compressible  or  elastic  fluids,  and  incompressible, 

229.  The  elastic  and  compressible  fluids  are  atmospheric  air,  the 

gases,  and  steam.  When  compressed,  these  fluids  change  both  fonn 

and  volume,  and  regain  their  primitive  state  as  soon  as  the  pressure 

is  removed.  Some  of  the  gases  are  found  to  differ  from  atmospheric 

air  in  losing  their  elastic  form,  and  becoming  liquid  when  com- 
pressed to  a  certain  degree,  as  lately  proved  by  Mr.  Faraday,  and 

steam  is  reduced  to  water  when  its  temperature  is  diminished ;  but 

atmospheric  air,  and  others  of  the  gases,  always  retain  their  gaseous 

form,  whatever  the  degree  of  pressure  may  be. 

230.  It  is  impossible  to  ascertain  the  forms  of  the  particles  of 

fluids,  but  as  all  of  them,  considered  in  mass,  afford  the  same  pheno- 
mena, it  can  have  no  influence  on  the  laws  of  their  motions. 

Equilibrium  of  Flu  ids. 

231.  When  a  fluid  mass  is  in  equilibrio,  each  particle  must  itself 

be  held  in  equilibrio  by  the  forces  acting  upon  it,  together  with  the 

pressures  of  the  surrounding  particles. 



Ch^VIO  ON  THE  EQUILIBRIUM  OF  FLUIDS. Ill 

232.  It  is  evident,  that  whatever  the  accelerating  forces  or  pres- 
sures may  be,  they  can  all  be  resolved  into  component  forces  parallel 

to  three  rectangular  co-ordinates,  ox,  oy,  oz. 

Equation  of  Equilibrium. 

233.  Imagine  a  system  of  fluid  particles,  forming  a  rectangular 
parallelopipedon  A  B  C  D,  fig.  56,  and 

Kg    suppose  its  sides  parallel  to  the  co-ordi* 

^       nate  axes.   Suppose  also,  that  it  is  pressed 
B  B     on  all  sides  by  the  surrounding  fluid,  at 

die  same  time  that  it  is  urged  by  accelerating  forces. 
834.  It  is  evident,  that  the  pressure  on  the  face  A  B,  must  be  in 

a  contrary  direction  to  the  pressure  on  the  face  C  D ;  hence  the  mass 
will  be  urged  by  the  difference  of  these  pressures  :  but  this  difference 
may  be  considered  as  a  single  force  acting  either  on  tlie  face  A  B  or 
C  D ;  consequently  the  difference  of  the  pressures  multiplied  by  the 
very  small  area  A  B  will  be  the  whole  pressure,  urging  the  mass  parallel 
to  the  side  EG.  In  the  same  manner,  the  pressures  urging  the  mass 

in  a  direction  parallel  to  £B  and  £A,  are  the  area  £  C  into  the  dif- 
ference of  the  pressures  on  the  faces  £  C  and  BF ;  and  the  area  £D 

into  the  difference  of  the  pressures  on  £  D  and  A  F. 

235.  Because  the  mass  is  indefinitely  small,  if  x,  y,  2,  be  the  co- 
ordmates  of  E,  the  edges  EG,  E  B,  £  A,  may  be  represented  by 

djr,  dy,  dz.  Then  p  being  the  pressure  on  a  unit  of  surface,  pdydz 

will  be  the  pressure  on  the  face  A  B,  in  the  direction  £  G.  At  G,  x 

becomes x  +  dx,  y  and  z  Remaining  the  same ;  hence  as  pis  con- 
sidered a  function  of  <r,  y,  z,  it  becomes 

hence 

p'  =  ;>  +  f^\  dx  at  the  point  G ; 

p-,.=-(i)^. 
and 

dydz. 
pdydz  —  p'dydz  =  —  (  j^)  ̂ 

Now  pdydz  is  the  pressure  on  AB,  ̂ Xiiip'dydz  is  the  pressure  on  CD ; 

hence  —  ( —\  dx.dydz  :=i  (p  -^  p')  dydz \dxj 
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is  the  diflerence  of  the  presmrea  on  the  fiMCf  A  B  and  CD.    In  the 

same  manner  it  may  be  proved  that 

arc  the  rlifTcrcncca  of  the  pressues  on  the  &ce9  B  F,  AG,  and  on 
ED,  AF. 

236.  But  if  X,  Y,  Z,  be  the  accelerating  forces  in  the  direction  of 
the  axes,  when  multiplied  by  the  volume  dx  dy  dz,  and  by  ̂   its 

density,  they  become  the  momenta 
^.Xdr  dydx^ 
p.Y  dx  dy  dz, 

p.Z  dx  dp  dz. 

But  these  momenta  must  balance  the  pressures  in  the  same  dhec- 
tions  when  the  fluid  mass  is  in  equilibrio ;  hence,  by  the  |»inci|de 
of  virtual  velocities 

=  0,  or 

^  Jx  +  ̂  Jy  +  ̂  J»  =  />  {XJ:r  +  YJy  +  iZz). 
dx  dy  dz 

As  the  variations  are  arbitrary,  they  may  be  made  equal  to  the  dif- 
ferentials, and  then 

dp:=ip  {Xdx  +  Yd;^  +  Zdz]  (52) 
is  the  general  equation  of  the  equilibrium  of  fluids,  whether  elastic 
or  incompressible.  It  shows,  that  the  indefinitely  small  increment 

of  the  pressure  is  equal  to  the  density  of  the  fluid  mass  multiplied  by 
tlic  sum  of  the  products  of  each  force  by  the  element  of  ita  direction. 

237.  This  equation  will  not  give  the  equilibrium  of  a  fluid  under 

all  circumstances,  for  it  is  evident  tliat  in  many  cases  equilibrium  is 
iniiK)88ible ;  but  when  the  accelerating  forces  are  attractive  forces 
directed  to  fixed  centres,  it  furnishes  another  equation,  which  shows 

tlie  relation  that  must  exist  among  the  component  forces,  in  order 

that  equilibrium  may  be  possible  at  all.  It  is  called  an  equation  of 
condition,  because  it  expresses  the  general  condition  requisite  for  the 
existence  of  equilibrium. 

Equations  of  Condition. 

838,  Assummg  the  forces  X,  Y,  Z,  to  be  functions  of  the  distancei 
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by  article  75.  The  second  member  of  the  preceding  equation  is  an 

exact  differential ;  and  as  p  is  a  function  of  j?,  y^  z,  it  gives  the  par- 
tial equations 

ax  ay  dz 

but  the  differential  of  the  first,  according  to  y,  is 

d*p     _^   d,pX 
dxdy  dy 

and  the  differential  of  the  second,  according  to  jr,  is 

<f*p    _  d.pY  ̂ 
dydx  dx 

hence  il^  =  1^. 
dy  dx 

By  a  similar  process,  it  will  be  found  that 

d  .  pY     d  .  pTt  ̂  d  .  />X  ̂ ^  d  •  pTi 
dz  dy  dz  dx 

These  three  equations  of  condition  are  necessary,  in  order  that  tlie 

equation  (52)  may  be  an  exact  differential,  and  consequently  inte- 
grablc.  If  the  differentials  of  these  three  equations  be  taken,  tlie 
sum  of  the  first  multiplied  by  Z,  of  the  second  multiplied  by  X,  and 

of  the  third  multiplied  by  —  Y,  will  be 

0  =  X.^  -  Y.^  +  Z.^  -  X.^  +  Y.^  -  Z.^ 
dz  dz  dy  dy  dx  dx 

an  equation  expressing  the  relation  that  must  exist  among  Uie  forces 
Xy  Y,  Z,  in  order  that  equilibrium  may  be  possible. 

Equilibrium  will  always  be  possible  when  these  conditions  are 

fulfilled ;  but  the  exterior  figure  of  the  mass  must  also  be  deter- 
mined. 

Equilibrium  of  homogeneous  Fluids, 

239.  If  the  fluid  be  free  at  its  surface,  tlie  pressure  must  be  zero 

in  every  point  of  the  surface  when  the  mass  is  in  equilibrio ;  so  that 

ji  =:  0,  and 

p{Xdx  +  Ydy  +  Zdz  }  =  0, 

whence  T^CXt/x  +  Ydy  +  Zdz)  =  constant, 
supposing  it  an  exact  differential,  the  density  being  constant. 

The  resulting  force  on  each  particle  must  be  directed  to  the  inte- 
I 
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nor  of  the  fluid  masa,  and  must  be  perpendinilar  to  the  surface ;  f 

were  it  not,  it  might  be  ruBolved  into  two  others,  one  perpundict 
and  one  horizontal ;  and  In  consequence  of  the  latter,  the  j 

would  alide  along  tlie  surface. 

f  f  u  =  0  be  tlie  equation  of  the  surface,  by  article  69  tlie  equatiottl 
of  equilibrium  at  tlie  surface  will  be 

Xdx  +  Ydy  +  Zdz  =  Wk, 

X  being  a  function  of  x,  y,  t  \  and  by  the  eame  article,  the  resultant  I 
of  the  forces  X,  V,  Z,  must  be  perpendicular  to  those  puts  of  tfa^  I 
surface  where  the  fluid  is  free,  and  the  Urst  member  must  be  an  e 
differential. 

L 

Equilibrium  of  keterogerteoui  Huidi. 

240.  When  the  fluid  mass  is  heterogeneous,  and  when  the 
are  attractive,  wtd  their  intensities  functions  of  the  distances  of  the 

points  of  application  from  their  origin,  then  the  density  depends  on 
the  pressure  ;  and  all  the  strata  or  layers  of  a  fluid  mass  in  wliich  the 

pressure  is  the  same,  have  the  same  density  throughout  tlueir  whds 
extent 

Detnonttralion.   Let  the  function 

Xdx  +  \dy  +  Zdi 
be  an  exact  diOereuce,  which  by  article  lb  will  always  he  the  cast 

when  the  forces  X,  Y,  Z,  are  attractive,   and  their  intensities  func- 
tions of  the  mutual  distances  of  the  particles.     AsBumi 

0  =/(X<tr  +  Ydy  +  Zdz),  (I 
ffr  being  a  fimclion  of  x,  y,  s  ;  then  equation  (53)  becomes 

dp  =  p.d<i).  (54) 
The  first  member  of  this  equation  is  an  exact  differential,  and  in 

order  that  the  second  member  may  also  be  an  exact  differential,  the 
density  p  must  be  a  function  of  0.  The  pressure  p  wiU  then  be  a 

function  of  0  also  ;  and  the  equation  of  the  free  surface  of  the  fluid 

will  be  0  =  constant  quantity,  as  in  the  case  of  homogeneity.  Tliua 
the  pressure  and  the  density  are  the  same  for  all  the  points  of  the 

same  layer.  The  law  of  the  variation  of  the  density  in  passing  fhwn 

one  layer  to  another  depends  on  tlie  function  in  0  which  e^ipressea  it. 
And  when  tliat  function  is  given,  the  pressure  will  be  obtained 

integrating  the  equation  dp  =fd^. 

I 
(MM 
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841.  It  appears  from  the  preceding  investigation,  that  a  homo- 

geneous liquid  will  remain  in  equilibrio,  if  all  its  particles  act  on  each 
Other,  and  are  attracted  towards  any  number  of  fixed  centres  ;  but  in 

that  case,  the  resulting  force  must  be  perpendicular  to  the  surface  of 

the  liquid,  and  must  tend  to  its  interior.  If  there  be  but  one  force 
or  attraction  directed  to  a  fixed  point,  the  mass  would  become  a 

qdiere,  having  that  point  in  its  centre,  whatever  the  law  of  the  force 

might  be. 
842.  When  the  centre  of  the  attractive  force  is  at  an  infinite  dis- 

Inoe,  its  direction  becomes  parallel  throughout  the  whole  extent  of 

the  fluid  mass  ;  and  the  surface,  when  in  equilibrio,  is  a  plane  per* 

pendicular  to  the  direction  of  the  force.  The  surface  of  a  small  ex* 
tent  of  stagnant  water  may  be  estimated  plane,  but  when  it  is  of 

great  extent,  its  sur&ce  exhibits  the  curvature  of  the  earth. 
84S.  A  fluid  mass  that  is  not  homogeneous  but  free  at  its  surfiu;e 

will  be  in  equilibrio,  if  the  density  be  imiform  throughout  each  inde- 
flnitely  small  layer  or  stratum  of  tlie  mass,  and  if  the  resultant  of  all 

die  accelerating  forces  acting  on  the  surface  be  perpendicular  to  it, 

and  tending  towards  the  interior.  If  the  upper  strata  of  the  fluid 

be  most  dense,  the  equilibrium  will  be  unstable ;  if  the  heaviest  is 
undermost,  it  will  be  stable. 

244.  If  a  fixed  solid  of  any  form  be  covered  by  fluid  as  the  earth  is 

by  the  atmosphere,  it  is  requisite  for  the  equilibrium  of  the  fluid  that 

the  intensity  of  the  attractive  forces  should  depend  on  their  distances 

from  fixed  centres,  and  that  the  resulting  force  of  all  the  forces  which 

act  at  the  exterior  surfetce  should  be  perpendicular  to  it,  and  directed 
towards  the  interior. 

245.  If  the  surface  of  an  elastic  fluid  be  free,  the  pressure  can- 
not be  zero  till  the  density  be  zero ;  hence  an  elastic  fluid  cannot 

be  in  equilibrio  unless  it  be  either  shut  up  in  a  close  vessel,  or,  like 

the  atmosphere,  it  extend  in  space  till  its  density  becomes  insensible. 

Equilibrium  of  Fluids  in  Rotation, 

246.  Hitherto  the  fluid  mass  has  been  considered  to  be  at  rest ; 

but  suppose  it  to  have  a  uniform  motion  of  rotation  about  a  fixed 

axis,  as  for  example  the  axis  oz.  Let  lo  be  the  velocity  of  rotation 

common  to  all  the  particles  of  the  fluid,  and  r  the  distance  of  a  par- I  2 
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licle  dm  from  the  axia  or  rotation,  the  co-ordinates  of  dm  being- 
'i  y.  '■  Tlien  wr  will  be  the  velocity  of  dm,  and  its  centrifugal 

force  resulting  from  rotation,  will  be  w^r,  which  must  therefore  be 
added  to  the  accelerating  forces  which  urge  the  particle;  hence  equa- 

tion (53)  will  become 

di>=Xdx  +  Ydy  -f  Zdi  +  B.'  rrfi 
And  the  diSerential  equation  of  the  strata,  and  of  the  free  surface  of 
the  fluid,  will  be 

Xdx  +  Ydy  +  Zdx  +  -i:rdr  =  0.  (55) 
The  ccntrifu^l  force,  therefore,  does  not  prevent  the  fimctian  0  fitnv 

bcin^  an  exact  differential,  coneefjuently  eqiulibrium  will  be  posublcj. 

provided  the  condition  of  article  238  be  fulfilled. 

247.  The  regularity  of  gravitation  at  the  surface  of  tlic  earth ;  the 

increase  of  density  towards  its  centre ;  and,  above  all,  the  corre- 
spondence of  the  form  of  the  earth  nnd  planets  with  that  of  a  fluid 

mass  in  rotation,  have  led  to  the  supposition  that  these  bodies  may 
have  been  originally  fluid,  and  that  their  parts,  in  consolidating, 
have  retained  nearly  tlie  form  they  would  have  acquired  from  their 
mutual  attractions,  together  with  the  centrifiigal  force  induced  fay 
rotation  when  fluid.  In  this  case,  the  laws  expressed  by  the  pi 

ceding  equations  must  have  regulated  their  formation. 

I 

L 
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CHAPTER  VII. 

MOTION  OF  FLUIDS, 

General  Equation  of  the  Motion  of  Fluids. 

248.  The  mass  of  a  fluid  particle  being  p  dx  dy  dz,  its  momentum 
in  the  axis  x  arising  from  the  accelerating  forces  is,  by  article  144, 

iX-  ̂ ^pdxdydz. 

But  the  pressure  resolved  in  the  same  direction  is 

(S)  '^  ̂y  ̂''
 Consequently  the  equation  of  the  motion  of  a  fluid  mass  in  the  axis 

or,  when  free,  is 

In  the  same  manner  its  motions  in  the  axes  y  and  z  are 

I  d(^^'       dy  ^,^j 

I         dt«  r      dz 

'  And  by  the  principle  of  virtual  velocities  the  general  equation  of  fluids 
in  motion  is 

^  ^  ^       p  dt^  d(^     ̂         df^        ̂  
This  equation  is  not  rigorously  true,  because  it  is  formed  in  the 

hypothesis  of  the  pressures  being  equal  on  all  sides  of  a  particle  in 
motion,  which  PoissoYi  has  proved  not  to  be  the  case ;  but,  as  far 
as  concerns  the  following  analysis,  the  effect  oL  the  inequality  of 
pressure  is  insensible., 

249.  The  preceding  equation,  however,  does  not  express  all  the 
circumstances  of  the  motion  of  a  fluid.  Another  equation  Ji  requisite. 

A  solid  always  preserves  the  same  form  whatever  its  motion 

may  be,  which  is  by  no  means  the  case  with  fluids ;  for  a  mass 
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[Book  I. ABCD,  fig.  E>7,  formed  of  particles  poBsesdng  perfect  mobility,  dunges 
its  furm  by  the  action  of  the  forces,  so  that  it  always  coDtiuucs  to  fit 
into  the  intervals  of  the  surrounding  molecules  without  leaTing 

any  void.  lu  this  consists  the  continuity  of  fluids,  a  property 
which  furnishes  tlic  other  equation  necessaiy  for  the  deteRninatlon 
of  their  motions. 

Equation  of  CoiUinuttjf. 

250.  Suppose  at  any  given  time  the  formof  aveiy  small  fluid  mam 
tobcthatof  a  rectangular  parallelopiped  ABCD,  fig.  67.  The  action 

of  the  forces  will  change  it  into  an  obliqne  angled  figure  N  E  F  K, 
(luring  the  indefinitely  small  time  tliat  it  moves  from  its  first  to  its 
second  position.  Now  N  £  FG  may  diBer  ̂ rom  ABCD  both  in 

fbnn  and  density,  but  not  in  mass  ;  for  if  the  density  depends  on  the 
pressure,  the  same  forces  that  change  the  form  may  also  produce  a 

A-^^-  change  in  the  pressure,  and,  conse- 

~^  quently,  in  the  density;  but  it  is  evi- 
dent tliat  the  mass  must  always  remain 

the  same,  for  the  number  of  moleculei 
in  ABCD  can  neither  be  increased 

nor  diminished  by  the  action  of  the 

forces  ;  hence  the  volume  of  A  B  C  D  into  its  primitive  density  must 

B^ll  be  equal  to  volume  of  N  E  F  G  into  the  new  density ;  hence,  if 

f  dx  dy  dt, 
be  tlic  mass  of  A  B  C  D,  the  e<iuatJon  of  continuity  will  be 

d.pdxdydz^Q.  (58) 

25).  This  equation,  together  with  equations  (56),  will  determine 
the  four  unknovvn  quantities  x,  y,  t,  and  p,  in  functions  of  the  time, 

and  consequently  the  motion  of  the  fluid. 

,  I'UB 

Devtlopemenl  of  the  Equation  of  ConUnuity. 

252.  The  aides  of  the  small  parallel opipcd,  after  the  time  dt,  become 

dx  +  d.dx,    dy  +  d.dy,    dz  +  d.ds; 
or,  observing  that  the  variation  of  dx  only  arises  from  the  increase  of 

X,  the  co-ordinates  y  and  z  remuning  the  same,  and  that  the  varia- 
tjons  of  dy,  dz,  arise  only  from  the  simikr  increments  of  y  and  z ; 
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hence  the  edges  of  the  new  mass  are 

N£  = 
=  At  A+^^ 

dx  J 

NO =  *C-f) 
NF  = 

*'-£) 

>l^.58. 

=  dz  (\ 

If  the  angles  GNF  and  FNE,  fig.  58,  he  repre- 

sented hy  0  and  y ,  the  volume  of  the  parallelopiped 

NKwUlbe    NE.NOsin^.NFsmf; 

for  Fa  =  NF.  sin  f 
N6  =  NG.  sin  0, 

Fa,  N6  being  at  right  angles  to  N£  and  R6 ; 

but  as  0  and  y  were  right  angles  in  the  primitive  volume,  they  could 

only  vary  by  indefinitely  small  arcs  in  the  time  dt ;  hence  in  the  new 
volume 

^  =5  90°  ±  d9,  y  =  90^  ±  df , 
conseqfoently, 

sin  0  s=  sin  (90^  ±  d^)  s=  cos  dd  s  1  -  ̂   +  &c. 

sby  =  sin  (90°  ±  cff)=  cos  df=  1  -  idf*+  &c. 
and  omitting  d^,  (f^,  sin  ̂   =  sin  y  =  1, 
ind  the  volume  becomes  NE  •  NG  .  NF ;  substitutmg  for  the 

Aree  edges  their  preceding  values,  and  omitting  mdefinitely  small 

quantities  of  the  fifth  order,  the  volume  after  the  time  di  is 

^      ̂     ̂   dx  dy^   dzS 

The  density  varies  both  with  the  time  and  space ;  hence  ̂ ,  the  primi- 
tive density,  is  a  ftmction  of  <,  jr,  y  and  z,  and  after  the  time  di^  it  is 

^       di  dx  dy   ̂       dz 
consequently,  the  mass,  being  the  product  of  the  volume  and  density, 
is,  after  the  time  d/,  equal  to 

dm=p.dxdydz  fl+^dt+^dx+^dy+^dz 
y        dt         dx         dy  dz 

,       d^x      ,      dhj     .      d'z  \ 
dx 

dy 
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And  the  equation 

d,p.  (jixdydz)  =:  0 
J     dx  J     dy  J     dz 

becomes       ?£  +     d^   +    cW    +    di  -o  (59) 
^^  dx  dy  dz 

as  will  readily  appear  by  developing   tbis  quantity,  wliich  is  the 

general  equation  of  continuit}% 
253.  The  equations  (56)  and  (59)  determine  the  motions  both  of 

incompressible  and  clastic  fluids. 
254.  When  the  fluid  is  incompressible,  both  the  volume  and  density 

remain  the  same  during  the  whole  motion ;  Uierefore  the  increments 

of  these  quantities  are  zero ;  hence,  with  regard  to  the  volume 

^  +  ̂   +  ̂   =  0;  (60) dx  dy  dz 

and  witli  regard  to  the  density, 

^  +  ±dx  +  ̂rf»+^d»  =  0.  (61) di         dx  dy  dz 

255.  By  means  of  these  two  equations  and  the  three  equations 

(56),  the  five  unknown  quantities  p,  />,  jr,  y  and  z,  may  be  determined 
in  functions  of  ty  which  remains  arbitrary ;  and  therefore  all  the  cir- 

cumstances of  the  motion  of  the  fluid  mass  may  be  known  for  any 
assumed  time. 

256.  If  the  fluid  be  both  incompressible  and  homogeneous,  tlie 

density  is  constant,  tlicrcfore  dp  =  0,  and  as  the  last  equation  becomes 
identical,  the  motion  of  the  fluid  is  obtained  from  the  other  four. 

Second  form  of  the  Equation  of  the  Motions  of  Fluids. 

257.  It  is  occasionally  more  convenient  to  regard  x,  y,  z,  the 

co-ordinates  of  the  fluid  particle  dm,  as  known  quantities,  and 
dx    dy     dz 

di'   di'   di' 
its  velocities  in  the  direction  of  the  co-ordinates,  as  unknown.     In 
order  to  transform  the  equations  (56)  and  (59)  to  suit  this  case,  let 

^  ̂   dx    ,,  ̂   dy  dz 
dt  dt  dt 

these  quantities  being  functions  of  .r,  y,  2,  and  L    Tlie  differentials 

of  these  equations  when  j?,  y^  z,  and  t^  vary  all  at  once ;  and  when 
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sdl,  udty  vdty  are  put  for  dr,  dy,  dz,  become 

ds^i^dl  +^.sdt  +  —.udt  -h—.vdl, 
dt         dx  dy  dz 

du  =  ̂dl  +±.M  +  ̂.udt  +^.t.d/, 
dl         dx  dy  dz 

dv  =  ̂dl  +^.,dt+±.udl  +^.vdt, 
dt  dx  dy  dz 

(62) 

And  as 
dt  dt  dt 

tbc  equations   (56)  become,  by  the  substitution   of  the  preceding 
quantities. 

dp  ̂     (^      ds         ds  ds  ds  1 

dx     ̂ \         dt         dx        dy        dz  J 
^P         (\r      du        du        du         du  1 
-il  =:pi  1  —  —  —   «—  — .1/  — — .  V  \ 
dy        \         dt         dx        dy         dz  ( 

dx 

dv 

(63) 

dp         {rw      dv         dv         dv         dv         1 JL  =o]Z—  —  —   «—  — .7/—   V    \ 
dz         \         dt         dx        dy         dz         j 

and  by  the  same  substitution,  the  equation  (59)  of  continuity  becomes 

ilf^^.±p.  =  0,  (64) dz dp     .    d.ps 
dt dx  dy 

which,  for  incompressible  and  homogeneous  fluids,  is 
ds     .    du    .    dv        f^  ,^-. 
+  +  —  =  0.  (65) 

dx        dy        dz 

The  equations  (63)  and  (64)  will  determine  «,  k,  and  v,  in  func- 
tions of  x,  y,  Xj  ty  and  then  the  equations 

dx  =  sdt    dy  =  udt     dz  =  vdt 
will  give  Xj  y,  z,  in  functions  of  the  time.     The  whole  circumstances 
of  the  fluid  mass  will  therefore  be  known. 

Integration  of  the  Equations  of  the  Motions  of  Fluids, 

258.  The  great  difficulty  in  the  theory  of  the  motion  of  fluids,  con- 
sists in  the  integration  of  the  partial  equations  (63)  and  (64),  which 

has  not  yet  been  surmounted,  even  in  the  most  simple  problems. 

It  may,  however,  be  effected  in  a  very  extensive  case,  in  which 
sdx  +  udy  +  rcLr 
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is  a  complete  difTcrential  of  a  function  0,  of  the  three  yariable  quan* 
titles  x^y^  2 ;  so  that 

sdx  +  udy  +  vdz  r=i  d(f>. 

259.  If  in  the  equation  (57)  tlie  variations  which  are  arbitrary,  be 

made  equal  to  the  differentials  of  the  same  quantities ;  and  i^  as  in 
nature,  the  accelerating  forces  X,  Y,  Z  be  functions  of  the  dis- 

tance, tlicn  Xdx  +  Ydy  +  Zdz 

will  be  a  complete  differential,  and  may  be  expressed  by  dV,  so  that 

the  equation  in  question  becomes 

±=:dV^dx.J^^dy.£!L^dz.£lL  (66) 
p  de         ̂     de  dl"  ^    ' 

But  the  function  0  gives  the  velocities  of  the  fluid  mass  in  the  direc- 
tions of  the  axes,  viz. 

,  _  ̂ 0  •/—  ̂ *  •,—  ̂ * 
dx  dy  di 

By  the  substitution  of  these  values  in  equation  (62),  dif ,  dii,  do,  and 

.,  d^x       d*y       d^z consequently  — -.,   --f-,    -_-, at         at         at 

will  be  obtained  in  functions  of  0,  by  which  the  preceding  equation 
becomes 

p  dt  dt     "^      dt         ̂     \dj^         dy^  dz^J 

Now  ^.dx  +  !tdy+^  dz  =  d.^  ; 
dt  dt  ̂    dt  dt 

consequently, 

J  p  dt      ̂ \d:^         dy*  dz* )  ^     ' 
Tlie  constant  quantity  introduced  by  integration  is  included  in  the 

function  0.  By  the  same  substitution,  the  equation  of  continuity 
becomes 

,  d,p^        d.p^         d.p^ 

±  +       "^dx   +        ̂ dy  +        ̂dz    =  0.      (68) «^  dx  dy  dz 
The  two  last  equations  determine  the  motion  of  the  fluid  mass  in  the 
case  under  consideration. 

260.  It  is  impossible  to  know  all  the  cases  in  which  the  function 

^dx  +  udy  +  vdz  is  an  exact  difierential,  but  it  may  be  proved  that 
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if  it  be  80  at  any  one  instant,  it  will  be  an  exact  dilTerential  daring 

the  whole  motion  of  a  fluid.  Demonstration. — Suppose  that  at  any 
one  instant  it  is  a  complete  differential,  it  will  then  be  integrable, 

and  may  be  expressed  by  <i0 ;  in  the  following  instant  it -will  become 

dt  dt     ̂        dt 
It  will  still  be  an  exact  differential,  if 

^dr+*ldy+^d«bcone, 
dt  dt    ̂     dt 

Now  the  latter  quantity  being  equal  to  d.  — ,  equation  (67)  gives 
dt 

dt       di  ̂    dt  p      ̂   ydj^       d^      dz*J 
And  if  the  density  ̂   be  a  function  of  p  the  pressure,  the  second  mem- 

ber of  this  equation  will  be  an  exact  differential,  consequently  the  first 
member  will  be  one  also,  and  thus  the  function 

sds  +  udy  -f-  vdz 
is  a  complete  differential  in  the  second  instant,  if  it  be  one  in  the 

first ;  it  will  therefore  be  a  complete  differential  during  the  whole 
motion  of  the  fluid. 

Theory  ofmiall  Undtdationa  of  Fluids, 

261.  If  the  oscillations  of  a  fluid  be  very  small,  the  squares  and 

products  of  the  velocities  «,  v,  9,  may  be  neglected :  then  the  pre- 
ceding equation  becomes 

dV^^  =  ̂dx^^JLdy+^dz. 
p       dt  dt    ̂     dt 

If  y>  be  a  function  of  p,  the  first  member  will  be  a  complete  dif- 
ferential, therefore  the  second  member,  and  consequently 

sdx  +  udy  +  vdz 

is  one  also,  so  that  the  equation  is  capable  of  integration  ;   and  as 

its  last  member  is  equal  to  d.— ̂ ,   the  integral  is 
dt 

V-f±  =  ̂ .  (69) 
p       dt This  equation,  together  with  equation  (68)  of  continuity,  contain 

the  whole  theory  of  the  small  undulations  of  fluids. 

262.  An  idea  may  be  formed  of  these  undulations  by  the  eftd 
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of  a  stone  dropped  into  still  water ;  a  series  of  small  concentric  cir« 
cular  waves  will  appear,  extending  from  the  point  where  the  stone 

fell.  If  anotlicr  stone  be  let  fall  very  near  the  point  where  the  first 

fell,  a  second  series  of  concentric  circular  waves  will  be  produced ; 

but  when  the  two  series  of  undulations  meet,  they  will  cross,  each 

series  continuing  its  course  independently  of  the  other,  the  circles 

cutting  each  other  in  opposite  points.  An  infinite  number  of  such 
undulations  may  exist  without  disturbing  the  progress  of  one  another. 

In  sound,  which  is  occasioned  by  undulations  in  the  air,  a  similar 

eflcct  is  produced :  in  a  chorus,  the  melody  of  one  voice  may  be 

distinguished  from  the  general  harmony.  Coexisting  vibrations 

may  also  be  excited  in  solid  bodies,  each  undulation  having  its  per- 
fect effect,  independently  of  the  others.  If  the  directions  of  the 

undulations  coincide,  their  joint  motions  will  be  the  sum  or  the  dif- 

ference of  the  6e])aratc  motions,  according  as  similar  or  dissimilar 

parts  of  the  undulations  are  coincident  In  undulations  of  equal  fire- 
qucncy,  when  two  series  exactly  coincide  in  point  of  time,  the  united 

velocity  of  the  particular  motions  will  be  the  greatest  or  least ; — and 
if  the  undulations  are  of  equal  strength,  they  will  totally  destroy  each 
other,  when  the  time  of  the  greatest  direct  motion  of  one  undulation 

coincides  with  that  of  the  greatest  retrograde  motion  of  the  other. 

Tlie  general  j)rinci])lc  of  Interferences  was  first  shown  by  Dr. 
Young  to  be  a])plicable  to  all  vibratory  motions,  which  he  illustnted 

beautifully  by  the  remarkable  phenomena  of  two  rays  of  light  pro- 

ducing darkness,  and  the  concurrence  of  two  musical  sounds  pro- 
ducing silence.  The  first  may  be  seen  by  looking  at  the  flame  of  a 

candle  through  two  extremely  narrow  parallel  slits  in  a  card ;  and 

the  latter  is  rendered  evident  by  what  are  termed  beats  in  music. 

The  same  princi])lo  sen-es  to  explain  why  neither  flood  nor  ebb 
tides  take  place  at  Batsham  in  Tonquin  on  the  day  following  the 

moon's  i)assage  across  the  equator ;  the  flood  tide  arrives  by  one 
channel  at  the  same  instant  that  the  ebb  arrives  by  another,  so  that 
the  interfering  v/aves  destroy  each  other. 

Co-existing  vibrations  show  the  comprehensive  nature  and  ele- 
gance of  analytical  fonniihc.  The  general  equation  of  small  undu- 
lations is  tlie  sum  of  an  infinite  number  of  equations,  each  of  which 

gives  a  single  series  of  undulations,  like  the  surface  of  water  in  a 

shower,  which  at  once  contains  an  infinite  number  of  undulations, 

and  yet  exhibits  each  independently  of  the  rest. 
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Rotalion  of  a  homogeneous  Fluid. 

263.  If  a  fluid  mass  rotates  uniformly  <ibout  an  axis,  its  compo- 
nent velocity  in  the  axis  of  rotation  is  zero ;  the  velocities  in  the 

ot]ier  two  axes  are  angular  velocities — independent  of  the  time,  the 
motion  being  uniform :  indeed,  the  motion  is  the  same  with  that 
of  a  solid  body  revolving  about  a  fixed  axis.  If  the  mass  revolves 

about  the  axis  2,  and  if  o^  be  the  angular  velocity  at  the  distance 
of  unity  from  that  axis,  the  component  velocities  will  be 

«  =  —  luy,     u  =  wj?,     t?  =  0  ; 

and  from  equations  (63)  it  will  be  easily  found  that 

^  =  rfV  +  ««  {xdx  +  ydy)  ; 
P 

and  if/  be  constant,  the  integral  is 

P  2 
The  equation  (65)  of  continuity  will  be  satisfied,  since 

*  =  0,       J!L=zQ,       Jl.  =  o. dx  dy  dz 

264.  This  motion  of  a  fluid  mass  is  therefore  possible,  although  it 
is  a  case  in  which  the  function 

sdx  +  udy  +  vdz 

is  not  an  exact  diflerential ;  for  by  the  substitution  of  the  preceding 
values  of  the  velocities,  it  becomes 

9dx  +  udy  +  vdz  =  to  (xdy  —  ydx)y 

an  expression  that  cannot  be  integrated.     Therefore,  in  the  theory 

of  the  tides  caused  by  the  disturbing  action  of  the  sun  and  moon  on 
the  ocean,  the  function 

adx  +  ̂ dy  +  vdx 

must  not  be  regarded  as  an  exact  diflerential,  since  it  cannot  be 

integrated  even  when  there  is  no  disturbance  in  its  rotatory  motion* 
265.  Thus  a  fluid  mass  or  a  fluid  covering  a  solid  of  any  form 

whatever,  will  rotate  about  an  axis  without  alteration  in  the 

relative  position  of  its  particles.  Tliis  would  be  the  state  of  the 

ocean  were  the  earth  a  solitary  body,  moving  in  space ;  but  the 

attractions  of  the  sun  and  moon  not  only  trouble  the  ocean,  but  also 

pause  commotions  in  the  atmosphere,  indicated  by  the  periodic 
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variations  in  the  heights  of  the  mercury  in  the  barometer.  From 

the  vast  distance  of  the  sun  and  moon,  their  action  upon  the  fluid 

particles  of  the  ocean  and  atmosphere,  is  very  small  in  comparison  of 

tliat  produced  by  the  velocity  of  the  earth's  rotation,  and  by  iti 
attraction. 

Ddermination  of  the  OscUlaiwfis  of  a  homogeneoui  Fhi4d  coioenng 

a  Spheroid,  the  whole  in  rotation  about  an  axis;  mpponng  (Ae 

fluid  to  be  slightly  deranged  from  its  state  of  equilibrium  by  the 

action  of  very  small  forces. 

266.  If  the  earth  be  supposed  to  rotate  about  its  axis,  uninfluenced 

by  foreign  forces,  the  fluids  on  its  surfiice  would  assume  a  spheroidal 

form,  from  tlie  centrifugal  force  induced  by  rotation ;  and  a  particle  in 

the  interior  of  tlie  fluid  would  be  subject  to  the  action  of  gravitation 

and  the  pressure  of  the  surrounding  fluid  only.  But  although  the 

fluids  would  be  moving  with  great  velocity,  yet  to  us  they  would 

seem  at  rest.  Wlicn  in  this  state  the  atmosphere  and  ocean  axe 

said  to  be  in  equilibrio. 

Action  of  the  Sun  and  Moon. 

267.  Tlie  action  of  the  sun  and  moon  troubles  this  equilibrium, 
and  occasions  tides  in  both  fluids.  The  whole  of  this  theory 

is  perfectly  general,  but  for  the  sake  of  illustration  it  will  be  con* 
sidercd  with  regard  to  the  ocean.  If  tlie  moon  attracted  the  centre 

of  gravity  of  the  earth  and  all  its  particles  with  equal  and  parallel 

forces,  the  whole  system  of  the  earth  and  the  waters  that  cover  ity 

would  yield  to  these  forces  with  a  common  motion,  and  the  equili- 
brium of  the  seas  would  remain  undisturbed.  The  difference  of  the 

intensity  and  direction  of  tlie  forces  alone,  trouble  the  equilibrium ; 

for,  since  the  attraction  of  the  moon  is  inversely  as  the  square  of  the 
distance,  a  molecule  at  m,  under  the  moon 

M,  is  as  much  more  attracted  than  the 

centre  of  gravity  of  the  earth,  as  the  square 

of  £M  is  greater  tlian  the  square  of  mM : 

hence  the  particle  has  a  tendency  to  leave 

the  earth,  but  is  retained  by  its  gravitation, 

which  this  tendency  diminishes.  Twelve 

hours  after,  the  particle  is  brought  to  m'  by 
the  rotation  of  the  earth,  and  ia  then  19 
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opposition  to  the  moon,  which  attracts  it  more  feebly  than  it  attracts 

the  centre  of  the  earth,  in  the  ratio  of  the  square  of  £M  to  the  square 

of  m'M.  The  surfieice  of  the  earth  has  then  a  tendency  to  leave  the 
particle,  but  the  gravitation  of  the  particle  retains  it ;  and  gravi- 

tation is  also  m  this  case  diminished  by  the  action  of  the  moon. 

Hence,  when  the  particle  is  at  m,  the  moon  draws  the  particle 

from  the  earth ;  and  when  it  is  at  m',  it  draws  the  earth  from  the 
particle :  in  both  instances  producing  an  elevation  of  the  particle 

above  the  surface  of  equilibrium  of  nearly  the  same  height,  for  the 

diminution  of  the  gravitation  in  each  position  is  almost  the  same  on 

account  of  the  distance  of  the  moon  being  great  in  comparison  of 
dM  radius  of  the  earth.  The  action  of  the  moon  on  a  particle  at  n, 

00^  distant  from  m,  may  be  resolved  into  two  forces — one  in  the 
direction  of  the  radius  n£,  and  the  other  tangent  to  the  surface. 

Hie  latter  force  alone  attracts  the  particle  towards  the  moon,  and 

makes  it  slide  along  the  surface  ;  so  that  there  is  a  depression  of  the 

water  in  n  and  n%  at  the  same  time  that  it  is  high  water  at  m  and 

m^.  It  is  evident  that,  after  half  a  day,  the  particle,  when  at  n\  will 

be  acted  on  by  the  same  force  it  experienced  at  n. 

268.  Were  the  earth  entirely  covered  by  the  sea,  the  water  thus 

attracted  by  the  moon  would  assume  the  form  of  an  oblong  spheroid, 

whose  greater  axis  would  point  towards  the  moon ;  since  the  column 

of  water  under  the  moon,  and  the  direction  diametrically  opposite  to 

her,  would  be  rendered  lighter  in  consequence  of  the  diminution  of 

their  gravitation :  and  in  order  to  preserve  the  equilibrium,  the  axis 

90^  distant  would  be  shortened.  The  elevation,  on  account  of  the 
smaller  space  to  which  it  b  confined,  is  twice  as  great  as  the  depres- 

sion, because  the  contents  of  the  spheroid  always  remain  the  same. 

If  the  waters  were  capable  of  instantly  assuming  the  form  of  a 

S]^eroid,  its  siunmit  would  always  be  directed  towards  the  moon, 

notwithstanding  the  earth's  rotation ;  but  on  account  of  their 
resistance,  the  rapid  motion  of  rotation  prevents  them  from  assuming 

at  every  instant  the  form  which  the  equilibrium  of  the  forces  acting 

on  them  requires,  so  that  they  are  constantly  approaching  to,  and 

receding  from  that  figure,  which  is  therefore  called  the  moment 
iary  equilibrium  of  the  fluid.  It  is  evident  that  the  action,  and 

consequently  the  position  of  the  sun  modifies  these  circumstances, 

but  the  action  of  that  body  is  incomparably  less  than  that  of  the 
moon. 
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Determination  of  the  general  Equation  of  the  Oicillationt  of  all 

parts  of  the  Fluids  covering  the  Earth, 

269,  Let  /7EPQ,  fig.  60,  be  the  terrestrial  spheroid,  £o  the  eq[uatorial 

radius,  Vp  the  axis  of  rotation.     Suppose  the  spheroid  to  be  entirely 
covered  with  the  fluid — the 

f$,  60.  -.,^  /y  ocean,  for  example ;  and  let 
peP,  or  |iEP,  represent  the 
bottom  of  the  sea,  CD  its 

surface,  PD  its  depth;  also 
let  o  be  the  centre  of  the 

s  spheroid  and  origin  of  the 

co-ordinates,  and  om  the  ra* 

dius.  Imagine  m  to  be  a 
fluid  particle  at  any  point 
below  the  surfiice  of  the 

fluid — at  the  bottom,  for  example.  It  is  evident  that  this  particle, 

moved  by  rotation  alone,  would  be  carried  to  B  without  changing 

its  distance  from  tlic  centre  of  the  spheroid,  or  from  the  axis  of  rota- 
tion ;  BO  that  the  arcs  Pm,  PB,  are  equal  to  each  other,  as  also  the 

radii  om,  oB.  If  ̂ P  be  assumed  as  a  given  meridian,  the  origin  of 

the  time,  and  7  the  first  point  of  Aries,  then  7PB  is  the  longitude  of 

the  particle  when  arrived  at  B,  and  EoB  is  its  latitude. 

Now,  if  the  disturbing  forces  were  to  act  on  tlie  particle  during  its 

rotation  from  m  to  B,  they  would  cause  it  to  move  to  6,  some  pomt 

not  far  from  B.  By  the  disturbing  forces  alone,  tlie  longitude  of 

the  particle  at  B  would  be  increased  by  the  very  small  angle  BP6 ; 
tlic  latitude  would  be  diminished  by  the  very  small  angle  B06,  and  its 

distance  from  tlie  centre  of  the  spheroid  increased  by/&.  Hie  angle 

7PB  is  the  rotation  of  the  earth,  and  any  may  be  represented  by 

nt  +  CT,  since  it  is  proportional  to  tlie  time,  (by  Article  213 ;)  but 

in  the  time  ̂ ,  the  disturbing  forces  bring  the  particle  to  6  :  therefore 

the  angle  nt  +  tu  must  be  increased  by  BP6  or  o.     Hence 

7P6  =  7l<  +  «T  -f  !?. 

Again,  if  d  be  the  complement  of  the  latitude  EoB,  and  w,  its  very 
small  increment,  B06,  the  angle 

PoB  =  (?  +  u. 

\  the  same  manner,  if  s  be  the  increment  of  the  radius  r,  then 
oh  ":=:.  r  '\'  s^ 
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Hence  the  co-ordinates  of  the  particle  at  b  are, 
d?  =  (r  +  f)  cos  (^  +  ti), 

y  =  (r  +  «)*"*  (^  +  ̂ )  cos  (/i/  +  cj  -j-  v), 
«  =  (r  +  «)  sin  (9  -j-  u)  sin  (n<  +  cj  +  c). 

270.  V  and  u  very  nearly  represent  the  motion  of  the  particle  in 

longitude  and  latitude  estimated  from  the  terrestrial  meridian  FEp, 
These  are  so  small,  compared  with  nt  the  rotatory  motion  of 

the  earth,  that  their  squares  may  he  omitted.  But  although  the 
lateral  motions  v,  u  of  the  particle  he  very  small,  they  are  much 
greater  than  i,  the  increase  in  the  length  of  the  radius. 

271.  If  these  values  of  j?,  y,  z,  he  substituted  in  (57)  the  general 
eqpiation  of  the  motion  of  fluids ;  and  if  to  abridge 

Xix  +  Yiy  +  Ziz  =  jr,  then 

=  al  i{(r  +  8)  sm  i0  +  u)Y  +  JF-^ 2  P 
will  determine  the  oscillations  of  a  particle  in  the  interior  of  the  fluid 

when  troubled  by  the  action  of  the  sun  and  moon.    This  equation, 

however,  requires  modification  for  a  particle  at  the  surface. 

Equation  (U  the  Surface. 

272.  If  DH,  fig.  60,  be  the  surface  of  the  sea  undisturbed  in  its 
rotation,  the  particle  at  B  will  only  be  afiected  by  gravitation  and  the 
pressure  of  the  surrounding  fluid ;  but  when  by  the  action  of  the  sun 
and  moon  the  tide  rises  to  y,  and  the  particle  under  consideration  b 

brought  to  6,  the  forces  which  there  act  upon  it  will  be  gravitation, 

the  pressure  of  the  surrounding  fluid,  the  action  of  the  sun  and  moon, 

and  the  pressure  of  the  small  column  of  water  between  H  and  y. 

But  the  gravitation  acting  on  the  particle  at  6  is  also  diflercnt  from 
that  which  afiiects  it  when  at  B,  for  6  being  farther  from  the  centre  of 

gravity  of  the  system  of  the  earth  and  its  fluids,  tlie  gravity  of  the  par- 
tide  at  6  must  be  less  than  at  B,  consequently  the  centrifugal  force 

K 
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must  be  greater :  the  direction  of  gnvitatiou  b  abo  diSeient  at  the 

points  B  and  b. 
273.  In  order  to  obtain  an  equation  foi  the  motion  of  a  particle 

at  the  Bur&ee  of  the  fluid,  suppose  it  to  be  in  a  state  of  momentary 

equilibiiiun,  then  as  the  difi'erentials  of  v,  u,  and  ■  expreaa  the  (wdl- 
lations  of  t)ie  fluid  about  that  state,  they  must  be  xeio,  which  lediicca 

the  preceding  equation  to 

~ i{ir  +  .)  sin  (0  +  «)}•  +  (87)  =  0:  Pl) 

For  as  the  pressure  at  the  sur&ce  is  tero,  ip  ts  0,  and  (JF)  npre- 
senti  the  value  of  Srcorrespondisg  to  that  state.  Thu»  in  a  state  of 
momentary  equilibrium,  the  forces  (8F),  and  the  centrifugal  fonc 
balance  each  other. 

274.  Now  $F  is  the  sum  of  all  the  forces  acting  on  the  partide 
when  troubled  in  its  rotation  into  the  elements  of  their  directions,  it 

must  therefore  be  equal  to  (SF),  the  same  sum  suited  to  a  state  of 
momentary  equilibrium,  together  with  those  force*  which  n^e  the 
particle  when  it  oscillates  about  that  state,  into  the  elements  of  thw 
directions.  But  these  are  evidently  the  variation  in  the  weight  of  die 

little  column  of  wat«r  Hy,  and  a  quantity  which  may  be  represented 
by  iy,  depending  on  the  difference  in  the  direction  and  intensity  of 

gravity  at  the  two  points  B  and  6,  caused  by  the  change  in  the  situa- 
tion of  the  attracting  mass  in  tiie  state  of  motion,  and  by  the  attrac- 
tion of  the  sun  and  moon. 

275.  The  force  of  gravity  at  y  is  bo  nearly  the  same  with  that  at 
the  surface  of  tlic  earth,  tliat  the  difference  may  be  neglected  ;  and  if 

y  be  tlie  hiiii-ht  of  the  little  column  of  fluid  Hy,  its  weight  will  be  ̂  

when  the  sea  Is  in  a  state  of  mom cnlar}' equilibrium ;  when  it  oscil- 
lates about  that  state,  the  vnriution  in  its  weight  will  be  giy,  g  being 

the  force  of  gravity ;  but  as  tlie  pressure  uf  this  small  column  is 

directed  towanls  the  origin  of  tlie  co-ordinates  and  tends  to  lessen 

them,  it  must  have  a  negative  sign.     Hence  in  a  state  of  motion, 

IV  =  (SF) -h  U- -  gSy, 
whence  (iP)  ̂   iV  —  iP-f  yjy. 

276.  When  the  fluid  is  in  momentary  equllibrio,  the  centrifiigal 
force  is 

^  i(r +  ,)  "in  (e +  «)}'; 
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but  it  must  viry  with  iy,  the  elevation  of  the  particle  above  the  sur- 
face of  momentary  equilibrium.  The  direction  Hy  does  not  coincide 

with  that  of  the  terreatrial  radius,  except  at  the  equator  and  jx)le,  on 
aocQunt  of  the  spheroidal  form  of  the  earth ;  but  as  the  compression 
of  the  earth  is  v^ry  small,  these  directions  may  be  esteemed  tlie  same 

in  ihe  present  case  without  sensible  error ;  therefore  r  +  s  ̂   y  may 
be  regarded  as  the  value  of  the  radius  at  y.     Consequently 

—  Jy.m*  sin'  d 
is  tlie  variation  of  the  centrifugal  force  corresponding  to  tlie  increased 

height  of  the  particle ;  and  when  compared  with  —  giy  the  gravity 

of  this  litde  column,  it  is  of  the  order  — ,  the  same  with  die  ratio  of 
e 

tba  oeatrifiigal  force  to  gravity  at  the  equator,  or  to   ,  and  there* ^  °        -'  ^  288 
fore  may  be  omitted ;  hence  equation  (71)  becomes 

IV  -  SF'  +  gjy  +  ̂  i{(r  +  f)  sin  (0  +  t£))«=  0. 

277.  As  the  surface  of  the  sea  differs  very  little  from  that  of  a 

sphere,  3r  may  be  omitted  ;  consequently 

if  —  J{(r  +  ̂ )sin(d+ «)}• 

be  eliminated  from  equation  (70),  the  result  will  be 

+  i'lm  {sin«^  (^^  +  2n  sin  e  cos  0  {^  +  2n  sin"  6  (^^ 

=  -  gJy  +  Jr,  (72) 
which  is  the  equation  of  the  motion  of  a  particle  at  the  surface  of  tlie 
sea.     Tlie  variations  ly^  W  correspond  to  the  two  variables  0  andtsr. 

278.  To  complete  the  theory  of  the  motions  of  the  atmosf^ere 

and  ocean,  the  equation  of  the  continuity  of  the  fluid  must  now  be 
found. 

Continuity  of  Fluids. 

Suppose  mfh,  fig.  61,  to  be  an  indefinitely  small  rectangular  portion  of 

the  fluid  mass,  situate  at  B,  fig.  60,  and  suppose  the  solid  to  be  formed  by 

Ihe  imaginary  rotation  of  the  area  Bfdih'  about  the  axis  oz ;  the  centre 
K  2 
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of  gravity  of  Bnhhf  will  describe  an  arc,  which  on  account  of  the  amall- 

nesa  of  Uie  solid,  may  without 

aenaible  error  be  represented 

by  mir,  its  radiua  being  mA; 
hence  the  arc  mn  h  mAxmii. 

Now  the  area  Bnhk'  multiplied 
by  fitA  X  mn,  is  equal  to  the 

solid  m'A,  supposing  it  indefi- 
'  nitely  small  and  rectangular. 

The  colatitude  of  the  point  B  or  Aom  s=  ̂ ,  the  longitude  of  B  is 
ni  +  f7,  then  the  indefinitely  small  increments  of  these  angles  are 

tnfoK'  ==  dO^  m'oB  =  dcr,  for  as  the  figure  is  independent  of  the 
time,  ni  is  constant.  Hence  if  the  radii  oB,  oit,  be  represented  by 

r'  and  r,  the  sectors  Boh\  noh,  are  r^d$  and  f*d$ ;  hence 

the  area 
2  2 

But  as  the  tliickncss  is  indefinitely  small, 

r'  -{-  r  ̂   2r^  r'  -^  r  =  dr ; 
therefore  the  area  Bnhh'  rs  rdr.dO. 

Again,  Am  s=  r  sin  0, 

consequently,  Am.mn  =  rdia  sin  0, 

and  thus  the  volume       m^h  s=  t^drdOdra  sin  0 ; 
and  if  /  be  the  density, 

dm  =  jn^drdBdtJ  sin  0. 
But  in  consequence  of  the  disturbing  forces,  r,  9,  and  cr,  become 

r  +  «,  d  +  1/,  t7  +  v,  after  the  time  t,  and  dr^  dO,  do. 

become dr+  ̂ dr,d0  +  —.  do,  dxa+^.dtj; 
^  dr  do  dta 

also  the  density  is  changed  to  />  +  />'•  If  these  values  be  put  in  the 
preceding  expression  for  the  solid  dm,  it  becomes  after  the  time  I 

equal  to 

(/>+/')  (r  +  0  (1  +  ̂   (1+^')  (1+  ̂ VrdOto sin (©+«), 
but  this  must  be  equal  to  the  onginal  mass ;  hence 

0.  +/)  (r+O  (1  +  ̂)  (1  +  ̂)  (1  +  -£)  sin  (e+»0-/.^8in 9. 
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If  the  squares  and  products  of 
ds     du    dv 

dr     do    dzj 

be  omitted,  and  observing  that 

dr  dr 

and  sm  (0  +  u)  =i  sin  9  +  u  cos  0 ; 

for  as  tf  IS  very  small,  the  arc  itiay  be  put  for  the  sine,  and  unity  for 

the  cosine,  the  equation  of  the  continuity  of  the  fluid  is 

« = -(^  *<(S)  +  O  +  "-^"Xi?)   '"' 
expressed  in  polar  co-ordinates.  * 

279.  The  equations  (70),  (72),  and  (73),  are  perfectly  general ; 
and  therefore  will  answer  either  for  the  oscillations  of  the  ocean  or 

atmosphere. 
« 

Oscillatiani  of  the  Ocean. 

280.  The  density  of  the  sea  is  constant,  therefore  p'  =  0 ;  hence 
the  equation  of  continuity  becomes 

In  order  to  find  the  integral  of  this  equation  with  regard  to  r  only,  it 

may  be  assumed,  that  all  the  particles  that  are  on  any  one  radius  at 

the  origin  of  the  time,  will  remain  on  the  same  radius  during  the 

motion ;  therefore  r,  v,  and  u  will  be  nearly  the  same  on  the  small 

part  of  the  terrestrial  radius  between  the  bottom  and  surface'  of  the 
sea  ;  hence,  the  integral  will  be 

0  s=  r*«  —  (r»«)  +  r*7 Kdu\    t     dv     .    ucosO) 

lej        "da  '^  ImTJ 
(f*t)  is  the  value  of  r*<  at  the  surface  of  the  sea,  but  the  change  in 
the  radius  of  the  earth  between  the  bottom  and  surface  of  the  sea  is 

so  small,  that    r*(«)  may  be  put  for  (r**)  ;  then  dividing  the  whole 

by  r*,  and  neglecting  the  terms  Jllf^,  which  is  the  ratio  of  the  depth r 

of  the  sea  to  the  terrestrial  radius,  and  therefore  very  small,  the  mean 

depth  even  of  the  Pacific  ocean  being  only  about  four  miles,  whereas 
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the  mean  radius  of  the  earth  is  nearly  4000  mites ;  Ae  preceding 

equation  becomes 

.  =  .-,.>  +  ,p+(*)  +  S^'}.        (74, 
Now  7  +  «  —  (jr)  is  the  whole  deptli  of  the  sea  from  the  bottom 

to  the  highest  point  to  which  the  tides  rise  at  its  surface  of  momen- 

tar>'  equilibrium ;  and  y  varies  with  the  angles  cr  and  0 ;  hence  at  the 
surface  of  et]uilibrium,  it  becomes 

^  d0        da 

and  as  y  is  the  height  of  a  particle  above  the  surfSeuse  of  equilibrium, 
it  follows  that 

or  ,_(,)=- y  +  «^  +  «il. 

Whence  the  equation  of  continuity  becomes 

v  =  —  ̂(y^)  -.  ̂(^y^^  _  y^  ̂ ^^  ̂   cj^) 
^  de  da  Bine    '  ^    ̂ 

281.  In  order  to  apply  the  otlier  equations  to  the  motion  of  the 

sea,  it  must  be  obser\'ed  tiiat  a  fluid  particle  at  the  bottom  of  the  sea 
would  in  its  rotation  from  m  to  B  always  touch  the  sj^eroid,  which 

is  nearly  a  sphere  ;  therefore  the  value  of  •  would  be  very  small  for 

that  particle,  and  would  be  to  v,  if ,  of  the  order  of  the  eccentricity  of 

the  spheroid,  to  its  mean  radius  taken  as  unity ;  consequently  at  the 

bottom  of  the  sea,  s  may  be  omitted  in  comparison  of  «,  r.  But  it 

appears  from  equations  (74),  that  t  —  («)  is  a  function  of  u  and  v 

independent  of  r,  when  the  ver\'  small  quantity  ̂ ^**  is   omitted : r 

hence  9  is  the  same  throughout  every  part  of  the  radius  r,  as  it  is  at 
the  bottom,  and  may  therefore  be  omitted  throughout  the  whole 
depth,  when  compared  with  u  and  v,  so  that  equation  (72)  of  the 
surface  of  the  fluid  is  reduced  to 

+  r'ia  {sin« 0  f-^^  +  2n  sin  ©  cosof^^  I  =  -  gJy  +  JK'. 
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282.  Wlien  the  fluid  mass  is  in  momentary  equilibrittm,  the  equa- 
tion  for  the  motion  of  a  particle  in  the  interior  of  the  fluid  becomes 

0  =  in'J  {(r  +  t)  sin  (0  +  «)}•+  (iV}  -  ̂M, f 

where  (iF),  (Sp),  are  the  values  of  iV  and  ip  suited  to  that  state. 
But  we  may  suppose  that  in  a  state  of  motion, 

jr  =  (>F)  +  J^.  and  Jp  =  (^p)  +  >p'5 
whence  (JF)  =  JF  -  JP,  (Jp)  =  Sp  -  ip', 

and    in«J{(r  +  «)8in(0  +  u)}«  =  JP-jr  +  ̂  -  ̂ . P  9 

283.  If  the  first  member  of  this  expression  be  elinlinated  from 

equation  (70),  with  regard  to  tlie  independent  variation  of  r  alone,  it 

gives 

  5jH^  =  (,^;-2nrsm«e(^5^)       (77) 

284.  Nownf  —   lis  ofthe  ordery,«,or  !?i;  for  if  the   co-effi- 

\di )  ''  r 
dents  of  jO,  tto,  be  each  made  zero  in  equation  (76),  it  will  give 

add  the  difierential  of  the  last  equation  relative  to  ̂ ,  to  the  first  equa- 

tion multiplied  by  —  2n  sin  e  cos  0 
and  let  the  second  member  of  this  equation  be  represented  by 

y'.r*  sin*^, 

then  divide  by        r*  sin*  9,  and  put  2n  cos  0  =  a, 
and  there  will  be  found  the  linear  equation 

The  value  of  —  obtained  from  the  integral  of  this  equation  will 
dt 

be  a  function  of  y\  and  as  y'  is  a  function  of  y  and  V\  each  of  which 

te  of  the  order  •  or  ̂ ^   — ;  consequently, r     dt 

d{V'-  pL\ 
dr 
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is  of  the  t^ame  order.     If  then  equation  (77),  be  muhiplied  by  driu 
integral  will  be 

285.  Since  tliis  equation  has  been  integrated  with  regard  to  r 

only,  X  must  be  a  function  of  0,  tsr,  and  <,  independent  of  r,  accofding 

to  the  theory  of  partial  equations.     And  as  the  function  in  r  is  of  the 

order  —  it  may  be  omitted ;  and  tlicn r 

f 
by  wltich  equation  (70)  becomes 

'■'•{(■^)-'«'"""-''(^}- 

+  r«ScT  {sin*  0  (-^^  +  2/i  sin  0  cos  ̂ (—^\  =  X^- 

2S6.  But  as  S\  does  not  contain  r,  t,  or  y^  it  is  independent  of  the 

depth  of  tlie  ]>articlo ;  liencc  this  equation  is  the  same  for  a  particle 

at  the  surface,  or  in  its  neighhourliood,  consequently  it  must  coincide 

with  equation  (76)  ;  and  tlierefore 

SX  =  JF'  -  giy. 

2h7.  Thus  it  appears,  that  tlie  whole  theory  of  the  tides  would  be 

determined  if  integrals  of  tlic  equations 

rots 
{sin«  ((!!L^l\  +  2;/  sin  6  cos  0  f^\  =  —  gXy  +  8P 

y-.  _  djyi)   _   d(  7r)    _  7!i cosO d6  dxsj  sin.  0 

could  be  found,  for  the  horizontal  flow  might  be  obtained  from  the 

first,  by  making  the  coeflicients  of  the  independent  quantities  iO, 

ScT,  separately  zero,  then  the  height  to  which  they  rise  would  be 

found  from  tlic  second.  Tliis  has  not  yet  been  done,  as  none  of  the 
known  methods  of  analysis  have  hitherto  succeeded. 

28S.  These  ecpiations  have  been  formed  on  tlie  hypothesis  of  the 

'larth  being  entirely  covered  by  the  sea ;  hence  the  integrals,  if  they 
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could  be  found,  would  be  inadequate  to  determine  the  oscillations  of 

the  ocean  retarded  or  accelerated  by  the  contments,  islands,  and  in- 
numend>le  other  causes,  beyond  the  reach  of  analysis.  No  attempt 
18  therefore  made  to  integrate  the  equations ;  but  the  theory  of  the 

tides  is  determined  by  comparing  the  general  relations  which  sub- 

sist between  the  observed  phenomena  and  the  causes  which  produce 
them. 

289.  In  Older  to  integrate  the  equation  of  continuity,  it  was 
assumed  that  if  the  angles  Pofr,  mPfr,  or  rather 

du        dv 
tf,  — ,   v%  —— , 

dt         dt 

be  the  same  for  every  particle  situate  on  the  same  radius  throughout 

the  whole  depth  of  the  sea  at  the  beginning  of  the  motion,  they 

will  always  continue  to  be  the  same  for  that  set  of  particles  during 

their  motion,  therefore  all  the  fluid  particles  that  are  at  the  same 

instant  on  any  one  radius,  will  continue  very  nearly  on  that  radius 

durmg  the  oscillations  of  the  fluid.  Were  this  rigorously  true,  the 
horizontal  flow  of  the  tides  would  be  isochronous,  like  the  oscillations 

of  a  pendulum,  and  their  velocity  would  be  inversely  as  their  depth, 

provided  the  particles  had  no  motion  in  latitude ;  and  it  may  be 

nearly  so  in  the  Pacific,  whose  mean  depth  is  about  four  miles, 

and  where  the  tides  only  rise  to  about  five  feet ;  but  it  is  very  far 

from  being  the  case  in  shallow  seas,  and  on  the  coasts  where  the 

tides  are  high ;  because  the  condition  of  isochronism  depends  on 

the  omission  of  quantities  of  the  order  of  the  ratio  of  the  height  of 

the  tides  to  the  depth  of  the  sea. 

290.  The  reaction  of  the  sea  on  the  terrestrial  spheroid  is  so 

small  that  it  is  omitted.  The  common  centre  of  gravity  of  the 

spheroid  and  sea  is  not  changed  by  this  reaction,  and  therefore  the 
ratio  of  the  action  of  the  sea  on  the  spheroid,  is  to  the  reaction  of  the 

spheroid  on  the  sea,  as  the  mass  of  the  sea  to  the  solid  mass ;  that  is, 

as  the  depth  of  the  sea  to  the  radius  of  the  earth,  or  at  most  as  1  to 

1000,  assuming  the  mean  depth  of  the  sea  to  be  four  miles.  For 

that  reason  u,  v,  express  the  true  velocity  of  the  tides  in  longitude  and 

latitude,  as  they  were  assumed  to  be. 
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On  the  Aimoaphere. 

291.  Experience  shows  the  atmosjdiere  to  be  an  elastic  flakl, 

whose  density  increases  in  proportion  to  the  pressure.  It  is  subject 

to  changes  uf  density  from  the  variation  of  temperature  in  different 

latitudes,  at  different  heights,  and  from  various  otlier  causes  ;  but  in 

this  investigation  the  temperature  is  assumed  to  be  constant 

292.  Since  tlic  air  resists  compression  equally  in  all  directions,  the 

height  of  tlic  atmospliere  must  be  unlimited  if  its  atoms  be  infinitely 
divisible.  Some  considerations,  however,  induced  Dr.  WollaSton  to 

suppose  that  tlie  earth's  atmosphere  is  of  finite  extent,  limited  by  the 
weight  of  ultimate  atoms  of  definite  magnitude,  no  longer  dividUe 

by  repulsion  of  their  parts.  But  whether  the  particles  of  the  atmos- 
jjliere  be  infinitely  divisible  or  not,  all  phenomena  concur  in  proving 

its  density  to  be  quite  insensible  at  the  height  of  about  fifty  miles. 

DensUp  of  the  Atmotphere. 

293.  The  law  by  which  the  density  of  the  air  diminishes  as  the 

height  above  the  surface  of  the  sea  increases,  will  appear  by  const* 

dcring  p,  y'  y'\  to  be  the  densities  of  three  contiguous  strata  of  air, 
the  thickness  of  each  being  so  small  that  the  density  may  be  assumed 

uniform  throughout  each  stratum.  Let  p  be  the  pressure  of  the 

superincumbent  air  on  the  lowest  stratum,  p'  the  pressure  on  the 

next,  and  p"  the  pressure  on  the  third ;  and  let  m  be  a  coefficient, 
such  that  |>  =  ap,    Tlien,  because  the  densities  are  as  the  pressures, 

ji'  =  ap\         and        /»"  =  op". 

Hence,        />—>»'  =  a  (p  —  pO  and  p  —  ̂   =  a  (p'  —  p"). 

But  p  —  p'  is  equal  to  the  weight  of  the  first  of  these  strata,  and 
pi  .  pii  is  equal  to  tliat  of  the  second :  hence 

P  —ff  X  pf  ̂ f  ::/>:/>'; 

consequently  ^j>"  =  p^. 
The  density  of  the  middle  stratum  is  therefore  a  mean  proportional 

between  the  densities  of  the  other  two ;  and  whatever  be  the  number 

of  equidistant  strata,  their  densities  arc  in  continual  proportion. 

294.  If  the  heights  therefore,  from  the  surface  of  the  sea,  be  taken 

in  an  increasing  arithmetical  progression,  the  densities  of  the  strata 
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of  air  will  decrease  in  geometrical  progression,  a  property  that 

logarithms  possess  relatively  to  their  numbers. 
295.  All  the  circumstances  both  of  the  equilibrium  and  motion  of 

the  atmosphere  may  be  determined  from  equation  (70),  if  the  quan- 
tities it  contains  be  supposed  relative  to  that  compressible  fluid 

instead  of  to  the  ocean. 

EquiliMum  of  the  Atmosphere* 

296.  When  the  atmosphere  is  in  equilibrio  v,  u,  and  i  are  zero^ 

which  reduces  equation  (70)  to 

n« 

f».8in«^+  V"  r^=  constant. 2  J   f 

Suppose  the  atmosphere  to  be  every  where  of  the  same  density  as  at 

the  BurfiM^e  of  the  sea,  let  A  be  the  height  of  that  atmosphere  which 

ii  very  small,  not  exceeding  5i^  miles,  and  let  ̂   be  the  force  of  gra- 

Tity  at  the  equator ;  then  as  the  pressure  is  proportional  to  the  den* 
Bity,  pzih.g.p, 

and  r -^  =  hg  .  log.  />, 

consequently  the  preceding  equation  becomes 

hg  .  log/>  =  constant  +  F  +  —  .  r*  .  sin*  0. 

At  the  surface  of  the  sea,  V  is  the  same  for  a  particle  of  air,  and  for 

the  particle  of  the  ocean  adjacent  to  it ;  but  when  the  sea  is  in  equi- 

librio  r  +  —  .  r*  .  sin*  0  =  constant, 2 

therefore  />  is  constant,  and  consequently  the  stratum  of  air  contig^* 
ous  to  the  sea  is  every  where  of  the  same  density. 

297.  Since  the  earth  is  very  nearly  spherical,  it  may  be  assumed 

that  r  the  distance  of  a  particle  of  air  from  its  centre  is  equal  to 

H  +  r't  A  being  the  terrestrial  radius  extending  to  the  sur&ce  of  the 

saa,  and  r*  the  height  of  the  particle  above  that  surface.  F,  wliich 
raliitia  to  the  surface  of  the  sea,  becomes  at  the  height  / ; 

by  Taylor^s  theorem,  consequently  the  substitution  of  B  +  r'  for  r  in 
the  value  of  hg  log.  f  gives 



140  MOTION  OF  FLUIDS.  Uhtk  L 

kg  .  log  j>  =  constont  +  T  +  r'  (^Di  +  ̂   (^\ 

2 

r,| —  I,  &c.  relate  to  the  sur&ce  of  the  sea  where m 
r  +  —.R^  8m«0  =  constant, 2 

and  as  ''('TJ  ̂  **'  •  '^  •  ">**  ̂» 

is  the  effect  of  gravitadon  at  that  surface,  it  may  be  represented  by 

g^,  whence  hg.  logp  =  constant  —  r'^'  +  —  •  (   j . 

298.  Since  [ —  j  is  multiplied  by  the  very  small  quantity  f^«  ft 

may  be  integrated  in  the  hypothesis  of  the  earth  being  a  aphere ;  bat 

in  that  case  -  (   )  =  «•'  =  __ 

\drj       *"        R* m  being  the  mass  of  the  earth ; 

hence  (   )=:—---=:  —  12. ; 
\di^J  R"  R 

consequently  tlie  preceding  equation  becomes 

whence  p:=i  p'  .  c  i^\    «y; 
an  equation  which  determines  the  density  of  the  atmosphere  at  any 

given  height  above  the  level  of  the  sea ;  c  is  the  number  whose  loga- 

rithm is  unity,  and  p'  a  constant  quantity  equal  to  the  density  of  the 
atmosphere  at  tlie  surface  of  the  sea. 

299.  If  g'  and  g  be  the  force  of  gravity  at  the  equator  and  in  any 

other  latitude,  they  will  be  proportional  to  /'  and  /,  the  lengths  of 
the  pendulum  beating  seconds  at  the  level  of  the  sea  in  these  two 

places ;  hence  V  and  /,  which  are  known  by  experiment,  may  be 

substituted  for  g'  and  g^  and  the  formula  becomes 

y)  =  /.o-^("'*'*)  (78) 
Whence  it  appears  that  strata  of  the  same  density  are  every  where 
very  nearly  equally  elevated  above  the  surface  of  the  sea. 
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800.  By  this  expression  the  density  of  the  air  at  any  height  may 

be  found,  say  at  fifty-five  miles.     —  is  very  small  and  may  be  neg- R 

lected;   and  I  may  be  made  equal  to  V  without  sensible  error; 

hence  p  =  /)'c""* . 
Now  the  height  of  an  atmosphere  of  uniform  density  is  only  about 

A  =  5i^  English  miles ; 

hence  if  r'  es  10A=  55,  f  =  f*<r'\ 
and  as  c  =  2.71828,  p  =  — £— , ^        22026 

so  that  the  density  at  the  height  of  55  English  miles  is  extremely 

small,  which  corresponds  with  what  was  said  in  article  292. 

301.  From  the  same  formula  the  height  of  any  place  above  the  level 

of  the  sea  may  be  found;  for  the  densities  ff  and  p,  and  consequently 
Ai  are  given  by  the  height  of  the  barometer,  V  and  /,  the  lengths  of  the 

ieeonds'  pendulum  for  any  latitude  are  known  by  experiment ;  and 
Jl»  the  radius  of  the  earth  is  also  a  given  quantity ;  hence  r '  may  be 
fiMmd.  But  in  estimating  the  heights  of  mountains  by  the  barome- 

tert  the  variation  of  gravity  at  the  height  r^  above  the  level  of  the  sea 

CAnnot  be  omitted,  therefore  -ZL  W  must  be  included  in  the  pre- 

ceding formuhu 

OsdllatioTU  of  ike  Atmosphere, 

802.  The  atmosphere  has  the  fonn  of  an  ellipsoid  flattened  at  the 

poles,  in  consequence  of  its  rotation  with  the  earth,  and  its  strata  by 

article  299,  are  everywhere  of  the  same  density  at  the  same  elevation 
above  the  surface  of  the  sea.  The  attraction  of  the  sun  and  moon 

occasions  tides  in  the  atmosphere  perfectly  similar  to  those  of  the 

ocean ;  however,  they  are  probably  affected  by  the  rise  and  fall  of 
the  sea. 

80S.  The  motion  of  the  atmosphere  is  determbed  by  equa* 

tions  (70),  (73),  which  give  the  tides  of  the  ocean,  with  the  ex- 

ception of  a  small  change  owing  to  the  elasticity  of  the  air ;  hence 

the  term  ̂ ,  expressing  the  ratio  of  the  pressure  to  the  density 
P 

cannot  be  omitted  as  it  was  in  the  case  of  the  sea. 
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I^t  j>  =  (y>)  +  f,' ;  (^)  being  tile  deiisin-  of  the  BUattim  ia  e^ui- 

librio,  and  p'  the  ciiange  suited  to  a  state  of  motion ; 
hence  p  =  hg  {(/.)  +  /), 

and  ?P  =  A.!k)+.W).. 

^ 

V  = 

'^L.  =  y\  then  ̂JL  =  h^ if) .Hp) 

+  giy-- 
304.  The  part  hg-^^.L  vanishes,  because  in  equilibrio 

rS{(- 

9  +  t.)}>  +  (Jr)-A*^  = 

if) 

therefore 

>p . 

:jV- 

Let  0  be  the  elevation  of  a  particle  of  air  above  the  surface  of  equi- 
librium of  the  atmosphere  which  corresponds  with  y,  the  elevation  of 

a  particle  of  water  above  the  surface  of  equilibrium  of  the  sea.  Now 

at  the  sea  0=  y,  for  the  adjacent  particles  of  air  and  water  are  sub- 
ject to  the  same  forces  :  but  it  is  necessary  to  examine  whether  the 

Biipposition  of  0  =:  J,  and  of  j  being  constant  for  all  the  particles  of 
air  situate  on  the  same  radius  are  consistent  with  the  equation  of 
continuity  (73),  which  for  the  atmosjiliere  is 

0  =  .„.„{(-).(^)^.-»}}  +  C) 

m4 
If  the  V 

■^■mym<s)^ 

(c) 

(.COS  el 

The  part  of  »  that  depends  on  the  variation  of  tlie  angles  0  and  ra 

BO  small,  that  it  maybe  neglected,  consequently  »  :=  0  ;  and  if  0= 

then  f^')  =  0.     Since  the  value  of 
"G-?)=»' 

the  same  for  all  the  parli- 

A!so  y  is  of  the  order  A  or  —  i% les  situate  on  tl 
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then  u  and  v  being  the  same  for  all  the  particles  situate  primitively 

on  the  same  radius,  the  value  of  y*  will  be  the  same  for  all  these 
particles,  and  as  quantities  of  the  order  is  are  omitted,  equation  (70) 
becomes 

r^ie  if^\  -  2n  sin  6  cos  6  f^Ji 

+  r*>o  { sin»^  f—\  +  2n  sin  0  cos  0  f^\  (80) 

=  JF  -  giy'  —  giy. 
Thus  the  equations  that  determine  the  oscillations  of  the  atmosphere 

only  differ  from  those  that  give  the  tides  by  the  small  quantity  giy'^ 
depending  on  the  elasticity  of  the  air. 

305.  Finite  values  of  the  equations  of  the  motion  of  the  atmos- 

phere  cannot  be  obtained ;  therefore  the  ebb  and  flow  of  the  atmos- 

phere may  be  determined  in  the  same  manner  as  the  tides  of  the 

ocean,  by  estimating  the  effects  of  the  sun  and  moon  separately. 

Hub  can  only  be  effected  by  a  comparison  of  numerous  observations. 

Oscillaiions  of  the  Mercury  in  the  Barometer, 

306.  Oscillations  in  the  atmosphere  cause  analogous  oscillations 

in  the  barometer.  For  suppose  a  barometer  to  be  fixed  at  any 

height  above  the  surface  of  the  sea,  the  height  of  the  mercury  is  pro- 
portional to  the  pressure  on  that  part  of  its  surface  that  is  exposed  to 

the  action  of  the  air.  As  the  atmosphere  rises  and  falls  by  the  action 

of  the  disturbing  forces  like  the  waves  of  the  sea,  the  surface  of  the 

mercury  is  alternately  more  or  less  pressed  by  the  variable  mass  of  the 

atmosphere  above  it  Hence  the  density  of  the  air  at  the  surface  of 

the  mercury  varies  for  two  reasons ;  first,  because  it  belonged  to 

a  stratum  which  was  less  elevated  in  a  state  of  equilibrium  by  the 

quantity  y,  and  secondly,  because  the  density  of  a  stratum  is  aug- 

mented when  in  motion  by  the  quantity  i^^  .  y.      Now  if  h  be  the h 

height  of  the  atmosphere  in  equilibrio  when  its  density  is  uniform, 

and  equal  to  (/),  then 

h:y  ::(/)  :  y  .  ̂̂ , n 

the  mcrease  of  density  in  a  state  of  motion  from  the  first  cause.    In 
* 
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the  same  Manner,  j/.  ̂^  is  the  increase  of  density  from  the  second 

cause.    Thus  the  whole  increase  is 

And  if  U  be  the  height  of  the  mercury  in  the  barometer  when  the 

atmosphere  is  in  equiilbrio,  its  oscillations  when  in  motion  will  be 

expressed  by  "^^-^^  ^^'> 
The  oscillalions  of  the  mercury  are  therefore  similar  at  all  heights 

above  the  level  of  the  sea,  and  proportiona]  in  their  extent  to  the 

height  of  llie  barometer. 

Conclunon. 

307.  The  account  of  the  Grst  book  of  the  Mkcaniqut  C$tatt  is 

thus  brought  to  a  conclusion.  Arduous  as  the  study  of  it  may  seem, 

the  approach  in  every  science,  necessarily  consisting  in  elemen- 
tary principles,  must  be  tedious:  but  let  it  uot  be  forgotten,  Ihat 

many  important  truths,  coeval  with  the  existence  of  matter  itself, 
have  already  been  developed ;  and  that  the  subsequent  application 

of  the  principles  which  have  been  established,  will  lead  lo  the 
contemplation  of  the  most  sublime  works  of  the  Creator.  The 

general  equation  of  motion  has  been  formed  according  to  the 
primordial  laws  of  matter;  and  the  universal  application  of  thit 
one  equation,  to  the  motion  of  matter  in  every  form  of  which  it  is 

susceptible,  whether  solid  or  fluid,  to  a  single  particle,  or  to  a 
system  of  bodies,  displays  the  essential  nature  of  analysis,  ivhich 
comprehends  every  case  that  can  result  from  a  given  law.  It  is  not, 
indeed,  surprising  that  our  limited  faculties  do  not  enable  us  to 

derive  general  values  of  the  unknown  quantities  from  this  equation: 
it  has  been  accompli  sited,  it  is  true,  in  a  few  cases,  but  we  must  be 
satislied  with  approximate  values  in  by  much  the  greater  number  of 

instances.  Several  circumstances  in  the  solar  system  materially 

facilitate  the  approximations ;  these  La  Place  has  selected  with  pro- 
found judgment,  and  employed  with  the  greatest  dexterity. 

A 
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BOOK  II. 

CHAPTER  I. 

PROGRESS  OF  ASTRONOMY. 

808.  The  science  of  astronomy  was  cultivated  very  early,  and  many 
impoTtant  observations  and  discoveries  were  made,  yet  no  accu- 
nte  inferences  leading  to  the  true  system  of  the  world  were  drawa 
from  them,  until  a  much  later  period.  It  is  not  surprising,  that  men 
deceived  by  appearances,  occasioned  by  the  rotation  of  the  earth, 
flbould  have  been  slow  to  believe  the  diurnal  motion  of  the  heavens 

to  be  an  illusion ;  but  the  absurd  consequence  wliich  the  contrary 

hypothesis  involves,  convinced  minds  of  a  liigher  order,  that  the 

apparent  could  not  be  the  true  system  of  nature. 

Many  of  the  ancients  were  aware  of  the  double  motion  of  the 

earth ;  a  system  which  Copernicus  adopted,  and  confirmed  by  the 

eomparison  of  a  series  of  observations,  that  had  been  accumulating 

for  ages  ;  from  these  he  inferred  that  the  precession  of  the  equinoxes 

might  be  attributed  to  a  motion  in  the  earth's  axis.  He  ascertained 
the  revolution  of  the  planets  round  tlie  sun,  and  determined  the 

dimensions  of  their  orbits,  till  then  unknown.  Although  he  proved 

these  truths  by  evidence  which  lbs  ultimately  dissipated  the  erro- 

neous theories  resulting  from  the  illusions  of  the  senses,  and  over* 
came  the  objections  which  were  opposed  to  them  by  ignorance  of 

the  laws  of  mechanics,  this  great  philosopher,  constrained  by  the 

prejudices  of  the  times,  only  dared  to  publish  the  truths  he  had  dis- 
covered, under  the  less  objectionable  name  of  hypotheses. 

In  the  seventeenth  century,  Galileo,  assisted  by  the  discovery  of  the 

telescope,  was  the  first  who  saw  the  magnificent  system  of  Jupiter's 
satellites,  which  furnished  a  new  analogy  between  the  planets  and 

the  earth :  he  discovered  the  phases  of  Venus,  by  which  he  removed 

all  doubts  of  the  revolution  of  that  planet  round  tlie  sun.  The  bright 

spots  which  he  saw  in  the  moon  beyond  the  line  which  separates  the 

enlightened  from  the  obscure  part,  showed  the  existence  and  height 
L 
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of  il3  mountains.  He  obscired  the  spots  and  rotation 
and  the  singulnr  appearances  exliibited  by  the  rings  of  Saturn ;  by 
nhich  discoveries  tlie  rotation  of  the  earth  was  confinncd :  but  if  ti;e 

rapid  progress  of  niathemalical  science  hod  not  concurred  to  establish 
this  CHsential  truth,  it  would  have  been  ovcrwiiclmed  and  stifled  by 
fanatical  /eal.  Tlie  opinions  of  Galileo  were  denounced  as  hereOcal 

by  the  Inquisition,  and  he  was  ordered  by  the  Church  of  Rome  to 

retract  them.  At  a  late  period  he  ventured  to  promulgate  his  dis- 
coveries, but  in  a  dilFerenl  form,  vindicating  the  system  of  Coper- 

nicus ;  but  such  was  the  force  of  superstidon  and  prejudice,  that  he, 

who  was  alike  an  honour  to  his' country',  and  to  the  hiunan  race,  was 
again  subjitcted  to  the  mortification  of  being  obliged  to  disavow  what 
his  transcendent  genius  had  proved  to  be  true.  He  died  at  Arcelri 

in  the  year  1643,  the  year  in  which  Newton  was  bom,  carrying  with 
him,  says  La  Place,  the  regret  of  Europe,  enlightened  by  his  labours, 
and  indicant  at  the  judgment  pronounced  against  liim  by  an  od 
tribunal. 

The  truths  discovered  by  Galileo  could  not  foil  to  raoftify 
vanity  of  those  who  saw  the  earth,  which  they  conceived  to  be  the 
centre  and  primary  object  of  creation,  reduced  to  iho  rale  of  but  ■ 

small  planet  in  a  system,  which,  however  vast  it  may  seem,  forms  but 

a  point  in  the  scale  of  the  universe. 
The  force  of  reason  by  degrees  made  its  way,  and  persecution 

ceased  to  be  the  consequence  of  stating  physical  truths,  though  many 

difficulties  remained  to  impede  its  progress,  and  no  ordinary  share  of 

moral  courage  was  required  to  declare  it :  '  prejudice,"  says  an  emi- 
nent author,  '  bars  up  tlie  gate  of  knowledge ;  but  he  who  would 

learn,  must  despise  the  timidity  that  shrinks  from  wisdom,  he  must 

hate  the  tyranny  of  opinion  that  condemns  its  pursuit :  wisdom  is 

only  to  he  obtained  by  the  bold  ;  prejudices  must  first  be  overcome, 

we  must  learn  to  scorn  names,  defy  idle  fears,  and  use  the  powers  of 
nature  to  give  us  the  mastery  of  nature.  There  are  virtues  in  plants, 
in  metals,  even  in  woods,  that  to  seek  alarms  the  feeble,  but  to  po»- 

•ess  constitutes  the  mighty.' 
About  the  end  of  the  sixteenth,  or  the  beginning  of  the  ae' 

tcenth  century,  T)cho  Brahe  made  a  series  of  correct  and  m 
rouB  obsenations  on  the  motion  of  the  planets,  wliich  laid 
fbtindation  of  the  laws  discovered  by  his  pupil  and  assistant.  K«plM|] 

1 
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Tycho  Brahe,  however,  would  not  admit  of  the  motion  of  the  e«rtb, 

becMue  he  could  not  conceive  how  a  body  detached  from  it  could  fol- 
low its  motion :  he  wm  convinced  that  the  earth  was  at  rest,  be< 

cauu  a  tieavy  body,  falling  from  a  great  lieight,  falls  nearly  at  the 
fiM>t  of  the  vertical 

Kepler,  one  of  those  extraordinary  men,  who  appear  from  time  to 
time,  to  bring  to  light  the  great  laws  of  nature,  ado|4ed  aounder 

views.  A  lively  imagination,  which  disposed  him  eageriy  to  search 
Ibt  €nt  caiwaa,  tempered  by  a  severity  of  judgment  tliat  made  him 

dre«d  being  deceived,  formed  a  cliaracter  peculiarly  fitted  to  inveiili' 

gits  tlie  unknown  regions  of  science,  and  conducted  him  to  ttie  dis- 
<»T«ry  of  three  of  the  most  important  laws  in  aatronomy. 

He  directed  his  attention  to  the  motions  of  Mais,  whose  orbit  is  one 

of  the  moflt  eccentric  in  the  planetary  system,  and  as  it  approaches 

nrynear  the  earth  in  ita  oppositions,  the  inequalities  of  iu  motions 

are  considerable  ;  circumstances  peculiarly  favourable  for  the  deter- 
iiun^<Ni  of  their  laws. 

He  fbund  the  orbit  of  Mara  to  be  an  ̂ pse,  having  the  sun  in  one 
of  its  fijci  ;  and  that  the  motion  of  the  planet  is  such,  that  tlie  radius 

vactor  drawn  from  iU  centre  to  the  centre  of  the  sun,  describes  equal 
anas  in  equal  times.  He  extended  these  results  to  ail  the  planets, 
■nd  in  the  year  1626,  published  the  Rndolphine  Tables,  memorable 

in  the  annals  of  astronomy,  firom  being  the  first  that  were  formed  on 
the  true  laws  of  nature. 

Ke{4er  imagined  that  something  corresponding  to  certain  myste- 
rious analogies,  supposed  by  the  Pythagoreans  to  exist  in  the  laws 

nf  nature,  might  also  he  discovered  between  the  mean  distances  of 
tte  planets,  and  their  revolutions  round  the  sun :  after  sixteen  years 

•pent  in  unavailing  attempts,  he  at  lengtli  found  that  the  squares  of 
Ae  times  of  their  sidereal  revolulJons  are  proportional  to  the  cubes 
of  Uk  greater  axes  of  tlieir  orbits ;  a  very  important  law,  which  was 
afterwards  found  equally  applicable  to  all  the  systems  of  the  satellites. 
It  was  obvious  to  tlie  comprelieDsive  mind  of  Kepler,  that  motions 

«o  regular  could  only  arise  from  some  universal  principle  pervading 

tfia  whole  system.  In  his  woA  Dt  Stella  Martit,  Le  observes,  that 
*  two  insulated  bodies  would  move  towards  one  another  like  two 

magnets,  describing  spaces  reciprocally  as  their  masses.  If  the  earth 

■sd  yooD  were  not  held  at  the  distance  that  separates  them  b^iom* 
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force,  they  would  come  in  contact,  die  moon  describing  ̂   of  the 

distance,  and  the  earth  the  remainder,  supposing  them  to  be  equally 

dense'  '  If,'  he  continues,  '  the  earth  ceased  to  attract  the  waters 
of  the  ocean,  tlicy  would  go  to  the  moon  by  the  attractive  force  of 

tliat  body.  The  attraction  of  the  moon,  which  extends  to  the  earth, 

is  the  cause  of  the  ebb  and  flow  of  the  sea.'  Thus  Kepler^s  work, 
De  Stella  Mariis^  contains  the  first  idea  of  a  principle  which  Newton 

and  his  successors  have  fully  developed. 

Tlie  discoveries  of  Galileo  on  falling  bodies,  those  of  Huygens  on 

Evolutcs,  and  the  centrifugal  force,  led  to  the  theory  of  motion  in 

curves.  Kepler  had  determined  the  curves  in  which  the  planets 

move,  and  Hook  was  aware  that  planetary  motion  is  the  result  of 

a  force  of  projection  combined  with  the  attractive  force  of  the  sun. 

Such  was  the  state  of  astronomy  when  Newton,  by  his  grand  and 

comprehensive  views,  combined  the  whole,  and  connected  the  most 

distant  parts  of  the  solar  system  by  one  universal  principle. 

Having  obscr\'ed  that  the  force  of  gravitation  on  the  summits  of 
the  liighest  mountains  is  nearly  the  same  as  on  the  sur&ce  of  the 
earth,  Newton  inferred,  that  its  influence  extended  to  the  moon,  and, 

combining  witli  her  force  of  projection,  causes  that  satellite  to  de- 
scribe an  elliptical  orbit  round  the  earth.  In  order  to  verify  this 

conjecture,  it  was  necessary  to  know  the  law  of  the  diminution  of 

gravitation.  Newton  considered,  that  if  terrestrial  gmvitation  re- 
tained the  moon  in  her  orbit,  the  planets  must  be  retained  in  theirs 

by  their  gravitation  to  the  sun ;  and  he  proved  this  to  be  the  case,  by 

showing  the  areas  to  be  proportional  to  the  times  :  but  it.  resulted 

from  the  constant  ratio  found  by  Kepler  between  the  squares  of  the 

times  of  revolutions  of  the  planets,  and  the  cubes  of  the  greater  axes 

of  their  or))its,  that  tlieir  centrifugal  force,  and  consequently  their 

tendency  to  the  sun,  diminishes  in  the  ratio  of  the  squares  of  their 
distances  from  his  centre.  Thus  the  law  of  diminution  was  proved 

with  regard  to  the  planets,  which  led  Newton  to  conjecture,  that  the 

same  law  of  diminution  takes  place  in  terrestrial  gravitation. 

lie  extended  the  laws  deduced  by  Galileo  from  his  experiments  on 

bodies  falling  at  the  surface  of  the  eartli,  to  the  moon ;  and  on  these 

principles  determined  the  space  she  would  move  through  in  a  second 

of  time,  in  her  descent  towanls  the  earth,  if  acted  upon  by  the  earth's 
attraction  alone.   lie  had  the  satisfaction  to  find  tliat  the  action  of  the 
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earth  on  the  moon  is  inversely  as  the  square  of  the  distance,  thus 

proving  the  force  which  causes  a  stone  to  fall  at  the  earth's  surface, 
to  be  identical  with  that  which  retains  the  moon  in  her  orbit 

Kepler  having  established  the  point  that  the  planets  move  in 

ellipses,  having  the  sun  in  one  of  their  foci,  Newton  completed 

his  theory,  by  showing  that  a  projectile  might  move  in  any  of  tlie 

conic  sections,  if  acted  on  by  a  force  directed  to  the  focus,  and  in- 
versely as  the  square  of  the  distance :  he  determined  the  conditions 

requisite  to  make  the  trajectory  a  circle,  an  ellipse,  a  parabola,  or 

hyperbola.  Hence  he  also  concluded,  that  comets  move  round  the 

sun  by  the  same  laws  as  the  planets. 

A  comparison  of  the  magnitude  of  the  orbits  of  the  satellites  and 

the  periods  of  their  revolutions,  with  the  same  quantities  relatively  to 

the  planets,  made  known  to  him  the  respective  masses  and  densities 

of  the  sun  and  of  planets  accompanied  by  sateilitos,  and  the  intensity 

of  gravitation  at  their  surfaces.  He  observed,  that  the  satellites 

move  round  their  planets  nearly  as  they  would  have  done,  had  the 

planets  been  at  rest,  whence  he  concluded  that  all  these  bodies  obey 

the  same  law  of  gravitation  towards  the  sun :  he  also  concluded,  from 

the  equality  of  action  and  re-action,  that  the  sun  gravitates  towards 
the  planets,  and  the  planets  towards  their  satellites;  and  that  the 

earth  is  attracted  by  all  bodies  which  gravitate  towards  it.  He 

afterwards  extended  this  law  to  all  the  particles  of  matter,  thus  esta* 
blishing  the  general  principle,  that  each  particle  of  matter  attracts  all 

other  particles  directly  as  its  mass,  and  inversely  as  the  square  of  its 
distance. 

These  splendid  discoveries  were  published  by  Newton  in  his  Prinr 

eipiuy  a  work  which  has  been  the  admiration  of  mankind,  and  wliich 
will  continue  to  be  so  while  science  is  cultivated. 

Referring  to  that  stupendous  effort  of  human  genius.  La  Place, 

who  perhaps  only  yields  to  Newton  in  priority  of  time,  thus  expresses 
himself  in  a  letter  to  the  writer  of  these  pages : 

'  Je  public  succcssivement  Ics  divers  livres  du  cinquieme  volume 
qui  doit  torminer  mon  traite  de  Mecanique  Celeste^  et  dans  lequel  je 

donne  I'analyse  historiquc  des  recherches  dcs  geom^tres  sur  cette 
matiere.  Cela  m'a  fait  relire  avec  une  attention  particuli^re  Touvrage 
incomparable  des  Principes  Mathematiques  dc  la  phUosophie  natu- 
relle  de  Newton,  qui  contient  le  gcrmc  de  toutes  ces  recherches.  Plus 
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J'ai  ̂ tudi^  cet  ouvrage,  plus  il  m'a  paru  admirable,  en  me  trane- 
portant  surtout  h  f^poque  oh  il  a  ̂ t^  public.  Mais  en  mtoe  terns 

que  j'ai  senti  r<$l^gance  de  la  mc^thode  syntb^tique  suivant  laquelle 
Newton  a  pr^sent^  ses  dc^couvertes,  j*ai  reoonnu  Tindispensable 
n^cessit^  de  Tanalyse  pour  approfondir  les  questions  tr^s  difficiles 

qu'il  n'a  pu  qu'effleurer  par  la  synthase.  Je  vois  avec  un  grand 
plaisir  vos  matbt^maticlens  se  livrer  maintenant  1^  Tanalyse;  el 

je  ne  doute  point  qu'en  suivant  oette  m(!tbode  avec  la  sagaciU$ 

propre  k  votre  nation,  ils  ne  soient  conduits  k  d'importantes  dd* 
couvertes/ 

The  reciprocal  gravitation  of  the  bodies  of  the  solar  system  is  a 

cause  of  great  irregularities  in  their  motions ;  many  of  which  had 

been  explained  before  the  time  of  La  Place,  but  some  of  the  most  im- 
portant had  not  been  accounted  for,  and  many  were  not  even  known 

to  exist.  The  author  of  the  Mecanique  Celeste  therefore  undertook 

the  arduous  task  of  forming  a  complete  system  of  physical  astronomy, 
in  which  the  various  motions  in  nature  should  be  deduced  from  the 

first  principles  of  mechanics.  It  would  have  been  impossible  to 

accomplish  this,  had  not  the  improvements  in  analysis  kept  pace 

with  the  rapid  advance  in  astronomy,  a  pursuit  in  which  many  have 

acquired  inomortal  fiune  ;  that  La  Place  is  pre-eminent  amongst  these^ 
will  be  most  readily  acknowledged  by  those  who  are  best  acquainted 
with  his  works. 

Having  endeavoured  in  the  first  book  to  explain  the  laws  by  which 

force  acts  upon  matter,  we  shall  now  compare  those  laws  with  the 

actual  motions  of  the  heavenly  bodies,  in  order  to  arrive  by  analytical 

reasoning,  entirely  independent  of  hypothesis,  at  the  principle  of  that 

force  which  animates  the  solar  system.  The  laws  of  mechanics  may 

be  traced  with  greater  precision  in  celestial  space  than  on  earth,  where 

the  results  are  so  complicated,  that  it  is  difficult  to  unravel,  and  still 
more  so  to  subject  them  to  calculation :  whereas  the  bodies  of  the 

solar  system,  separated  by  vast  distances,  and  acted  upon  by  a  force, 

the  eflFects  of  which  may  be  readily  estimated,  are  only  disturbed  in 

their  respective  movements  by  such  small  forces,  that  the  general 
equations  comprehend  all  the  changes  which  ages  have  produced,  or 
may  hereafter  produce  in  the  system ;  and  in  explaining  the  pheno* 
mena  it  is  not  necessary  to  have  recourse  to  vague  or  imaginary 

causes,  for  the  law  of  universal  gravitation  may  be  reduced  to  calcu* 
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lation,  the  results  of  which,  confirmed  by  actual  observation,  afford 

the  most  substantial  proof  of  its  existence. 

It  will  be  seen  that  this  great  law  of  nature  represents  all  the  phe- 
nomena of  the  heavens,  even  to  the  most  minute  details  ;  that  there 

is  not  one  of  the  inequalities  which  it  does  not  account  for ;  and  that 

it  has  even  anticipated  observation,  by  unfolding  the  causes  of  several 

singular  motions,  suspected  by  astronomers,  but  so  complicated  ia 

their  nature,  and  so  long  in  their  periods,  that  observation  alone 

could  not  have  determmed  them  but  in  many  ages. 

By  the  law  of  gravitation,  therefore,  astronomy  is  now  become  a 

great  problem  of  mechanics,  for  the  solution  of  which,  the  figure  and 

masses  of  the  planets,  their  places,  and  velocities  at  any  given  time, 

axe  the  only  data  which  observation  is  required  to  furnish.  We 

proceed  to  give  such  an  account  of  the  solution  of  this  problem,  as 

the  nature  of  the  subject  and  the  limits  of  this  work  admit  ot 
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CHAPTER  II. 

ON  THE  LAW  OF  UNIVERSAL  GRAVITATIOX,  DEDUCED 
•  FROM  OBSERVATION. 

309.  The  thrcv^  laws  of  Kepler  furnish  the  daU  from  wUdi  the 

principle  of  gravitation  is  established,  namely : — 
1.  That  tlie  radii  vcctorcs  of  the  planets  and  comets  deacribe  new 

pro|K)rtional  to  the  time. 
ii.  That  the  orbits  of  the  planets  and  comets  are  conic  sections, 

having  the  sun  in  one  of  their  foci. 

iii.  That  the  squares  of  the  periodic  times  of  the  planets  axe  pro- 
])ortional  to  the  cubes  of  their  mean  distances  from  the  sun. 

310.  It  has  been  shown,  that  if  the  law  of  the  force  which  acts  on  a 

moving  hotly  be  known,  the  curve  in  which  it  moves  may  be  found ; 

or,  if  the  curve  in  whicli  the  body  moves  be  given,  the  law  of  the 

force  may  be  asccrtnincd.  In  the  general  equation  of  the  motion  of 

n  body  in  article  141,  both  the  force  and  tlie  path  of  the  body  are 

indeterminate ;  therefore  in  ap])lying  that  equation  to  the  motion  of  the 

])IanetK  and  comets,  it  is  ne(*essary  to  know  the  orbits  in  which  they 
move,  in  onler  to  ascertain  the  nature  of  the  force  that  acts  on  theuL 

311.  In  the  general  equation  of  the  motion  of  a  body,  the  forces 

acting  on  it  are  resDlved  into  three  component  forces,  in  the  direc- 

tion of  three  riH'tungulnr  axes ;  but  as  the  paths  of  tlie  planets,  satel- 
lites, and  comets,  are  pn)ved  by  the  observations  of  Kepler  to  be 

conic  sections,  they  always  move  in  the  same  plane:  therefore  the 

coniiK)nent  force  in  the  direction  perpendicular  to  that  plane  is  zero, 

and  tilt*  other  two  con)])onent  forces  are  in  the  plane  of  the  orbit. 
312.  Let  AviV,  fig.  62,  be  the  elliptical  orbit  of  a  planet  m,  hav* 

ing  the  centre  of  the  sun 
in  the  focus  S,  which  is 

also  assumed  as  tlie  ori- 

gin of  the  co-ordinates. 
Tlie  imaginary  line  Sm 

joining  the  centre  of  the 
sun  and  the  centre  of  the 

i)lanet  is  the  radius  veo- 

tor.     Suppose    the   two 

/^.  62. 
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component  forces  to  be  in  the  direction  of  the  axes  Sx,  Sy,  then  the 

component  force  Z  is  zero ;  and  as  the  body  is  free  to  move  in 

every  direction,  the  virtual  velocities  ̂ x,  hy  are  zero,  which  divides 

the  general  equation  of  motion  in  article  144  into 

giving  a  relation  between  each  component  force,  the  space  that  it 
causes  the  body  to  describe  on  ox,  or  oy,  and  the  time.  If  the  first 

of  these  two  equations  be  multiplied  by  —  y^  and  added  to  the 
second  multiplied  by  x,  their  sum  will  be 

djxdy^ydx)  _  Y^  _  ̂ ^ 

But  xdy  —  ydx  is  double  the  area  that  the  radius  vector  of  the  planet 
describes  round  the  sun  in  the  instant  dt  According  to  the  first  law 

of  Kepler,  this  area  is  proportional  to  the  time,  so  that 

J^dy  —  ydx  =s  cdt ; 
and  as  c  is  a  constant  quantity, 

djxdy  —  ydx)  _  ̂  
dt^ 

therefore  Yx  —  Xy  =  0, 
whence  X  :  Y  : :  x  :  y ; 

so  that  the  forces  X  and  Y  are  in  the  ratio  of  x  to  y,  that  is  as  Sp  to 

pm,  and  thus  their  resulting  force  mS  passes  through  S,  the  centre 
of  the  sun.  Besides,  the  curve  described  by  the  planet  is  concave 

towards  the  sun,  whence  the  force  that  causes  the  planet  to  describe 
that  curve,  tends  towards  the  sun.  And  thus  the  law  of  the  areas 

being  proportional  to  the  time,  leads  to  this  important  result, — that 
the  force  wliich  retains  the  planets  and  comets  in  their  orbits,  is 
directed  towards  the  centre  of  the  sun. 

313.  The  next  step  is  to  ascertain  tlie  law  by  which  the  force 

varies  at  difierent  distances  from  the  sun,  which  is  accomplished  by 

the  consideration,  that  these  bodies  alternately  approach  and 

recede  from  him  at  each  revolution;  the  nature  of  elliptical  motion, 

then,  ought  to  give  that  law.     If  the  equation 

.^  =  X 
de 

be  mult  iplicd  by  cfx,  and      -i^  =  Y, 
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by  dy^  their  Bum  is 

d^ 

and  its  integral  is 

1^^  =  2/(Xdr  +  Ydy), 
tlie  constant  quantity  being  indicated  by  the  integrml  sign.    Now 
the  law  of  areas  gives 

c 

wliich  changes  the  preceding  equation  to 

{xdy^ydxf 

In  order  to  transform  this  into  a  polar  equation,  let  r  represent 
the  radius  vector  Siti,  fig.  62,  and  v  the  angle  mSy, 

then  S/7  =  X  =  r  cos  v ;  pm  =  y  =  r  sin  v,  and  r  s=  Jj^  -f-  y> 

whence  dx*  +  c/y*  =  r*<ft;'  +  di*,  xdy  —  yds  =  r*dc ; 
and  if  the  resulting  force  of  X  and  Y  be  represented  by  F^  then 

F:X::  Sm:Sp  ::  l:cosv; 

hence  X  =  —  Fcos  v; 
the  sign  is  negative,  because  the  force  Fin  the  direction  mS,  tends 

to  diminish  the  co-ordinates ;  in  the  same  manner  it  is  easy  to  see  thift 

Y=  -Fsint?;  F=  VX«  +  ¥• ;  and  Xdir  +  Ydy  s  -  Filr ; 
so  that  the  equation  (82)  becomes 

0  =    «'{''«<«*'  -f  d^)  +  2/Frfr.  (8S) 

whence  dv  := 

r  V-c*-2r»/Fc/r 
314.  If  the  force  F  be  known  in  terms  of  the  distance  r,  this 

equation  will  give  the  nature  of  the  curve  described  by  the  body. 
But  tlie  differeutial  of  equation  (83)  gives 

F=  il  -  ildlrW£.  (84) ^  ^  dr 

Thus  a  value  of  the  resulting  force  F  is  obtained  in  terms  of  the 

variable  radius  vector  Sm,  and  of  the  corresponding  variable  angle 
mSy  ;  but  in  order  to  have  a  value  of  the  force  F  in  terms  of 

•nS  alone,  it  is  necessary  to  know  tlie  angle  ySm  in  terms  of  Sm. 
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The  planets  move  m  ellipees,  having  the  aim  in  one  of  their  foci ; 

Ibeiefore  let  w  represent  the  angle  <ySP,  which  the  greater  axis  AP 

makes  with  the  axes  of  theoo-ordinatesS«,  and  let  v  be  the  angle  <ySm. 
CS 

Then  if  — ,  the  ratio  of  the  eccentricity  to  the  greater  axis  be  «,  and 

the  greater  axis  CP  =  a,  the  polar  equation  of  conic  sections  is 

_        a(I-^) 

wfaidi  becomes  a  parabola  when  e  =  I,  and  a  infinite ;  and  a  hyper- 
bola when  e  is  greater  than  unity  and  a  negative.  This  equation 

gives  a  value  of  r  in  terms  of  the  angle  ySm  or  v,  and  thence  it 

may  be  found  that 

Jul  =      g      ̂   J.  -      1 

which  substituted  in  equation  (84)  gives 

a(l  —  ««)     t* 

The  coefficient  — _— .  is  constant,  therefore  F  varies  in 
a(I  -  ̂  

versely  as  the  square  of  r  or  Sm.  Wherefore  the  orbits  of  the 

planets  and  comets  being  conic  sections,  the  force  varies  inversely 
as  the  square  of  the  distance  of  these  bodies  from  the  sun. 

Now  as  the  force  F  varies  inversely  as  the  square  of  the  distance, 

it  may  be  represented  by  — ,  in   which  A  is  a  constant  coefficient, 

expressing  the  intensity  of  the  force.    The  equation  of  conic  sections 

will  satisfy  equation  (84)  when  -~  is  put  for  F;  whence  as 

r" 

h  = 
a(I  -  eO 

forms  an  eqimtion  of  condition  between  the  constant  quantities  a  and 

e,  the  three  arbitrary  quantities  a,  e,  and  t7,  are  reduced  to  two ;  and 
as  equation  (83)  is  only  of  the  second  order,  the  finite  equation  of 
conic  sections  is  its  integral. 

315.  Thus,  if  the  orbit  be  a  conic  section,  the  force  is  inversely  as 

the  square  of  the  distance  ;  and  if  the  force  varies  inversely  as  the 

square  of  the  distance,  the  ori)it  is  a  conic  section.    The  planets  and 
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comets  therefore  describe  conic  Bections  in  virtue  of  a  primitive  im* 
pulse  and  an  accelerating  force  directed  to  the  centre  of  the  sun, 

and  varying  according  to  the  preceding  law,  the  least  deviation  from 

which  would  cause  them  to  move  in  curves  of  a  totally  different  nature. 

316.  In  every  orbit  the  point  P,  fig.  63,  which  is  nearest  the  sun, 

is  the  perihelion,  and  in  the  ellipse  the  point  A  farthest  from  the 

sun  is  the  aphelion.  SP  is  the  perihelion  distance  of  the  body 
from  the  sun. 

317.  A  body  moves  in  a  conic  section  with  a  different  velocity  in 

every  point  of  its  orbit,  and  with  a  perpetual  tendency  to  fly  off  in 

the  direction  of  the  tangent,  but  this  tendency  is  counteracted  by 

the  attraction  of  the  sun.  At  the  perihelion,  the  velocity  of  a  planet 

is  greatest ;  therefore  its  tendency  to  leave  the  sun  exceeds  the  force 
of  attraction :  but  the  continued  action  of  the  sun  diminishes  the 

velocity  as  the  distance  increases ;  at  the  aphelion  the  velocity  of 

the  planet  is  least :  therefore  its  tendency  to  leave  the  sun  is  less  than 

the  force  of  attraction  which  increases  the  velocity  as  the  distance 

diminishes,  and  brings  the  planet  back  towards  the  sun,  accelerating 

its  velocity  so  much  as  to  overcome  the  force  of  attraction,  and  carry 

the  planet  again  to  the  perihelion.  Tliis  alternation  is  continually 

repeated. 
318.  When  a  planet  is  in  the  point  B,  or  D,  it  is  said  to  be  m 

quadrature,  or  at  its  mean  distance  fcom  the  sun.  In  the  eHipse, 

the  mean  distance,  SB  or  SD,  is  equal  to  CP,  half  the  greater  axis; 

the  eccentricity  is  GS. 

319.  The  periodic  time  of  a  planet  is  the  time  in  which  it  revolves 

round  the  sun,  or  the  time  of  moving  through  360°.  The  periodic 
time  of  a  satellite  is  the  time  in  which  it  revolves  about  its  primary. 

320.  From  the  equation 

F  =   f   1, 
a(l-c«)     r' 

it  may  be  shown,  that  the  force  F  varies,  witli  regard  to  different 

planets,  inversely  as  the  square  of  their  respective  distances  from  tlic 

sun.    The  quantity  2a{l  —  c*)  is  2SV,  the  parameter  of  the  orbit, 
which  is  invariable  in  any  one  curve,  but  is  different  in  each  conic 

section.     The  intensity  of  the  force  depends  on 
c»                  c» —   or   , 

a{i  -  O  SV 
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which  may  be  found  by  Kepler's  laws.  Let  T  represent  the  time  of 
the  revolution  of  a  planet ;  the  area  described  by  its  radius  vector 
in  this  time  b  the  whole  area  of  the  ellipse,  or 

Ttf 

•  VT^ where  v  =  3.14159  the  ratio  of  the  circumference  to  the  diameter. 

But  the  area  described  by  the  planet  during  the  indefinitely  small 

time  dl/\a}^cdi\  hence  the  law  of  Kepler  gives 

whence 

^cdt  I  ra^  ̂   I  -  e^  :i  dt :  T 

2Ta«  Vl  -c* (85) 

But,  by  Kepler's  third 
law,  the  squares  of  the 

periodic  times  of  the  pla- 
nets arc  proportional  to 

the  cubes  of  their  mean 

distances  from  the  sun ; 
therefore 

h  being  the  same  for  all 

the  planets. 

Jig,  63. 

Hence 
c  = 

2t  Vo(l  -  e«) 

but  2a  (1  —  €*)  is  2SV,  the  parameter  of  the  orbit. 
Therefore,  in  different  orbits  compared  together,  the  values  of  c  are 

as  the  areas  traced  by  the  radii  vectores  in  equal  times ;  consequently 

these  areas  are  proportional  to  the  square  roots  of  the  parameters  of 

the  orbits,  either  of  planets  or  comets.    If  tliis  value  of  c  be  put  in 
I 

F  = 

a(I-c" it  becomes F=ill.J-;=A.± 

A* 

4t 
in  which    or  A,  is  the  same  for  all  the  planets  and  comets ;  the 

force,  therefore,  varies  inversely  as  the  square  of  the  distance  of  each 

from  the  centre  of  the  sun :  consequently,  if  ail  these  bodies  were 
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placed  at  equal  distances  from  the  sun,  and  put  in  motion  at  tbe 

same  instant  from  a  state  of  rest,  they  would  more  through  equal 

spaces  in  equal  times ;  so  that  all  would  arrive  at  the  sun  at  the  same 

instant, — ^properties  first  demonstrated  geometrically  hy  Newton  from 
the  laws  of  Kepler. 

321.  That  the  areas  described  by  comets  are  proportional  to  the 

square  roots  of  the  parameters  of  their  orbits,  is  a  resuH  of  thecnry  more 

sensibly  verified  by  obser\'ation  than  any  other  of  its  consequences. 
Comets  are  only  visible  for  a  short  time,  at  most  a  few  months, 

when  they  are  near  their  perihelia ;  but  it  is  difficult  to  determine 

in  what  curve  they  move,  because  a  very  eccentric  ellipse,  a  paxar 

bola,  and  hyperbola  of  the  same  perihelion  distance  coincide  through 

a  small  space  on  each  side  of  the  perihelion.  The  periodic  time  of 

a  comet  cannot  be  known  from  one  appearance.  Of  more  than 

a  lumdred  comets,  whose  orbits  have  been  computed,  the  return  of 

only  three  has  been  ascertained.  A  few  have  been  calculated  in 

very  elliptical  orbits ;  but  in  general  it  has  been  found,  that  the 

places  of  comets  computed  in  parabolic  orbits  agree  with  observa- 
tion :  on  that  account  it  is  usual  to  assume,  that  comets  move  in 

parabolic  curves. 

322.  In  a  parabola  the  parameter  is  equal  to  twice  the  perihdion 
distance,  or 

a(l  -€0=  ̂ D; 

hence,  for  comets,  ^  ~  t"  v  2D. k 

For,  in  this  case,  e=  1  and  a  is  infinite;  therefore,  in  different 

parabolse,  the  areas  described  in  equal  times  are  proportional  to  the 

square  roots  of  their  perihelion  distances.  This  aflfords  the  means 

of  ascertaining  how  near  a  comet  approaches  to  the  sun.  live  or 

six  comets  seem  to  liave  hyperbolic  orbits ;  consequently  they  could 

only  be  once  visible,  in  their  transit  through  the  system  to  which  we 

belong,  wandering  in  the  immensity  of  space,  perhaps  to  visit  other 
suns  and  other  svstems. 

It  is  probable  that  such  bodies  do  exist  in  the  infinite  variety  ol 
creation,  tliough  their  appearance  is  rare.  Most  of  the  comets 

that  we  have  seen,  however,  are  thought  to  move  in  extremely 
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eccentric  elfipses,  returning  to  oar  system  after  very  long  intervals. 

TVo  hundred  years  have  not  elapsed  since  comets  were  observed  with 

•ocuncy,  a  time  which  is  probably  greatly  exceeded  by  the  enormous 
periods  of  the  revolutions  of  some  of  these  bodies. 

823.  The  three  laws  of  Kepler,  deduced  from  the  observations  of 
Tycho  Brahe,  and  from  his  own  observations  of  Mars,  form  an  era 

of  vast  importance  in  the  science  of  astronomy,  being  the  bases 

<m  which  Newton  founded  the  universal  principle  of  gravitation : 

they  lead  us  to  regard  the  centre  of  the  sun  as  the  focus  of  an  attrac- 

tive force,  extending  to  an  infinite  distance  in  all  directions,  de- 

ereasing  as  the  squares  of  the  distance  increase.  Each  law  discloses 

a  particular  property  of  this  force.  The  areas  described  by  the  radius 

Tector  of  etch  planet  or  comet,  being  proportional  to  the  time 

eaployed  in  describing  them,  shows  that  the  principal  force  which 

urges  these  bodies,  is  always  directed  towards  the  centre  of  the  sun. 

The  ellipticity  of  the  planetary  orbits,  and  the  nearly  parabolic 

motion  of  the  comets,  prove  that  for  each  planet  and  comet  this 

force  is  reciprocally  as  the  square  of  the  distance  from  the  sun;  and, 

lastly,  the  squares  of  the  periodic  times,  being  proportional  to  the 
cubes  of  the  mean  distances,  proves  that  the  areas  described  in  equal 

times  by  the  radius  vector  of  each  body  in  the  difierent  orbits,  are 

proportional  to  the  square  roots  of  the  parameters — a  law  which  is 
equally  applicable  to  planets  and  comets. 

824.  The  satellites  observe  the  laws  of  Kepler  in  moving  round 

their  primaries,  and  gravitate  towards  the  planets  inversely  as  the 

square  of  their  distances  from  their  centre ;  but  they  must  also 

gravitate  towards  the  sun,  in  order  that  their  relative  motions  round 

their  planets  may  be  the  same  as  if  the  planets  were  at  rest.  Hence 

the  satellites  must  gravitate  towards  their  planets  and  towards  the 

sun  inversely  as  the  squares  of  the  distances.  The  eccentricity  of 

the  orbits  of  the  two  first  satellites  of  Jupiter  is  quite  insensible ;  that 

of  die  third  inconsiderable ;  that  of  the  fourth  is  evident.  The  great 

distance  of  Saturn  has  hitherto  prevented  the  eccentricity  of  the 

orbits  of  any  of  its  satellites  from  being  perceived,  with  the  excep- 
tion of  the  sixth.  But  the  law  of  the  gravitation  of  the  satellites  of 

Jupiter  and  Saturn  is  derived  most  clearly  from  this  ratio, — that,  for 
each  system  of  satellites,  the  squares  of  their  periodic  times  are  as 

the  cubes  of  their  mean  distances  from  the  centres  of  their  respective 
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fg,  64. 

planets.  For,  imagine  a  Batellite  to  de- 
scribe a  circular  orbit,  with  a  ndiu 

PD  s  a,  fig.  64,  its  mean  distance  from 

^    the  centre  of  the  planet.     Let  The  tbe 
duration  of  a  sidereal  revolution  of  Uie 

D  satellite,  then 

3.14159  =  T, 

being  the  ratio  of  the  circumference  to 

the  diameter,     a  •  — 
T 

will  be  the  very  small  arc  Dc  that  the  satellite  describes  in  a  second. 

If  the  attractive  force  of  the  planet  were  to  cease  for  an  instant,  the 

satellite  would  fly  off  in  the  tangent  D«,  and  would  be  farther  from 

the  centre  of  the  planet  by  a  quantity  equal  to  aD,  the  versed  aiDe 
of  the  arc  Dc.     But  the  value  of  tlie  versed  sine  is 

2t« 

a.   , 

r* 

which  is  the  distance  that  the  attractive  force  of  the  planet  causes 

the  satellite  to  fall  through  in  a  second. 
Now,  if  another  satellite  be  considered,  whose  mean  distance  is 

Vd  =  a\  and  T,  the  duration  of  its  sidereal  revolution,  its  deflection 

will  be  a'  —   in  a  second ;  but  if  F  and  F*  be  the  attractive  forces 

of  the  ])lanet  at  the  distances  PD  and  Pd,  they  will  evidently  be  pro- 

portional to  the  quantities  they  make  the  two  satellites  fell  through 
in  a  second ; 

hence F:  F /  •  • a r 
a 

or 

•       "T*'f}' 
but  the  squares  of  the  periodic  times  are  as  the  cubes  of  the  mean 
distances ;  hence 

wlicncc 
F.    E»/    ..      t        ,        1    . 

Thus  the  satellites  gravitate  to  their  primaries  inversely  as  the  square 
of  the  distance. 
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825.  As  the  earth  has  but  one  satellite,  this  comparison  cannot 

be  made,  and  therefore  the  ellipticity  of  the  lunar  orbit  is  the  only 

oelestial  phenomenon  by  which  we  can  know  the  law  of  the  moon's 
attractive  force.  If  the  earth  and  the  moon  were  the  only  bodies  in 

die  system,  the  moon  would  describe  a  perfect  ellipse  about  the 

earth;  but,  in  consequence  of  the  action  of  the  sun,  the  path  of  the 

moon  is  sensibly  disturbed,  and  therefore  is  not  a  perfect  ellipse ; 
oil  this  account  some  doubts  may  arise  as  to  the  diminution  of  the 

attractive  force  of  the  earth  as  the  inverse  square  of  the  distance. 

The  analogy,  indeed,  which  exists  between  this  force  and  the 

attractive  force  of  the  sun,  Jupiter,  and  Saturn,  would  lead  to  the 
belief  that  it  follows  the  same  law,  because  the  solar  attraction  acts 

eqpdly  on  all  bodies  placed  at  the  same  distance  from  the  sun,  in 
die  same  manner  that  terrestrial  gravitation  causes  all  bodies  in 

Yacuo  to  fall  from  equal  heights  in  equal  times.  A  projectile  thrown 

horizontally  from  a  height,  falls  to  the  earth  after  having  described  a 

parabola.  If  the  force  of  projection  were  greater,  it  would  fall  at  a 

greater  distance ;  and  if  it  amounted  to  30772.4  feet  in  a  second,  and 

were  not  resisted  by  the  air,  it  would  revolve  like  a  satellite  about 

the  earth,  because  its  centrifugal  force  would  then  be  equal  to  its 

gravitation.  Tliis  body  would  move  in  all  respects  like  the  moon,  if 

it  were  projected  with  the  same  force,  at  the  same  height. 

It  may  be  proved,  that  the  force  which  causes  the  descent  of  heavy 
bodies  at  the  surface  of  the  earth,  diminished  in  the  inverse  ratio 

of  the  square  of  the  distance,  is  sufficient  to  retain  the  moon  in  her 

orbit,  but  this  requires  a  knowledge  of  the  lunar  parallax. 

On  Parallax. 

326.  Let  m,  fig.  65,  be  a  body  in  its  orbit,  and  C  the  centre 

of  the  earth,  assumed  to  be  spherical. 

A  person  on  the  surface  of  the  earth, 

at  E,  would  see  the  body  m  in  the 

direction  EmB  ;  but  the  body  would 

appear,  in  the  direction  CmA,  to  a 

person  in  C,  the  centre  of  the  eartli. 

The  angle  CmE,  which  measures  the 

difference  of  these  directions,  is  the 

parallax  of  9it.     If  2  be  the  zenith  of 
M 
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an  observer  at  £,  the  angle  zEm,  called  the  cenith  distance  of  tbe 

body,  may  be  measured ;  hence  wiEC  is  known,  and  tlie  difference 

between  zEm  and  zCm  is  equal  to  CmE,  the  parallai,  then  if 

CE  =:  A,  Cm  =  r,  and  zEm  :=  z, 
R 

sine  CmE  =  —  sin  z ; 
r 

hence,  if  CE  and  Cm  remain  the  same,  the  sine  of  the  paraDaz, 

CmE,  will  vary  as  the  sine  of  the  zenith  distance  zEm;  and 

when  zEm  =  90°,  as  in  fig.  67, 

sm  P  s  —  ; 
r 

P  being  the  value  of  the  angle  CmE  in  this  case  ;  then  the  parallax 
is  a  maximum,  for  Em  is  tangent  to  the  earth,  and,  as  the  body  m 

is  seen  in  the  horizon,  it  is  called  the  horizontal  parallax ;  hence 

the  sine  of  the  horizontal  parallax  is  equal  to  the  terrestrial 
radius  divided  by  the  distance  of  the  body  from  the  centre  of  the 
earth. 

327.  The  length  of  the  mean  terrestrial  radius  is  known,  the  hori- 
zontal parallax  may  be  determined  by  observation,  therefore  the  dis- 

tance of  m  from  the  centre  of  the  earth  is  known.  By  this  method 

the  dimensions  of  the  solar  system  have  been  ascertained  with  great 

accuracy.  If  the  distance  be  very  great  compared  with  the  diameter 
of  the  earth,  the  parallax  will  be  insensible.  If  CmE  were  an  angle 

of  the  fourth  of  a  second,  it  would  be  inappreciable;  an  are  of 

1"  =  0.000004848  of  the  radius,  the  fourth  of  a  second  is  there- 

fore 0.000001212  =  — L  — ;  and  thus,  if  a  body  be  distant  from 

825082  ^ 

the  earth  by  825082  of  its  semidiameters,  or  3265660000  miles,  it 

will  be  seen  in  the  same  position  from  every  point  of  the  earth's 
surface.  The  parallax  of  all  the  celestial  bodies  is  very  small :  even 

that  of  the  moon  at  its  maximum  does  not  much  exceed  1^. 
328.  P  being  the  horizontal  parallax,  let  p  be  the  parallax  EmC, 

fig.  66,  at  any  height    When  P  is  known,  p  may  be  found,  and 
R 

the  contrary,  for  if  —  be  eliminated,  then  sin  ̂ i  =  sin  P  sin  z,  and r 

when  P  is  constant,  sin  p  varies  as  sin  z. 
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339.  The  horizontal  parallax  ia  determined  as  follows :  let  E 

and  E',  fig.  66,  be  two  places  on  the 

wune  meridian  of  the  earth's  surface ; 
that  is,  which  contemporaneoiuly  have 

ibe  same  noon.  Suppose  the  latitudes  ̂  

of  these  two  places  to  be  perfectly 

known ;  when  a  body  m  is  on  the  me- 
ridian, lei  its  zenith  distances 

zEm  =  z,  3'E'm  =  i', 
Iw  measured  by  two  observers  in  E  and 

E'.  Then  ECE',  the  sum  of  the  laU- 

todes,  is  known,  and  also  the  angles  CEm,  CE'nt ;  hence  EmE', 
EmC,  and  E'ntC  may  be  determined ;  foi  P  is  so  mall,  that  it  rnxj 
be  put  for  its  sine  ;  therefore 

sin  p  =  P  sin  3,  sin  p'  =  P  sin  i' ; 

and  «a  p  and  p'  are  also  very  small, 

/>  +  jj'  =  P  {sin  2  +  sin  «'. } 
Now,  p  +  p'  K  equal  to  the  angle  EntE',  under  which  the  chord 
of  the  teirestrial  wrc  EE',  which  joins  the  two  observers,  wouU  be 
seen  from  the  centre  of  m,  and  it  is  the  fourth  angle  of  the  quadri- 

lateral CEmE'. 

But  CEm  =:  180°  -  z,  CE'm  =  180<»  -  z', 
and  if  ECm  +  E'Cm  t=  0, 

then  180°— z  +  180"  — *'  + p +j)' +  0=360°; 
hence  p  +  j»'  =  »  +  z'  —  0; 

therefore  the  two  values  o{  p  -{-p'  give 

„_      2  +  Z  -0 

which  is  the  horizontal  parallax  of  the  body,  when  the  observers 
are  on  different  sides  of  Cm  ;  but  when  they  are  on  the  same  side, 

It  requires  a  small  correction,  since  the  earth,  being  a  spheroid,  the 

lines  ZE,  Z'E'  do  not  pass  through  C,  the  centre  of  the  earth. 
The  parallax  of  the  moon  and  of  Mars  were  determined  in  this 

manner,  &om  observations  made  by  La  Caille  at  the  Cape  of  Good 

Hope,  in  the  southern  hemisphere ;  and  by  Wargeeten  at  Slock- 
H  2 
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holm,  which  ia  nearly  on  the  some  meritlian  in  the  northcm  hemi- 

sphere. 
330.  The  horizontal  pamlUx  varies  widi  the  distance  of  the  bo^ 

from  the  earth  ;  for  it  ia  evident  that  the  greater  the  distance,  the 

leva  the  parallax.  It  varies  also  whh  the  parallels  of  terrestrial  lati- 
tude, the  earth,  being  a  spheroid,  the  length  of  the  radiua  decreasei 

fj-om  the  equator  to  the  poles.  It  is  on  thia  account  that,  at  ihe 
mean  distance  of  the  moon,  the  horizontal  parallax  observed  in  dif- 

ferent latitudes  varies;  proving  ihe  elliptical  figure  of  the  earth.  The 

diiference  between  the  mean  horizontal  |iarallax  at  the  etjuator  and 

at  the  poles,  from  this  cause,  is  10". 3. 

331.  In  order  to  obtain  a  value  of  the  moon's  horizontal  parallax, 
independent  of  these  inequalities,  the  horizontal  parallax  is  chosen 

at  the  mean  distance  of  the  moon  from  the  earth,  and  on  tliat  pa- 
rallel of  terrestrial  latitude,  the  square  of  whose  sine  is  J^,  because 

tlie  atimction  of  the  earth  upon  the  corresponding  points  of  its  sur- 
face is  nearly  etjual  to  the  mass  of  the  earth,  divided  by  tlie  square  of 

the  mean  distance  of  the  moon  from  the  earth.  This  is  called  the 

constant  part  of  the  horizonUl  parallax.  Tlie  force  which  retains 
the  moon  in  her  orbit  may  now  he  delcrmined. 

Forc£  oj  Gravitation  at  Ikt  Moon. 

332.  If  the  force  of  gravity  be  assumed  to  decrease  as  the  inverse 

square  of  the  distance,  it  ia  clear  that  llie 

force  of  gravity  at  £,  fig.  07,  would  be,  to 
the  same  force  at  m,  the  distance  of  the 

nioon,  as  the  square  of  Cm  to  ihe  Bi[uare 
of  CE :  but  CE  divided  by  Cm  is  the  sine 

of  the  horizontal  parallax  of  the  moon,  tiic 

constant  part  of  whicli  is  found  by  observa- 

tion to  he  57' 4".  17  in  the  latitude  in  question  i  hence  the  force 
of  gravity,  reduced  to  the  distance  of  the  moon,  is  equal  to  the  force 

of  gravity  at  E  on  the  earth's  surface,  multiphcd  by  sin'  57'  4".  17, 
4e  square  of  the  sine  of  the  constant  part  of  the  horizanlal  parallax. 

Since  the  earth  ia  a  spheroid,  whose  equatorial  diameter  is  greater 

luut  its  polar  diameter,  the  force  of  gravity  increases  from  the  eqtui- 
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tor  to  the  poles ;  but  it  has  the  same  intensity  in  all  pointa  of  the 

earth's  surbce  in  the  same  latitude. 
Now  the  apace  through  which  a  heavy  body  would  fall  during  * 

second  in  the  latitude  the  square  of  whose  sine  is  ̂ ,  has  been  ascer- 
tained by  experiments  with  the  pendulum  to  be  16.0697  feet;  but 

the  effect  of  the  centrifugal  force  makes  this  quantity  less  than  it  would 
oUierwise  be,  since  that  force  has  a  tendency  to  make  bodies  fly  off 

from  the  earth.  At  the  equator  it  is  equal  to  the  2S8th  part  of  gravity ; 
but  as  it  decreases  from  tlie  equator  to  the  poles  as  the  square  of  the 
une  of  the  latitude,  the  force  of  gravity  in  that  latitude  the  square 

whose  sine  is  -J,  is  only  diminished  by  two-thirds  of  -^^  or  by 
ila  432nd  part.  But  the  482nd  part  of  16.0697  is  0.0372,  and 

adding  it  to  16.0697,  the  whole  effect  of  terrestrial  gravity  in  tha 
latitude  in  question  is  16 .  1069  feet ;  and  at  the  distance  of  the  moon 

H  is  16.1069  .  sb*  57'  4".  17  nearly.  But  in  order  to  have  this 
quantity  more  exactly  it  must  be  multiplied  by  f^,  because  it  is 

found  by  the  theory  of  the  moon's  motion,  that  the  action  of  the  sun 
on  the  moon  diminishes  its  gravity  to  the  earth  by  a  quantity,  the 
constant  part  of  which  is  equal  to  the  358th  part  of  that  gravity. 

Again,  it  must  be  multiplied  by  -fj,  because  the  moon  in  her  rela- 
Uve  motion  round  the  earth,  is  urged  by  a  force  equal  to  the  sum  of 

the  masses  of  the  earth  and  moon  divided  by  the  square  of  Cm,  their 
mutual  distance,  It  appears  by  the  theory  of  the  tides  that  the 
mass  of  the  moon  is  only  the  ̂   of  that  of  the  earth  which  is  taken 
as  the  unit  of  measure ;  hence  the  sum  of  the  masses  of  the  two 
bodies  is 

75         75 

Then  if  the  terrestrial  attraction  be  really  the  force  that  retains  the 
moon  in  her  orbit,  she  must  fall  through 

16.1069  X  sin"  57'  4". 

of  a  foot  in  a  second. 

333.  Let  mS,  fig.  68,  he  the  small  arc  which  the  moon  would  de- 
scribe in  her  orbit  in  a  second,  and  let  C  be  the  centre  of  the  eartL  If 

the  attractioD  of  the  earth  were  suddenly  to  cease,  the  moon  would 
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fy.  68.  go  off  in  the  tangent  mT ;  and  at  the 
end  of  the  second  the  would  be  in  T 

instead  of  S ;  hence  the  apace  that  the 

,M  attraction  of  the  eaith  caiiaea  the  moon 

to  fall  through  vol  a  second,  ia  equal  to 
mn  the  versed  sine  of  the  arc  Sm. 

The  arc  Sm  is  found  by  simple  piopar- 

tiouy  for  the  periodic  time  of  the  moonia 

27^.32166,  or236059r\  and  sinoetba 
lunar  orbit  without  sensible  eixor  maj 

ha  assumed  equal  to  the  circumference  of  a  circle  whose  radina  ia  the 

mean  distance  of  the  moon  from  the  earth ;  it  is 

2Cifi.»,orif  i?^beputfor»,  2Cm-   ̂ ^ 

therefore 

and 

113 

2360591"  :  1"::  2Cm 

iia 
355 

113 

^     _     2(355)  .  C«  .  1"^ ^m  =: 
1 13(236059 1'O 

The  arc  SfH  ia  so  small  that  it  may  be  taken  for  ita  choid»  thenAms 

(mSV  ss  Cm  .  mn :  hence 

4(3o5)«  (Cm)«        _  OP 

1113)*  (2360591 ')« 

2(S55)«  .  Cm consequent  Iv 
^  (113)*  (2360591")* 

Again*  the  radius  CE  of  the  earth  in  the  latitude  the  square  of  whose 
sine  i»  },  is  comfHited  to  be  20S9S700  feet  from  the  menaantfasi  of 
the  degrees  of  the  meridian  :  and  since 

CE 

Cm  = 

ClM 

CE 

=  sin57'4'M7, 

_       20898700 

siu  57    4".  17 
sin  57'  4".  17' consequently, 

v\n  =   2^355)*  ('20S9S700) =:  0.00445983 

(113)»  V2360591  ')-  sin  57' 4  ".17 

'**'  •    *^t,  which  is  the   measure  of  the   deflecting  force  at  the 
'Ul  the  space   described  by  a  body  in  one  second  from 
8    attraction    at    the     distance     of    the     moon    waa 
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shown  to  l>e  0.00448474  of  a  foot  in  a  second ;  the  difference  is  there- 

fore only  the  0.00002491  of  a  foot,  a  quantity  so  small,  that  it  may 
safely  be  ascribed  to  errors  m  observation. 

834.  Hence  it  appears,  that  tlie  principal  force  that  retains  the 

moon  in  her  orbit  is  terrestrial  gravity,  diminished  in  the  ratio  of  the 

square  of  the  distance.  The  same  law  then,  which  was  proved  to 

apply  to  a  system  of  satellites,  by  a  comparison  of  the  squares  of  the 
times  of  their  revolutions,  with  the  cubes  of  their  mean  distances, 

has  been  demonstrated  to  apply  equally  to  tlie  moon,  by  comparing 

her  motion  with  that  of  bodies  falling  at  the  surface  of  the  earth. 
935.  In  this  demonstration,  the  distances  were  estimated  from  the 

centre  of  the  earth,  and  since  the  attractive  force  of  the  earth  is  of 

the  same  nature  with  that  of  the  other  celestial  bodies,  it  follows  that 

the  centre  of  gravity  of  the  celestial  bodies  is  the  point  from  whence 

the  distances  must  be  estimated,  in  computing  the  effects  of  their 

attraction  on  substances  at  their  surfaces,  or  on  bodies  in  space. 

336.  Thus  the  sun  possesses  an  attracting  force,  diminisliing  to 

infinity  inversely  as  the  squares  of  the  distances,  which  includes  all 

the  bodies  of  the  system  in  its  action  ;  and  the  planets  which  have 
satellites  exact  a  similar  influence  over  them. 

Analogy  would  lead  us  to  suppose  that  the  same  force  exists  in 

all  the  planets  and  comets ;  but  that  this  is  really  the  case  will  appelur, 

by  considering  that  it  is  a  fixed  law  of  nature  that  one  body  cannot 

act  upon  another  without  experiencing  an  equal  and  contrary  re« 
action  from  thai  body :  hence  the  planets  and  comets,  being  attracted 

towards  the  sun,  must  reciprocally  attract  the  sun  towards  them  ac* 

cording  to  the  same  law ;  for  the  same  reason,  satellites  attract  their 

planets.  This  property  of  attraction  being  common  to  planets, 

comets,  and  satellites,  the  gravitation  of  the  heavenly  bodies  to- 

wards one  another  may  be  considered  as  a  general  principle  of  this 

universe ;  even  the  irregularities  in  tlie  motions  of  these  bodies  are 

susceptible  of  being  so  well  explained  by  this  principle,  that  they 

concur  in  proving  its  existence. 

887.  Gravitation  is  proportional  to  the  masses ;  for  supposing  the 

planets  and  comets  to  be  at  the  same  distance  from  the  sun,  and  left 

to  the  action  of  gravity,  they  would  fall  through  equal  heights  in 

equal  times.  The  nearly  circular  orbits  of  the  satellites  prove  that 

they  gravitate  like  their  planets  towards  the  sun  in  the  ratio  of  their 
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masses :  the  smallest  deviation  from  that  ratio  would  be  ae&Bibk  in 

their  motions,  hut  none  depending  on  that  cause  has  been  detected 
hv  ohscrvation. 

338.  Thus  the  planets,  comets,  and  satellites,  when  at  the  same 

distance  from  the  sun,  gravitate  as  their  masses  ;  and  as  reaction  n 

equal  and  contrary  to  action,  they  attract  the  sun  in  the  same  la&i; 

therefore  their  action  on  tlie  sun  is  proportional  to  their  masses 

divided  by  the  square  of  their  distances  from  his  centre. 

339.  The  same  law  obtains  on  earth  ;  for  very  correct  observa- 
tions with  tlic  pendulum  prove,  that  were  it  not  for  the  resistance  of 

tlie  air,  all  Ixxlies  would  fall  towards  its  centse  with  the  same  velocity. 

Terrffstrial  bodies  then  gravitate  towards  the  earth  in  the  ratio  of  their 

masses,  as  the  planets  gravitate  towards  the  sun,  and  the  satellites 

towards  their  planets.  Tliis  conformity  of  nature  with  itself  upon 

the  earth,  and  in  the  immensity  of  the  heavens,  shows,  in  a  striking 

manner,  that  the  gravitation  we  observe  here  on  earth  is  only  a  par- 
ticular case  of  a  general  law,  extending  throughout  the  system. 

340.  Tiic  attraction  of  the  celestial  bodies  does  not  belong  to  their 
mass  alone  taken  in  its  totality,  but  exists  in  each  of  their  atoms,  for 

if  the  sun  acted  on  the  centre  of  gravity  of  the  earth  without  acting 

on  each  of  its  particles  separately,  the  tides  would  be  incomparably 

greater,  and  very  different  from  what  they  now  are.  Thus  the  gra- 

vitaiiun  of  the  earth  towards  the  sun  is  the  sum  of  the  gravitation  of 

each  of  its  particles ;  which  in  their  turn  attract  the  sun  as  their  re- 

B]>ectivc  masses ;  besides,  everything  on  earth  gravitates  towards  the 

centre  of  the  earth  proix)rtionally  to  its  mass ;  the  particle  then  re- 
acts on  the  earth,  and  attracts  it  in  the  same  ratio  ;  were  that  not  the 

case,  and  were  any  part  of  the  earth  however  small  not  to  attract  the 

other  part  as  it  is  itself  attracted,  the  centre  of  gravity  of  the  earth 
would  be  moved  in  space  in  virtue  of  this  gravitation,  which  is 

im])ossiblc. 
34 1.  It  appears  then,  that  the  celestial  phenomena  when  compared 

with  the  laws  of  motion,  lead  to  this  great  principle  of  nature,  that 
all  the  i)articles  of  matter  mutually  attract  each  other  as  their  masses 
directly,  and  as  the  squares  of  their  distances  inversely. 

342.  From  the  universal  principle  of  gravitation,  it  may  be  fore- 

se  comets  and  planets  will  disturb  each  other's  motion, 
wbits  will  deviate  a  little  from  perfect  ellipses;  and 
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the  areu  will  no  longer  be  exactly  propoiUonal  to  the  tune :  thttt 
the  latellitet,  troubled  in  their  paths  by  their  mutual  attraction,  and 

by  that  of  the  sun,  will  Bentibly  deviate  from  elliptical  motion:  that 
the  particles  of  each  celestial  body,  united  by  their  mutual  attraction, 

must  form  a  mass  nearly  spherical ;  and  that  the  resultaut  of  their 

action  at  the  surface  of  the  body,  ought  to  produce  there  all  the 

plienomena  of  gravitation.  It  appears  also,  that  centrifugal  force 
arising  from  the  rotation  of  the  celestial  bodies  must  alter  their 

■pherical  form  a  little  by  flattening  them  at  their  poles ;  and  that 

the  resulting  force  of  their  mutual  attractions  not  passing  through 

Acir  centres  of  gravity,  will  produce  those  motions  that  are  observed 
in  ami  axes  of  rotation.  Lastly,  it  u  clear  that  the  particles  of  the 
ocean  Iwng  unequally  attracted  by  the  sun  and  moon,  and  with  a 

different  intensity  from  the  nucleus  of  the  earth,  must  jKoduce  the 
ebb  and  flow  of  the  sea. 

943.  Having  thua  proved  from  Kepler's  laws,  that  the  celestial 
bodies  attract  each  other  directly  as  their  masses,  and  inversely 

as  the  square  of  the  distance.  La  Place  inverts  the  problem,  and 
assuming  the  law  of  gravitation  to  be  that  of  nature,  he  determines 
the  motions  of  the  planets  by  the  general  theorem  in  ai^cle  144, 
and  compares  the  results  with  observation. 
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CHAPTER  III. 

ON  THE   DIFFERENTIAL  EQUATIONS  OF  THE  MOTION  OF  A 
SYSTEM  OF  BODIES,  SUBJECTED  TO  THEIR  MUTUAL 

ATTRACTIONS. 

344.  As  the  earth  which  we  inhabit  is  a  part  of  the  solar  system,  it 

is  impossible  for  us  to  know  any  thing  of  its  absolute  motions ;  owe 
observations  must  therefore  be  limited  to  its  relative  motions.  In 

estimating  the  relative  motion  of  planets,  it  is  usual  to  refer  them  to 
the  centre  of  the  sun,  and  those  of  satellites  to  the  centres  of  their 

primary  planets.  The  sun  and  planets  mutually  attract  each  other ; 

but  in  estimating  the  motions  of  a  planet,  the  sun  is  supposed  to  be 

at  rest,  and  all  the  motion  is  referred  to  the  planet,  which  thus 

moves  in  consequence  of  the  difference  between  its  own  action,  and 

that  of  the  sun.  It  is  the  same  with  regard  to  satellites  and  theic 

primaries. 
345.  To  determine  the  relative  motions  of  a  system  of  bodies 

m,  m\  m'^  &c.  fig.  69,  considered 
as  points  revolving  about  one  body 
S»  which  is  the  centre  of  their 

motions — 

Let  J,  2/,  z,  be  the  co-ordinates 
of  S  referred  to  o  as  an  origin, 

-at  and  x,  y,  2,  x',  y\  z\  &c.,  the  co- 
ordinates of  the  bodies  m^  m',  &c 

referred  to  S  as  their  origm.  Then 

tlie  co-ordinates  of  m  when  re- 

ferred to  0,  are  J+j/,  y+y,  «+«, 

for  it  is  easy  to  see  that 

5  +  j:  =  OA  +  Aa,y  +  y  =  OB  +  B6,  5  +  5?  =  OC  +  Cc. 

In  the  same  manner,  the  co-ordinates  of  m',  when  referred  to  o,  are 

5  4-  -i^'*  3/  +  y'» «  +  2,  and  so  for  the  other  bodies.     Let  the  dis- 
tances of  the  bodies  from  S,  or 

Sm  =  V«*+y«+z«    Sm'  =  V^+y'^+z'*,  &c. 

?n 
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be  represented  by  r,  r',  r",  &c  and  the  masaes  by  m,  m',  kc.  and 
8.     The  equations  of  the  motion  of  m  will  be  first  detennined. 

S49.  The  wbole  action  of  the  system  relative  to  m  consists  of 

three  parts: 
1.  Of  the  action  of  S  on  m. 

it.  Of  the  action  of  all  the  bodies  tn',  m",  m'",  &c,  on  m. 

3.  Of  the  action  of  all  the  bodies  m,  m',  m",  he.  on  S. 
These  will  be  determined  separately, 

l  The  action  of  Son  mis  —  — ,  that  is  directly  as  its  mass,  and 

iBTcnely  as  the  square  of  its  distance.  It  has  a  negative  sign, 

because  the  body  $  draws  m  towards  the  origin  of  the  co-ordinates. 

This  force  when  resolved  in  the  direction  of  is  —  — :  for  the  force 

— —  is  to  its  component  force  in  or,  as  Sm  to  Ka,  that  is  as  r  to  z. 

U.  The  distance  of  m'  irom  m  is 

^{x-  -  *)"  +  (y'  -  y)'  +  (2'  -  .)» 

fi>r  j;,  y,  «,  «*,  y',  j',  being  tbe  co-ordinates  of  m  and  m'  referred  to 
rS  as  thor  origin,  the  distance  of  these  bodies  from  each  other  is  the 

diagonal  of  a  paralleloplped  whose  sides  are  /  —  <x,  y'  —  y,  z'  —  z. 
For  the  same  reason,  tbe  distance  of  m"  from  m  is 

V(*"  -  *;•  +  (y"  -  y)'  +  («"  -  t)\  fcc. 
In  order  to  abridge,  let 

^  fR.tn  ,  fn.fn"  - 

V(*'-*jM-(y'-y)'+(»'-2')     V(*"-^)'+ty"-ff>'+(z"-z)' 
b  is  evhlent  that 

_1_  /^\           fn'(.r'-;r)   
m   \dx)       i(*'-»)'  +  (y'-y)*+(2'---)}| 

tn"(x"—x) -  +  fcc. 

{(«"-*>•+ (y"-y)' +  («"-«■)}* 
is  the  sum  of  tbe  actions  of  all  the  bodies  in',  m",  &c.  on  m  when 
tasolTed  in  the  direction  ot.  Hence  the  wholo  action  of  the  system 
DD  III  Kttdved  in  the  axes  ox  is 

K=)- 
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but  by  die  general  theorem  of  motion 

fn  \dxj         r"  dJ^  ^    ̂ 
for  7  4-  X  is  tlie  co-ordinate  oa^  or  the  distance  of  m  from  o  in  the 
direction  ox 

fn  I  •,  M.  r   •_  _     •   WLT 

iii.  The  action  of  fit  on  S  is  — ,  and  its  component  force  in  ojris —  ; 

likewise  the  actions  of  m\  m'\  &c.  on  S,  when  resolved  in  the  same 

axes,  arc    ,      ,  &c.  hence  the  action  of  the  system  on  S  in 
^n  j.ia 

mx 
the  axes  or,  mav  be  expressed  by  2  — ;  but  by  the  general  theorem 

r* 

^    mx  _  cf*T '  ~        'dF 

for  the  co-ordinates  of  S  alone  vary  by  this  action.     Now,  if  2 

be  put  fur  — ,  in  the  equation  (86)  it  becomes 

dl' 
0^^  +  ?^+2.1?£  -  Lf^\ 

df^  r"  r*  m\dx/ 

which  is  the  whole  action  of  the  system  relatively  to  m,  when  re- 
solved in  the  direction  or,  and  because 

2     my  ̂     d*^        ̂      mz    ̂     d^  ̂ 
r»  dr  f*  dl* 

tlie  other  two  component  forces  are 

d(}  r"  r*  m  \dy/ 

0  =  ̂ +^  +  2^-  L(^\ 
dt*         r'  r"  m  \dzj 

The  same  equations  will  give  the  motions  of  m',  m'^  &c.  round  S,  if 

^\  j'*  y'y «' ;  fn'\  j",  y  ",  2",  &c  be  successively  put  for  m,  x,  y,  2, 
and  vice  versdy  and  the  equations 

drx  _  y    mx    d^   <y    my      cP2  ̂ ^  ̂     mz 

determine  tlie  motion  of  S. 

347.  These  equations,  however,  may  be  put  under  a  more  conve- 

nient form  for        ̂      'WJ         mx    ,    m'x'   .    © i.  —    =  —  +     +  &c. 

ad  if  S  +  m  the  sum  of  the  masses  of  the  sun  and  of  a  planet,  or 
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of  a  planet  and  its  satellite,  by  represented  by  /i,  the  equation  in  x 
becomes 

0  =  ?f  +  ̂   +  !!i^'  +  &c.  -  L(t\ di^  T*  r^  tn  \dx^ 
d'x 

The  part  —  +  ̂   relates  only  to  the  undisturbed  elliptical  mo- 

tion of  m  round  S ;  it  is  much  greater  than  the  remaining  part 
m'x"    .    m'V +  1:14.  +  &c. fn\dx/ 

which  contains  all  the  disturbances  to  which  the  body  m  is  subject 

from  the  action  of  the  other  bodies  of  the  system.    —  — (  —  )  con- 
m\dxj 

tains  the  direct  action  of  the  bodies  m',  m'\  &c.  on  m ;  but  m  is 
also  troubled  indirectly  by  the  action  of  these  bodies  on  S,  this  part 

18  contained  m    +  — ; —  +  &c. 

By  the  latter  action  S  is  drawn  to  or  from  m  ;  and  by  the  former, 

lit  is  drawn  to  or  from  S  ;  in  both  cases  altering  the  relative  posi- 
tion of  S  and  m.     Let 

jj   m^     _  m'(jJ?+yy  +  z'z) 

whence  it  is  easy  to  see  that 

dy  r*  r"*  m  \dy/ 

-^  =  .!!^  +  !?^+&c.-ir^\ 
dz  r'»     ̂      r">  m  Vdz/ 

and  therefore  tlie  preceding  equations  become 

IF         7*"   ""  Vdx/ 

d^         - 

f-  \dz  J 
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Tlie  whole  motions  of  the  planets  and  satellites  are  derived  from 

tlicsc  equations,  for  S  may  either  be  considered  to  be  the  sun,  and 

m,  m\  &c.  planets ;  or  S  may  be  taken  for  a  planet,  and  m,  m',  &c 
for  its  satellites. 

If  one  planet  only  moved  round  the  sun,  its  orbit  would  be 

a  perfect  ellipse,  but  by  the  attraction  of  the  other  planets,  its 

elliptical  motion  is  very  much  altered,  and  rendered  extremely  com- 

plicated. 
348.  It  appears  then,  that  the  problem  of  planetary  motion,  in  its 

most  general  sense,  is  the  determination  of  the  motion  of  a  body 

when  attracted  by  one  body,  and  disturbed  by  any  number  of  others. 

Tlie  only  results  that  can  be  obtained  from  the  preceding  equations, 

which  express  this  general  problem,  are  the  principle  of  areas  and 

living  forces ;  and  that  the  motion  of  the  centre  of  gravity  is  uni- 
form, rectilinear,  and  in  no  way  affected  by  the  mutual  action  of 

the  bodies.     As  these  properties  have  been  already  proved  to  exist 

in  a  system  of  bodies  mutually  attracting  each  other,   whatever 

the  law  of  the  force  might  be,  provided  that  it  could  be  expressed 

in  functions  of  the  distance ;  it  evidently  follows,  that  they  must 

exist  in   the  solar  system,   where  the  force  is  inversely  as  the 

square  of  the  distance,  which  is  only  a  particular  case  of  the  more 

general  theorem.     As  no  other  results  can  be  obtained  from  thele 

general  equations  in  the  present  state  of  analysis,  the  effects  of 

one  disturbing  body  is  estimated  at  a  time,  but  as  this  can  be  re- 
peated for  each  body  in  the  system,  the  disturbing  action  of  all  the 

planets  on  any  one  may  be  found. 

349.  The  problem  of  planetary  motion  when  so  limited  is,  to  de- 
termine, at  any  given  time,  the  place  of  a  body  when  attracted  by  one 

body  and  disturbed  by  another,  the  masses,  distances,  and  positions 

of  the  bodies  being  given.  This  is  the  celebrated  problem  of  three 

bodies ;  it  is  extremely  complicated,  and  the  most  refined  and  labo- 

rious analysis  is  requisite  to  select  among  the  infinite  number  of  in- 
equalities to  which  the  planets  are  liable,  those  that  are  perceptible, 

and  to  assign  their  values.  Although  this  problem  has  employed  the 
greatest  mathematicians  from  Newton  to  the  present  day,  it  can  only 
be  solved  by  ap])roximation. 

350.  The  action  of  a  planet  on  the  sun,  or  of  a  satellite  on  its 
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primary,  shorten!  its  periodic  time,  if  the  planet  be  very  large  when 

compared  wilh  the  sun,  or  the  satellite  when  compared  with  its  pri- 
mary ;  for,  as  the  ratio  of  the  cube  of  the  greater  axis  of  the  orbit 

fa)  the  square  of  the  periodic  time  ia  proportional  to  the  sum  of  the 

muses  of  the  sun  and  the  planet,  Kepler's  law  would  vary  in  the  dif- 
Snent  orbits,  according  to  the  masses  if  they  were  considerable.  But 
SB  the  law  is  nearly  the  same  for  all  the  planets,  their  masses  must 

be  very  small  in  comparison  to  that  of  the  sun ;  and  it  is  the  same 

irith  regard  to  the  satellites  and  their  primaries.  The  volumes  of  the 
■on  and  planets  confirm  this;  if  the  centre  of  the  sun  were  tocomcide 
Willi  the  centre  of  the  earth,  his  volume  would  not  only  include  the 

oibit  of  the  moon,  but  would  extend  as  far  agun,  whence  we  may 

form  some  idea  of  his  magnitude ;  and  even  Jupiter,  the  largest 

planet  of  the  solar  system,  is  incomparably  smaller  than  the  sun. 
351.  Thus  any  modifications  in  the  periodic  times,  that  could  be 

produced  by  the  acUon  of  tlie  planets  on  the  sun,  must  be  inseo- 
nble.  As  the  masses  of  the  planets  are  so  small,  their  disturbing 

foKti  are  very  much  less  than  the  force  of  the  sun,  and  therefore 

thdr  orbits,  although  not  strictly  elliptical,  are  nearly  so  ;  and  the 

areas  described  so  nearly  proportiona]  to  the  time,  that  the  action  of 
the  disturbing  force  may  at  first  be  neglected;  then  the  body  may  be 

estimated  to  move  in  a  perfect  ellipse.  Hence  the  first  approxima- 

tion  is,  to  find  the  place  of  a  body  revolving  round  the  sun  in  a  per- 
fect ellipse  at  a  (^ven  time.  In  the  second  approximation,  the 

greatest  effects  of  the  disturbing  forces  are  found  ;  in  the  tlilrd,  the 

next  greatest,  and  so  on  progresuvely,  till  they  become  so  small, 
that  they  may  be  omitted  in  computation  without  sensible  error. 

By  these  approximations,  the  place  of  a  body  may  be  found  with 
very  great  accuracy,  and  that  accuracy  is  verified  by  comparing  its 

computed  place  with  its  observed  place.  The  same  method  applies 
to  the  satellites. 

fortunately,  the  formation  of  the  planetary  system  afibrds  singular 

focihties  for  accomplishing  these  approximations:  one  of  the  prin- 
dpal  circumstances  is  the  division  of  the  system  into  partial  systems, 

formed  by  the  planets  and  their  satellites.  These  systems  are  such, 
that  the  distances  of  the  satellites  from  their  primaries  are  very  much 

less  than  the  distances  of  their  primaries  from  the  sun.  Whence,  the 

■ctum  <tf  the  RD  beiog  to;  neaily  the  ume  on  the  planet  and  on 
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its  satellites,  the  satellites  move  very  nearly  as  if  they  were  only 

influenced  by  the  attraction  of  the  planet. 

Motion  of  the  Centre  of  Gravity, 

352.  From  this  formation  it  also  follows,  that  the  motion  of  the 

centre  of  gravity  of  a  planet  and  its  satellites,  is  very  nearly  the 

same  as  if  all  these  bodies  were  united  in  one  mass  at  that  point 

Let  C  be  the  centre  of  gravity  of  a  system  of  bodies  m, 

m\  m",  &c.,  as,  for  example,  of  a  planet  and  its  satellites,  and  let 
S  be  any  body  not  belonging  to  the  system,  as  the  sun. 

It  was  shown,  in  the  first  book,  that  the  force  which  urges  the 

centre  of  gravity  of  a  system  of  bodies  parallel  to  any  straight  line, 

Sx,is  equal  to  the  sum  of  the  forces  which  urge  the  bodies  m,  m^  &c 

parallel  to  this  straight  line,  multiplied  respectively  by  their  masses, 

the  whole  being  divided  by  the  sum  of  their  masses. 
It  was  also  shown,  that  the  mutual  action  and  attraction  of  bodies 

united  together  in  any  manner  whatever,  has  no  effect  on  the  centre 

of  gravity  of  the  system,  whether  at  rest  or  in  motion.  It  is,  there- 
fore, suflicicnt  to  determine  the  action  of  the  body  S,  not  belong- 

ing to  the  system,  on  its  centre  of  gravity. 

//  Let  J,  g,  z,  be  the  co-ordinates  of  C, 

Jig,  70.  fig.  70,  the  centre  of  gravity  of  the  sys- 
tem referred  to  S,  the  centre  of  the  sun ; 

and  let  x,  y,  2,  x\  y\  z\  &c.,  be  the  co- 

ordinates of  the  bodies  m,  m',  m",  &c., 
referred  to  C,  their  common  centre  of 

gravity.  Imagine  also,  that  the  dis- 

tances  Cm,  Cm',  &c.,  of  the  bodies  from 

their  centre  of  gravity,  are  very  small  in  comparison  of  SC,  the  dis- 
tance of  tlie  centre  of  gravity  from  the  sun.  The  action  of  the  body 

m  on  the  sun  at  S,  when  resolved  in  the  direction  So?,  is 
m.(x  +  x) 

ffir '■QJ 

P  a 

in  which  m  is  the  mass  of  the  body,  and 

r  =  V(I  +  ̂ )*+  (i/  +  yy +  (5  +  2)*. 
m  of  the  sun  on  m  is  to  the  action  of  m  on  the  sun,  as 
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S,  the  mass  of  the  eun,  to  m,  the  masa  of  the  body ;  hence  the  action 

of  these  two  bodies  on  C,  the  centre  of  gravity  of  the  Bystem,  is 
mjl  +  T) 

Hie  sune  telktion  exists  for  each  of  the  bodies ;  if  we  therefore 

leptesent  the  sum  of  the  actions  in  the  axes  ox  by 

2     m(,3  +  -r) 

r*        ' ind  the  sum  of  the  masses  by  Z.m,  the  whole  force  that  acts  on  the 
centra  of  gravity  in  the  direction  Sr  will  be 

_     m  ( J  +  j) 

-s.  - 

^.m     ■ Now,  S  +  X,  fig.  70,  is  equal  to  Sp  -f  pa,  but  Sp  and  pa  are  the 
Stances  of  the  sun  and  of  the  body  m  from  C,  estimated  on  Sx; 

upa  is  incomparably  less  than  Sp,  the  square  of  pa  may  be  omilted 

without  sensible  error,  and  also  the  squares  of  y  and  z,  together  with 
the  products  of  these  small  quantities  ;  then  if 

?  =  SC  =  V  I*  +  jp  +  r, 

the  quantity  '—^ —  becomes 

,  oi(l  +  T){7*  +  2iJx  +  ̂   +  U)}-^. 
{r»  +  2(«r  +  gy  +  z»(5 
And  expanding  this  by  the  binomial  theorem,  it  becomes 

Now,  the  same  expresuon  will  be  found  for  x',  y",  z',  &c.,  llie  co- 
ordinates of  the  other  bodies  ;  and  as  by  the  nature  of  the  centre  of 

gravity  2.ff«  =  0,  S.my  =  0,      E.mr  =  0, 
the  expression 

mix  +  x) 
r*  S.x 

—  S   ^    becomes  —  — —, 

S.2.  .!!^ 

  r>__         S.J 
that  is,  when  the  squares  and  products  of  the  small  quantities  x,  y,  z, 

ftc.,  are  omitted ;  hence  the  centre  of  gravity  of  the  system  is  urged 
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by  the  action  of  die  sun  in  the  direction  &r,  as  if  aU  the  masses 

were  united  in  C,  their  common  centre  of  gravity.    It  is  evident  thst 

S.y  S.2 

are  the  forces  urging  the  centre  of  gravity  in  the  other  two  axes. 

853.  In  considering  the  relative  motion  of  the  centre  of  gravity  of 

the  system  round  S,  it  will  be  found  that  the  action  of  the  system 

of  bodies  m,  m\  m",  &c.,  on  S  in  the  axes  ox,  oy,  oz,  are 

"15"' "r"' ~r~' 
when  the  squares  and  products  of  the  distances  of  the  bodies  from 

their  common  centre  of  gravity  are  omitted.  These  act  in  a  direc- 
tion contrary  to  the  origin.  Whence  the  action  of  the  system  on  S 

is  nearly  the  same  as  if  all  their  masses  were  united  in  their  common 

centre  of  gravity  ;  and  the  centre  of  gravity  is  urged  in  the  direction 

of  the  axes  by  the  sum  of  the  forces,  or  by 

-  {S  +  2.f«  }  L, 

-{S  +  2.m}^,  (88) 

-  {S  +  2.m}  L; 

and  thus  the  centre  of  gravity  moves  as  if  all  the  masses  m,  m',  m'\ 
&c.,  were  united  in  their  common  centre  of  gravity ;  since  the  co- 

ordinates of  the  bodies  772,  m',  m'\  &c.,  have  vanished  from  all  the 
preceding  results,  leaving  only  f ,  |?,  5,  those  of  the  centre  of  gravity. 

From  the  preceding  investigation,  it  appears  that  the  system  of 

a  planet  and  its  satellites,  acts  on  the  other  bodies  of  the  system, 

nearly  as  if  the  planet  and  its  satellites  were  united  in  their  common 

centre  of  gravity  ;  and  tliis  centre  of  gravity  is  attracted  by  the 
different  bodies  of  the  system,  according  to  the  same  law,  owing 
to  the  distance  between  planets  being  comparatively  so  much  greater 
than  that  of  satellites  from  their  primaries. 

Attraction  of  Spheroids, 

354.  The  heavenly  bodies  consist  of  an  infinite  number  of  particles 

subject  to  the  law  of  gravitation  ;  and  the  magnitude  of  these  bodies 
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bean  so  small  a  proportion  to  the  distances  between  them,  that  they 

act  upon  one  another  as  if  the  mass  of  each  were  condensed  in  its 

centre  of  gravity.  Thp  planets  and  satellites  are  therefore  considered 

as  heavy  points,  placed  in  their  respective  centres  of  gravity.  This 

approximation  is  rendered  more  exact  by  their  form  being  nearly 

spherical:  these  bodies  may  be  regarded  as  formed  of  spherical 

layers  or  shells,  of  a  density  varying  from  the  centre  to  the  surface, 

whatever  the  law  may  be  of  that  variation.  If  the  attraction  of  one 

of  these  layers,  on  a  point  interior  or  exterior  to  itself,  can  be  found, 

the  attraction  of  the  whole  spheroid  may  be  determined. 

Let  C,  fig.  71,  be  the  centre  of  a  spherical  shell  of  homogeneous 

matter,  and  CP  =  a,  the  distance 

of  the  attracted  point  P  from  the       /             ̂         /S^-71. 

centre  of  the  shell.  As  every- 
thing is  symmetrical  round  CP, 

the  whole  attraction  of  the  sphe- 
roid on  P  must  be  in  the  direction 

of  this  line.  If  dm  be  an  element 

of  the  shell  at  m,  and  /=  mP  be  its  distance  from  the  point  attracted, 

then,  assuming  the  action  to  be  in  the  inverse  ratio  of  the  distance, 

is  the  attraction  of  the  particle  on  P ;  and  if  CPm  =  y,  this 
dm 

action,  resolved  in  the  direction  CP,  will  be 

whole  attraction  A  of  the  shell  on  P,  will  be 

(fm.cos  y 

dm 

cos  7,  and  the 

=
/
 

p 
The  position  of  the  element  dm,  in  space,  will  be  determined  by 

the  angle  mCP  =  d.  Cm  =  r,  and  by  ct;,  the  inclination  of  the 

plane  PCm  on  mCjr.  But,  by  article  278,  dm  ==  r*  sin  0  dr  dt7  cfO ; 
and  from  the  triangle  CPm  it  appears  that 

^        •      A  /»  .   _•  fl — rcosd 
/•=  a"  —  2ar  cos  0  +  r" ;  cos  7  =  - 

/ 

hence  A  =  yV"  sin  0 .  drdtadd 
a  — r  cos  0 

r 
is  the  attraction  of  the  whole  shell  on  P,  for  the  integral  must  be 

taken  from  r  =  CB  to  r  =  CD,  and  from  0  =  0,  «  =  Otod  =  T, 

itf  s=  2#,  V  being  the  semicircle  whose  radius  is  muty.    The  vahie 

N  2 
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of/,  gives 

H  7       ' 

dL 
hence  Azz -^fi^.tmBdrdudff  .  -^  ; 

but  as  r,  n^,  and  ̂   are  independent  of  a. 

J=  - 

dfi^wnO.drdufdB 
f 

da 
Thus  the  whole  attraction  of  the  spherical  layer  on  the  point  P  is 
obtained  by  taking  the  differential  of 

r^sinO.cfrdttfdd 

/ 

according  to  a,  and  dividing  it  by  da. 

Let  /'r'  mje.drdtcdO  _  y J         7 
This  integral  from  w  =:  0  to  cu  =  2t,  is 

sin  9 
J  f 

But  from  the  value  off,  it  is  easy  to  find 

hence 

do  sin  0  1    j^ 
— 7—   =  —  df; 
f  ar 

V:=z^frdr.df. 

Tlie  integral  with  regard  to  0  must  be  taken  from  ̂   =  0  to  ̂   =  v ; 

but  at  these  limits/*  =  (a  —  r)*  and/*  =  (a  +  r)*;  and  as  /  must 
always  be  positive,  when  the  attracted  point  is  within  the  spherical 

layer  f^zr  —  a^  and/=  r  -^^  a\ 

and  when  the  attracted  point  P  is  without  tlie  spherical  layer 

/=  a  —r,  and/=  a+r; 
hence,  in  the  first  case, 

V  ̂:i  A'w  J*  rdr ; 
and  in  the  second, 

a 

855.  But  the  differential  of  F,  according  to  a,  and  divided  by  da^ 
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when  the  aign  is  changed,  is  the  whole  attraction  of  the  shell  on  P. 

Hence,  from  the  first  expression,       =   0 . da 

Thus  a  particle  of  matter  in  the  interior  of  a  hollow  sphere  is  equally 
attracted  on  all  sides. 

356.  The  second  expression  gives 

da         a*-^ The  integral  of  this  quantity  from 

r  =  CB  =  JR'^to  r  =  CD  =  JR", 

da  3a' 

which  is  the  action  of  a  spherical  layer  on  a  point  without  it 

If  ilf  be  the  mass  of  the  layer  whose  thickness  is  W  —  R%  it 

will  be  equal  to  the  difference  of  two  spheres  whose  radii  are  R''  and 
R';  hence 

3  ̂
 

and
  
th
er
ef
or
e 
 

A  =  — . 

Thus  the  attraction  of  a  spherical  layer  on  a  pomt  exterior  to  it,  is 
the  same  as  if  its  whole  mass  were  united  in  its  centre. 

357.  If  R'^  the  radius  of  the  interior  surface,  be  zero,  the  shell 

will  be  chang^  into  a  sphere  whose  radius  is  R".  Hence  the 
attraction  of  a  homogeneous  sphere  on  a  point  at  its  surface,  or 

beyond  it,  is  the  same  as  if  its  mass  were  united  at  its  centre. 

These  results  would  be  the  same  were  the  attracting  solid  com- 

posed of  layers  of  a  density  varying,  according  to  any  law  whatever, 

from  the  centre  to  the  surface ;  for,  as  they  have  been  proved  with 

regard  to  each  of  its  layers,  they  must  be  true  for  the  whole. 

358.  The  celestial  bodies  then  attract  very  nearly  as  if  the  mass 

of  each  was  united  in  its  centre  of  gravity,  not  only  because  they 

are  far  from  one  another,  but  because  their  forms  are  nearly  spbe<* 
rical. 
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CHAPTER  rV. 

ON  THE  ELLIPnCAL  MOTION  OF  THE  PLANETS. 

359.  The  elliptical  orbit  of  the  earth  is  the  plane  of  the  ecliptic :  the 

plane  of  the  terrestial  equator  cuts  the  plane  of  the  ecliptic  in  a  line 

passing  through  the  yemal  and  autumnal  equinoxes. 
Tlie  vernal  equinox  is  assumed  as  an  origin  from  whence  the 

angular  distances  of  the  heavenly  bodies  are  estimated.  Astrono* 
mcrs  designate  that  point  by  the  character  PP,  the  first  point  of 

Aries,  although  these  points  have  not  coincided  for  2280  years,  on 

account  of  the  precession  or  retrograde  motion  of  the  equinoxes. 

360.  Angular  distance  from  the  vernal  equinox,  or  first  point  of 

Aries,  estimated  on  the  plane  of  the  ecliptic,  is  longitude,  which  is 
reckoned  from  west  to  east,  the  direction  in  which  tlie  bodies  of 

the  solar  system  revolve  round  the  sun.  For  example,  let  EnBN, 

fig.  72,  represent  the  ecliptic,  S  the  sun,  and  qp  the  first  point  of 

Aries,  or  vernal  equinox.  If  the  earth  be  in  £,  its  longitude  ii  the 

angle  QpSE. 
361.  The  earth  alone  moves  in  the  plane  of  the  ecliptic,  the  orbits 

of  the  other  bodies  of  the  system  are  inclined  to  it  at  small  angles ; 

so  that  the  planets,  in  their  revolutions,  are  sometimes  seen  above 

that  plane,  and  sometimes  below  it.  The  angular  distance  of  a 

planet  above  or  below  the  plane  of  the  ecliptic,  is  its  latitude; 

when  the  planet  is  above  that  plane,  it  is  said  to  have  north  lati- 
tude, and  when  below  it,  south  latitude.  Latitude  is  reckoned 

from  zero  to  180°. 
362.  Let  EnBN  represent  the  plane  of  the  ecliptic,  and  let  m  be 

a  planet  moving  round  the  sun  S  in  the  direction  mPn,  the  orbit 

being  inclined  to  the  ecliptic  at  the  angle  PNE ;  the  part  of  the 

orbit  NP/i  is  su])posed  to  be  above  the  plane  of  the  ecliptic,  and 
NA/i  below  it.  The  line  NS/i,  which  is  the  intersection  of  the 

plane  of  the  orbit  with  the  plane  of  the  ecliptic,  is  the  line  of 

nodes ;  it  always  passes  through  the  centre  of  the  sun.    When  the 
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planet  is  in  N,  it  is  in  Its  ascending  node ;  when  in  71,  it  is  in 
its  descending  node.  Let  mp  be  a  perpendicular  from  m  on  the 

plane  of  the  ecliptic,  Sp  is  the  projection  of  the  radius  vector 
Sm,  and  is  the  curtate  distance  of  the  planet  from  the  sun.  qpSN 

is  the  longitude  of  the  ascending  node  ;  and  it  is  clear  that  the 

longitude  of  71,  the  descending  node,  is  180^  greater.  The  lon- 
gitude of  m  is  cy^Sm,  or  PPSp,  according  as  it  is  estimated  on  the 

erbit,  or  on  the  ecliptic ;  and  mSp,  the  angular  height  of  m  above 

the  plane  of  the  ecliptic,  is  its  latitude.  As  the  position  of  the 

first  point  of  Aries  is  known,  it  is  evident  that  the  place  of  a 

planet  m  in  its  orbit  is  found,  when  the  angles  PpSm,  mSp,  and 
Sm,  its  distance  from  the  sun,  are  known  at  any  given  time,  or 

opSpy  pSm,  and  Sp,  which  are  more  generally  employed.  But  in 
oirder  to  ascertain  the  real  place  of  a  body,  it  is  also  requisite  to 

know  the  nature  of  the  orbit  in  which  it  moves,  and  the  position 

of  the   orbit  in   space.    This  depends  on  six  constant  quantities, CS 

AP,  the  greater  axis  of  the  ellipse;    ,  the  eccentricity;  ̂ SP, 

the  longitude  of  P,  the  perihelion  ;  QpSN,  the  longitude  of  N,  the 

ascending  node;  £NP,  the  inclination  of  the  orbit  on  the  plane 

of  the  ecliptic ;  and  on  the  longitude  of  the  epoch,  or  position  of 

the  body  at  the  origin  of  the  time. 

These  six  quantities,  called  the 

elements  of  the  orbit,  are  deter- 

mined by  observation ;  therefore 

the  object  of  analysis  is  to  form 

equations  between  the  longitude,  ̂  
latitude,  and  distance  from  the 

sun,  in  values  of  the  time ;  and 

from  them  to  compute  tables  which 

will  give  values  of  these  three 

quantities,  corresponding  to  any 

assumed  time,  for  a  planet  or  satellite;  so  that  the  situation  of 

every  body  in  the  system  may  be  ascertained  by  inspection  alone, 

for  any  time  past,  present,  or  future. 
363.  The  motion  of  the   earth  differs  from  that  of  any   other 

planet,  only  in  having  no  latitude,  since  it  moves  in  the  plane  of  the 
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ecUptic,  which  passes  through  the  centre  of  the  son.  In  conse* 

qucnce  of  the  mutual  attraction  of  the  celestial  bodies,  the  position 

of  the  ecliptic  is  variable  to  a  very  minute  extent ;  but  as  the  Yaria« 
tion  is  known,  its  position  can  be  ascertained. 

364.  The  motions  of  the  celestial  bodies,  and  the  positions  of 

their  orbits,  will  be  referred  to  the  known  position  of  this  plane 

at  some  assumed  epoch,  say  1750,  unless  the  contrary  be  ex« 
pressly  mentioned.  It  will  therefore  be  assumed  to  be  the  plane  of 

the  co-ordinates  9  and  y,  and  will  be  called  the  Fixed  Planb« 

Motion  of  one  Body* 

365.  If  the  undisturbed  elliptical  motion  of  one  body  round  the 
sun  be  considered,  the  equations  in  article  146  become 

^  +  2  =  0,  w 

^  +  ̂   =  0, 

where  ̂   is  put  for  S  +  f^*  tlie  sum  of  the  masses  of  the  son  and 

planet,  and  r  :=  V  x'  +  y*  +  z*. 
In  these  three  equations,  the  force  is  inversely  as  the  sqnaze  of 

the  distance ;  they  ought  therefore  to  give  all  the  circumstances  of 
elliptical  motion.  Tlieir  finite  values  will  give  or,  y,  z,  in  values  of 
the  time,  which  may  be  assumed  at  pleasure :  thus  the  place  of  the 
body  in  its  elliptical  orbit  will  be  known  at  any  instant;  and  as 
the  equations  arc  of  the  second  order,  six  arbitrary  constant  quanti* 
ties  will  be  introduced  by  their  integration,  which  determine  the 
six  elements  of  the  orbit. 

366.  These  give  the  motion  of  the  planet  with  regard  to  the  sun ; 
but  the  equations 
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of  article  846,  give  values  of  J,  5,  2,  in  tenns  of  the  time  which  will 
detennine  the  motion  of  the  ami  in  space ;  for  if  the  first  of  them  be 

multiplied  by  S  -f  m,  and  added  to 

multiplied  by  m,  their  sum  will  be 

(S+m)j5L  +  m^  =  0, 
dt*  di* 

the  integral  of  which  is 

S+m* 

in  the  same  manner, 

S  +fn 

i=ra"+6"<-    •"* S  +  fii 

These  equations  give  the  motion  of  the  sun  in  space  accompanied  by 

tn ;  and  as  they  are  the  same  for  each  body,  if  2m  be  substituted  for 

niy  they  will  determine  the  absolute  motion  of  the  sun  attended  by 

the  whole  system,  when  the  relative  motions  of  m,  m',  m'\  &c.,  are 
known. 

367.  But  in  order  to  ascertain  the  values  of  jt,  y,  z,  the  equations 

(89)  must  be  integrated.  Since  these  equations  are  L'near  and  of 
the  second  order,  their  integrals  must  contain  six  constant  quantities. 

They  are  also  symmetrical  and  so  connected,  that  any  one  of  the  vari- 
able quantities  x,  y,  z,  depends  on  the  other  two.  M.  Pontecoulant 

has  determined  these  integrals  with  great  elegance  and  simplicity  in 

the  following  manner. 

368.  If  the  first  of  the  equations  (89)  of  elliptical  motion  multi- 

plied by  yj  be  subtracted  from  the  second  multiplied  by  a;,  the  result 
will  be 

consequently,  ̂   y  'j  y —  j-  c, at 
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In  the  same  way  it  U  easy  to  find  that 

zdx  —  xdz  ̂     , .     ydz  —zdy  ̂     ,, 
di  di 

where  c,  </,  c",  are  arbitrary  constant  quantities  introduced  by  inte- 
gration. Again,  if  the  first  of  the  same  equations  be  multiplied  by 

2(/jr,  the  second  by  2(/y,  and  the  third  by  2dz,  their  sum  will  be 

2dxd^x  4-  2dyd^y + 2d2d?z    ,    2^  (xdx+ydy+zdx)  _  ̂  
It*  r» 

But  r*  =  a«  +  y«  +  «• ; 
whence  rdr  =  ardjr  +  ydy  +  zdz  ; 
and  the  integral  of  tlie  preceding  equation  is 

dj^+rfy«+rfg«  _  2/1  ̂   21.  =  0,  (90) (W  r  a 

JL  being  an  arbitrary  constant  quantity. a 

If  ^  =  -  ̂ ,  multipUedbyc''=  y*j2*?. 

be  subtracted  from 

^  =  -  ̂,  mulripUed  by  c' =  f^iZiflf , 

the  result  will  be 

_  /i  (rrfz  -  2</r)  _  ̂       J^^ r 

Whence  /+ ^  ==  c'
dx^C'dy 

and  by  a  similar  process  values  of 

fn  •  (2  Jl,  and/td^, r  r 

may  be  founds  tlie  integrals  of  which  are 

r  dt        *  r  dt 
369.  Thus  the  integrals  of  equations  (89)  are, 

_  xdy—ydx .     .  _  zdx— xdz .     ,,_  ydz --zdy . 
dt  dt  dt 
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/-  +  ̂   =  '"'''-  "^,  (91) 

r  d< 

M^  _  2a*  ̂   dj?«+rfy'+<^2'  _  Q a  r  d(" 

containing  the  seven  arbitrary  constant  quantities  c,  c*,  c",  Z,/',/'', 
and  a. 

870.  As  two  equations  of  condition  exist  among  the  constant 
quantities,  they  are  reduced  to  five  that  are  independent,  consequently 
two  of  the  seven  integrals  are  included  in  the  other  five.  For  if  the 
first  of  these  equations  be  multiplied  by  z,  the  second  by  y,  and  the 
third  by  jr,  their  sum  is 

cz  +  &y  +  c"x  =  0.  (92) 
Again,  if  the  fourth  integral  multiplied  by  c,  be  added  to  the  fifth 
multiplied  by  (/, 

r  dt 

but  C2  4-  c'y  =  —  c"x ; 

hence  JllH  +  ̂ ^  =  '±Z^, 

but  this  coincides  with  the  sixth  integral,  when 

y>/  =  -  fL±l!^,  or/V  +fc'  +/c  =  0. 

c" 

The  six  arbitrary  quantities 'being  connected  by  this  equation  of  con- 
dition, the  sixth  integral  results  from  the  five  preceding. 

If  the  squares  of/,/',  and/",  from  the  fourth,  fifth,  and  sixth  in- 

tegrals be  added,  and     /^+f*  +/"•=  ̂ » 
they  give 

r-/=(c«+c''+c''0  ftf^+^y'+^^'-gH    H^+  <^dy+ 
 c^^dxy 

but        CZ+  (fy  +  t/'xT^O;  hence  cdz  +  ddy  +  C'cte  =  0 ; 
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consequently,  if c»  +  c'«  +  c"*  =  il«, 

dO  r  h* 

and  comparing  this  equation  with  the  last  of  the  integralB  in  article 

369,  it  will  appear  that 

A«  a  ' 
thus,  the  last  integral  is  contained  in  the  otherB ;  so  that  the  Beven 

integrals  and  the  seven  constant  quantities  are  in  reality  only  equal 

to  five  distinct  integrals  and  five  constant  quantities. 

371.  Although  these  are  insufficient  to  determine  x,  y,  ff,  in  fiine- 

tions  of  the  time,  they  give  the  curve  in  which  the  body  m  mores. 

For  the  equation 

C2  +  {/y  +  </'jp  =  0 
is  that  of  a  plane  passing  through  the  origin  of  the  co-ordioates, 

whose  position  depends  on  the  constant  quantities  e,  c^,  e".  Thus 
the  curve  in  which  m  moves  is  in  one  plane.  Again,  if  the  fourth 

of  the  integrals  in  article  269  be  multiplied  by  f ,  the  fifth  by  y,  and 
the  sixth  by  x,  their  sum  will  be 

r  di  dt 

.   ̂   {idy  -  ydx)  . ^' — di   

but  in  consequence  of  the  three  first  integrals  in  article  369,  it  be- 

comes        o  =1  fir  -  (c*  +  c'*  +  c"*)  4-^2  •\-  fy  +/"J?» 
or  0  =  /tr  -  A«  +  fz  +fy  +f'x. 
Tliis  equation  combined  with 

cz  +  c'y  +  c"x  :=  0,     and  r*  =  j?*  -}~  y*  +  **» 

f9'  "^-  gives  the  equation  of  conic  sec- 
tions, the  origin  of  r  being  in 

the  focus. 

372.  Thus  the  planets  and 
comets  move  in  conic  sec- 

tions having  the  sun  in  one  ̂  
their  foci,  and  their  radii  vectores 

describe  areas  proportional  to 
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the  time ;  for  if  dv  represent  the  indefinitely  small  arc  mb,  fig.  73, 
contained  between 

Sm  =r  r  and  S6  =  r  +  dr, 

then  (mhy  =  do:*  +  dy*  +  dz*  =  r^dv*  +  dr^ ; 
but  the  sum  of  the  squares  of  the  three  first  of  equations  (91)  is 

(j'+y'+z*)  ̂ dj^+dy*+dz^)    _     (Jcdx+ydy^zdzy   _  ̂ , 
ctt«  d(^  ' 

or f'jdx' +  dy*  +  dz*)  -  !!^  =  A*  • d(*  dt^ 

hence 
dr  = 

hdt (93) 

373.  Thus  the  area  ir'do  described  by  the  radius  vector  r  or  Sm 
18  proportional  to  the  time  d/,  consequently  the  finite  area  described 

in  a  finite  time  is  proportional  to  the  time.  It  is  evident  also,  that  the 

angular  motion  of  m  round  S  is  in  each  point  of  the  orbit,  inversely 

as  the  square  of  the  radius  vector,  and  as  very  small  intervals  of  time 

may  be  taken  instead  of  the  indefinitely  small  instants  dt^  without 

sensible  error,  the  preceding  equation  will  give  the  horary  motion 

of  the  planets  and  comets  in  the  different  points  of  their  orbits. 

Determination  of  the  Elements  ofEUipiical  Motion, 

874.  The  elements  of  the  orbit  in  which  the  body  m  moves  de- 

pend on  the  constant  quantities  c,  c',  c",  /,  f'yf"^  and  A.    In 

order  to  determine  them,  it  must  Jig,  74. 

be    observed   that  in    the    equa- 

tions (89)  the  co-ordinates  x^y^  z ' 
are  SB,  B/>,  pm,  fig.  74 ;  but  if 

they  be  referred  to  7S  the  line  of 

he  equinoxes,  so  that  SD  =  j:', 

Dp  =  y',  pm  r=  2',  and  if  7  SN 
ENP,  the  longitude  of  the  node 
and  inclination  of  the  orbit  on  tHe 

fixed  plane  be  represented  by   0 

and  0  ;  it  is  evident,  from  the  method  of  changing  the  co-ordinates 
in  article  225,  that 



IT.]      suim^'ja  laon^  .iT  r&s  v^vOk. 
l^ 

by 

n  Of' 
hrtaldie 

It  the  uhe&iD  sBd  ptri^^K*'^ 

or  maanaoL  ax  i}x4ir  iwimtk  thcreJwt 

ek' 

0  =  H^aor-f 

r^  a  dt  o 

Hie  mm  of  these  two  nJues  of  r  is  the  major  axit  of  iht  conio 
■ectioii,  and  thdr  difimnoe  U  FS  oi  double  the  ecccntrkMty. 

876.  Thus  a  ia  half  of  AP,  fig.  75,  the  major  asiis  of  the  orbili  or 

/   J? it  ia  the  mean  diatanee  of  m  firom  S ;  and  \r  1  —  ~i  i«  the*  ratio 

fia 

of  the   eccentricity  to  half  the  major  axis.     Let  this  ratio  l>o  repr«< 

aented  by  e,  then  aa  it  was  shown  that 

^•—^  _    ̂   ̂ 

=  ̂   ;  to  also 
a 

Thus  all  the  elements  that  determine  the  nature  of  the  roiiic!  Nrctioii 

and  its  position  in  space  are  known. 
877.  The  three  equations 

i*»J^+y*+«*,  t^-h^-Vfz-Yfy+f'z  =  0,  and  c^'x+c'y^  <?«  e  U, 
give  ;r9  y,  2,  in  functions  of  r ;  but  in  order  to  hav<!  valiii'H  of  ili<i>o 
co-ordinates  in  terms  of  the  time,  r  must  be  foumi  in  Smxmn  of  \\m 

which  lequiTCS  another  integration.     Resume  tlie  equation 

a  do 

dien 

girea 
A  = 

/   
^ 

tdr 

V^  V^2r-  lL^a(\'*'f 

%  ̂ aioe  of  /  mn<«t  h^  frir»yv4  fir/Mn 
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x'  =z  X  COS  0  +  y  Bin  0j 

y'  =z  y  cos  ̂   —  j:  sin  ̂ , 
2'  =  y  tan  0, 

consequently  2r=:yco8^tan0  *-d?6in^taii0; 
but  if  this  be  compared  with 

0  =  &^x"h  c'y  +  C2, 
it  will  be  found  that 

</  :s  -^  c  cos  0  tan  0, 
c''  =  c  sin  6  tan  0, 

e  cff 

whence 
tane=-_  (,4j 

»//! 

tan0=    ̂   C^  +  C C 

Thus  the  position  of  the  nodes  and  the  inclination  of  the  orbit  are 

g^ven  in  terms  of  the  constant  quantities  c,  c^,  &'. 

375.  Now  ?*=:«■  +  y*  +  «',  and  rdr  =  xdx  -f-  ydy  -f-  zdz^ 
but  at  the  perihelion  the  radius  vector  r  is  a  minimum ;  hence  dr  =  0, 

therefore  xdx  +  ydy  +  zdz  :=  0. 

Let  ̂ n  Vn  2/f  ̂6  ̂ ^6  co-ordinates  of  the  planet  when  in  penhelio, 

then,  substituting  the  values  of  c,  c\  c'%  from  269  in  the  equations 

in  /'  and  /''  of  the  same  number,  and  dividing  the  one  by  the  other, 
the  result  in  consequence  of  the  preceding  relation  will  be 

But  if  «T;  be  the  angle  PPSE,  the  projection  of  the  longitude  of  the 

perihelion  on  the  plane  Npn,  then  iii  =  tan  f7y ;  hence 

*/ 

tan  fjy  =  Z- ; 

which  determines  the  position  of  the  greater  axis  of  the  conic  section. 

If   it-JLlt—i  be  eliminated  from  the  equation 
di"  ^ 

.  /'dx*  +  dy^+d»*\        r«dr«  _  ., 
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or  dr  =  — 

\/i,|°a-^)f-i|' tiie  integral  of  which  is 

o(l-«»)i.-l] 
t?  r=  CT  +  arc  {cos  ss  **  r 

c  ^ 

feciprocally  r  =  — ^^  ""^  ̂ — -, 1— ecos  (»— ct) 

which  ifl  the  general  equation  to  the  conic  sections,  when  the  origin 
of  r  the  radius  vector  is  in  the  focus ;  a  is  lialf  the  greater  axis,  and 

cos  (r  -  ct)  =  cos  (opSm  —  cpSP),  fig.  77. 

Elements  of  the  Orbit, 

378.  Thus  the  finite  values  of  the  equations  of  elliptical  motion 

are  completely  determined, 

Six  arbitrary  constant  quantities  liave  been  introduced,  namely, 
2a,  the  greater  axis  of  the  orbit 

«,  the  ratio  of  the  eccentricity  to  half  the  greater  axis. 

«;,  the  projection  of  the  longitude  of  the  perihelion. 

Ai  the  longitude  of  the  ascending  node. 

0,  the  inclination  of  the  orbit  on  the  plane  of  the  ecliptic,  and 

«,  the  longitude  of  the  epoch. 
The  two  first  determine  the  nature  of  the  orbit,  the  three  following 

its  position  in  space,  and  the  last  is  relative  to  the  position  of  the 

body  at  a  given  epoch ;  or,  which  is  the  same  tiling,  it  depends  on 

the  instant  of  its  passage  at  the  perihelion. 

Equatiom  of  Elliptical  Motion. 

879.  It  now  becomes  necessary  to  determine  three  equations  which 

will  give  values  of  the  longitude  and  latitude  cpSm,  mSp,  and  the 

distance  Sm,  fig,  72,  in  terms  of  the  time  from  whence  tables  of  the 

elliptical  motions  of  the  planets  and  satellites  may  be  computed. 
O 
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fig.7b. 
the  conic  lectioiiB.  Let 

AiftP,  fig.  75,  be  an 
ellipae  whose  major 
axis  b  2cr,  its  minor  axis 

26,  the  eccentricity  CS 

^  /,  and  the  radius  Tec- 
tor  Sm  =:  r. 

Let  the  circle  PMA  be 

described  on  the  major 

axis,  draw  the  perpendi- 
cular Mp  through  m,  and 

join  SM,  CM,  and  Cm. 

Then  r*  =  Sp«  +  pm%  and  if  MCP=  u, 

Sp  =:  Cp  —  CS  =:  a  cos  u  —  e', 

or  making  e  =  — ,  Sp"  =  a*  (cos  u  -  e)\ a 

Again,  prr?  =  6*  .  sin*  ti  =:  6*  (I  -  cos" «)  ; 
but  6«  =  (i«-e^  =  a"(l-e«); 
hence  r*  =  fl«  (1  —  c*)  (1  —  cos* «)  +  a"  (cos  u  —  ̂ )*, 
and  r=a{l  —  ecosa}. 
This  value  of  r  and  its  differential  being  substituted  in  the  value  of 

dt  it  becomes  "^  ~ dt  =   .  <fu  (I  —  e  cos  tt) 
V7 

a^ 

(d5) the  integral  of  which  \%i  +  k  ̂    {u  —  e  sin  u}  ; 

jk  being  an  arbitrary  constant  quantity. 
This  equation  gives  u  and  consequently  r  in  terms  of  <,  and  as 

x,  y,  z  are  given  in  functions  of  r,  the  values  of  these  co-ordinates 
are  known  at  any  instant. 

When  /» 1=  1  the  values  of  di  and  A*  become 
rdr 

^2r.^-a(l  -O 

and  when   substituted  in  du  =   

.,  and  a(l  —  e*). 

the  result  is dp  = 
dr  .  A/a(l-c«) 

^^2r-JLH-fl(l-e«) 
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or  do  =  —  - 

^..Ui-^l-ij' the  integnl  of  which  u 

V  ss  ta  +  arc  {cos  = 

--     -(■-'■) •^        '  l-ecos(t>-ra> 
which  is  the  generai  equation  to  tlie  conic  Bectiona,  when  the  origin 
of  r  the  ladiiu  vector  is  in  the  focus ;  a  ia  lialf  the  greater  axis,  and 

COB  (o  -  w)  =  cos  {opSm  —  cpSP),  fig.  77. 

Ekmenti  oftke  Orbit. 

378.  Thus  the  finite  values  of  the  equations  of  elliptical  motion 
are  completely  detenninetl. 

Six  arbitrary  constant  quantities  Iiave  been  introduced,  namely, 
ia,  the  greater  axis  of  the  orbit. 

t,  tlic  ratio  of  tbe  eccentricity  to  balf  the  greater  axis. 

«»y,  the  projection  of  the  longitude  of  the  perihelion. 
t,  the  longitude  of  the  ascending  node. 
0,  the  inclination  of  the  orbit  on  the  plane  of  the  ecliptic,  and 

f,  the  longitude  of  the  epocli. 
The  two  first  determine  the  nature  of  the  orbit,  the  tlircc  following 

hs  position  in  space,  and  lljc  last  is  relative  to  tlie  position  of  the 

body  at  a  given  epoch ;  or,  tvhich  is  the  same  thing,  it  depends  on 

the  instant  of  its  passage  at  the  periliellon. 

Equaliom  ofElliplical  Motion. 

S79.  It  now  becomes  necessary  to  determine  three  equations  which 

wilt  give  values  of  tlic  longitude  and  latitude  opSm,  mSp,  and  the 
diBtancc  Sm,  fig.  72,  in  terms  of  the  time  from  whence  tables  of  the 

elliptical  motions  of  the  planets  and  satellites  may  be  computed. 
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<.. .     '    ;-  a.    ̂ L  :r.    .. :    .•-...r:....*':,  tui  ̂ riadt  ac  "iiis  gaiTfiriTi!    faryM 

r^  .t .:  v.^.  '  .'  ..^  'r?*\lj.  is.  Tj.  be  -ia^mrjed  baai  die  eaae  of  tLe 

^;.;pAr:  xitr.  '^if^  4^in!zr»at»  ajot  CP*  or  mean. 

n<  1.1.4.  C'.'t  rr.otior.  of  uie  plaaet  hi  tim  cade 

3r  1 .  U>r<^  th^  mfilioQ  of  a  paad  vadatm,  iht  aa^  PSm  de- 

.v.Tiv:.'i  ir,y  tw  pUiif^  in  any  interraT  of  tzni'^ 

mi;{ht  t^:  foiiXtfl  b}'  aiinpli<^  pnyportioo  frooL 
tir/i'*.  or  tim':  in  which  it  fk^cribea  dQCP;  W  in  cider  to 

tii':  'y^'iaoi':  ri-riicription  f>f  areaa,  the  true  pbce  of  Ae  pJaaei  will  be 
Moth  the  mr:arj  piace  in  going  from  perihelion  to  apheBon ;  and 

from  api)<:Iion  t'j  j/erihelion  the  true  place  wfll  be  behind  the  ineia 

jiia/;^;.    'Iliev:  an^Hc^  are  e^imated  from  wert  to  east,  die  AectioD 
in  which  the  lxylir;<»  of  the  system  more,  beginmiig  at  the  periheJkaL 
If,  however,  they  arc  e&timated  from  the  ̂ helioD,it  is  onlyneoenarj 

U/  a/lrJ  I  so''  Uj  each. 

3H2.  'Hie  angular  distance  PCB  between  the  perihelioii  and  the 
mean  jila^:e,  ih  the  mean  anomaly,  PSm  the  angiihtr  djitinrr  be- 

tween the  true  phv;e  and  the  perihelion  is  the  true  anomaly ;  and 
mMS  tiie  ari^He  at  tlic  sun,  contained  between  the  true  and  the 

mean  j/laee  in  Ciilled  the  equation  of  Uie  centre.  If  then  the 

me.'in  anomaly  he  increased  or  diminished  by  the  equation  of  the 
ci-ntre,  the  result  Hill  Ik;  the  true  place  of  the  phmet  in  its  orbiL 

Thti  er|iiation  of  the  centre  is  zero,  both  at  the  perihelion  and  aphe- 
lion, for  al  these  |>oints  the  true  and  mean  places  of  the  plan^ 

(oinride  ;  it  is  ̂ ^etitcHt  when  the  planet  is  in  quadratures,  and  at  its 

maximiini  it  i.i  equal  to  an  angle  measured  by  twice  the  eccentricity 
of  the  orhit. 

HKi.  The  mean  pluee  of  a  planet  at  any  given  time  may  be  ibmid 

hy  HJmple  projHirtion  from  its  |)eriodic  time.  The  true  place  of  the 

planet  in  itH  orhit,  and  its  distance  from  the  sun,  may  be  foimd  in 

t(!rTnH  of  itH  mean  place  hy  help  of  the  angle  PCM,  called  the  eccen- 
tri<^  anomaly. 

If  the  time  he  estimated  from  the  perihelion,  /  =  0,  which  reduces 

uqiiatiun  (95)  tu 
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t  =   (it  —  e  .  Bin  m),  or  ii(  =  M  —  e  un  u,  if  n  =  — —. 

If  the  angles  ii  and  t>  be  esdmated  from  the  perihelion,  a  comp*- 

riaon  of  the  valuea  of  i*  in  article  377,  gives 

therefore  tan  |  o  =  v  y  _  ̂   .  tan  J  ti. 

884.  The  motions  of  the  celestial  bodies  in  elliptica]  orbits  are 
ttuefore  obtained  from  the  three  equations 

n/  =  u  -  e  sin  u, 

r  =  oO-«cosu)  (96) 

tan  ̂   0  =  v    .    _     tan  ̂   u. 

When  nl  *  PCB  =  mean  anomaly,  fig.  7&, 
e  ss  PSm  =  true  anomaly, 

V  =  PCH  =  eccentric  anomaly, 
r  =   Sm    =;  radius  vector, 
a  =    CP  =  mean  distance,  and 

CS 

385.  It  appears  from  these  expresuons  that  when  u  becomes 

U-f-  860°,  r  remains  the  same;  and  as  c  is  then  augmented  by  360°, 
the  planet  returns  to  the  same  point  of  its  orbit,    having  moved 

A 
through  four  right  angles,  and  the  time  becomes  T=   .360°;  so 

that  the  time  of  a  complete  revolution  is  independent  of  die  eccentri- 
city, and  only  depends  on  2a,  the  major  axis  of  the  orbit  \  it  is  con> 

sequently  the  same  as  if  the  planet  described  a  circle  at  its  mean 
distance  from  the  sun;  forin  this  case  e^O,  r  =  a,  u  =  nf,  t):s», 

consequently  t>  =  nf ;  the  arcs  described  are  therefore  proportional 
to  the  time,  and  the  planet  moves  uniformly  in  the  circle  whoM 

ndina  is  a.  Generally  ti  repnsenta  the  an  that  a  body  wovU •  02 
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describe  in  tlie  time  i,  i(  it  set  out  from  llie  (lerihelion  at  tlie 

instant  with  a  plancl  f»,  and  moved  with  a  unifDmi  velocitj- rept» 
Bcnted  by  n  in  a  circle  described  on  the  inajoi  anis  of  the  orbit 

diameter.  Tliis  body  would  pass  the  perihelion  and  aphelion  at  the 
same  instant  with  the  planet  m,  but  in  one  half  of  its  revolution  tlie 

planet  would  precede  the  body,  and  in  the  otlier  half  it  would  lill 
behind  it.  If  o  =  l,  ̂ =1,  then  7i=l,  and  v  =  t,  the  time  will  there- 

fore be  expressed  by  the  arcs  described  by  the  planet  in  the  cirda^ 
whose  radius  is  unity. 

Astronomers  generally  compare  the  motions  of  the  solar  si 
with  those  of  the  earth  ;  they  take  the  mean  distance  of  the 
from  the  earth  as  tlie  unit  of  distance,  the  sum  of  the  masses  of 

sun  and  earth  as  the  unit  of  mass ;  and  supposing  tlie  lime  to  bv 

estimated  in  mean  solar  days,  the  unit  of  time  will  be  represented  by 
the  arc  that  the  earth  describes  round  the  sun  in  one  day  with  its 
mean  motion. 

i 
Determination  of  the  Eccentric  Anomaly  i 

Anomaly. 
functions  of  the  Meait-^M 

ns  of  nl  from  the  fint^| 

guenlly  the  place  of  fli^^H 
e  known  horn  the  two^f 

396.  If  a  value  of  u  could  be  found  in  terms  of  nl  from  the 

of  these  e'juations,  both  r  and  v,  and  consequently  the  place  of 
planet  in  its  orbit  at  any  instant,  would  be  known  &om  the 
last. 

Now  an  arc  and  its  sine  are  incommensurate  quantities,  so  that  the 
one  can  only  be  obtained  in  functions  of  tiie  other  by  an  infinite 

series.  Therefore  a  value  of  u  in  terms  of  nt  must  be  found  by  an 

infinite  series  from  the  first  of  the  preceding  e<^uations ;  but  unle^ 
the  terms  of  tiie  series  decrease  rapidly  in  value  h  cannot  be  ob- 

tained, for  a  few  of  the  first  terms  being  computed,  the  value  of  Uie 
remaining  part  of  the  series  must  be  so  small  that  it  may  be  neglected 
without  sensible  error.  The  small  eccentricities  of  the  orbits  of  the 

planets  and  satellites  afford  the  means  of  approximation,  for  e  the 

ratio  of  tiie  eccentricity  to  half  the  greater  axis  is  still  smaller,  con- 

sequently the  powers  of  such  quantities  decrease  rapidly,  and  there- 
fore the  second  part  of  tiie  equation  u  =  n(  -j-  e  sin  «  may  be  ex- 

panded into  a  series  in  functions  of  the  time,  and  according  to  the 

powers  of  e,  which  will  be  sufficientiy  convergent.    This  siay  be 
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accomplished  by  Maclaurin's  Theorem  ̂   for  if  u'  be  the  value  of  u 
when  6=0, 

u  =  u'  +  «  .   -T-    +   —  +    .    +  &c. 
dt  1.2       de«  1.2.3       rfe» 

But  when  e  =  0^  u  =  ;t^  +  c  sin  u,  becomes  u'  =  ni ;  and  from 
the  same  equation 

du  sin  u 

de         1— tfcostt' 

or  when  «  =  0,  —  =  sin  ti/. 

Again, dSi         2  cos  t£  sin  u  e  sin'  u 

rfc"         (1— ccosm)»        (1  — ecostt)'  ' 

or  if  e  s=  0,  —  s=  2  cos  n^  sinit^ 

in  the  same  manner,  when  e  =  0, 

rfc» 

==  6  sin  n^  cos'  n^  —  3  sin'  itt. 
mm       0 

or  —  =  Gvinni  ̂   9  sm'  n/, &c. &c. 

dif" 

But  2  cos  n^  sin  n^  =  sin  2  n/, 
Q 

and    6  sin  n^  —  9  sin'  n^  =  —  }  sin  n<  -f-  —  sin  Snt ;  hence 4 

S^  =8inn^;  ̂   =  Jsin  2n( ;  ̂  =  i.  {3«8m3ii^-3sm»<}&c. 
de  de*       ̂   de*        2*^  ^ 

consequently, 

tt  =  7t^  +  ̂ sin  71^  +   28in2/i<+   {3*sin3/i^-38inn^} 
1.2.2  2.3.2«*  ^ 

2.3.4.2 -{4»8in4n^  -  4.2»8in2nO; 

+     .  j5*  sin  571^  —  5.3'  sin  Bnt  +  — 1—  sin  nt  } 
2.3.4.5.2*  ̂   1.2  * 

+     &c.     &c.     &c. 

This  series  converges  rapidly  in  most  of  the  planetary  orbits  on 
account  of  the  small  value  of  the  fraction  which  e  expresses. 

397.  Having  thus  determined  u  for  any  instant,  correspondmg 

values  of  v  and  r  may  be  obtained  from  tlie  equations  r =:  a(l  -  e  cos  u) 
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and tan  ̂   r  ==     i^^+^  tan  j^  u ; ^    1  — e 

but  it  is  better  to  expand  these  also  into  series  ascendiDg  according 

to  the  powers  of  e ;  and  in  functions  of  the  sines  or  cosines  of  the 

mean  anomaly. 

Determination  of  the  Raditu  Vector  in  func&onB  of  the  Mean 
Anomaly. 

Let  r  be  the  value  of  r  when  e  =  0,  then 

_  =  r  +  e  —    +_..--+  &c. 
a  de         1.2     d^ 

but  as  r  is  a  function  of  e  by  the  equation  r  =  a  (1  —  e  cos  tt)  ; 
and  u  is  a  function  of  e  by  u  =  n/  +  e  sin  u,  therefore, 

dr*     ̂ ^4.  ̂ ^     ̂ ^ 
de         de         du    de 

Mm 

Now  when  e  =:  0,  —  =  1 ;  and  u  =  n^     But  the  differentials  of 
a 

the  same  equations,  when  e  =  0^  are 

dr  ^       A        3  du        .       . —  =:  —  cos  nt ;  and  —  s=  sm  n^ ; de  de 

Art  A 

consequently,  —  =  —  cos  n<  +  sin  w/.— H,  for  du  =  ndi ; de  ndt 

or  it  may  be  written, 

de 

Again, 

=  —  cos 

/  4-  4/"^'"  nt.dr 
ndt 

d^r*  __  d*fsmnt,dr^ 
de*  ndt,de 

but  if ysin  nt.  dr  be  put  for  r  in 

^^    —  d/sin  nt  .dr 

de  ndi        ' 

then, df  mi  nt.dr  ̂   df  sin*  nt.dr 
de  ndt 

And  if  this  be  substituted  in  the  value  of  ̂!il  it  become 
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d, (sin* nt  .    j 

rfV  _  cPfB\n*nt.dr   'H^. 
dt*  (ndty  ''^^ 

The  differential  of  the  latter  expression  according  to  e  is 

d^H  ̂   d^J^sm'nt .  dr  ̂ 
d?   ""      indty.de    ' 

and  making  the  same  substitution,  it  becomes 

de» 

d*  (sin*  nt  .    ) 
d^fsm^nt.dr         ^'  /, 

and  80  on.    These  coefficients  being  substituted, 
dr\ 

dr     ,     e*     ̂   ndtj r  ̂   a  "  ae  cos  nt+e  sin  n^-^   +  -^. ndt  2 
ndt +  &c. 

dr But  r  =:  a  (1  — e  cobtiO  gives  — ^11-  =  ae.sin  nt\ ^  ^  ̂         ndt 

hence 

il  =  l-ecosn<.f  e«sin«n<.f -!l^  sin^i^    ̂   ̂   J.  sin^/i^  ̂   ̂^^ 
.a  2      wd/         2.3         n«cf<"     ̂  

Now  sin*/4^  =  J  —  J^  cos  2n<, 
d  sin'/i^ 

7ld< =  3  sin'n^  cos  7if  =  f  {cos  n^  *  cos  S  nt] 

^Ji^Jli  =  2  cos  2nt  -  2  cos  int,  &c. 

(wdO" thus re*  c* —  =  1  +  —  —  c  cos  nt  ̂   —  cos  2nt. a  2  2 

—   .  (3  cos  3nt  —  3  cos  n/}, 
1.2.2«     ̂   ^ 

—    .  {4*  cos  int  —  4.2*  cos  2ii<}, 
1.2.3.2*    ̂   ^ 

—   {5»  cos  5w<  -  5.3»  cos  3nt  +  -^  cos  nt}. 
1.2.3.4.2*     ̂   ^1.2 

—  &c.  &c. 

This  gives  a  value  of  the  radius  Vector  in  functions  of  the  time. 
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Kepler*  B  Problem.     To  find  a  Value  of  the  true  Anomaly  infunc- 
iiona  of  the  Mean  Anomaly. 

388.  The  determination  oiv  in  terms  of  nt  is  Kepler's  problem 
of  finding  the  true  anomaly  in  terms  of  the  mean  anomaly ;  or,  to 
divide  the  area  of  a  semicircle  in  a  given  ratio  by  a  line  drawn  from 

a  given  point  in  the  diameter — in  order  to  accomplish  this,  a  value  of 
V  in  functions  of  u  must  be  obtained  from 

tan  iv  B  ̂   /  i-i_f  .  tan  Ju  ; ^  1  -  c 

therefore  let  "^  = 

1+ VI-e« then  e  =  Jl^L,  and  .  /1+  «  =  1±^ 
\ 

Again,  sin  Ji?  =  c^"^^  —  1,  cos  Jv  =  (H~^  +  1, 
c  being  the  number  whose  logarithm  is  unity ;  hence  the  equation  in 

question  becomes 

whence  c*'^^  =  \zhl   li  ,  (T^  \ 

or  taking  its  logarithm, 

  .  log  { 1  -x«r->^}  -log  { 1  -  xc^^  I      Q 

but 

(T"^ 

/—I 

=  sm  mu ; 

2V~  1 

m  being  any  whole  positive  number,  therefore 

V  =  tt+2\sinM  +  -?^  sin2tt  +  -^sin8u  +  &c. 
2  3 

The  true  anomaly  may  now  be  found  in  terms  of  the  mean  anomaly. 

I ' 

1 
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.  389.  In  order  to  have  v  in  terms  of  the  mean  anomaly  and  of  the 

powen  of  e,  values  of  u,  sm  «,  sin  2tf ,  must  be  found  in  terms  of  the 
•ineft  of  ni  and  its  multiples ;  and  \  \\  &c.  must  be  developed  into 

series  according  to  the  powers  of  e.  Both  may  be  accomplished  by 
La  Oranges  Theorem,  for  if 

.  _^  _  1      X  . 

l  +  ̂ /l«c» 
e 

when  «=0,    »  =  2,    ̂ 'ssJ-,  f^  s=  —  -L  so  that 

or  generally 

fl/sJ.    ̂ 'e  * 
^      2''    <{«        "   2H^ 

eonaequenUy 

If  t  be  successively  assumed  to  be  1,  2,  3,  &c.,  this  equation  will 

give  all  the  poweia  of  X  in  series,  ascending  according  to  the  powers 
of  e. 

Again.  If  we  assume  0s=us=n^-f^Bmu,0isa  function  of  u 
which  is  a  fimction  of  e ; 

hence  ^  =  ̂ .  *!; de  du    de 

and  as  0^  =  n<,    when  e  s   0,  so  -if  =   sin  ft<.     And 
de 

z2^  s=    sin  9U   — .     Whence  by  the  same  process  it  will  be 
de  du 

found  that  uszi/>  +  esmnt  .  ,„  ̂      +  — ..    _-Jr  +   . n<«  8         {ndty  2.3 
d'sin»n^rf0       g^^ 

Values  of  u,  sin  ii,  sin  2tf ,  &c.,  may  be  determined  from  this  ex- 
pression by  making  0  successively  equal  to  7t^,  e  •  sin  ntj  &c.  The 

substitution  of  these,  and  of  the  powers  of  X,  will  complete  the 
development  of  v,  but  the  same  may  be  effected  very  easily  from  the 

expression  do  ==  -4t-  ̂ ^  article  372,  or  rather  from 
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dv  =  -/r^  .^.ndt r 

390.  If  f*  =  tf*  (1  -  «  cos  nty  be  put  for  r  =  a  (1  -  «  cos  n/)» 
dr 

and  ia'  (1  -  e  cos  9iO^^  •  e  sinn^  for  —  in  the  developanent  of  r  in ndt 

article  387,  it  becomes 

_  =  (1  -  tf  cos  nf)*  +  t.e*,sin",n<  (1  -tf  cos.n/)*^ 

a' 
t.«*.8in'.7i<  (l-«  cos.nO*"* 

,    t.e*<r.8in^.?i<(l-gco8.fiQ*"^      «^ 

2.3.i^<«" 
whatever  t  may  be.    Let  t  =s  -  2,  then 

_  s=  1  +  2c  .  cos  .  n<  +  .1-  •  (1  +  5  .  cos  .  fiO 
f*  1.2 

(13  •  COB  .  Sni  +  3  •  cos  .  nl) 

1.2* (103.cos.4n<+8.cos.2iU+9) 
1.2».3 

+  &c. 
If  this  quantity  be  substituted  in  the  preceding  expression  for  do^ 

when  the  integration  is  accomplished,  and  the  approximation  only 

carried  to  the  sixth  powers  of  c,  the  result  will  be 

V  r=  n<  +  {2e  —  ̂ 6*+  — e^}  sin  n< 

14  24 

13  ,     45 

c*+-il-.  e"}sin2n< 

192         ̂  
+  i_c»-_e*}sin3n^ 

112        64     ̂  103    .      451 
+  J   c*   c^l  sm  4n/, 

i  96  480      ̂  
+  &c.  &c. 

391.  The  angles  v  and  n<  which  are  the  true  and  mean  anomaly, 

begin  at  the  perihelion  ;  but  if  they  be  estimated  from  the  aphelion, 
it  will  only  be  necessary  to  make  e  negative  in  the  values  of  r  and  v, 

or  to  add  180°  to  each  angle.  This  expression  gives  v  *-  n^  the 
equation  of  the  centre. 



Chap.  IV.]       KLLIPTICAL  MOTION  OF  THE  PLANST8. 203 

True  Longitude  and  Radius  Vector  in  functions  of  the  Mean 

Longitude. 

392.  Instead  of  fixing  the  origin  of  the  time  at  the  instant  of  the 

planet's  passage  at  tlie  perihelion,  let  it  be  fixed  at  any  point  what- 
ever, as  E,  fig.  76,  so  that.  >fy.  76. 

nt  =  ECB,  then  by  adding 

the  constant  •  angle  cyDCE 
represented  by  e,  tlie  whole 

angle  <Y>CB  =:  nt  +  c  is  the 

mean  longitude  of  the  pla- 
net, PP  being  the  equinox  of 

Spring ;  and  if  the  constant 

angle  QPCP,  which  is  the 

longitude  of  the  perihelion, 

be  represented  by  cr,  the  angle  n^  +  e  —  tsr  s=  PCB  must  be  put 

for  rUf  and  if  v  be  estimated  from  PP,  then  v  —  ta  must  be  put 
for  f,  and  the  preceding  values  of  v  and  r  become, 

I?  =  n^  +  6  +  {2e  -  i  e»}  sin  (n^  +  €  —  tsr)  (97) 

+  |A e«-  ii  c*}  sin  2(nt  +  e  ̂   ts\ 

+         &c.  &c. 

-L  =  1  +  j^e«  —  {e  -  iL  €*}  cos  (n<  +  6  -  fsr) a  8 
(98) 

—  { J  e*  —  ̂   c*}  cos  2  (7l<  +  e  — .  ct), 
—  &c.  &c. 

393.  V  is  the  true  longitude  of  the  planet  and  nt  -{-  b  its 
mean  longitude  both  being  estimated  on  the  plane  of  the  orbit. 

The  angle  g  =  cyjCE  is  the  longitude  of  the  point  E,  from 

whence  the  time  is  estimated,  commonly  called  the  longitude  of 
the  epoch. 

894.  In  astronomical  series,  the  quantities  which  multiply  the 

sines  and  cosines  are  the  coefficients  ;  and  the  angles  are  called  the 

arguments :  for  example  in  (2e  -  i  «")  sin  (7i<  +  e  —  w)  the  part 
2e  -  ̂   ̂  b  the  coefficient,  and  n^  +  e  —  cu  is  the  argument. 

395.  Although  the  time  increases  without  limit,  these  series  con- 
verge :  for,  as  a  sine  or  cosine  never  can  exceed  the  radius,  the  values 
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of  the  sines  and  cosines  in  these  series  never  can  be  greater  than 

unity,  however  much  the  time  may  increase,  and  as  the  powers  of  e 

soon  become  extremely  small,  they  converge  rapidly. 

S96.  The  values  of  v  and  r  answer  for  all  the  planets  and  satellites, 

since  they  are  independent  of  the  masses,  for  the  mass  of  a  planet  is 

so  inconsiderable  in  comparison  of  tliat  of  the  sun,  tliat  it  may  be 

omitted,  and  as  the  mass  of  the  sun  forms  the  standard  of  compari- 
son for  the  masses  of  the  other  bodies  of  the  system,  it  is  assumed 

to  be  the  unit  of  measure.  The  same  holds  with  regard  to  a  planet 
and  its  satellites. 

Determination  of  the  Pontion  of  the  Orbit  in  space. 

397.  The  values  oft?  and  r  give  the  place  of  a  body  in  its  orbit, 

but  not  its  position  in  space ;  they  however  afford  the  means  of  ascer- 
taining it  For  let  NpnG,  fig.  77,  be  the  plane  of  the  ecliptic,  or 

fixed  plane  at  the  epoch,  on  which  the  plane  of  the  orbit  PrAN  has 

fff'  77,  a  very  small  inclination ;  tlien  N» 
is  the  line  of  the  nodes ;  S  the 

sun,  and  if  mp  be  a  perpendicular 
from  the  planet  on  the  plane  of 

the  ecliptic,  it  will  be  the  tan- 
gent of  the  latitude  mSp.  Let 

cy^SN  the  longitude  of  the  node  be 

represented  by  S  when  estimated 

on  the  plane  of  the  orbit,  and  let 

6  represent  the  same  angle  when 

projected  on  the  plane  of  the  ecliptic ;  also  let  r^  =:  cpSp  be  the  true 
longitude  ̂ Sm  or  r,  when  projected  on  the  plane  of  the  ecliptic. 

Then  NS/?  r=  v,  -  6,  NSm  =  t?  —  f,. 
And  if  0  be  tlie  inclination  of  the  two  planes,  it  appears  from  the 

right  angled  triangle  p^m,  that 

tan  (r;  —  (?)=:  cos  0  tan  (t?  —  f).  (99) 

Projected  Longitude  in  Functions  of  true  Longitude. 

398.  This  gives  v/m  terms  of  r,  and  the  contrary.     But  these  two 
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angles  may  be  obtained  in  terms  of  one  another  in  very  converging 

series  by  means  of  the  expression, 

J»  =  4m  +  X  sin  M  +  —  sin  2i*  +  —  sin  3m  +  &c. 
2  8 

which  was  derived  from  tan  J»  =  ̂ ^/JLi_f  t^^  J">   ̂ Y  making 

X  =           .     Uv^—0  be  put  for  Ji?,  v  —  f  for  Jw, 

1+ Vl-e' 
and  cos  0  for  ̂   /i+£ ; 

then  X=^.5!lri=:-tan40, cos  0+1 

and  the  series  becomes 

i?,-0=r-C-tan»i0.sin2(t?-O+Jtan*i0.8in4(t?-C)-&c.  (100) 

True  Longitude  in  Functions  of  projected  Longitude. 

On  the  contrary,  if  t?  —  f  be  put  for  Jt?,  and  t>^  —  0  for  Jm,  the 
result  will  be 

t?-f=i?,-e+tan»J0.sin2(u;-0)  +  Jtan*J0.sin4(u,-e)+&c.  (101) 

Projected  Longitude  in  Functions  of  Mean  Longitude, 

399.  A  value  of  v,  —  0,  or  NS;?,  may  be  found  in  terms  of  the 
sines  and  cosines  of  nt,  and  its  multii)le  arcs,  from  the  series 

t>  =  w/  +  e  +  {2e  -  Je3}  sin  (jit  +  e  -  fsr)  +  j—  e«   -   11  e*l 

sin  2(nt  +  e  —  cr)  +  &c. 
which  may  be  written 

V  =s  nt  +  €  +  eQ. 

If  C  be  subtracted  from  both  sides  of  this  equation,  and  the  sines 

taken  in  place  of  the  arcs,  it  becomes 

sin  (u  —  f)  =  sin  (yi<  +  e  -  f  +  eQ), 
which  may  be  expanded  into  a  scries,  ascending,  according  to  the 

IK)wcrs  of  c,  by  the  method  already  employed  for  the  development 
of  V  and  r  ;  if 

0  =  sin  (r  —  f )  =  sin  {nt  +  e  —  f  +  cQ). 
Whence  it  may  be  found  that, 
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■ini{,,-5)  =  «ni(«i+.-e+rf»  =  {l-!^'+|!^-to.) 

GOBf(nt4-«— 0  +  fcc. 

Laiibtde. 

400.  If  m;),  the  tangent  of  the  latitude,  be  represented  hjt,  the 

right-angled  triangle  mSp  gives 
■  =  tan  0  sin  (Vy  —  0). 

CuriaU  Dutanoa. 

401.  Let  r,  be  tlie  curtate  distance  Sfi,  then  Spm,  bong  a  tig^t 

angle,  S;i :  Sm : :  1  :  Vl  +  **; 

hence  Sp  =    ; 

VI  +*• or  r,  =  r(l+iO"i  =  '-{l  — 4«'+2»*-&c}       (102) 
402.  Tkua  v„  i,  and  r„  the  longitude,  latitude,  and  curtate  dis- 

tance of  the  planet  arc  detennined  in  convei^^ent  series  of  the  sines 

and  cosines  of  nt  and  ita  multiples;  if  therefore  the  time  be  assumed, 

the  place  of  the  body  will  be  known,  and  the  means  are  thui  fur- 
nished for  computing  tables  of  tlic  motions  of  the  planets  and  satet 

litca,  from  which  their  elliptical  places  may  be  ascertained  at  any 
instant. 

403.  A  particular  period  is  chosen  as  an  origin  from  whence  the 

time  ia  estimated,  which  is  called  the  Epoch  of  the  tables :  the  ele- 

ments of  the  orbits  are  determined  by  observation  ;  and  the  longi- 
tude, latitude,  and  distance  of  the  body  from  the  sun  are  computed 

for  that  period,  and  for  every  succeeding  day,  hour,  and  minute,  if 
necessary,  for  any  number  of  years ;  tliese  are  arranged  in  tables 

according  to  the  time;  so  tliat  by  inspection  alone  the  corresponding 

place  of  the  body  referred  to  the  fixed  plane,  or  position  of  tho 
ecliptic  at  the  epoch,  may  be  found. 

Fortunately  for  thd  facility  of  astronomical  calculations,  the  orbits 

of  the  celestial  bodies  are  either  very  nearij  ciicukr,  as  in  the 
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planets  and  satellites,  or  very  eccentric,  as  in  the  comets.  In  both 

circumstances  the  series  which  determine  the  motions  of  the  body 

may  be  made  to  converge  rapidly,  which  would  not  be  the  case  if 

the  eocentiicity  bore  a  mean  ratio  to  the  greater  asus. 

Motion  of  Comets. 

404.  If  the  ratio  of  the  eccentricity  to  the  greater  axis  be 

made  very  nearly  equal  to  unity,  instead  of  a  very  small  fraction, 

the  preceding  series  will  then  give  the  place  of  a  comet  in  a  very 

eccentiric  orbit,  with  this  difference,  that  the  terms  have  the  increas* 

ing  powers  of  the  difference  between  unity  and  the  ratio  of  the 

eccentricity  to  the  greater  axis,  as  coefficients,  instead  of  the  powers 

of  that  ratio  itsel£  This  difference  is  zero  in  the  parabola ;  then 
the  value  of  the  radios  vector  becomes 

cos'  •  j^v 

D  being  the  perihelion  distance:  hence,  in  the  parabola,  the  distance 
Sill  is  equal  to  the  perihelion  distance  SP,  divided  by  the  square  of 

the  cosine  of  half  the  true  anomaly  PSm.  If,  then,  the  true  anomaly 
were  known,  the  distance  of  the  comet  from  the  sun  would  be  deter- 

mined from  this  equation.  When  the  body  moves  in  a  parabola, 
the  equation  between  the  mean  and  true  anomaly  is  reduced  to  a 

cubic  equation  between  the  time  and  the  tangent  of  half  the  true 
anomaly  PSm. 

Arbitrary  Constant  Quantities  of  Elliptical  Motiofiy  or  Elements 

of  the  Orbits, 

405.  There  are  six  elements  in  the  orbit  of  each  celestial  body: 

four  of  elliptical  motion,  namely,  the  mean  distance  of  the  planet 

from  the  sun ;  the  eccentricity  ;  the  mean  longitude  of  the  planet  at 

the  epoch ;  and  the  longitude  of  the  perihelion  at  the  same  epoch. 

The  other  two  elements  relate  to  the  position  of  the  orbit  in  space, 

namely,  the  longitude  of  the  ascending  node  at  the  epoch,  and  the 

inclination  of  the  orbit  on  the  plane  of  the  ecliptic.  The  mean 

values  of  all  these  must  be  determined  by  observationi  before  the 
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motion  of  the  body  can  be  osceituned,  or  tables  computed.  Hence 

there  arc  forty-two  elements  to  be  determined  for  the  seven  principal 

planets,  and  twenty-four  more  for  the  four  new  planets,  Cem,  FaDu, 
Juno,  and  Vesta,  besides  Uiose  of  the  moon  and  satellites.  Tables 

have  been  computed  for  most  of  these  bodies  ;  some  of  the  satel> 
lites,  however,  arc  but  little  known,  and  the  theory  of  the  fom  new 

planets  is  still  imperfect 
The  same  series  that  determine  the  motions  of  the  planets  answer 

equally  well  for  the  elliptical  motion  of  the  moon  and  aatellitea,  only 
the  mass  of  the  planet  is  to  be  employed  in  place  of  that  of  the 

sun,  omitting  the  mass  of  the  satellite. 

Co-ordinaUt  of  a  Planet 

406.  The  simplicity  of  analytical  expressions  very  much  depends 

on  a  skilful  choice  of  co-ordinates,  which  are  arbitrary  and  infinite 
in  number,  but  bo  connected,  that  any  one  set  may  be  expressed  in 

values  of  any  other.  For  example,  the  place  of  the  planet  m  has  been 

determined  by  the  angles  cipStn.mSp,  and  Sm,  fig.  77,  hut  these  have 
been  cluinged  into  VSp,  pSm,  and  Sp,  which  are  the  heliocentric 

longitude,  latitude,  and  curtate  distance  of  m.  Again,  from  the 

latter,  tlie  geocentric  longitude,  latitude,  and  distance  may  be  de- 
ducc<l,  that  is,  tlic  place  of  m  as  seen  from  the  earth  ;  and,  lastly, 
the  right  ascension  and  declination  of  m,  or  its  place  referred  to  the 

equator,  may  be  obtained  from  Its  geocentric  longitude  and  latitude, 

Tlic'sc  quantities  arc  given  in  terms  of  the  mean  longitude  or  time, 
since  tlic  first  co-orUiuntcs  arc  given  in  scries  of  the  sinca  and  co- 

sines of  til ̂ t  quaiilitj'.  In  the  theory  of  the  moon,  the  series  are 
found  IQ  converge  more  rajiidly,  if  the  mean  longitude,  latitude,  and 

distance  nre  dcteiniined  in  functions  of  the  true  longitude.  All  tltcse 

co-onlinatcs  are  connected  by  spherical  triangles,  so  that  they  are 
easily  deduced  from  one  another. 

Deierminalion  of  the  ElemenU  of  Elliptical  Motion. 

407.  Were  the  primitive  velocity  with  whicli  the  bodies  of  tlie 

solar  system  projected  in  space  knows,  the  values  of  the  elements 
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of  their  orbits  might  be  determined ;  for  if  the  equation  (90)  be 

resumed,  and  if  the  first  member,  which  is  the  square  of  the  velo- 

city, be  represented  by  F',  then 

I  r  a ) 

m  which  r  is  the  radius  vector,  and  a  is  half  the  greater  axis  of  the 

conic  section,  fA  being  the  masses  of  the  sun  and  planet.  Thus  the 
velocity  is  independent  of  the  eccentricity  of  the  orbit. 

If  tf  be  the  angular  velocity  which  the  planet  would  have  if  it  de- 
Bcribed  a  circle  at  the  distance  of  unity  round  the  sun,  then  r  =:  a  :=  1, 

and  the  preceding  expression  gives  u*  =  ̂  ;  hence 

^=-{f-i}' 
F  being  the  primitive  velocity  with  which  the  body  moved  in  a  conic 

section.    This  equation  will  give  a  value  of  a  by  means  of  the  primi- 

J!g,7S. 

tive  velocity  of  fit,  and  its  distance 

from  S,  fig.  78.  a  is  positive  in 
the  ellipse,  infinite  in  the  parabola, 

and  negative  in  the  hyperbola; 
thus  the  orbit  of  m  is  an  ellipse,  a 

parabola,  or  hyperbola,  according 
as  F  is  less,  equal  to,  or  greater 

than  II   V  — •    It  w  remarkable T 

that  the  direction  of  the  primitive  impulse  has  no  influence  on  the 
nature  of  the  conic  section  in  which  the  planet  moves ;  the  intensity 
alone  has  that  effect. 

To  determine  the  eccentricity  of  the  orbit,  let  a  be  the  angle  TmS, 
that  the  direction  of  the  relative  motion  of  m  makes  with  tlie  radius 

vector  r ;  then  mn  :  mv  ::  ds  :  dr  ::  I  :  cos  a  ; 

then 

hence 

ds  ̂           dr    1    .ds         .- —  cos  a  =  — ,  but  —  =  F, 
dl  dt  dt 

F*  co8'a=  — -— ;  or  it  u  <~^  —  — > de  ir  a) 

be  put  for  F, 
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but  by  article  377, HiH  . 

a  df* 

hence  a  (1  -  «*)•  =  r*  na'a  i—   1|, 

which  givca  the  eccentricity  of  the  orbit.  The  equation  of  conic 
■eclioni, 

1  +  e  coa  v 

gives  COB  v  =  S^ — — — '  ~    . 

Thus  the  angle  v,  that  the  radius  vector  makes  wiUi  the  perihelion 

distance,  is  found,  anil,  consequently,  the  position  of  the  perihelioa 
The  equations  (96)  nill  then  give  the  angle  u,  or  eccentric  anomaly, 

and,  by  means  of  it,  the  instant  of  the  passage  at  the  perihelion. 
In  order  to  have  the  position  of  the  orbit,  with  regard  to  a  fixed 

plane  passing  through  the  centre  of  S,  fig.  77,  supposed  immoveable, 

let  <p  be  the  inclination  of  the  two  planes,  and  £  =  tnSN ;  also  let 
mp  =  2  be  the  prunltlve  elevation  of  the  planet  above  the  fixed 
plane,  which  s  supposed  to  be  known  ;  then 

r  sin  C  sin  0  =  z. 
So  tliat0,  the  inclination  of  the  orbit,  will  be  known  when  S  shall  be 

M  79. 
determined.  For  that  purpose,  let 

\  =  niRp,  fig.  79,  be  the  angle 

made  by  mR,  the  primitive  direction 
of  tiie  relative  motion  of  m  with  the 

plane  ENB;  then  the  triangle  f?iSR, 
i  in  which  SmR  =:  or,  NSm  =  S,  and 

gives 
niB  =  - 

r  sin  f 

~  taa  (C  +  "^ ' -  =  sinX, 

mrt which  is  given,  because  \  is  supposed  to  be  known ;  therefore 

tan  e  =    —    """  "  . 
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The  ekmento  of  the  orhit  of  the  planet  hcing  determined  hy  these 

fonnulae  in  terms  of  r,  2,  the  velocity  of  the  planet,  and  the 

direction  of  its  motion,  the  variations  of  these  elements,  corresponding 

to  the  supposed  variations  in  the  velocity  and  its  direction,  may  he 
obtamed ;  and  it  will  be  easy,  by  means  of  methods  that  will  be 

hereafter  given,  to  have  the  differential  variations  of  these  elements, 

irising  from  the  action  of  the  disturbing  forces. 

Vdocity  of  Bodies  moving  in  Conic  Sections. 

408.  As  the  actual  motions  of  the  bodies  of  Uie  solar  system  afford 
no  information  with  regard  to  their  primitive  motions,  the  elements 

of  theb  orbits  can  only  be  known  by  observation ;  but  when  these 

are  determined,  the  velocities  with  which  the  bodies  of  the  solar  sys- 

tem were  first  projected  in  space,  may  be  ascertained.     If  the  equar 

tion  F«=u«|i.  -  JL} 
be  resumed,  ihen  in  the  circle  r  =  a,  since  the  eccentricity  is  zero ; 

hence        i?  =  u  v   — ;  therefore  F  :  u  ll  I  I  a/7". 
thus  the  velocitiei  of  phmets  in  different  circles  are  as  the  square 
roots  of  their  radii. 

In  the  parabola,  a  is  infinite ;  hence 

—  IS  zero,  and  F  =  \/  — . 

Thus  the  velocities  in  different  points  of  a  parabolic  orbit  are  recipro- 
cally as  the  square  roots  of  the  radii  vectores,  and  the  velocity  in 

each  point  is  to  the  velocity  the  planet  would  have  if  it  moved  in  a 

circle  with  a  radius  equal  to  r,  as  V  2  to  1. 

409.  When  an  ellipse  is  infinitely  flattened,  it  becomes  a  straight 

line ;  hence,  in  this  case,  V  will  express  the  velocity  of  m,  if  it  were 

to  descend    in  a  straight    line  ^^.  go. 
towards  the  sun ;  for  then  Sm, 

fig.  80,  would  coincide  with  SA. 

If  m  were  to  begin  to  fall  from 

a  state  of  rest  at  A,  its  velocity 

would  be  zero  at  that    point; 

hence    —  —  —  =  0. 
r  a 

P  2 
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Now,  luppoBc  that,  in  fallings  from  A  to  n,  the  body  had  acqiuicd 

the  velocity  F,  then  the  equation  would  be 

and  eliminBting  a,  wliich  is  common  to  the  two  but  equatloni, 

in  wliivb  r'  =  Sn.  This  is  the  relative  velocity  ibo  body  m  has  acqaiied 

in  falling  from  A  through  r  —  r"  =  An.  Im^ine  the  body  m  to 
liave  acquired,  by  iu  fall  through  Am,  the  same  velodty  with  a  body 
moving  in  a  conic  section ;  the  velocity  of  the  latter  body  ii 

/2 — r 
^     r  a 

If  these  two  be  equated, 

An  =  (r-/)  =  - ^ryia-r) 

4a- 
Tlits  CTtpression  gives  tlie  height  through  which  a  body  moving  in 

a  conic  section  must  fall,  fi'oni  the  extremity  A  of  the  radius  Vector, 
in  order  to  acquire  the  relative  velocity  which  it  had  at  A. 

In  the  circle  a^  r,  hence  An  ==  ̂ ^r  ;  in  tlie  ellipse,  An  is  leii 
tlian  ̂   r:  in  the  parabola,  a  is  infinite,  which  gives  An  =  j^  r ;  and 

in  the  hyperbola  a  is  negative,  and  there&ire  An  is  greater  than  j^r. 



Ch^VO 313 

CHAPTER  V. 

THEORY  OF  THE  PERTURBATIONS  OF  THE  PLANETS. 

410.  The  tables  computed  on  the  theory  of  perfectly  elliptical  mo- 
tion, are  soon  found  inadequate  to  give  the  true  place  of  a  planet, 

on  account  of  the  reciprocal  disturbances  of  the  system.  It  is  there- 
fore necessary  to  investigate  what  these  disturbances  are,  and  to 

determine  their  effects. 

In  the  first  approximation  to  the  celestial  motions,  the  mutual 

action  of  the  sun  and  of  one  planet  was  considered :  it  then  appeared 

that  a  planet,  fit,  moves  round  the  sun  in  an  eUipse  NmPn,  fig.  81, 

inclined  to  the  ecliptic  NBn,  at  a  /^-  81. 
very  small  angle  Pnp.  Now,  if  m 

he  attracted  by  another  planet  m', 
which  is  much  smaller  than  the  sun, 

it  will  no  longer  go  on  in  its  ellip- 
tical orbit  Nmn,  but  will  be  drawn 

out  of  that  orbit,  and  will  move  in 

some  curved  line,  caD,  which  may 
either  be  nearer  to,  or  farther  from, 

the  plane  of  the  ecliptic,  according  to  tlie  position  of  the  disturbing 
body.  In  the  first  infinitesimal  of  time,  the  troubled  orbit  coincides 

with  the  ellipse  through  an  indefinitely  small  space  ca ;  in  the  second 

infinitely  small  interval  of  time,  am  will  be  the  path  of  the  planet  in 

the  ellipse,  and  aD  will  be  its  path  in  its  troubled  orbit :  am  is  de- 
scribed in  consequence  of  the  action  of  the  sun  alone ;  aD  by  the 

combined  action  of  the  sun  and  of  the  disturbing  body :  am  is  the 

second  increment  of  the  space  ;  aD  is  the  second  increment  of  the 

space,  together  with  some  very  small  space,  FD,  introduced  by  the 

action  of  the  disturbing  force.  In  consequence  of  the  addition  of 

FD,  the  longitude  of  m  is  increased  by  B6 ;  its  latitude  is  changed 

by  the  angle  DSE,  and  the  radius  vector  is  increased  by  the  differ- 

ence between  SD  and  Sm, — these  three  quantities  are  the  pertur- 
bations of  the  planet  in  longitude,  latitude,  and  distances. 

411.  It  is  evident  that  the  perturbations  are  true  variations;  and 

as  the  longitude,  latitude,  and  radius  vector  of  a  j^anet  moving  in 
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an  ̂ ^ilipclral  orhtt.  ha-r-^  ..^iffa  r»pr«Mntefl  by  r«  «,  aad  r,  theses 
B^  =  ̂ 7.  £D  =  It  a4'i«i  SD  --  rm  ̂   4r,  are  die  miaiioiis  of  dwae 
co-oriinai^, 

412.  TK^  p#!Ttr.Ttiation^  in  loositnikt  latztode.  aad  di<anrr,  depend 

on  th#(  f^onfiimation  of  the  bodies  :  tbat  is,  on  the  poiiuon  of  the 

bodies  imh  regard  to  each  other,  to  their  penhefia  and  to  their 

nodes.  The^e  roer joalhies.  after  gomg  through  a  oenaia  covne  of 
increase  and  decrease,  are  renewed  as  often  as  the  bodies  idam  to 

the  naanf:  relative  pofhions,  and  are  therdbie  called  Penodic  Ineqaa- 
lities. 

413.  TliUA  tlie  place  of  a  planet,  m,  moriiig  in  its  trooUed  offait 

eaD,  will  be  determined  by  tlie  co-ordinates  v  +  )r,  a  +  li^  r  -|-  )r. 
Thene,  however,  are  modified  by  a  rariation  in  the  eiementa  of  ths 

ellipse  ;  for  it  is  evifkTjt  that,  the  path  of  the  planet  being  changed 
from  aE  Vj  aD,  tlie  elemeutd  of  the  ellipse  XmE  must  vary.  The 

variations  of  tlie  fflemcnts  are  independent  of  the  oonfiguiation  or 

relative  pr^nition  of  the  bodies,  and  are  only  sensible  in  many  revohi- 

tionH;  whfrrcas  tliosf?  depending  on  the  configiiration«  aocompliih 

tlieir  changes  in  short  periods.  Thus  v  +  ir,  •  +  St,  r  +  Sr,  may 

be  regarded  as  the  co-ordinates  of  the  planet  in  its  true  orbit,  pro- 
vidf^  the  elements  contained  in  these  functions  be  considered  to 

vary  hy  very  slow  degrees.  Tliis  perfectly  accords  with  observation, 

whence  it  appears  tliat  the  perihelia  of  the  orbits  of  the  planets  and 

satellites  Iiavc  a  very  slow  direct  motion  in  space ;  that  the  nodes 

have  a  slow  retrograde  motion ;  and  that  the  eccentricities  and  incli- 
nations are  {xsq^ctually  varying  by  very  slow  degrees.  Tliese  very 

slow  c]iang(;s  are  really  periodic,  but  many  ages  elapse  before  they 

accomplish  their  revoIutiouH ;  on  that  account  tliey  are  called  Secular 

Ine<|ualitie8,  to  distinguisli  them  from  the  Periodic  Inequalities, 

which  paHs  rn])idly  from  their  maxima  to  their  mininrnt.  Thus  the 

Periodic  Inequalities  only  depend  on  tbe  configuration  of  the  bodies, 

whereas  the  Sc^cular  Inequalities  depend  on  the  configuration  of  the 

perihelia  and  nodes  alone. 

414.  La  Grange  took  a  new  and  very  elegant  view  of  the  sub- 

ject : — he  considered  the  changes  iv,  is,  dr,  to  arise  entirely  from 
periodic  and  secular  variations  in  the  elements  of  elliptical  motion, 

thus  referring  all  the  inequalities,  to  which  a  planet  is  liable,  to 

changes  in  the  elements  of  its  orbit  alone.     In  fact,  as  the  curve  uD 
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very  nearly  coincides  with  the  ellipse,  it  may  be  regarded  as  a  por- 
tion of  a  new  ellipse,  having  elements  differing  from  those  of  the 

original  one  by  infinitely  minute  variations.  Of  these  a  portion  will 

be  compensated  in  a  whole  revolution,  or  many  revolutions  of  m, 

and  of  the  disturbing  planet  constituting  the  Periodic  Inequalities ; 

but  a  portion  will  remain  uncompensated,  and  entirely  independent 

of  the  position  of  the  bodies  with  regard  to  each  other.  These 

uncompensated  parts  increase  and  diminish  with  extreme  slowness  ; 

their  effects  on  the  motion  of  m  partake  of  that  character,  and  con- 

Btititte  what  are  called  Secular  Inequalities.  Thus,  in  La  Grange's 
view,  the  co-ordinates  of  m  in  its  elliptical  orbit  are  modified,  both 
by  periodic  and  secular  variations,  in  the  elements  of  the  ellipse. 

415.  The  secular  inequalities  depend  on  the  ratio  of  the  dis- 

turbing mass  to  that  of  the  sun,  which,  by.  article  850,  is  a  very 

small  firaction.  Their  arguments  are  not  only  different  from  those 

of  the  periodic  inequalities,  but,  though  also  periodic,  their  periods 
are  immensely  longer. 

416.  Both  periodic  and  secular  inequalities  may  be  represented 

by  supposing  a  point  p  to  revolve  in  an  fy'  82. 

ellipse  AP,  fig.  82,  where  all  the  elements         ̂   r\^'* 

are  perpetually  varying  by  very  slow  de-     /^  VL^ 
grees.    Then,  suppose  a  planet  m  to  oscil-  A/  U 

late  round  the  moveable  point  p  in  &  curve    \  J 

maby  whose  nature  depends  on  the  disturb-      \^^  y^ 
ing  forces :  tliis  oscillating  motion  will  re- 

present the  periodic  inequalities,  and  the  whole  compound  motion 

m  represents  the  real  motion  of  a  planet  in  its  troubled  orbit. 

Demonstration  of  La  Grange's  Theorem. 

417.  The  equations  which  determine  the  real  motion  of  m  in  its 

troubled  orbit  are,  by  article  347, 

d'x     .    a;^  «.  /  dR  \ 
IF  r»         \dr/ 

^  +  ̂   =f^^l.  (87) 

"5? 

.*         \dz  / 
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If  A  =  0,  these  equations  would  be  the  same  with  those  in  artick 
865,  already  iDtegrated.  Let  a  be  one  of  the  arbitrary  constant 
quantities,  or  elements  of  the  orbit  of  m,  introduced  by  integration. 
When  il  =  0,  then 

a  =  Func.  (x,  y,  z  — ,  -i?,   —  .  0 
^  '^      dt     dt     dt      ' 

may  represent  any  one  whatever  of  tlie  integrals  (91) ;  or,  if  to 
1   . ,     dx          dy  dz 

a  =  Func.  (j,  y,  r,  X;,  y^,  2;,  Q.  (108) 

During  the  instant  di^  the  ellipse  and  troubled  orbit  coincide  \  there- 
fore x,  y,  z,  x^,  y^,  2/  have  the  same  values  in  both,  and  a  is  constant 

But  at  the  end  of  the  instant  d/,  the  velocities  x^,  y^,  z^  are  respec- 
tively augmented,  from  the  action  of  the  disturbing  forces,  by  the 

indefinitely  small  quantities 

dx  dy  dz 

then  a  is  no  longer  constant ;  and  when  jt/,  y^,  Z/  are  increased  by 
those  quantities,  the  corresponding  variation  of  .a  is 

da=i(^.  i?_  +  if.   i«-  +  ̂.  J?L\dL  (104) \dx,       dx  dy,      dy  dz,      dz  J 

If  equation  (103)  be  regarded  as  the  first  integral  of  the  equations 

(87),  when  H  =  0,  it  will  evidently  satisfy  the  same  equations  when 

R  is  not  zero,  because  the  values  of  x,  y,  z,  x/dt^  y,dt^  z,di^  are  sup- 
posed to  be  the  same  in  eacli  orbit,  since  these  quantities  only  diffsr 

in  the  two  curves  by  their  second  differentials. 

Hence,  if  (x^),  (y^),  {z,)  be  the  values  of  a?/,  y,t  z,,  when  A  =:  0, 

then  X,  =  (a?,),  y,  =  (y^),  z,  =  (z,), 

and  dx,  =  (dx,)  +  ix„     dy,  =  {dy,)  -f  Jy„     dz,  =  (dz,)  +  >Z/. 
Let  func.  {x,y,z,x,yyf,z^,  t)  be  the  differential  of  equation  (103) 

wlien  R  =  0,  then  will 
0  =  fiinc  (jr,  y,  z,  ar,,  y,  z„  0 

and  the  differential  of  the  same  equation,  when  R  is  not  zero,  will  be 

da  =  func.  (j?, y,  z,  j^, y„ z^,  t)+(-^ix,  +  -^  Sy^  +  -^  Jz,  J , \dx,  dy,  dz,       J 

because,  in  the  latter  case,  all  the  quantities  vary.     If  the  first  dif> 
fcrential  be  subtracted  from  the  second,  tlic  result  will  be 
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da  =  (^ix,-i-^  iy,  +  ̂  Sz  A.  (105) 
\dxs  dy,  dzj       J 

But  if  (djp,)  +  Sj?„  (dy,)  +  Sy,,  (</z,)  +  Sz„ 

be  put,  in  equations  (87),  in  place  of  their  equals, 
d^x       cPy        (Tz 

IT'   "dT'    "5F' 
they  become 

ix,  =    ̂   (ft,  Jy,  =  -^  d/,  Sz,  =  J?Ldt. 
dx  dy  dz 

Since  (dr^),  (d^/),  (dzj,  are  supposed  to  satisfy  these  equations  when 
/?=  0. 

If  the  preceding  values  of  Sx^,  ly,^  Sr^,  be  put  in  equation  (105),  it 

becomes  identical  with  equation  (104),  Hence  the  integral  (103) 

satisfies  the  equations  (87),  whether  the  disturbing  forces  be  included 

or  not,  the  only  difference  being  that,  in  the  first  case,  a  must  be 

regarded  as  a  variable  quantity,  and  in  the  last  it  is  constant. 

The  same  may  be  shown  of  all  the  first  integrals  of  equations 

(87),  when  R  is  zero. 

418.  It  appears,  from  what  has  been  said,  Ist,  that  as  the  motion 

is  performed  in  the  unvaried  ellipse  during  the  first  element  of  time, 

<r,  y,  z,  dx,  dy^  dx^  are  alike  in  the  varied  and  unvaried  ellipse. 

2nd,  Tliat  as  the  motion  is  performed  in  the  variable  ellipse  during 

the  second  element  of  time,  if  d'x,  d^y^  d'z,  be  considered  as  belong- 

ing to  the  unvaried  ellipse,  d*jr  +  dJx,  d^y  +  diy,  d'z  +  d^z  will 
belong  to  the  variable  orbit  of  m.  Hence  the  differential  equation 
of  the  first  onler,  wliich  determines  the  motion  of  the  body,  answers 

for  both  orbits  during  the  first  instant  of  the  time,  the  elements  of  the 

orbit  being  constant ;  in  the  second  increment  of  time,  the  equa- 
tions of  elliptical  motion  have  the  form 

   4-  n't?  =  0, 

dt* 

the  elements  of  the  orbit  being  constant ;  but  in  the  troubled  orbit 

they  have  the  form 

de 

where  the  elements  of  the  orbit  are  variable,  and  R  is  the  part  con- 

taining the  disturbing  forces. 
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419.  As  the  elements  of  the  orbit  only  my  dming  the  Krand 
increment  of  llic  time,  their  variation  is  of  the  first  onler  ;  tbst  is, 

the  eccentricity  e  becomes  e  +  de,  the  inclination  0  becomes 

0  -|-  (f0,   &c   &c. 
420.  Tlic  elegant  tlicory  of  the  variation  of  the  arbitrary  constant 

quantities  is  ilue  to  Eulcr.  La  Grange  first  applied  it  to  the  celestial 
motions. 

431.  It  is  proposed,  first,  to  determine  the  periodic  and  seculu 

variations  of  the  elements  of  orbits  of  any  eccentricities  and  inclina- 
tions ;  in  tlic  second  place,  to  find  those  of  the  planets  and  satellites, 

all  of  which  have  nearly  circulai  orbits,  slightly  inclined  to  the  [dane 

of  the  ecliptic ;  and  then  to  determine  the  periodic  inequalities,  te, 
it,  3r,  in  longitude,  latitude,  and  distance. 

Variation  of  the  EUmenU,  mhaUver  tAe  Eccentridtia  and 
IncUnationt  may  be. 

422.  All  the  elements  of  the  orbit  have  been  determined  from  the 

seven  arbitrary  constant  quantities,  c,  </,  c",/,/',f",  and  a,  intro- 
duced by  the  integration  of  the  equations  (87)  of  elliptical  motion ; 

but  it  was  shown  that  the  elements  of  the  orbit,  as  well  ss  the  diffe- 

rentials dx,  dy,  dz,  \arj  during  the  second  element  of  time  by  the 

action  of  the  disturbing  forces,  and  then  the  differentials  of  the  equa- 
tions (91)  will  afford  the  means  of  finding  the  variations  of  the 

elements,  whatever  the  eccentricities  and  inclinations  of  the  orbits 

may  be.     Equations  (87)  give 

which  are  the  changes  in  dx,  dy,  dx,  due  to  the  disturbing  forces 

alone,  tlie  elliptical  part  being  omitted.  If,'  therefore,  the  differen- 
tials of  equations  (91)  be  taken,  considering  c,  c",  c",  f,f,f",  a, 

dx,  dy,  dz,  alone  as  variable,  when  the  preceding  values  of  <{V, 
dPy,  d?x  arc  substituted,  they  become 

.0  =  .{,(- )-,(-)}, 
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*=-{'(^)-(^)}-*{<^)-(f)} dx 

+  c 
(106) dR\\ 

> 
lia?  yj 

'•^=*{<^)-<^)}-{<^)-<^)} 
*-(^)— (^) d  .  A  =  -  2cLR. 

a 

423.  If  values  of  c,  c',  C^f^f^^f^  derived  from  these  equations, 
be  substituted  instead  of  their  constant  values  in  equations 

tan  0  =:    ̂ ^'^  +  <^'\  tan  ̂   =  -  f^ 
c  ^ 

A«  =  /*a  (1  -  «•)  =  c»  +  c'«  +  c "«, 

tan  tsT^  =:  /!-,  and  fut  =    V/* +/•+/'", 

given  in  article  374  and  those  following,  they  will  determine  the 
elements  of  the  disturbed  orbit. 

The  equations  d'x  •\-(!y  ̂ cz^=z  0, 

and  their  differentials 

d'dx  +  c'Jy  +  cd^;  =  0, 

/idr  +  f'dx  +  /'dy  +  fdz  =  0, 
will  also  answer  in  the  disturbed  orbit,  provided  the  same  substitu- 

tion be  made. 

424.  The  mean  distance  a  gives  the  mean  motion  of  fit,  or  more 

correctly  that  in  the  disturbed  orbit,  which  corresponds  with  the  mean 

motion  in  the  elliptical  orbit ;  for 
n=:  cr^Vj/T. 
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If  ̂   be  the  mean  motion  of  m,  then  in  the  elliptical  orbit, 

but  this  equation  also  answers  for  the  disturbed  orbit,  since  the  two 
orbits  coincide  daring  the  first  instant  of  time.     But 

dd^  =:  dndt, 

2/»  a 

and  as  the  last  of  equations  (106)  is 

d  A=-.2dR,sodn=-i?!i 

dA; 

hence 
ddf=- 

9andl .  iR 

the  integral  of  wliich  is 

f  =  -  Lffandt  .  dR. (107) 

425.  The  seven  arbitrary  constant  quantities  are  only  equivalent 
to  five  in  consequence  of  the  two  equations 

a  c«  +  (?*•  +  c'« 

These  also  exist  in  the  disturbed  orbit,  when  the  arbitrary  quantities 

are  replaced  by  their  variable  values. 
426.  Since  R  is  given  in  article  347,  all  the  elements  of  the 

disturbed  orbit  are  determined  with  the  exception  of  e,  the  longitude 
of  the  planet  at  the  epoch.     From  the  equations 

.  hdt  m 
flt  (1  _^t). 

(l+c  cos(t?  —  tsr))" 
it  is  evident  that 

dv  . 
(1  -  e»)» 

But 

hence 

*^erefore 

(1+c  cos  (»—  is))* 

A  =:  a'^^^Vn^e*)  =  n  V*  1  -  c«; 

(l-c«)^ 
7id^=:  dv. 

(l+e  cos  (r-CT))« 
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2 

be  put  for  cos  (t?  -*  cr), 

Vl  -c*  _    2^1—6*   

1  +  «  cos  (v  —  tsr)         2  +  c{c^*"*'^'^^+(r^''""*^'^^^' 

Again,  if  X  =:   ^  ;  then  c  = 

1  +  >/ir?  l+x« 
which,  substituted  in  the  second  member  of  the  last  equation,  gives 

1  _     1     r   1  -  x«   1 
l+ccos(r-tsF)         VI^  ll+>^'+^{c^'"^'^^  +  <r<''-«^'^^}j 
Hie  numerator  of  tlie  last  term  is 

1  —  x«  =  (1  +  vr<'^-«>-«^)  -  xcr<'^-«>'>^  (1  +  xc^'*-*>'^^) 
And  the  denominator  b  equal  to 

(1  +  Xc^^-^"^)  (1  +  X  c-^'^-*^'^^) 
hence 

1  ^     1      f  1  _       Xc"<»-qo^^      1 

l  +  cco8(r— tsr)     >v/Iir?\l  +  xc^'^-«^'^^       1   +  Xc"-^— *>'^^^J' 
By  division, 

1   +  X  c^'-*>^i  . 

,=  =s  X  (?-<••«>  '^'^^  -  X«c-^'-*>^^  +  &c. 

1  +Xc-<''-^'^-i 
And  the  difference  of  these  is 

^   =      ̂      {1  -  A  (c<-«^'^^  +  <r<-«o>^l 1  +  e  cos  (c-ct)        ̂ 1-^ 

+  x«  (c*  (-«)^^  +  c-*<''-««'^^)  —  &c.}  ; 

but  t^i'-^'J^  +  c-'C*-*)^^  =  2  cos  t  (o  -  t^)  ; 

hence           =  —   { 1  -  2a  cos  (v  -  tsr) 
1  +  ccos  (t?-ta)  Vl-c* 

+  2a'  .  cos  2  (t;  —  tsj)  —  &c.}  ; 

11  A* 
or       -    =  qp2cosi(p-tsy)        ^=::, 

l  +  cco8(D-t!T)  Vl-e*  Vl-*' 

which  is  the  general  form  of  the  series,  i  being  any  whole  posiUve 

number.  * 
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butrf   =   

the  sign  +  ia  used  vben  i  is  even,  and  —  when  it  is  odd.    Henca 
if  to  abridge    

(i+vr^* the  value  of  ndl  becomes, 

vdl  =  dv{\  +  EWcoa(t>  — «)+E«coB2(tt-cr)+8tc};  (106) 
Uie  integral  of  wliich  is 

fndl  +  t  =  v+  E<''  sin  (r  -  f»)  +  iE"  sin  2  (e  -  fs)  +  fccf, 
e  being  arbitrary. 

Tliis  equation  is  relative  to  the  invariable  ellipse ;  but  in  order  tliat 

it  may  also  suit  the  real  orbit,  every  quantity  in  it  must  vary  includ- 
ing e,  0,  and  ■  ;  and  this  differential  must  coincide  with  (lOS)  sinoe 

tliey  are  of  the  5rst  order,  and  the  two  orbita  coincide  during  tits 
first  clement  of  time.     Their  difference  is 

-  dm  {E"i  COS  (_v-w)  +  E™  cos  2  (e  -  o)  +  8cc.} 
v  -  CT  is  the  true  anomaly  of  m  estimated  on  the  orbit,  and  w  is  the 
loiigiluJe  of  the  perihelion  on  the  orbit.     Now  equation  (101)  ia 

v-C  =v,-0  +  tan-  i  0  sin  2  (e,  -  6)  +  &c. 
V  being  the  longitude  on  the  orbit,  and  v,  its  projection  OQ  the  fixed 
plane.     If  13  be  put  for  t>  and  ta,  for  v, ;  then 

i!j-f=:ro,  —  e  +  tan"  i0  sin  2  (ra,  —  0)  +  &c. 
Again,  if  we  make  v  and  v,  zero  in  equation  (101),  it  becomes 

f  =  t»  +  tan»  J 0  sin  26  +  4 tan'J 0  sin  46  +  tec. 

hence        ro  =ni,  +  tan*J0  {sin  20  + sin  2(e),  —  6)}  +  8sc. 

therefore         rfci  =;  ira,  {  1  +  2  tan'  J  0  cos  2  (a,  -  9)  +  &c. } 
+  2Jetan'40  {cos2ff- C032(iiJ, -0)  +  fisc.} 

+     '^^^""^^   {8in29  +  sin2(i^,-e)  +  &c.} 
coa'  i  0 

Thus  dt^i,  do,  (f0,  being  determined,  we  shall  have  (fn  bom  Hob 

equation,  and  firom  thence  4*. 



Chap,  v.]  PERTURBATIONS  OF  THE  PLANETS.  223 

427.  It  appears  from  the  preceding  investigations,  that  the  ex* 
pressions  in  series  given  by  the  equations  in  article  392,  and  those 

following,  of  the  radius  vector,  of  its  projection  on  the  fixed  plane, 
of  the  longitude,  and  its  projection  on  the  fixed  plane,  and  of 
the  latitude  in  the  invariable  orbit  will  answer  for  the  disturbed 

orbit,  provided  ni  be  changed  into  fndt^  and  all  the  elements  of  the 
variable  orbit  be  determined  by  the  preceding  equations;  for  the 

finite  equations  between  r,  v,  <,  j?,  y^  z,  and  J'ndt,  are  the  same  in 
both  cases,  and  all  the  equations  in  the  articles  alluded  to  are  deter- 

mined independently  of  the  constancy  or  variation  of  the  elements, 
consequently  these  expressions  will  still  answer  when  the  elements 
are  variable. 

These  investigations  relate  to  orbits  of  any  inclination  and  eccen- 
tricity ;  but  the  orbits  of  the  planetary  system  are  nearly  circular, 

and  very  little  inclined  either  to  one  another,  or  to  the  plane  of  the 
ecliptic. 

Variaiiom  of  the  Elliptical  Elements  of  the  Orbits  of  the  Planets. 

428.  The  equation  n  =  a*  4^ 
shows  that  the  mean  motions  and  greater  axes  of  the  orbits  of  the 

planets  are  so  connected,  that  one  cannot  vary  independently  of  the 
other ;  and  as 

a 

it  is  clear  that  the  differential  of  A  is  taken  only  with  regard  to  nt  the 
mean  motion  of  m.     If  the  mass  of  the  sun  be  assumed  as  the  unit, 

and  the  mass  of  the  planet  omitted  in  comparison  of  it,  ̂  s=  1,  and 
da  =  2aMR ; 

2a  being  the  major  axis. 

429.  The  inequalities  in  the  eccentricity  and  longitude  of  the  peri- 
helion are  obtained  from 

tancT,=^^,    ̂ c=  V/-+/«+/"^ 
BT,  being  the  longitude  of  the  perihelion  of  m  when  projected  on  the 

fixed  plane  of  the  ecliptic.  If  the  orbit  of  the  planet  to  at  a  given 

epoch  be  assumed  to  be  the  fixed  plane  containing  the  axes  x  and  y, 

any  inclination  the  orbit  may  have  at  a  subsequent  period  being 

entirely  owing  to  the  action  of  the  disturbing  forces  must  be  so 

small,  that  the  true  longitude  of  the  perihelion  will  only  differ  from 
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ito  projection  on  that  new  fixed  plane*  by  quantitka  of  tbe  order  of 

the  squares  of  the  disturbing  maaaet  respectively  multiplied  by  the 

squares  of  the  inclmations  of  the  orbits,  therefore  without  aensibk 

error  it  may  be  assumed  that  ct/  =  o ;  w  bemg  the  kmgitude  of  thi 

perihelion  estimated  on  the  orbit ;  thus 

tan  CT  =:  4-^ 

/
"
 

ff 

w
h
e
n
c
e
 
 

sin
  

cr 
 
=  

   
  

"^
  

; 

and  cos  o  =       

But  by  article  370    /=  ̂ f!^±£!!£.      Now  c,    c',  c''  are  the c 

areas  described  by  the  radius  vector  of  m  on  its  orbit,  when  projected 

on  the  co-ordinate  planes  ;  but  as  the  orbit  nearly  coincides  with  the 
fixed  plane  of  tbe  orbit  at  the  epoch  containing  the  axes  x  and  y,  the 

other  two  co-ordinate  planes  are  nearly  at  right  angles  to  it ;  hence 

c'  and  c"  are  extremely  small,  and  as  /  is  of  the  same  order  in  con- 
sequence of  the  preceding  equation  it  may  be  omitted,  so  that 

e  =  V/"«  +  f* 
whence  j^'  =  e  cos  tj ;    /^  =  c  sin  cr, 

and        ede  =  f'df'  +  fdf^ ;     ̂ dtj  =  /"d/'  -  fdf\ 
making  ̂   =  1. 

430.  Since /is  very  small  dfis  still  smaller,  therefore  the  fourth 

of  the  equations  (91)  may  be  omitted  as  well  as  t/di  s=  udx  —  fds, 

and  d^dt  =:  ydz  ̂   zdfy,  on  account  of  the  smallness  of  &  and  c". 
Also  z,  the  height  of  the  planet  above  the  fixed  plane  of  its  orbit, 

is  so  small  that  its  square  may  be  neglected ;  therefore  quantities 

having  the  factors  zdz,  or  dz  (  —  ]  may  be  omitted,  which  reduces 

the  values  of  the  fifth  and  sixth  of  equations  (106)  to 

*"=*!'a»)-<i*)}--(^) 
<^'=-^"(f)-<f)}— (^> 

481.  If  r,  =  Sp,  fig.  77,  be  the  radius  vector  of  m  projected  on  the 
fixed  plane  of  the  orbit  of  m  containing  the  axes  x  and  y ;  and  if  the 
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angle  NSp  be  represented  by  V/,  and  pm  the  tangent  of  the  latitude 
of  m  above  the  fixed  plane  of  its  orbit  by  <,  then 

J?  s=  T;  cos  Vji  y  =  Ty  sm  V; ;  »  c=  r/, 
Knoe  « is  a  function  of  r,  and  Vp 

dR  ̂   dR     dr, 
dx         dff     dx 

dR  _  dR     dVf 

dx         dVf     dx 

dr.          '^         dv,  ̂   1 
dx         cosvy     e^JT  Tf  sin  V/ 

dR  _  dR        I        dR  dR         1 

But 

hence  —    =: 
dff     cos  t7/     dx  do,     r,  sin  r^ 

If  the  first  equation  be  multiplied  by  cos'V/,  and  the  second  by  sin'vp 
their  sum  will  be» 

dx         \drj  \dv^J     r, 
In  like  manner  it  may  be  found  that 

^  J-  f^^\  I        +  f^\  cosp^  . 

dfy         Vdr;/         '       \dvj      r^ 

whence  .f^Vyf-")  =  -  ̂  
\dy  J     ̂\dxj        dp/ consequently, 

but  (/jf  =  d(r,  cos  u^)  :     dy  =  df(r,  sin  t?,), 

and  cdt  =  xdy  —  ydx  =  r,*dv, ;  so  that 

df  =  +  {dr,  sin  v,  +  2r^v,  cos  r,}  T^^  +  r/dv,  sin  u,  ̂^^ 

df^-^  {dr^cos  V,  -  2r/fr,  sin  uj  /^_  Vr/dr^cos»Y—  j. 

\  are  the  same  from 432.  The  values  of  r,^  dr,^  dv, rdR\    fdR\ 
\drj    \dvj 

whatever  point  the  longitudes  may  be  estimated ;  but  by  diminishing 

the  angle  Vf  by  a  right  angle,  sin  V/  becomes  —  cos  V/ ;  and  cos  v^ 
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becomes  sin  t',,  so  lliat  the  espression  of  df"  is  changed  into  tliat  of 

df.  whence  it  follows,  Uiat  if  tlie  value  of  df"  bo  developed  iolo  a 
series  of  Bines  and  eosincs  of  angles  increasing  pro  portion  ally  with 

tlio  time,  and  if  each  of  the  angles  «,  s',  ■a,  ra',  9,  S',  be  Uimtnialied 
by  90",  the  value  of  df  will  be  obtained. 

433.  By  articles  398  and  401,  the  projection  of  tlie  lon^de  oa 
the  fixcJ  plane  of  [he  cdiplie,  and  l!ie  curtate  distance  are, 

f,  -  e  =  ti  —  f  -  tan'i^i  sin  2(ii  -  f  J  +  &c. 

r,=  r{l  -i,'  +  ic.} 
But  when  the  orbit  of  m  at  the  cpuch  is  assumed  to  be  the  £xed 

plane,  any  inclinalioo  it  may  have  at  a  subsequent  period,  arisei 
entirely  from  the  action  of  the  disturbing  forces,  and  is  so  very  small 
that  the  squares  of  the  tangent  of  tb;it  inclination  may  be  neglected, 

whence,         v,  ~  Q  =  v  -  Q,  r,  =  r,  n,  =  v,  and  e  =  C. 
In  the  invariable  orbit, 

,_        »(l-'-l  ^„r-d..,.i„(.-^) 
l+ecos(u— to)  a(l  -  (f) 

But  these  equations  answer  also  for  the  variable  orbit,  since  tiie  two 

ellipses  coincide  during  the  first  element  of  time,  and  when  substitu- 

tion is  made  for  r,  dr,  and  r'dv  in  the  last  values  of  df"  and  df, 
they  become 

df"  =     "^^^fL   {2  cos  V  +  5«cx,3  ̂ +  ),e  cos  {iv  -  .=>)}  (f) ./i^r^  \dBj 

But  /"  =  e  cos  vi,f'rz  t  sin  ra 

and  by  means  of  these  equations  the  expressions  tde—f"df"-\-f'df' 

ande'do  z=f"df'~fdf''m  consequence  of  cos  (3d  -  So)   =: 
2  cos'  (u  —  t!j)  —  1,  become 

dc  =  -5^^{2cos(t.-o)+e+eco8'(p-f»)}/^^    (109) 
JTzr-i  \dBj 

L 



ChM^  v.]     PERTURBATIONS  OF  THS  PLANETS. 
227 

tfdfiVS!-*- 
a.ndi 

vr 
?£=8in(t?-w){2  +  ccoa(t?-©)}(^^^    (110) 

^  a'^ndt  VT^  cos  (o  —  o)}  /"^Y 

Hie  Tariaiion  of  the  eccentricity  however  may  be  obtained  under  a 

more  simple  form  from  the  equation  c  =  v^/*a(l— e*)   article  422,  c' 
and  c"  being  zero,  for 

^^  —  da  Vfl(l  —  e*)    —    e(fe  ̂ /^   . 2a 

VT^ 
but 

d/         \dyj        \dxj        \dv/ 
hence  by  comparing  the  two  values  of  dc,  and  observing  that 

da 

2a« 

=  dJl, 

e<fe=-.  a.ndl  sJTZ?  f^\  +  a(l  -  e»)  dH 
(111) 

484.  The  variation  in  the  longitude  of  the  epoch  may  be  found 

by  the  preceding  equations  (109)  and  (110).  For  it  was  shown 
in  article  392,  tliat  if  the  mean  anomaly  be  estimated  from 

any  other  point  than  the  perihelion,  nt  •{•  e  ̂   w  may  be  put  for  n/, 

tnr  rather  J^ndt  +  e  ̂   ta;  hence  the  equations  in  article  385  are 
J^ndt  +  6  —  C5T  =  w  -  e  sin  ti, 

r  =  a  (1  —  e  cos  w). 

tanj(t7— «)=     yliftanjM, 
^  l-e 

and 

^  -  a(l  -  «') 1  +  e  cos  (t?  —  cj) 

In  the  invariable  orbit, 

ndt  =  cfu  (1  —  e  cos  w), 

in  which  u  varies  with  the  time.     But  if  we  suppose  the  time  con* 

Btant,  and  u  to  vary  only  in  consequence  of  the  variation  of  e  and  tsr, 
then  in  the  troubled  orbit, 

c/«  —  dcj  =r  du  (1  —  e  cos  m)  —  de  sin  u. 

From  the  third  of  the  preceding  equations, 

^    dm    ^      du  /l+e  J.     2<fe  tan^tf 

co8«  J  (v  -  tsj)        cos'iu'    V   i":!^        (l-c)/r^ 
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and  substituting  for  cos*  ̂ (v  —  «)« its  value  from  tlie  same  equation, 
the  result  is 

,              ifcT  (1  '^  e  cos   ff)        de  tanu 
du  =  —   i — .           ^  —  -  ; 

,  .      Zar— —  ''"(I ~*  co8u)'__«fe  sin  u(2— e'  —  e  cos  «), ence    «-     _-         -^=  j— ̂   ; 

or  dc— dtj+dtjV^l-e'  =:    (2  cos  ii  —  e  —  e  cos*  u} 

—    sin  ti  (2  —  e*  —  e  cos  ii). 

Now  r  =  — fi— n — I   ss  o(l  —  e  cos  w), 
l+CC08(t7— ct), 

whence  cos  u  =  £±£2!il=:^,  sin  u  =  ̂ r=P  sin  (r-cr)  . 
l+eco8(t;-tsj)  1  +  e  cos  (©  —  tsj) 

And  substituting  these, 

^  (1  +  «  cos  (v  —  «t))* 

n   :  {2+c  cos  (t>— cr)}   ,     .     /  % 

{l+eco8(r~cT)}«  ^         ' 
If  the  values  of  edtsi  and  dfc,  given  by  equations  (109)  and  110), 

be  substituted,  the  result  will  be 

dc  =  dtj(l  -  Vl^')  -  2a.ndi.rf^^\ 

hence   Je  =  dcr  (1-  VT^)  -  2a»/'^Yncf^ 

which  is  tlie  variation  in  the  epoch. 

435.  The  variations  in  the  inclination  of  the  orbits,  and  in  the 

longitude  of  their  nodes,  are  obtained  from 

tan  (p  =    Vg''  +  g'^    tan  0  =  Zil', 

c'     .      ...       c" for  tan  0  cos  &SS  *-  — ;  tan  0  sin  9  =:  — ; c  c 
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whence        d.  tan  0  =:  —  {dc"  sin  0  —  dc'  cos  6  —  (fc  tan  0}, c 

dO  tan  0  =  i.  {dc^'  cos  9  +  e^(/  sin  0], c 

If  substitution  be  made  for  —    —     —  of  their  values  in  article 
di     di      dt 

482,  and  making 

there  will  result 

X  =:  r  cos  v,  y  =  r  sin  V, 

5  =:  tan  0  sin  (t>  —  d), 

d.tM.0=,-*!2!l^£2iiEzi){r('^Vin(-^)+ri5Vos(e-9)} c  \dr  J  \at>  / 

+ (i±j^  cos  (.-(»)  r^«^ c  \rf«  / (112) 

+  (L±£Hfsm(.-e)fl?Y c  \^*/ 

These  two  equations  determine  the  inclination  of  the  orbit,   and 
motion  of  the  nodes.    They  give 

sin  (t?  —  (?)  .  cf  tan  0  —  efd.cos  (»  —  (?)  tan  ̂   =  0, 
which  may  also  be  obtained  from 

«  =:  tan  0  sin  («  —  ̂ ). 
436.  If  the  orbit  of  m  has  so  small  an  inclination  on  the  fixed 

plane,  that  the  squares  of  <  and  tan  0  may  be  omitted,  then 

(f .  tan  0  =  —  cos  (t7  —  (>)  (  —  \ c  Vd*  / 

(id.tan0  =  f!i8m(r-e)/^^Y c  \d«  / 

if  to  abridge 

and  as 

.-  t 

p  s  tan  0  sin  ̂ ,    ̂   s  tan  0  cos  9, 

c=  Va(l  -  e»);  a=--_-; 

1  an 

VI  -  fl» 

;  these  become 
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dq  = 
VT-^ 

""(f) 

._        andi ... ,  m. 
\ 

But  «  =  +  ̂   -  pjf  f 
and  as  the  orbit  is  supposed  to  have  a  very  small  inclination  on  tLa 

fixed  plane,  r  cos  v,  r  sm  v,  and  rs,  may  be  put  for  Xf  y,  md  s,  dw  hit 

equation  becomes 

«  =  g  sin  0  —  p  COB  v,  whence 

l!?  -  JL 

and/ 

sm  V 
/dR\  ,  dR   1       {^\. 

\dqj'    ds  coBV    \dpj* 

consequently 
cf g  =  — 

dp  s 

VI 
andt 

it   /dR\ 

fe\ 

437.  But  when  the  inclination  of  the  orbit  is  very  small. 

whence 

2 

—  =  7  sm  (ti^  +  €)  —  jp  cos  (nt  +  e) a 

rfg  =  -^cos(n<  +  c)r^\ 
andt 8in(n/+€) 

(n)^ 

for Vl-e* dR  /dUN   ,  ,  .    . 

_-  (^_ J  ;8.n  («<  +  .) 
and  J  s  a  cos  (iit  +  §),  y  =:  a  sin  (w/  +  e). 

438.  Since  the  elliptical  and  troubled  orbits  coincide  during  the 
first  clement  of  the  time,  the  equations  of  motion  are  identical  for 
that  period,  therefore  the  variation  of  the  elements  must  be  zero; 
consequently, 

)  "*  m  --  (f )*+ 
o=('^^

  *■+(''
« i>Kf> (118) 
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BecaoBe  nt  is  always  accompanied  by  —  cr,  therefore 

dR  ̂     dR      .    dR 
do  ndt         dta 

so  that  the  differential  de  becomes 

e         \«®/  e 
If  ihis  value  of  de^  and  the  preceding  values  of  da^  de^  dp^  dq^  be 

substituted  in  equation  (113),  observing  that  --=L  may  be  put  for  ̂  
ndt  oe 

and  — ,  it  will  be  reduced  to 

whence  de  =  andiJr^  (1  _  ,JiZJ)  .  ̂^^2if(^\wlt 

By  article  424,  d{:  =:  —  S/oruf^dR ; 
the  integral  of  which  is  the  periodic  inequality  in  the  mean  motbn. 

439.  The  differential  equations  of  the  periodic  variations  of  the 
elements  of  the  orbit  of  m  are  therefore 

da  =  2c^dR ; 

df  =  -  3/Vnutt.dJR; 

dc  rs  -  aV^r=^  (l-^yrZ^^dR-  gw^^l  -  ̂ (^\    (114) 

j^s-   andt/r^  ^dR\ . 

dg  =  -     ̂ »^     (^  1. 

Because  e  always  accompanies  nf, 

*?  =  _^;  whence  mtt f^-«^  =  dB ; 

■o  that  da  may  also  be  expressed  by 

da  =  2a'«d<  (^*?^ . 

i 
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440.  By  article  347,  A  is  a  given  function  o(  xy  Zf  x^  y'  z',  &c^ 
the  co-ordinates  of  m,  m',  m'^  &c.  and  is  of  the  first  order  with  regard 
to  the  masses ;  and  if  the  squares  and  products  of  the  masses  be 

omitted,  the  elliptical  values  ofxy  Zy  x*  y'  z\  &c.  may  he  substituted, 
and  then  R  will  be  a  function  of  the  time,  and  of  the  elements  of  tbe 

orbits,  and  may  therefore  be  developed  in  a  series  of  smes  and 

cosines  containing  the  time.  But  the  first  part  of  this  series  is  inde- 
pendent of  the  time,  being  a  function  of  the  elements  of  the  oibits 

alone,  as  will  be  shown  immediately,  and  may  be  represented  by  F, 
441.  As  F  docs  not  contain  the  arc  n^,  its  differential  with  regard 

to  that  quantity,  is  zero,  consequently  when  F  is  put  for  A  in  the  pre- 
ceding  equations  they  become 

(ia  =  0  ;     rff  =  0 ; 

^^  --  .  andt^l  —  e« e 

d«==  f2^^^[EZr?^;  (115) 
,  andt 
dp  = 

dfg  =  — 

The  integrals  of  these  equations  are  the  secular  variations  of  the 
elements  of  the  orbit  of  m. 

442.  In  the  determination  of  the  periodic  variations  of  the  ele« 
ments,  all  terms  of  the  series  A,  that  do  not  contain  the  time,  must 
be  omitted ;  and  in  the  secular  variations,  all  terms  of  that  scries 

that  do  contain  the  time  must  be  rejected.  Thus  the  periodic  varia- 
tions in  the  elements  of  the  planetary  orbits  depend  on  the  configu- 

ration, or  relative  jwsition  of  the  bodies,  and  their  secular  variations 
do  not. 

443.  These  periodic  and  secular  variations,  in  the  elements  of 
elliptical  motion,  are  sufficient  for  the  determination  of  all  tlie  ine- 

qualities to  which  the  bodies  of  the  solar  system  are  liable  in  their 
revolutions  round  the  sun.     On  the  same  principle,  the  periodic  and 

fiauons  m  the  rotation  of  the  oarth  and  planets  may  be 
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found  from  the  variation  of  the  six  arbitrary  constant  quantities 

introduced  by  the  integration  of  the  equations  of  rotatory  motion. 

The  expressions  of  these  variations  are  identical  in  the  motions  of 

translation  and  rotation ;  and  as  the  perturbations  in  these  two  mo- 
tions arise  from  tlie  same  cause,  they  are  expressed  by  the  same 

formulae.  Tlie  analysis  by  which  La  Grange  lias  united  the  two  great 

problems  of  the  solar  system  is  the  most  refined  and  elegant  in  the 
science  of  astronomy. 

444.  Observation  shows  the  inclinations  of  the  orbits  of  the  planets 

on  the  plane  of  the  ecliptic  to  be  very  small ;  hence  if  £N,  fig.  83, 

be  the  fixed  plane  of  the  ecliptic  at 

a  given  epoch,  FN  the  orbit  of  m, 

P'N'  the  orbit  of  m', 

ENP  =  0       EN'F  =  0', 
the  inclination   of  these  orbits  on 

the  plane  of  the  ecliptic  ;  and 

<Y>SN  =  e,  cyDSN'  =  e', 

the  longitudes  of  their  ascending  T/ 

nodes  on  the  same  plane,  then  if  the  planet  m  were  moving  on  the 
orbit  FN,  the  tangent  of  its  latitude  would  be 

z  =  EF  =  tan  0  sin  (n<  +  e  —  0). 

And  if  it  were  moving  on  the  orbit  F'N^,  the  tangent  of  its  latitude 
would  be 

2'  =  EF'  =  tan  0'  sin  (««  +  e  —  6^). 

Hence  if  7  be  the  tangent  of  the  inclination  of  the  orbit  F'N'  on  the 
orbit  FN,  and  n  the  longitude  of  the  line  of  common  intersection  of 

these  two  planes,  or  of  the  ascending  node  of  the  orbit  of  m'  on  that 
of  m,  then 

tan  <//  sin  (n/  +  e  —  e')  —  tan  0  sin  (w/  +  6  —  0)  = 

y  sin  (fit  +  6  —  II)  =  z'  —  2  =  FF'  nearly. 
If  then  as  before 

p  =:  tan  0  sin  ̂      9  =  tan  0  cos  $ 

p'  =  tan  0'  sin  9^    9'  =  tan  0'  cos  6' ; 
there  will  be  found 

ly  sin  n  s=  p'  —  p  7  cos  n  =  9'  —  g 
7«  =  0>'  -  py  +  (g'  -  qy. 

Now  if  EN  be  the  primitive  orbit  of  m  at  the  epoch,  and  FN  its 

orbit  at  any  other  period,  z  s=  0,  0  =  0,  and  y  ss  tan  0' ;  and  it  is 

(116) 

(117) 



••   •    c<  . 

[■ifta 

erjfiffsis  iiat,  z  ̂   aunc  uf  &t  annaij  mrfiniliw  of  dioe  too 

^.-au^si  vll  M  IT  ̂   iiTQ«f  if  -it  dineUiir  fiBoes :  aad  tlierefon 
1*9-7  *s°^>^  ̂ ^*-''^  ̂ T  All*  inHnwi  ttif:  fciic  my  Mcqatxt  nitseqaaidj 
V.  iii»  «9^.r.-i  ji  vw'Jiiz  11  111s  diicicvixir  fsmosL. 

t;  ..^  ..^.....,^2'  it'JSjUL  uf  UZL7  OK  xiciCT  bf  imJiiManil  it  a  tine 
«« 

£s 
Vf  r  -i/  -r(r  -».*"f  rs  -1/ **. 

TSm;  cirbsU  of  tbe  pCazicu  sre  neailj  cacBis;  and  tbdr  gieoiert  indi- 

batioD  OD  tlK  plaa^  c^  Ha  o'.lipac  don  not  exceed  7^,  B  derdoped 

arxordinsr  V>  ilie  f^yven  u>i  p?<>i'^t5  of  tbese  ̂ Dnrtitics  mask  aeoet- 
Mriir  ̂ A  T«nr  coDrer^nt ;  bci  as  B  k  mdepcBdent  of  the  pooliai 

of  Uk  co-ordinate  pUoes,  the  pUne  of  proyectioo  Xpit*  fig.  64,  nuf 

g^  t^  be  to  chosen  as  to  make  die 
hylhiatwn  still  less,  conifr- 

qoentlj  r  and  s'wiU  be  veiy 
SDialL 

Letr.sqpS^,  o'^sqpSp', 
£•  be  tiie  piojected  longitodes 
!    of  m  and  a^  00  the  fixed 

I    plane,  andlflt 

be  their  curtate  distances; 
then 

«  =  f/.    cosr^;    y  =  T/  sinr^; 

J?'  =  r',.  COB  t)'/ ;    y'  =  r'^  sin  t/; ;  hence 
♦»'  _  m'(r,r', .  cos  (pQ  » t>^) +22^ Jl=  — 

or  2  and  2'  Ix'iiig  extremely  small, 

2rV 

2{r'/-2r'r',co8(t7'-^,)  +r/}  J 

.+ftc 
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Became  the  eccentriddes  and  inclinations  of  the  orhits  of  the  planets 

aad  satellites  are  very  smaU,  it  appears  from  the  values  of  the  radius 
Teetor  and  true  longitude  in  the  elliptical  orbit  developed  in  article 
898,  and  those  following,  that 

r,  =  a(l+u);    r'y  =  o' (1  +  wO ; 
o^=n/  +  «+o;     t/y  =n'<  +  e'  +  v'; 

m  11^,  «,  t/,  being  very  small  quantities  depending  on  the  eccentrici- 

tiet  and  inclinations,  and  a,  a'  the  mean  distances  of  m  and  m'^  or 
half  the  greater  axes  of  their  orbits. 

If  these  quantities  be  substituted  in  B,  and  if  to  abridge 
n'^  -  n<  +  c'  —  €  =  /3, 

obeerving  also  that, 

cos  03  +©'-©)=  cos i8.  cos (i/  —  «)  —  sin^S.  sin(i>'- v)  = 
cos^S  —  (v'  —  o)8in/8, 

because  o'  —  v  is  so  small  that  it  may  be  taken  for  its  sine  and  unity 
tot  its  cosme,  thus 

B^    ̂ /    a        1  +  «        a  1  -«/      «        1  +  tt 

a" 

^,      ̂ , .  cosi8+  m' .  —-  .  ̂ ,  ̂      .  (t/— r)  .  sin  jS 

m' 

{if  (I  +  uy  -  2aa'(l  +  u)  (1  +  mO  .  cos^S  +  a'"  (1  +  w')']* 
—     +    •  cosB 

of*  2a'* 

^   mXz  —  z')'  -  9m' .  gz^(t/  -t?)  .  sin  jS      ,    -. 

2{a«(l+«)«-2aa'(l+«)  (l+ttO  .cosiS  +  a^Cl+uO'}* 
446.  The  expansion  of  this  function  into  a  series  ascending,  ac* 

cording  to  the  powers  and  products  of  the  very  small  quantities 

fi,  ufy  V,  v'f  z,  and  z'  is  easily  accomplished  by  the  theorem  for  the 
development  of  a  function  of  any  number  of  variables,  for  if  A'  be 
the  value  of  R  when  these  small  quantities  are  zero,  that  is,  sup- 

posing the  orbits  to  be  circular  and  all  in  one  plane,  then 

R^B'  +  au.^  +  afuf  .J^+W-v).  ̂ ' da  da*  ndt 

2         da*  2        da'* 

because  a  is  the  only  quantity  that  varies  with  u,  a^  with  u',  and  i 
with  (t/  -  r). 

But       B'  s=  11^  {(d«  -  2aa'  cos  fi  +  a'0"i-.iL  cos  fi] ; 

a'" 
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and  if  {a"  —  2aa'  cos  fi  +  a')~*  be  developed  according  to  the 
cosines  of  the  multiples  of  the  arc  $,  it  will  liave  the  form 

(o™  -  2aa'  COB  fi  +  O*)"*  =  4^.  +  /*,  cos  ̂   +  ̂i  cos  2^ 
•t-  j4,  .  cos  3^  -I-  Sec. 

in  which  A„  An  Sic.,  are  functions  of  a  and  a'  alone;  in  fact  if 

to  abridge  —  =  Mi  the  binomial  theorem  gives 

the  other  coefficients  are  similar  functions  of  the  powers  of «;  bnt 
a  general  method  of  finding  these  coefficients  in  more  convergent 

series  will  be  given  afterwords.    Thus, 

fi'  =  m'{JJ„+  (J,-  .iV  cos^  +  ̂ ,  .  cos2^  +  &c.} 

■nd  if  i  repie««)t  every  whole  number  either  poutive  or  negatir*  I 

including  zero,  the  general  term  of  this  series  is 

A'  =  ̂  .  Z  .  4  .  cos  (^, 

provided  that  when      i  =  1,  J,  —  —  be  put  for  A,. 

Again,  if            (a"  -  2aa' 
cosys  +  a 

)-» 

=s 
iSg  +  fi, .  cos  f!  -f  Bt 

.  COB  2fl  +  B, .  cosa^  +  &c- 
iU  general  tcnn  is 

%.^. 

B, .  cos  ijS 

mdu 

dR'   _  m'   2   (  ̂̂ '\    COB 
*.          i'     \da  )' 

"■■^= 

2"
 

Z.(^)co... 
^=--...^,.^« 

■■^= 
8 

-(^)-'' 
&C. 

&c. 

1 
i.  =  =:.i.^,. 

co.i(«'l 
-«<  +  «'-•) 
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+  — .  u  .2.  al   L  1 
2  \  da  J 

.  cos  i  {n't  —  ni  +  c'  —  c), 

cos  i(i»'<  -  n^  +  e'  —  •), 

m' 
+  ̂  .  M« .  2  .  a'/'.^^  .  cos  t  (n7  -  ii<  +  •'  -  «), 

m' 

2 

\da.da') 

.  cos  t  (n'^  —  n^  +  «'  *  c) 

+  2! ,  u" .  2 .  a^  T-^^^ .  cos  t  (n'  <  -  ii<  +  «'  -  t) , 

-  ̂' .  tt  .  («'-©)  •  2  .  m  f ̂^ .  sin  t  (n'<-n<+«'-0 2  \  da  J 

^Vi..u\  (t/-r) .  2  .  uiYiil^^  .  sin  t  (n^-n^+e'-.), 

m 
—  —  .  (r'  —  t>)*  .  2  .  t*  J< .  cos  i  {vli  —  n/  +  e'  —  e), 4 

m'.zz     ,    3m'. a. 2**     ̂ ^^  /  u       j  •  ̂         \ +  — ^ — - —  .  cos  {rt'i  -  w^  +  e'  —  «), 

2.  a'* -  ̂'^''•"^^'  .  2 .  ft  .  cos  t  (n7  -  n<  +  €'  -  e) 4 

+  ̂̂ '*^'^''  .(»'-©).  2  .  ft  .  cos  i  (jn't  -  n<  +  «f'  -  «), 4 

+  &c.  &c. 

a  series  that  may  be  extended  indefinitely. 

447.  If  v^  be  the  projection  of  v,  by  articles  398  and  401,  o^  and 
the  curtate  distance  arc 

r,  =  r(l  -  J,«  +  ̂ ^  -  &c.), 

r/  =  r  —  tau'i  0  {  sin  2t7  +  i  tan"  0  •  sin  4t7  +  }  &c. 
or,  if  the  values  of  r  and  v,  in  article  392,  be  substituted, 

T;  =  a  (1  +  i  c*  —  e  cos  (lU  +  6  —  o)  +  &c.)  .  (I  -  i  i«  +  &c.), 
v^=^nt  +  e  +  2e  sin  (n<  +  e  —  o)  +  &c 

-  tan'j^0  {sin  29  +  i  ta&*  0  sin 4o  +  &c.}. 
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Where  a  is  half  the  greater  axis  of  the  orbit  of  m,  e  the  eccen- 

tricity', t7  the  longitude  of  the  perihelion,  B  the  longitude   of  the 
ascending  node,  0  the  inclination  of  the  orbit  of  m  on  the  fixed 

ecliptic  at  the  epochi,  and  nl  +  « the  mean  longitude  of  m. 
But  Ty  =  a  (1  +  tt),        r,  =  n*  +  e  +  © ; 

hence u  =  —  c  cos  (n<  +  •  —  «?)  +  4^(1  ""  cos  2 («<  +  «  —  w)) 
-  J  tan'  0  •  sin'  {nt  +  c), 

0  =  2  e  •  sin  (n^  +  c  —  <9)  +  J  e* .  sin  2  («<  +  c  ̂   «) 
—  tan*  4  0  •  8^1^  ̂   (M  +  e) 

when  the  approximation  only  extends  to  the  squares  and  poducts 
of  the  eccentricities  and  inclinations. 

In  the  same  manner, 

u'  =  —  e' .  cos  (n7+  e'  -  o^  +  J  c«  .(l-cos  2  (n't  +  e'— ©0) 
-  4  tan"  0'  .  sin*  {n't  +  e^, 

t>'  s=  2e'  .  sin  (n'<  +  «'-©')  +  f  c"  •  sin  2  («'<  +  «'-.©') 
—  tan*  4  0' .  sin  2  (n7  +  €% 

448.  The  substitution  of  these  quantities  will  give  the  value  oiR 

in  series,  if  the  products  of  the  sines  and  cosines  be  replaced  by  the 

cosines  of  the  sums  and  differences  of  the  arcs,  observing  that  co- 
sines of  the  forms 

cos  {i  {n't  —  w^  +  e'  —  e)  +  n'<  —  Hi  +  c'  —  e  —  fj  +  o'}, 

cos  {i  {v!t  —  n<  +  c'  —  0  +  n'^  +  n<  +  «'  +  «  —  2f») 
become 

cos  {i  {n't  —  n^  +  e'  —  c)— o  +  tsx'}, 

cos  {i  (n'<  —  71/  +  e'  —  e)  +  27i<  +  2€  —  2©) 
by  the  substitution  of  i  —  1  for  i,  and  cosines  of  the  form 

cos  {t  {n't  —  n<  +  c'  —  c)  -  n7  +  n<  —  e'  +  6  +  w'  —  o} 
become 

cos  {i  {n't  —  fi<  +  «'  —  c)  +  ©'  —  ©}, 
by  the  substitution  of  t  -f-  1  for  t. 

449.  Attending  to  these  circumstances,  it  will  be  found  that 

R^'HL 2  ̂j  .  COS  t  {n't  —  7l<  4-  e'  —  e). 

(118) 

Jkfo  •  «  •  cos  {t  {vlt  —  n<  +  «'  —  f)  +  «^  +  •  —  w}, 

,    m' itfi  •  c' .  COS  {f  {n't  <-  n/  +  s'  —  0  +  ̂^  +  ̂  ̂   ̂ }t 
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+  ̂  .  2V;  .  c«  .  cot  {i(nfi  -  n/  +  fl'  -  c)  +  2n/  +  2«  -  to}, 

+  —.Ni.eef.eo§{i(nft  -  n<  +  t'- «) +9fi<+2« -«t-«j'}, 

+  ̂  .  JY, .  ̂•.  COS  {t(n'<  -  ne  +  c'  -  6)  +  2n<  +  26  -  2i!t'}, 

+  ̂  .  N,  .  (c«  +  c«)  .  cost (n'<  -  w^  +  c'  -  €), 

+  ̂ ' .  JN;  .  ee'  .  COS  {t(n'<  -.n<  +  6'-6)+o-.  «j'}, 

4-  ̂  .  JY^  .  ec'  .  COS  {t(n'<  -.n<  +  e'-6)-.«j  +  o'}, 

^-       +    .  cos  {ni  —  n<  +  e'  —  «), 

—  *^' ^^  ""  ̂'^'  .  2B,  .  cos  t  (n'«  —  n/  +  e'  -  6), 4 

+  2^  .  Oo  .  «"  .  cos  {<(n'<  -  n<  +  e'  -  e)  +  3n<+  36  -  3©'}, 

+  ̂  .  Qj  .  e'*  .  e.  co»{t(n'<-7i/+6'— 0  +  3n^  +  3€-2t!i'-«j}, 4 

+  ?!!  .  Q,  .  c'  ,  c«.  cos{t(n'<-.n^+6'-e)+3n<+36-o'-2t!y}, 4 

+  ̂  ,  Q, .  c»  .  cos  {t(n'<  —  n<  +6^  -  6)  +  3n<  +  36  -  Sw}, 4 

+  ̂  .  z'*  .  i/  .  2 .  -B,  .  co8{<(n'<  -  n<  +6'— c)  +  n'<  +  6'-.©'}, 4 

+  ̂,  /i  .  e  .  2.  jB,.  oos{t(n'<  — fU+6'*6)  +  n<+  €-«}, 4 

+      &c.  &C. 

The  coefficients  bemg 

2Vi  =  1  {i(4J  -  5)  il,  +  2  (2.-  -  1)  a  {j^  + 
../  «''^«M  . Kii^)V 

)} 
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W,  =  1  {  (i  -  2)  (4i  -  8)  A.,  -  8  (2i  -  S)  a<  (^^^) 

^.=  -lH«,-a.(^)-<^)}. 

W.  =  4  {4(>  +  1)M„„  +  2  (i  +  1)  '■(^^) 

+  20  +  ,,^(l^)+».(^)} 
&c. 

&c. 
450.  But  2  =  v  =  r,  tan  0  Bin  (o,  -  S),  by  article  435,  or  sub- 

BtitutiDg  tlie  values  gf  r,  and  K,  in  article  447,  and  rejectbg  the  pro- 
duct e  tan  0,  it  becomes 

z  ̂   a  .  tan  0  sin  (nl  +  *  —  6} ; 

also  »'  =  o"  .  tan  0'  sin  (nY  +  s*  —  6*), 

0  and  0'  being  the  inclinations  of  the  orbits  aim  and  m'  on  the  ecliptic. 
These  values  of  z  and  z'  are  referred  to  the  ecliptic  at  the  epoch ; 
but  if  the  orbit  of  m  at  the  epoch  be  assumed  to  be  tlie  fixed  plane, 

0  =  0,  tan  0'  =  Y>  the  mutual  inclination  of  the  orbits  of  m  and  m', 

then  n  being  the  longitude  of  the  asccndbg  node  of  tlie  orbit  of  US' 
on  that  of  m, 

2  =  0,  I'  =  a't  flin  {n't  +  «'  -  n), 

consequently  the  terms  of  A  depending  on  t'  with  regard  to  f\  ef\ 
and  e'y*,  become 
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m' 

+  _ .  iV; .  7« .  COB  {Hrt!t  -  71^  +  €'  -  «)  +  2?U  +  2«  -  2n}, 

m' 

+  — .  JYy  .  7* .  COB  t  (n'<  —  n<  +  f'  —  €), 

m' 

+  —  .  Q4 .  7V .  coB{t(n'<  —  iU+€'-«)+3n/  +  St  -  f»'-2n}, 4 

+  ̂  .  Q, .  7"c .  €08  {»(n'<  —  n/+«'-«)+3ii/+3f  —  fJ  —  2n}. 4 

451.  It  appears  from  this  Beries  that  the  sum  of  the  terms  mde« 
pendent  of  the  eccentricities  and  inclinationr  of  the  orbits,  is 

2^  2 .  J,  cos  f  (n'<  -  n<  +  «'  -  •), 

which  is  the  same  as  if  the  orbits  were  circular  and  in  one  plane. 

The  smn  of  the  terms  depending  on  the  first  powers  of  the  eccen- 
tricities has  the  form 

^2.  Mco8{t(n'<-ii<  +  «'  — €)  +n/  +  f+lC}. 

Those  depending  on  the  squares  and  products  of  the  eccentricities 
and  inclinations  may  be  expressed  by 

2I 2 JY.  cos  {iin't  -  n<  +  t'  -  t)  +  2ii<  +  2«  +  I^} 

+  ̂  2  2V'  .  cos  {•  (n'e  -  n/  +  e'  —  «)  +  ̂ '}- 

Those  depending  on  the  third  powers  and  products  of  these  elements 
are 

2^2Q  .  cos{t(n'<-n/  +  6'-€)  +  3n<  +  36+ t^} 4 

+  ̂2.Q'.co«{i(n'<-n<  +  .'-e)  +  irf+«  +  l^'}, 4 

&c  &C. 

It  may  be  observed  that  the  coefficient  of  the  sine  or  cosine  of 

the  angle  fa  has  always  the  eccentricity  e  for  factor ;  the  coefficient 
of  the  sine  or  cosine  of  2t7  has  c^  for  factor  ;  the  sine  or  cosine  of 

3cj  has  e*,  and  so  on :  also  the  coefficient  of  the  sine  or  cosine  of  9 

has  tan .  0  for  factor ;  the  sine  or  cosine  of  20  has  tan*.0  for  factor, 
&c.  &c 

•  R 
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Determination  of  the  CoefficienU  of  the  SerUi  12. 

452.  In  order  to  complete  the  developement  of  A,  the  coefficients 
At  and  B(,  and  their  differences,  must  he  determined.    Let 

(a'*  —  2aa'  cos  /9  +  a*)"*=  A"*  =  J^o  +  -4|C08i8 
+  i^t  •  cos  2/3  +  &C. 

The  differential  of  which  is 

A''^^  2saa'  siafizsAi  sin  /3  +  2^^,  sm  2/3  +  dJ,  sin  3/3  +  &c. 
multiplying  hoth  sides  of  this  equation  hy  A,  and  substitiiting  for 

A"*,  it  becomes 

28aa' sin /3 {^A^  +  Ai  cob fi  + A^con2P  +  &c.} 
=  (a"  —  2aa'  cos  fi  +  (f)  {Ai  sm/S  +  2i<a  Bin2i8  +  &C.} 

If  it  be  observed  that 

cos  ̂   sin  ̂   s  i  cos  2/8,  fto. 

when  the  multiplication  is  accomplished,  and  the  sines  and  cosines  of 
ihe  multiple  arcs  put  for  the  products  of  the  sines  and  cosines,  the 

comparison  of  the  coefficients  of  like  cosines  gives 

J    ̂   (^  +  of*)  Ai  "  8aa'Ao aa'  (2  -  f) 

J    _  2(a«+a^M.-(l+>)aa^2^,. •  aa'  (3—0 

and  generally 

i4,=  (*-^)  (fl^+0^(^i)-(i+f-2)ga^i4(^  .  ^jj^j (i  -^  i)  aaf 

in  which  t  may  be  any  whole  number  positive  or  negative,  with 
the  exception  of  0  and  1.  Hence  A^  will  be  known,  if  i<o,  Ai  can 
be  found. 

Let         A"^»  =  4^0  +  ̂ icos  fi+  B^C(M2fi+ko. 
multiplying  this  by 

(a*  —  2aa'  cos  fi  +  a*^, 

and  substituting  the  value  of  A"^  in  series 
iAo  +  Ai  cos  fi  +  At  cos  2/3  +  &c. 

s=  (a*  -  2aa'  cos  /8  +  a'*)  (^B^  +  B,  co8/3  +  H,  cos  2^8  +  &c.) 
the  comparison  of  the  coefficients  of  like  cosines  gives 

At  =  (a"  +  a")  .  Bf  aa'  .  B^^,^  —  otf'  B(,+„. 
Sut  as  relations  must  exist  among  the  coefficients  £(i.D,  B^  B^L+ty 
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similar  to  those  existing  among  -4(^,),  Ai,  ̂(*+,),  the  equation  (119) 
gives,  when  «  +  1  and  t  +  1  are  put  for  $  and  i, 

Bc^.,  =  «(a'  +  a'Og.-(i+«).aa'Bc^.>  (,20) 

(t  —  9)aa' If  this  quantity  be  put  in  the  preceding  value  of  Ai^  it  becomes 

»  -  » 

or  if  t  +  1  be  put  for  i , 

(122) 
i  -  8  +  I 

whence  may  be  obtained,  by  the  substitution  of  the  preceding  value 

^*^'\  (t-0(*-«  +  l)  •««' 
If  B(^D  be  eliminated  between  this  equation  and  (121),  there  will 

result, 

—  (»  +  »)  i<^  +  a^Ai'  —  (t  -  f  +  1)  .  a(^.i<(*4.,) 
B,  =  J   !   , 

(at  -  a«)« or  substituting  for  A^i^i^  its  value  given  by  equation  (119), 

—  («-  1)  («•  +  a")  .^«  +  — (t  +  »-  1)  .  aa'^cw) 
B,=  J   ?   

(a"  -  a«)« 
If  to  abridge  ̂   =  ci,  the  two  last  equations,  as  well  as  equa- 

a' 

tion  (119),  when  both  the  nuiperators  and  the  denominators  of  their 

several  members  are  divided  by  a\  take  the  form 

^  -.  0'  -  1)  (1  -f  o^)^(^i)  -  (i  +  i>  -  2)  .  g  .  ̂(^D ^       JJ23) (i  -  0  « 
1 2  ,. 
-^(t  +  *)(l  +  aOi4,-— ({-,+  1)«'.  J(^,) 

B.^-^   7.   Ar-^   ;  (124) 

(1  -  a')' a" 
J_  (*  -  0  (1  +  »0  .^<  +  —  (* +  •  -  1)  .  c*' .  ̂(*-i) 

A= •  (125) 

(1  -  «»)«a'» which  is  very  convenient  for  computation. 
All  the  coefficients  A^^  ̂ s,  &c,  Bo,  B|,  &c.,  will  be  obtained  from 

equations  (123)  and  (125),  when  Aq^  Ax  are  known;  it  only  re« 
mains,  therefore,  to  determine  these  two  quantities. 

B2 
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[Book  II. 454.  Because 

COS  fi  =: 
(f*J^  j^  cr**^ 

c  being  the  number  whose  hyperbolic  logarithm  is  unity ;  therefore 

a'*  -  2aa'  cos/8  +  a«  =  {a'  -  acH~}  .  {a'  —  cuT'*^^} 
consequently, 

A-^  =  {a'  -  ac^^}^.  {a'  -flc"'"^^}-. 
but 

(a'  -  ad^^^y*  =  —{1+  9  ouf^^+  f<5 jLl)  cW***^  +  &c}, a"  2 

.-WZTw-    1 

s  ac' 

V^.*(«  +  l) 2 

*  +  &c}  ; 

of*
 

m 

the  product  of  which  is 

a'*'^  ^1.2/  \     I  .  2  .  3      J  ' 

a''-'  ̂       '^    1  .  2         ̂ 1.2  1.2.3  ^ 
(c^^PT  4.  c-'*'^^)  +  &c. 

whence  it  appears  that  c*^^'^,  and  c"*'^'^^  have  always  the  same 

cocAicicnts;  and  as  c^^^^  +  c"^"^  =  2  cos  f/8,  it  is  easy  to  see  that 
tliis  scries  is  the  same  with 

A-*  =  (a'«  -  2aa'  cos^S  +  a«)-  =  J^o  +  -^1  cos  /S  +  &c. 
consequently, 

a'*'^  Vl-2/  V       1.2.3       J  ' 

a'*'  ̂   1.2  1.2  1.2.3  ' 

These  series  do  not  converge  when  «  r=  J;  but  they  converge 

rapidly  when  «  =  —  i  ;  then,  however,  Aq  and  y^i  become  the  first 
and  second  coefficients  of  the  development  of 

(a"  —  2aa'  cos  fi  +  a«)^. 

Let  S  and  S'  be  the  values  of  these  two  coefficients  in  this  case, 
then 
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S'=-a'{«-  ̂ —0^-  1'1'1'3^,_  1.3.5.1.1.3.5.7  ^_^^  i 
2.4  4.2.4.6         4.6.8.2.4.6.8.10 

and  as  the  values  of  A^^  At  may  be  obtained  in  functions  of  S  and 

S'y  the  two  last  series  form  the  basis  of  the  whole  computation. 

Because  A^^  Ai  become  S  and  S'  when  «=:-},  and  that  "B^ 
becomes  Ai\  if  «  =  —  j^,  and  i  =  0,  equation  (124)  gives 

vl   -2      (l+a')S  +  3(»S^ 

(l-«»)«.a'« 
and  if «  :=:  -  ̂ ,  and  t  =  I,  equation  (125)  gives 

^   _  4g  S  +  3  (1  4-  gQ  S* 
'  (1  -  «»)«  .  a^ 

If  «  =  ̂ ,  and  i  =  0,  equation  (125)  gives 

jj  -(1  +  «^)A-  2gi<i. 
•  a«  (1  -  «>)t        '     . 

and  substituting  the  preceding  values  of  A^  and  Aiy  it  becomes 

a'*  (1  -  *»)• 

In  the  same  manner  it  will  be  found  that 

«'*(!-«•)• 

454.     It  now  remains  to  determine  the  differences  of^^andP^ 

with  regard  to  a.    Resume 

A"*  =1  if  Ao  +  Ai  cos  fi  +  Am  cos  2/8  +  &c. 
and  take  its  differential  with  regard  to  a,  observmg  that 

dA 
da 

=  2(a  -  a')  cos  fi  ; 

then 

—  2s. (a  —  a')  cos  fi  .A"*"*  =  J  . 
dAo     .     ci^, 

da 

da. 

cos  /S 

But 

gives 

+  Jdl  .  cos  2^8  +  &c. 
da 

A  =r  «'•  —  2aa'  .  cos  /S  +  a* 

,        ̂        A  +  a*  —  a'" a  —  a'  cos  i8  =  — :   ; 

9a 
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therefore      A-  +  (a«  -  a'^)  A— »  r=  -  J  .  -1     ̂"^^ 8       da 

^    ±.    ̂ C0fl^-.^.i^C0B3iS-&C. 8       da  8       da 

or,  substituting  the  values  of  A"*  and  A"^"'  m  series 

iAo+  A,  cos  fi  +  Ai  cos  2fi  +  &c.  +  (a*  -  a'*)  x 

{ J  J5o  +  Bi  cos  /8  +  Bg  cos  2/3  +  &c.}  = 

-1.^.^  -  ̂ .:^co8/8-±.i^cos2i8-  &c. 
«        da  t        (ia  t       da 

and  the  comparison  of  like  cosmes  gives  the  general  expression, 

dA^  =  <"'*-''•)  .  B,  -  JL  J,;  (126) cfa  a  a 

or,  substituting  for  B(  its  value  in  (124),  it  becomes 
dA, 

U    _   //g^  -f  (I  +  28)  .  a«\  ̂    _  /^?(LlLL±i>f!^  ̂  

(i+-l)' 

da 

If  the  differentials  of  this  equation  be  taken  with  regard  to  0,  and  if, 

in  the  resulting  equations,  substitution  be  made  for   -y      ^itiL 
da  da 

.  ■* 

from  the   preceding  formula,  the  successive  differences  of  A^  in 

functions  of -4(i+i),  -^(i+8)»  will  be  obtained. 

Coefficients  of  the  series  R, 

455.  If  ̂   be  put  for  s  in  the  preceding  equation,  and  in  equation 
dA 

(123),  and  if  it  be  observed  that  in  the  series  H,  article  446,         * da 

d^A 
is  always  multiplied  by  a,   1  by  a\  and  so  on ;  then  where  i  is 

successively  made  equal  to  0,  1,  2,  3,  &c.  the  coefficients  and  their 
differences  are, 

^    _  2(l-fa')S4-6e.S^ '  a'*(l-a*)« 

J    _    4gSH-3(l+a«)S^ '  a'\\-a*y 
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^  =  i..  {2(1  +  c?)A,  -  aA,} 

A.  =   1.  {4(1  +  «»")i4,  -  ̂ Ay) 

A,  =  i-.  {6(1  +  «»)  ̂ ,  -  5*4,} 7a 

^,  =i,.{8(l  +  »•)  J,  -  7*4.}, 

247 

&c. 
&c. 

a  (^^  =  _L-  {(1  +  2«*)  if.  -  3.^,} 

a  (^\  =  _i_  {(2  +  8«0  A,  -  bccA,} 

a  (i^\  =  -L-  {(8  +  4««)  A,  -  7«^,}, 
&c. &c. 

<^0  =  (li?  ̂̂ ' - '^'^^' -  ̂̂   - '^^ 

-  7«(7  +Uo^)A,  +  7.9.u'A,} 

-  9«(9  +  lScr)A,  +  9.1l.««^}, 

45Q.  By  the  aid  of  equation  (120),  it  is  easy  to  see  that 
2S 

A  = (a'*  -  a«)« 



248 PERTURBATIONS  OF  THE  PLAKEia 
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H,  =- 

3S' 
B,  =  —  {2(1  +  «»)  Bi  -  3«  Bp} 

B,  =z  ±  {4(1  +  «•)  B,  -  ba  B,} Set 

B,  =  JL{6(I  +  «•)«;-  7«B,} 50t 

&c. dBo &c. 

V  da  /  1  -«• 

^  V  da  y  1  -  «« 

457.  Tlic  coefficient  Ai  and  its  differences  have  a  very  simple 

form,  when  expressed  in  functions  of  Biy  for  equations  (121)  and 

(126)  give 

Ao  =  (a'*  +  a*)  Bo  -  2a^i'Bi 
A,  =  2aa'  Bo  -  (a"  +  aF)B, 

.    _  2rtflr'  B»  -  (a'«  +  a«)  B, 
A   ^   

.   _   2aa'B,  -  (a'*  +  (^)Bs ^8   , 
5 

&c. &c. 

a  f.^\  =  a'a  B^  -  a*Bo 

a  (-^)  =  «'*Bi  -  an'Bo 

a  (^\  =   i  {(ga"  -  aO  B.  -  aa'  BJ 

a  (-7^)  =   ̂   {(3^''  ̂   2a»)  B»  -  aa'  B,} 

a  ̂ ^^  =   ̂   {  (4a'»  -  3g')  B,  --  rza'  B,}, &c. 
&c. 
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&c.  &c. 

458.  The  differences  of  Ai  and  Bi  with  regard  to  a^  are  obtained 
from  their  differences  with  regard  to  a,  for  Ai  being  a  homogeneoot 
fonctionof  a  and  a^  of  the  dimension  «-  !» 

as  readily  appears  from 

uieieforey 

\da.da')  \da  J         \de^  J 

&C.  ate 

Likewise  B|  being  a  homogeneous  function  of  the  dimension  —  8, 

459.  By  means  of  these,  all  the  differences  of  J<,  jB^,  with  regard 
to  a\  may  be  eliminated  from  the  series  i2,  so  that  the  coefficients 
of  article  449  become 

ir.  s  a  (^^)  +  8(1-1)  i«<^o 

a;  =  i  {i(4J  -  5)  i*.  +  2(2i  -  1)«(-^)  +  «•  (^)} 

da 
d<^ 

N,  s  i{(4<»-7i+«)i<t^+2(2<-l)«/ll^  Vtfi(*^M 
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^.=  -l(4<-4-^(^)-*(^)} 

When  i  =  1,  2V«  =:  ̂oa' B,  —  i  ̂,  ̂^^-^  °^^^  ̂   '^^  ̂   -^r 

460.  The  series  represented  by  S  and  S^  which  are  the  bases  of 
the  computation,  are  numbers  given  by  observation :  for  if  the  mean 
distance  of  the  earth  from  the  sun  be  assumed  as  the  oniti  the  mean 

distances  of  the  other  planets  determined  by  observation,  may  be 

expressed  in  functions  of  that  unit,  so  that  a  =  — ,  the  ratio  of  the 

of 

mean  distance  of  m  to  that  of  m'  is  a  given  number,  and  as  the 
functions  are  symmetrical  with  regard  to  a  and  a^  the  denominator  of 

±  may  always  be  so  chosen  a.  to  make  « less  than  unity,  therefore 

if  eleven  or  twelve  of  the  first  terms  be  taken  and  the  rest  omitted, 

the  values  of  S  and  S'  will  be  sufficiently  exact ;  or,  if  their  sum  be 
found,  considering  them  as  geometrical  series  whose  ratio  is  1  —  0^, 

the  values  of  S  and  S^  will  be  exact  to  the  sixth  decimal,  which  is 

sufficient  for  all  the  planets  and  satellites.  Thus  A^  B^  their  dif- 
ferences, and  consequently  the  coefficients  ikfo,  Mi,  Nq^  &c.  of  the 

series  R  are  known  numbers  depending  on  the  mean  distances  of  the 

planets  from  the  sun. 

461.  All  the  preceding  quantities  will  answer  for  the  perturbations 

of  m'  when  troubled  by  m,  with  the  exception  of  A^  which  becomes 

a' 

Ai
  
— 
 
— ;  an

d 
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Jupiter's  satellites,  the  equatorial  diameter  of  Jupiter,  viewed  at  his 
mean  distance  from  the  sun,  is  assumed  as  the  unit  of  distance,  in 
functions  of  which  the  mean  distances  of  the  four  satellites  firom 

the  centre  of  Jupiter  are  expressed. 
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CHAPTER  VI. 

8KCULAR  INEQUALITIES  IN  THE  ELEBiENTS  OF  THE  ORBITS. 

Stability  of  the  Solar  System,  with  regard  to  the  Mean  Motiona  of 
the  Planets  and  the  greater  axes  of  their  Orbits. 

462.  When  the  squares  of  the  disturbing  masses  are  omitted,  how- 
ever far  the  approximation  may  be  carried  with  regard  to  the  eccen- 

tricities and  inclinations,  the  general  form  of  the  series  represented 

by  B,  in  article  449,  is 

m'Ar .  cos  {»'n'<  —  int  +  c]  =  11, 
k  and  c  are  (juantities  consisting  entirely  of  the  elements  of  the  orbits, 

k  being  a  function  of  the  mean  distances,  eccentricities,  and  inclina- 
tions, and  c  a  function  of  the  longitudes  of  the  epochs  of  the  perihelia 

and  nodes.  The  differential  of  thb  expression,  with  regard  to  nt  the 
mean  motion  of  m,  is 

dR  =  m'kindt  sin  {Vn't  —  int  +  c}. 
The  expression  dR  always  relates  to  the  mean  motion  of  m  alone ; 
when  substituted  in 

da  =  2a*dll, 

it  gives        da  =  2a*m'ik  .  ndt .  sm  {t'ii7  —  int  +  c}, 
the  integral  of  which  is    • 

>     —        2a*im'nk    ̂ ^    r -,  ,j        .  j    ,     i Sa  =:  —   .  cos  {t'n'i  —  tnt  +  c], i'n'  —  in 

It  is  evident  that  if  the  greater  axes  of  the  orbits  of  the  planets  be 
subject  to  secular  inequalities,  this  value  of  ia  must  contain  terms 

independent  of  the  sines  and  cosines  of  the  angular  distances 

of  the  bodies  from  each  other.  But  a  must  be  periodic  unless 

t'n'  —  tn  =:  0 ;  that  is,  unless  the  mean  motions  of  the  bodies 
m  and  m'  be  commensurable.  Now  the  mean  motions  of  no  two 
bodies  m  the  solar  system  are  exactly  commensurable,  therefore 



252  SECULAR  INEQUALITIES  IX  THE  [BookIL 

i'n'  —  in  is  in  no  case  exactly  zero ;   consequently  the   greater 
axes  of  the  celestial  bodies  are  not  subject  to  secular  inequalities ; 

and  on  account  of  the  equation  n  :=  a*^  their  mean  motions  aie 
uniform. 

Tims,  when  the  squares  and  products  of  the  masses  m,  m'  are 
omitted,  the  differential  dA  does  not  contain  any  term  proportional 

to  the  clement  of  the  time,  however  far  the  approximation  may  be 

carried  with  regard  to  the  eccentricities  and  inclinations  of  the  orbits, 

or,  which  is  the  same  thing,    does  not  contain  a  constant  term ; ndi 

for  if  it  contained  a  term  of  the  form  fn%  then  would 

a  =  2/a* .  dA  =  2<^m'knt,  and  f  =  -  ̂ ffandi  .  AR 

would  become  f  =  —  ̂ ffavNn!hdO  =  —  Zavhn'W^ 
so  that  the  greater  axes  would  increase  with  the  time,  and  the  mean 

motion  would  increase  with  the  square  of  the  time,  which  would  ulti- 
mately change  the  form  of  the  orbits  of  the  planets,  and  the  periods 

of  their  revolutions.  The  stability  of  the  system  u  so  important,  that 

it  is  necessary  to  inquire  whether  the  greater  axes  and  mean  motions 

be  subject  to  secular  inequalities,  when  the  approximation  b  carried 

to  the  8(|uare8  and  poducts  of  the  masses. 

4G3.  TIic  terms  depending  on  the  squares  and  products  of  the 

masses  are  introduced  into  the  series  A  by  the  variation  of  the  ele- 
niciit.s  of  the  orbits,  l>oth  of  the  disturbed  and  disturbing  bodies. 

Ilcncc,  if  S<7,  $(*,  &c.  be  the  integrals  of  the  dififcrential  equations  of 
the  (elements  in  article  439,  the  variable  elements  will  be  a  +  Sa, 

c  +  le^  &c.  for  w,  and  a'  +  Ja',  e'  +  Se',  &c.  for  m';  and  when 
these  are  substituted  for  a,  e,  a',  e',  &c.  in  the  series  A,  it  takes  the 

form  A,  =  A  +  SA  +  S'A ; 
and  from  what  has  been  said,  the  greater  axis  and  mean  motion  of  m 

will  not  be  aff'cctcd  by  secular  inequalities,  unless  the  differential 

aA;  =  dA  +  d.JA  +  d.J'R 

contains  a  term  that  is  not  periodic. 

dA  is  of  the  first  order  relatively  to  the  masses,  and  has  been  proved 

in  the  preccdinp  article  not  to  contain  a  tcnn  that  is  not  periodic, 

d .  i A  and  d .  Vl\  include  the  squares  and  products  of  the  masses  ; 

the  first  is  tlie  differential  of  SA  with  regard  to  the  elements  of  the 



Chap.  VI.]  ELEMENTS  OF  THE  ORBIXa  253 

troubled  planet  m,  and  d.i'R  is  a  similar  function  with  regard  to  the 
disturbing  body  m\     It  is  proposed  to  examine  whether  either  of 
these  contain  a  term  that  is  not  periodic,  beginning  with  d.SA. 

464.  The  variation  ̂ R  regards  the  elements  of  m  alone,  and  is    . 

da  d*:  de  dsj         dp         dq 

If  the  values  in  article  439,  be  put  for  Sa,  icy  &c.  this  expression 
becomes 

\daj   de  dij    da  ' 

A.a'/l^  (1  -  VT^)  j4«    r^  ndt-  ̂   m.  ndt] g  \de  J    de  dejde 

+  a./rr?idR     rdR     ̂ __dR    PdR 
^  IrfcT  J    de  de  J    dts 

^^^^idRTdR^^^dR    pdR  ̂ ^^ 
J]Zr^  ydpj    dq  dq  J  dp 

And  its  differentia],  according  to  the  elements  of  the  orbit  of  m  alone^ 

is  obtained  by  suppressing  the  signs  y*  introduced  by  the  integration 
of  the  differential  equations  of  the  elements  in  article  439,  which 

reduces  this  expression  to  zero ;  therefore  to  obtain  d.iB,  it  is  suffi- 
cient to  take  the  differential  according  to  ni  of  those  terms  in  iR 

that  are  independent  of  the  sign  f. 
When  the  series  in  article  449  is  substituted  for  R^  IR  will  take 

the  form  P  .f.Qdt-Q.f.  PdL 
Where  P  and  Q  represent  a  series  of  terms  of  the  form 

k.  g?^  (i'nt  -  int  +  c), 

t'  and  i  being  any  whole  numbers  positive  or  negative. 

Let  k  cos  (m7  —  int  +  c) 

belong  to  P,  and  let  k'  cos  (i'n't  —  int  +  c')  be  the  corresponding 
term  of  Q,  k,  k\  c,  c\  being  constant  quantities. 

A  term  that  is  not  periodic  could  only  arise  in 

diR  =  d{PfQdt  -  QfPdl}y 
if  it  contained  such  an  expression  as 

kk'  cos  {  i'n't-'int+c}  cos  {i'n't  —  int  +  c'  }  =  JArA:'  cos  (c  —  &) 

+  ̂ kk'  cos  {2i'n't  -  2int  +  c -{-  c'} ; 
or  a  similar  product  of  the  sines  of  the  same  angles.     But  when 
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k  cos  (Vnfl  -  ini  +  c)  is  put  for  P,  and  it'  cos  (i'n7  ̂ ini  +  if) 
for  Q,  diR  becomes 

d . 5R  =  itiVid/  .  sin  (I'n'Z  -  in/  +  c)  . /ife'itt  .  cos  O'n't  —  tnC  +  c^ 

-Ar'inrfi  .  sin  (i'n7  -  int  +  c^  .  fkdt  .  cos  (£'n'#  —  tn#  +  c). 
which  is  equal  to  zero  when  the  integrations   are  accompUflhdL 

Wiicncc  it  may  be  concluded  that  d.S/?  is  altogether  periodic 
465.  It  now  remains  to  determine  whether  the  yariation  of  the  de- 

ments of  the  orbit  of  m'  produces  terms  that  are  not  periodic  in  dml'R, 
Tliis  cannot  be  demonstrated  by  the  same  process,  because  the  fimdioii 

A,  not  being  sNinmetrical  relatively  to  the  co-ordinates  of  m  and  m\ 

changes  its  value  in  considering  the  disturbance  of  m'  by  m.  Let  R' 
be  what  R  becomes  with  regard  to  the  planet  m'  troubled  by  m ; 

_1    _  x»'  +yy^  +  2z' 
then R'  =:  ml 

\ 

V(a:'-x)«+(y'-y)*+(*'-z)' 

hence       i?=  —  R'  -\-  m'(rx'  +  yy'  +  zz')  (—  -  J-^  ; 
m  \r*  r'*/ 

and      J'Jl  =  —yW  +  m'J'{(xx'  +  yy'+  2z')(L  -  Jl)  I. 

If  the  differential  of  this  equation  according  to  d  be  periodic,  so  will 
d .  yR.  Now  in  consequence  of  the  variations  of  the  elements  of 
the  orbit  of  wt, 

da'  de  d€'         ̂   dta'        ̂   dp'    ̂         dq'  ̂^ 

And  as  this  expression  with  regard  to  the  planet  m'  is  in  all  respects 
similar  to  that  of  iR  in  the  preceding  article  with  regard  to  m,  by 

the  same  analysis  it  may  be  proved,  that  d .  iR'  is  altogether  periodic. 
Thus  the  only  terms  that  arc  not  periodic,  must  arise  from  the  differ- 

ential of         m'y{xx'  +  yy'  +  z 

Let 

Then  by  article  346, 

ni'x  m' 

S       d(* 

likewise 

r''        "  S  '    dC"         "5"  '  7^         S" '  \<^J 
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The  co-ordinates  y  z,  y  2\  furnish  similar  equations.    Thus, 

£  =  ̂'  \^i^  '  'fdx^yd^f  ̂ ^^dy^zdz^  ̂   7fdz)\  ̂   ̂^  ̂^^^^ 

N  ̂   —  (  '^'  +  ys^  +  ̂ ^\  ̂   ywm^  fxjf  +  yy'  +  22\ 

If  iV  be  omitted  at  first, 

"si  de  r 
466.  The  elliptical  values  of  the  co-ordinates  being  substituted, 

every  term  must  be  periodic.     For  example,  if 

jp  =:  a  .  cos  («/  -h  6  —  ca)         a/  :=  a'  .  cos  {n't  +  e'—  la') 

jfdx  -  xdx'  _  ̂ ,^^  -  nO  .  sin  {  n'/  -  7i<  +  6'  -  e  -  «•  +  w  }  ; 

a  quantity  that  must  be  periodic  unless  n7  -  ti^  =  0,  which  never  can 

happen,  because  the  mean  motions  of  no  two  bodies  in  the  solar  sys- 
tem are  exactly  commensurable ;  but  even  if  a  term  tliat  is  not  periodic 

were  to  occur,  it  would  vanish  in  taking  the  second  differential ;  and 

as  the  same  thing  may  be  shown  with  regard  to  the  other  products 

y'dy  —  ydyf  ifdz  -  zdz\ 
dXf  is  a  periodic  function.     With  regard  to  the  term  dZ  =  diV,  if  the 

elliptical  values  of  the  co-ordinates  of  m  and  m'  be  substituted,  it  will 
readily  appear  that  tliis  expression  is  periodic,  for  the  equations  of  the 

elliptical  motion  of  m  and  m\  in  article  365,  give 

gj/  +  yy'  +  ̂z'  _  _  x'd^x  -h  y'd^  +  z'dPz 

XX*  +  yy*  -^  zz!  ̂   ̂   xd^x' +  ydS/' -{-  zd^z' . 

?^  {S+m')df         ' 
so  that  the  function  N  becomes 

AT—  —         m^         (  xd^x'  +  ytPy'  +  zd^z'  \ 

^       8  (S  +  m)  1  5?  J 
mm'       /  x'd*x  +  y'd^  +  z^cfgN    m^  {,  /^^^—  z  f^^ 
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467.  From  what  has  been  said,  it  will  readily  appear  that  the 

tcnns  of  this  expression,  consisting  of  the  products  x'd^x,  xdV,  &c. 
&c.,  are  |)eriodic  when  the  elliptical  values  are  substituted  for  the  co- 

ordinates, and  their  differentials. 

468.  The  last  term  of  the  value  of  N  is  also  periodic ;  for,  if  the 

elliptical  values  of  the  co-ordinates  of  m  and  m'  be  put  in  JBt  it  may 
be  developed  into  a  series  of  cosines  of  the  multiples  of  the  ares  fU 

and  7i7,  and  tlic  differential  may  be  found  by  making  R  vary  with 

regard  to  the  quantities  belonging  to  m  alone ;  hence  this  diSeiential 

may  contain  the  sines  and  cosines  of  the  multiples  of  n/,  but  no  sine 

or  cosine  of  n't  alone ;  and  as 

jc'  =:  r'  cos  (n't  +  c'  —  csx'), 

the  mean  motions  nt^  n't,  never  vanish  from  x^  |  —  \  which  is  conse- \dxj 

quently  periodic ;  and  as  the  same  may  be  demonstrated  for  each  of 

the  products 

not  only  N  but  its  differential  arc  jKiriodic,  and  consequently  d  •  iOR. 

TIius  it  has  been  proved  that  when  the  approximation  is  carried  to 

the  squares  and  products  of  the  masses,  the  expression 

i\R,=zdR'^d.iR  +  d.  i'R 
relatively  to  the  variations  of  the  mean  motions  of  the  two  planets  m 

and  m'  is  |)eriodic. 
469.  Tliese  resuhs  would  be  the  same  whatever  might  be  the  num- 

ber of  disturbing  bodies ;  for  m''  being  a  second  planet  disturbing  the 
motion  of  m,  it  would  add  to  R  the  terra 

m" 

_  m"(xx"  +  yy"'¥sz'') 
V(x""-  xy  -h  Cy"  -  yy  +  («"  -  zy  r' « 
The  variation  of  the  co-ordinates  of  m'  and  m"  resulting  firom  tlie 

reciprocal  action  of  these  two  planets,  would  produce  terms  multiplied 

by  mm"  and  m"*  in  the  variation  of  R ;  and  by  the  preceding  ana- 
lysis it  follows  that  all  the  terms  in  d  .  B''R  are  periodic.  S"il  re- 
lates to  the  variation  of  the  elements  of  the  orbit  of  m". 

The  variations  of  tlic  co-ordinates  of  m'  arising  from  the  action  of 
m"  on  wi',  will  cause  a  variation  in  the  part  of  R  dei^ending  on  the 
action  of  m'  on  m  represented  by 
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Tliere  will  arise  terms  in  R,  multiplied  by  m'm",  whicli  will  be 

functions  of  ti/,  n'/,  7t^7,  when  substitution  is  made  of  the  elliptical 
values  of  the  co-ordinates ;  and  as  the  mean  motions  cannot  destroy 
each  other,  these  terms  will  only  produce  periodic  terms  in  dR. 

Should  there  be  any  terms  independent  of  the  mean  motion  nt  in  the 

development  of  R,  they  will  vanish  by  taking  the  differential  dR, 

And  as  terms  depending  on  nt  alone  will  have  the  form  mW  •  dP* 

P  being  a  function  of  the  elliptical  co-ordinates  of  m  .  ,  there  will 

arise  in  yd  .  R  terms  of  the  form  rn'm'^/idP  =  m'm"  .  P,  since  dP 
18  an  exact  differential.  These  terms  will  then  be  of  the  second 

order  after  integration,  and  such  terms  are  omitted  in  the  value  of 
this  function. 

The  variation  of  the  co-ordinates  «r,  y,  «,  produced  by  the  action  of 

m''  on  m  only  introduce  into  the  preceding  part  of  R  terms  multi- 

plied by  mW  and  functions  of  the  three  angles  Tity  n'<,  n'7 ;  and  as 
these  three  mean  motions  cannot  destroy  each  other,  there  can  only 

be  periodic  terms  in  dJR.  The  terms  depending  on  nt  alone,  only 

produce  periodic  terms  of  the  order  m'm^'  in  dH. 
The  same  may  be  proved  with  regard  to  the  part  of  R  depending 

on  the  action  of  m"  on  m. 

470.  Hence  whatever  may  be  the  number  of  disturbing  bodies, 

when  the  approximation  includes  the  squares  and  products  of  the 

masses,  the  variation  of  the  elliptical  elements  of  the  disturbed  and 

disturbing  planets  only  produce  periodic  terms  in  dR, 
471.  Now  the  variation  of 

f  =  -  Sffandl  .  dR  is 

Jf  =  -  Sanffdt .  d.  JR  +  ̂ffindt .  dR  ./dR). 

It  was  proved  in  article  464  that  dlR  =  0  in  considering  only  secu- 
lar quantities  of  the  order  of  the  squares  of  the  masses.  It  is  easy  to 

see  from  the  form  of  the  series  R  that  dRfdR  =  0  with  regard  to 
these  quantities,  consequently  the  variation  of  the  mean  motion  of  a 

planet  cannot  contain  any  secular  inequality  of  the  first  or  second  order 

with  regard  to  the  disturbing  forces  that  can  become  sensible  in  the 

course  of  ages,  whatever  the  number  of  planets  may  be  that  trouble 

its  motion.    And  as  <2a  =  2a'dR  becomes 
S 
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ia  =   {  2a'/dR  +  S4^f{dRfdR)  }  , 
by  the  substitution  of  (a  +  So^  for  a*|  im  cannot  oontain  a  leciilar 
inequality  if  if  does  not  contain  one. 

472.  It  therefore  follows,  that  when  periodic  inequalities  are 
omitted  as  well  as  the  quantities  of  the  third  order  with  regard  to  the 

disturbing  forces,  the  mean  motiom  of  the  planets,  and  the  grtaier 
4um  of  their  orbits,  are  invwriahU, 

The  whole  of  this  analysis  is  given  in  the  Supplement  to  the  third 

volume  of  the  Micanique  CSU$U;  but  that  part  relating  to  the  second 
powers  of  tlic  disturbing  forces  is  due  to  M. 

Difftrtniial  Equations  of  the  Secular  InequaliUei  in  ike  Ecctntri' 
cities,  InclinalionSf  Longitudes  of  the  Perihelia  andNode»^whidk 
art  the  annual  and  sidereal  variations  of  these  four  eletnenis, 

473.  That  part  of  the  series  A,  in  article  449,  which  is  independent 
of  periodic  quantities,  is  found  by  making  t  =  0,  for  then 

Sin  'i  (n'C  -  fi<  +  C  -  e)  =  0, 

Cos  i  (n't-^  nf  +  e'  —  e)  =  1 ; 

and  if  the  difTcrences  of  A^^  A^  with  regard  to  a'  be  eliminated  by 
their  values  in  article  458,  tlie  series  R  will  be  reduced  to 

+  t{^'-(^)-K^)}-'-c-) 
8 

But  the  formulae  in  articles  456  and  457  give 

.(d^:\  +  ̂ .*(^A,\_  _       Saa'.S' \daj^'     \da*J  2(«"-o«)«' 

\daj      "      \da*  J  {a" -ay 

aafB,=  -    «««'
•«'. 

consequently 
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F==:^.- 3m' .  aa' .  S' .{««  +  e«-(p'-p)«-(,'-9)«} 
2.4.(a'«-a*)« 

for  by  article  444 

7»  s:  (1/  -  p)»  +  iq'  -  qy. whence 

-  —  =    i   -L-i — 1   c — i  .  ee'  .  sin  Co'  —  tu) 
dor  2(a'«-a*)* 
dF 

Sm'aa'S^ •  e 
4(a'«-  aV 

,    3  .  m' (flo'S  +  (a*  +  a'")S')      .  r   t        \ 4-  ^   r-— ^^ — '        ̂    L ,  e  .  cos  It3  —  t3) 

T  2  (a*  -  a»)«  r.cusv         «y 

dF  _.  _   3m' .  gg\Sf'     .  .         . 

3^^       4  (a "  -  ay  •  ̂̂   ■"  ̂̂
 

dF  3m'ffa' .  S'     ,  .         . 

dg  4  («'■  —  a")" 

474.  When  the  squares  of  the  eccentricities  arc  omitted,  the  diffe- 
rential equations  in  article  441  become 

de  an  dF        dtj  .     an  dF 
^^^  ̂ —  ̂ ^   .    ̂ ^^  *       ̂ ^^^  p—  ̂ ^^  ̂ ^^ . 

dt  e    dxa         dt  e    de 

dq^  dF 
d/  dp 

If  the  differentiab  of  F,  according  to  the  elements,  be  substituted 

in  these,  and  if  to  abridge 

-  i!?j!5f^=(0,l); 

A{a^^ay        ̂   '    ̂ 
%m\an. (ga^S+Xa'+g'*)^)  ^ ""  2(a'«  -  a")" 

they  become d«   _ 

d< 

cfo  dF 
:2_  =:  ,  an  .  -  - ; 
d^  ag 

0.1 

0.1  c'  sin  («!x'  —  ct) 

^  =  (0.1)   -  loTll  —  cos  (tsx'-tu) d/  c 

^:=  _(0.1)(g-,) at 

^  =  (0  .  1)  (p  -  p'). 

88 

(127) 
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475.  But  tan  0  =    Vjp*  +  9*  and  tan  0  =  i^,  and  when  the 

squares  of  the  inclinations  are  omitted  cos  0=1,  hence 

J  .       J      •    /J  .   J          /J     j/i       4p  cos  d  —  <f  g  sin  6 . d<f>=  dp  smO  +  dq  cos  0 ;  oO  =  .JI   1   ; 
tan  0 

and  substituting  the  preceding,  values  of  dp^  dq^  the  Tariations  in  the 
inclinations  and  longitude  of  the  node  are, 

^  =  (0  .  1)  .  tan  0  .  wn  (e  -  e') dt 

^  =  -(0.1)  +  (0.1).  !5IL*^ .  cos  (e  - eo. 
di  ^  ^  tan  0' 

476.  The  preceding  quantities  are  the  secular  variations  in  the 

orbit  of  m  when  troubled  by  m'  alone,  but  all  the  bodies  in  the  sys- 
tem act  simultaneously  on  the  planet  m,  and  whatever  effect  is  pro- 

duced in  the  elements  of  the  orbit  of  m  by  the  disturbing  pkmet  m', 
similar  effects  will  be  occasioned  hy  the  disturbing  bodies  m',  m^^  &c. 
Hence,  as  the  change  produced  by  m'  in  the  elements  of  the  orbit  of 
m  are  expressed  by  the  second  terms  of  the  preceding  equations,  it  is 
only  necessary  to  add  to  them  a  similar  quantity  for  each  disturbing 
body,  in  order  to  have  the  whole  action  of  the  system  on  m. 

The  expressions  (0  .  1),  [o.l|  have  been  employed  to  represent 

the  coefficients  relative  to  the  action  of  m'  on  m ;  for  quantities  reU- 
tive  to  m  which  has  no  accent,  are  represented  by  0 ;  and  those  re- 

lating to  m'  wliich  has  one  accent,  by  1 ;  following  the  same  notation, 

the  coeflicients  relative  to  the  action  of  m" on  m  will  be  (0.2),  JQ.gj  ; 

those  relating  to  m'"  on  m  by  (0  .  3),  |0.8|  ;  and  so  on.    Therefore 

the  secular  action  of  m''  in  disturbing  the  elements  of  the  orbit  of  fit 
will  be 

IM  ̂"  ̂^°  (^"""  ̂ )  »'  (0.2)-  fO  —  cos  (o"—  o)      *    e 

(0  .  2)  tan  0  sin  (0  -  e") ;  -  (0.2)  +  (0  .2)  ̂^^!^  cos  (0  -  0"). 

tan0 

477.  Therefore  the  differential  equations  of  the  secular  inequalities 

of  the  elements  of  the  orbit  of  in,  when  troubled  by  the  simultaneous 

action  of  all  the  bodies  in  the  system,  are 
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de 
^  =  [O  e'  sin  (©'  -  w)  +  [o7^  c"^in  (o"  -  t*T) at    

+  (oTsI  C"  Bin  (©'''-  ©)  +  &c. 

^  =  (0  .  1)  +  (0  .  2)  +  &c.  -  rO  —  cos  (©'-©) 
a^    '    c 

tfp —     0.  a  —  COS  (<!X"  -  w)  —  &c. (128) 

^  =  (0  . 1)  tan 0' sin  (e^e')  +  (0.2)  tan 0" sin  (^-d") +&c. eft 

^  =  -  {(0  .  1)  +  (0  .  2)  +  &c.}  +(0  .  1)  *'"^'  cos (fl-0') (f^  tan  0 

+  (0  .  2)^^^  cos  (0  -  e")  +  &c. 
tan0 

478.  All  the  quantities  in  these  equations  are  determined  by  ob- 

servation for  a  given  epoch  assumed  as  the  origin  of  the  time,  and 

when  Integrated,  or  (which  is  the  same  thing)  multiplied  by  /,  they 

give  the  annual  variation  in  the  elements  of  the  orbit  of  a  planet,  on 

account  of  the  immense  periods  of  the  secular  inequalities,  which 

admit  of  one  year  being  regarded  as  an  infinitely  short  time  in  which 

the  elements  e,  cr,  &c.,  may  be  supposed  to  be  constant. 
479.  It  is  evident  that  the  secular  variations  in  the  elements  of 

the  orbits  of  m',  m",  m'",  &c.,  will  be  obtained  from  the  preceding 
equations,  if  every  thing  relating  to  m  be  changed  into  the  corre* 

sponding  quantities  relative  to  m',  and  the  contrary,  and  so  for  tho 
other  bodies.  Thus  the  variation  in  the  elements  of  m^  m^,  &c., 
from  the  action  of  all  the  bodies  in  the  system,  will  be 

—  =  fTTol  .  e.sin(«J-CTO  +  [O  .  e'' .  sin (©"-©') +  &c. dt        "   '    

de"
 

_  =  rO  .  e .  sin  (tsT  -  cr")  +  ffj. 
dt         "      

e'.  sin(tD'-t!y'7+&c* 

&c. &c. di^ 

dt 
=  (1  .  0)  +  (1  .  2)  +  &c.  -  n]0\  .  ~  .  cos  (tj  -  ©0 

e" 

^    Qli    •    -?  ̂^®  (t3"-  to')    .     -   &C. 
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IT =  (2  .0)  +.  (2  .  1)  +  &c  -  [27§  .  £-  .  CO*  (tsj  -  f^O 

—  fITII  .  f-  .  cos  (to'  —  w'O  --  &C. 
(129) 

&c. 8(c. 

^'=  (1  .  0) .  tan0.  Bm(d'-e)+(l .  2),  lan0".  8in(e'-^0+*«. dit 

£^'  s=  (2  . 0) .  tan  0 .  sin  (^"-e)  +  (2  . 1) .  tan  0' .  sin  («"-  eTt+&c. 
&c. &c. 

*!  =  -  {(i  .  6)  +  (1 .  2)  +  Ac.}  +(1.0).  5!5L*  .oosCe'-a) dt  tan^' 

+  (1.2)  !?^' .  €08  (y-.  e'O  +  &c 
tan  0' 

f^  r=  -{(2.  0)  +  (2. 1)  +  &c.}  +  (2.0).5!^.  cos(<K'-^ 
id  tan  9'^ 

+  (2.1).!?^.co8(e"-e0  +  &c 

tan0'^ 

As  these  quantities  do  not  contain  the  mean  longitude,  nor  its 

lines  or  cosines,  they  depend  on  the  configuration  of  the  orbits  only. 

Approximale  Value»  of  the  Secular  Variatums  in  ikete  four  Elc 

ments  in  Series,  ascending  according  to  the  fovotrs  of  the  Time. 

480.  The  annual  variations  in  the  elements  are  readily  obtained 

from  these  formuhe ;  but  as  the  secular  inequalities  vaiy  so  slowly 

that  they  may  be  assumed  to  vary  as  the  time  for  a  great  many  cen- 
turies without  sensible  error,  series  may  be  formed^  whence  very  accu- 

rate values  of  the  elements  may  be  computed  for  at  least  a  thousand 

years  before  and  after  the  epoch.  Let  the  eccentricity  be  taken  as 

an  example.  With  the  given  values  of  the  masses  and  mean  longi- 

tudes of  the  perihelia  determined  by  observation,  let  a  value  of   , dt 

the  variation  in  the  eccentricity,  be  computed  from  the  preceding 
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e^ualion  for  the  epoch,  say  1750,  and  another  for  1950.    If  the  lat« 

ter  he  represented  hy  (  —  j,  and  the  former  hy  — ,  then 

\dtj       dt  do       \dtj        dt  dt> 

the  quantities  — ,  — ,  being  reUtive  to  the  year  1750.     Hence,  e 
dt     dO  ,.*A 

bemg  the  eccentricity  of  any  orbit  at  that  epoch,  the  eccentricity  e  at 

any  other  assumed  time  U  m^y  be  found  from 

«=:e-  +  ̂,l  +  J.^<«+&c. dt  df} 

with  sufficient  accuracy  for  1000  or  1200  years  before  and  after 
1750. 

In  the  same  manner  all  the  other  elements  may  be  computed  from 

dt  d(^ 

e  =  e  +  -^.<  +  j.^.<«  +  &c.  (130) di  d(^ 

flrsii  +  f  .<  +  4.^.<'  +  &c. dt  dr 

For  as  0  and  S  are  given  by  observation,  f  and  n,  which  are  fono- 
tions  of  them,  may  be  found.  All  the  quantities  in  these  equations 
are  relative  to  the  epoch. 

Hiese  expressions  are  sufficient  for  astronomical  purposes ;  but  as 

very  important  results  may  be  deduced  from  the  finite  values  of  the 

secular  variations,  the  integrals  of  the  preceding  differential  equations 

must  be  determined  for  any  given  time. 

Finite  FtUum  of  the  Differential  Equation$  relative  to  the  ecoen* 
tricitie$  and  longitudes  of  the  Perihelia. 

481.  Direct  integration  is  impossible  in  the  present  state  of  ana- 

lysis, but  the  differential  equations  In  question  may  be  changed  into 
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linear    equations  capable    of  being  integrated  by  the    follofwiiig 
metlioil  of  La  Grange.    Let 

h  =  e  sin  €j 

A'  =:  c'  sin  zs' 
&c. 

f  =:  e  COB  cj 

i'  =s  e'  cos  o', 

then dh  de    >         ,   dear 
—  r=  —  Bin  CT  +  —  ,  e  cos  -cr, 

d/  de  drs 
—  =  —  COB  fST  —  —  .  f  Bin  CT  ; 
dt  di  dt 

and  Bubstitiiting  the  (liflfcrcntials  in  article  477^  the  result  wfll  be 

dh 

dt -jT  =  {(o.i)+(o.2)  +  &c.}z-  (o7i|  r  -  10:21^ 

-  [O  r'  -  &c. 

^=-{(0.1)  +  (0.2)  +  &c.}A-  [o7l|  A'+  [oj*" 

+    jOj    A'"  +   &C. 
likewise 

dh* 

(131) 

(/^ =  {(1 . 0)  +  (1 . 2)  +  &c.}  t  -  [Tol  f  -   [jT^  I" 

-  {TT|  /'"  -  &c. 

^'  =  -{(1.0)  +  (1.2)4-&c.}A'+  [Tij  A  +  O  A" 

+  [TJ  A'"  +  &c. 
&c.  &c. 

It  is  obvious  that  there  must  be  twice  as  many  such  equations,  and 

as  many  terms  in  each,  as  there  are  bodies  in  the  system. 

4S2.  Tlic  integrals  of  these  equations  will  be  obtained  by  inalcing 
A  =  2V  sin  (ff^  +  0  /  =  iVcos  (g^  +  C) 

K  =:  W  sin  i^i  +  f )  Z'  =  iV  cos  (g^  +  C) 
&c.  &c. 

It  is  easy  to  see  why  these  quantities  take  tliis  form,  for  if 

h'  =  0,  /i"  =  0,  &c.,  /  =  0 ;  r  =  0,  &c.,  then 

^=(0.1)/;^=  -  (O.l)A. at  at 
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Let 

but 

dl 

Si 

<tt  _  _ 

dt        "
 
Sh. 

d'h  _ 

dfi 

'^dt' 
therefore 

dFh de 
H-g** 

=  0. 

And  by  article  214  A  =  2V  sin  {gt  +^yN  and  Q  being  arbitrary 

constant  quantities.     In  the  same  manner  I  sz  N  cos  (gt  •\-  €). 

483.  If  the  preceding  values  of  A,  A',  A'^  &c.,  I,  l\  Z",  &c.,  and  their 
differentials  be  substituted  in  equations  (131),  the  sines  and  cosines 
vanish,  and  there  will  result  a  number  of  equations, 

iV^=:{(0.1)+(6.2)+(0.3)+&c.}2V-  [oTT|  N'  -  [oTI  iV^'-ficc. 

2V^|^={(1.0)+(1.2)+(1.3)+&c.}iV^-  QT^  N^  (TT^  iV'-&c.(132) 
&c.  &c. 

equal  to  the  number  of  quantities  N,  N'f  N"^  &c.,  consequently  equal 
to  the  number  of  bodies  in  the  system  ;  hence,  if  iV',  iV'',  iV",  &c.,  be 
eliminated,  ̂ will  vanish,  and  will  therefore  remain  indeterminate,  and 

there  will  result  an  equation  in  g  only,  the  degree  of  which  will  be  equal 
to  the  number  of  bodies  m,  m\  w!\  &c.  The  roots  of  this  equation 

may  be  represented  by  g^  gi,  g^  &c.,  which  are  the  mean  secular  mo- 

tions of  the  perihelia  of  the  orbits  of  m,  mf,  m'^  &c.,  and  are  func- 

tions of  the  known  quantities  (0.1),  lo.l|  ,  (1.0),  ll.o|  ,&c.,only. 

When  successively  substituted  in  equations  (132),  these  equations 

will  only  contain  the  indeterminate  quantities  N^  N'j  N^'j  &c. ;  but  it 
is  clear,  that  for  each  root  of  g,  2V,  N\  2^P^  &c.,  will  have  different 

values.  Therefore  let  2V,  N',  iV",  &c.,  be  their  values  corresponding 

to  the  root  g ;  Nu  Nij  Ni",  &c.,  those  corresponding  to  the  root  g ; 
JVt,  Nt\  NJ'y  &c.,  those  arising  from  the  substitution  of  g,,  &c.  &c.  ; 
and  as  the  complete  integral  of  a  differential  linear  equation  b  the 
sum  of  the  particular  equations,  the  integrals  of  (131)  arc 

A  =  iVsin  (gt  +  O  +  IVj  8in(^»<+e,)  +  IV.sin  (g'.^+e.)  +  &c. 

h'=N'  sin  (g<  +  O  +  N^'  sin  (g.t  +  fj  +  iV/  sin  (gMQ  +  &c.  (133) 
&c.  &c. 

I  =  iVcos  (5<  +  0  +  iV*  cos  (£,t  4-Q  +  jY,  cos  (^,<  +  Q  +  &c., 
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r=2>r' cos  fe<  +  e)+Wco8Cgi<  +  fi)+2v/oo8te/+eo  +  fe- 
&c.  Sec. 

for  each  term  contains  two  arbitrary  quantitiea  N,  S  ;  N^  d^  &c 

484.  Since  each  term  of  the  equations  (132)  lias  one  of  the  quan- 

tities i\r,  iV',  &c.,  for  coefficient,  these  equa^ons  will  only  give  values 

of  the  ratios  -— ;  —  &c., 

so  that  for  each  of  the  roots  ̂ ,  g^^  g^y  &c.,  one  of  the  ̂ uani^ties  iV, 
Ni,  Ntj  &c.,  will  remain  indeterminate. 

To  show  how  these  are  determined,  it  must  be  observed  that  in  the 

expression 

•-^  2  {a^  -  a*y 

of  article  474,  8  and  S'  are  the  coefficients  of  the  first  and  second 
terms  of  the  development  of 

(a*  —  2aaf  cos  fi  +  a^}i, 
which  remains  the  same  when  of  b  put  for  a ;  and  the  contrary,  that 

is  to  say,  whether  the  action  of  m'  on  m  be  considered,  or  that  of  m 
on  m'.     Hence  if  m,  71',  and  a',  be  put  for  m',  n,  and  a, 

consequently 

Io7i|  m  .  n'af  =:  [IT^  .  m' .  no. 
It  is  also  evident  that 

(0  . 1)  m  .  nW  =  (1 .  0)  m' .  na. 
But  if  the  mass  of  the  planet  be  omitted  in  comparison  of  that  of 

the  sun  considered  as  the  unit^ 

w«  =  4r;  ̂̂   3=  l.,&c.  ; a"  a* 

therefore  ^Tl|  mja  ̂   [lT§  m'  V  a'  =  0% 

|0^  m^a  -  |2JD[  m''  ̂ a"=  0, 
&c.  &c. 

(0  •  1)  m  VT  -(1.0)  mV^s=  0, 

(0  .  2)  m  /a"  -  (2  . 0)  m"'/^  =  0, &c.  &c. 
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485.  Now  let  those  of  equations  (131)  that  give 

dh    dh'    s 
41     dt 

be  respectively  multiplied  by 

Nm  Vo"*  N'm'  a/o^,  IfW  »Ic^\  &c. ; 
^eiit  HI  congequeacei  of  equations  (132),  and  the  preceding  relations, 
it  will  be  found  that 

iV  ̂   m    /7  +  iV^  ̂ vi^^W^  III"  ̂ IP  +  &c. 1a  di  dt 

s=  g  {Nhn^H-h  mm'^^+N'flfW  Vo^  +  &c.  }  ; 
if  tfie  preceding  values  of  A,  A',  h^,  &o.,  /,  V,  &c.,  be  put  in  this,  a 
comparison  of  tke  coefficients  of  like  cosines  gives 

0  s=  NNitn  ̂   +  N'N'im'  ̂ '+N'*N'\fn!'  *ta"  +  &c. 

0  as  ATiVif*  ifa+lTN'^m'  ̂ Ta' -t-N'^N^^m'  ̂ H'  ̂   &c. 

Again,  if  the  values  oihyh!^  h'\  &c.,  in  equations  (133)  be  respec- 
tively multiplied  by 

Nm  ifa,  Ifm'  41i\  &c. 
they  give 

Nfnh^+  ir^V'fS  +  N'^m'^hf^  ̂ ^  +  ko.  =   (184) 

in  consequence  of  tbe  preceding  relations. 

By  the  ̂ ame  analysia  the  valuea  of  ̂   /^  V\  Sec.,  give 

Nml  '/^  +  N'mU'  V?"+  N'^m'T  V^  +  &c.  = 

{  Nhn  Va  +  N'Hn'  ̂ Ta'  +N'^m''  Vo^  +  &c.}  cos  (gt  +  f). 
The  eccentricities  of  the  orbits  of  the  planets,  and  the  longitudes 

of  their  perihelia,  are  known  by  observation  at  the  epoch,  and  if 

these  be  represented  by  e,  e\  &c.  &,  ©',  &c.  by  article  481, 
A  =  e  sin  9,  hf  r::!  i*  sin  3',  &c., 

2  =  e  cos  ©,  V  =  e'  cos  ©',  &c. ; 

therefore  A,  A',  &c.,  ̂   ̂',  &c.,  are  given  at  that  period.    And  if  it  be 
taken  as  the  origin  of  the  time  <  s=  0,  and  the  preceding  equations 

give 
«,     ̂   _  N.e  sm  g.m  'f^-vN'  *  g^  sinQ^ .  tn^  V7  +  &c^ 

iV.^co8©.mV^+A' .e' cos  «',iii'/^+ &c. 
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But,  for  the  root  ̂ ,  the  equalioiis  (132)  gire 

C,  C,  C"  being  constant  and  given  quantities ;  tberefoie 

e  sin  €».  in  ̂ T+C.c'  sin 0^m'  Vtf'  +  *c. 
tan  b  =  ""^   i= — ~—   7=   , 

ecos€».iii  V  a+C.^cos0^mW  a' +  &c 

If  these  values  of  A^',  N'\  &c.,  be  eliminated  from  eqpiation  (184),  & 
gives 

e  sin  ©  m  ̂   g  +  Ce'  sin  ©W  -/^  -|-  &c. 
7\r' "" 

Thus  tan  C  and  A^  are  determined,  and  the  remaining  coefficients 
A'',  A""",  &c.,  may  be  computed  from  equations  (132),  for  the  root  g» 

In  this  manner  the  indeterminate  quantities  belonging  to  the 

otlier  roots  gi,  gt,  &c.,  may  be  found.  Thus  the  equations  (ISS) 
arc  completely  determined,  whence  the  eccentricities  of  the  orbits  and 

the  longitudes  of  their  perihelia  may  be  found  for  any  instant  :f  <, 
before  or  after  the  epoch. 

486.  Tlie  roots  g,  gi,  gt,  &c.,  express  the  mean  secular  motions 

of  the  perihelia,  in  the  same  manner  that  n  represents  the  mesn 
motion  of  a  planet 

For  example,  the  periodic  time  of  the  earth  is  about  365^  days ; 

360^ 

hence  n  =    ,  which 
 
is  the  mean  motion

  
of  the  earth  for  a  day, 365i 

and  nt  is  its  mean  motion  for  any  time  t    The  perihelion  of  the 

terrestrial  orbit  moves  through  300^  in  113270  years  nearly;  hence, 

for  the  earth,  g  =  J^^  =  19'  4". 7 113270 

in  a  century  ;  and  gt  is  the  mean  motion  for  any  time  t ;  so  that 

7it  -f-  ̂  being  the  mean  longitude  of  a  planet,  g(  +  C  is  the  mean 
longitude  of  its  perihelion  at  any  given  time. 

487.  Tlic  equations  (133),  as  well  as  observation,  concur  in 
proving  that  the  pcrilielia  have  a  motion  in  space,  and  Uiat  the 
eccentricities  vary  slowly.  As,  however,  that  variation  might  in 
process  of  time  alter  the  nature  of  the  orbits  so  much  as  to  destroy 

the  stability  of  the  system,  it  is  of  the  greatest  importance  to  inquire 
whether  these  variations  are  unlimited,  or  if  limited,  what  their 

extent  is. 
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SiabiUiy  of  the  Solar  Sytiem  wUh  regard  to  the  F6rm  of  the  OrhiU. 

488.  Because 

A  =:  e  sin  «r,    Isze  cob  ct,    e*  s=  A'  -|~  ̂  ; 
and  in  consequence  of  the  values  of  h  and  I  in  equations  (133),  the 

•qoare  of  the  eccentricity  of  the  orbit  of  m  becomes 

^  =  2^+2V,«  +  W  +  &c.  +22yr2V;cos{(^^-g)<  +  e^-e} 
+  22V2V,cos{(^,-g)<+C«-C}  +  &c.  (135) 

When  the  roots  g,  g,^  &c.,  are  all  real  and  unequal,  the  cosines,  in 

diis  expression  will  oscillate  between  fixed  limits,  and  ̂   will  always 
be  less  than 

iN+  N,  +  N^+  &c.)*  =  iV  +  N;  +  &c.  +  2NNi  +  2NN^  +  kc. 
taken  with  the  same  sign,  for  it  could  only  obtain  that  maximum  if 

(^i - ^)«+ fi -c=o,  (g^-g)t  +  e, - e= 0, &c., 
which  could  never  happen  unless  the  time  were  to  vanish ;  that  is, 

miless  ^i  — g  =  0,  in  — g=0,&c.; 
thus,  if  g,  gij  gt,  &c.,  be  real  and  unequal,  the  value  of  ̂   will  be 
limited. 

489.  If  however  any  of  these  roots  be  imaginary  or  equal,  they 
will  introduce  circular  arcs  or  exponentials  into  the  values  of  h,  h\ 

&c.,  /,  Vj  &c. ;  and  as  these  quantities  would  then  increase  indefi- 
nitely with  the  time,  the  eccentricities  would  no  longer  be  confined 

to  fixed  limits,  but  would  increase  till  the  orbits  of  the  planets,  which 
are  now  nearly  circular,  become  very  eccentric. 

The  stability  of  the  system  therefore  depends  on  the  nature  of 

the  roots  g^  g^i,  g^  &c. :  however  it  b  easy  to  prove  that  they  will 

all  be  real  and  unequal,  if  all  the  bodies  m,  m',  m'\  &c.,  in  the  sys- 
tem revolve  in  the  same  direction. 

490.  For  that  purpose  let  the  equations 

—  =.    (0]T)  e' sin  (to' -- w)  +   [072]  c'' sin  (ts/' —  f^)  +  &c. dt 

^^  -    [TTol  e  sin  (tj  —  cQ  +    fT72|  e"  sin  Qa'  ̂   o^Q  -f  &c. dt 

&c.  &c. 
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be  retpectWely  multiplied  by 

me  VT,  m V  V7,  m"^  J7\  te., 
and  added ;  then  in  conseqoence  of  the  lelationa  in  aitiele  484|  aal 
became 

sin  («r  ~  cjQ  =s  —  sin  ip^  —  o) 

Bin  (c7  — 19'')  s  —  lin  (o''  —  «)«  Sec.  ftOf 
the  sum  will  be 

and  as  the  greater  axes  of  the  orbits  aie  oonstant,  ill  integni  is 

491.  The  radicals  Jlk^  JH^  &c.,  most  all  haye  fhe  same  sign 

if  the  planets  revolve  in  the  same  direction ;  nnoe  by  Kepki's  law 
they  depend  on  the  periodic  times ;  and  in  analysis  motiona  in  one 
direction  have  a  different  sign  from  those  in  a  contiaxy  direction: 
but  as  all  the  planets  and  satellites  revolve  from  wert  to  east,  the 
radicals,  and  consequently  all  the  terms  of  the  preceding  eqpiations 

must  have  positive  signs ;  therefore  each  term  is  less  than  the  oon- 
stant  quantity  C 

But  observation  shows  that  the  orbits  of  the  planets  and  aatelliles 
are  nearly  circular,  hence  each  of  the  quantities 

<*fn  4a^  e'^fii'  va'»  &c. 
is  very  small ;  and  C  being  a  very  small  constant  quantity  given 
by  observation,  the  first  number  of  equation  (136)  is  very  small. 

As  C  never  could  have  changed  since  the  system  was  constituted 
as  it  now  is,  so  it  never  can  change  while  the  system  remains  the 

same ;  therefore  equation  (136)  cannot  contain  any  quantity  that 
increases  indefinitely  with  the  time ;  so  that  none  of  the  roots 

^9  ̂Ti*  %%^  &c.,  arc  either  equal  or  imaginary. 
492.  Since  the  greater  axes  and  masses  are  invariable,  and  the 

eccentricities  are  perpetually  changing,  they  have  the  singular  jno- 

perty  of  compensating  each  other's  variation,  so  that  the  sum  of  their 
squares,  respectively  multiplied  by  the  coefficients 

remains  constant  and  very  smalL 
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493.  To  remove  all  doubts  on  a  point  so  impoftant,  suppose  some 

of  the  roots,  g,  ̂ i,  ̂ „  &c.,  to  be  imaginary,  then  some  of  the  cosines 
or  sines  will  be  changed  into  exponentials  ;  and,  by  article  215,  the 

general  vahie  of  h  in  (133)  would  contain  the  term  CcT*,  c  being  the 

Buniber  whose  hyperbolic  logarithm  is  unity.  If  Dc^,  C'c^',  D'er*,  &c.) 
be  the  corresponding  terms  mtroduced  by  these  imaginary  roots  in 

hy  h'y  l'^  &c.,  then  e"  would  contain  a  term  (C  +  D*)  c*"*,  e'"  would 
eoiitain  (C  +  D'*)c^,  and  so  on ;  hence  the  first  number  of  eijua- 
1k>n  (136)  would  contain 

C^{m  >/7(C*  +  D')  +  m'if^iC*  +  D^)  +  &c.}, 
a  quantity  that  increases  hidefinitely  with  the  time. 

If  C^  be  the  greatest  exponential  that  A,  I,  h',  ̂,  &c.,  contain, 

C^  will  be  the  greatest  in  the  first  member  of  equation  (136) ; 
dierefore  the  preceding  term  cannot  be  destroyed  by  any  other 

tenn  in  that  equation.  In  order,  therefore,  that  its  first  member 

may  be  reduced  to  a  constant  quantity,  the^coefficient  of  C^  must 
itself  be  zero ;  hence 

m  /7(C*  +  iy)  +  m'  4T'  (Cr«  +  JD")  +  &c.  ==  0. 

But  if  the  radicals  V^  V  a',  &e.)  have  the  same  sign,  that  is,  if 
all  the  bodies  m,  m',  &c.,  move  in  the  same  direction,  this  coefficient 
can  only  be  zero  when  each  of  the  quantities  C,  D,  C,  D\  &c.,  is 

zero  separately  ;  thus,  A,  ̂,  A',  2',  &c.,  do  not  contain  exponentials, 
and  therefore  the  roots  of  g*,  g,^  &c.,  are  all  real  If  the  roots  g  and 
gf  be  equal,  then  the  preceding  integral  becomes 

A  =  (6  +  ftOC^=  (i  +  ̂')  (1  +  ̂  +  -^  +  &c. 

Thus  the  general  value  of  A  will  contain  a  finite  number  of  terms  of 

the  form  Cr,  which  increases  indefinitely  with  the  time ;  the  same 
roots  would  introduce  the  terms  Dr,  CT,  DT,  &c.,  in  the  general 

value  of  Z,  A',  l\  &c.  \  therefore  the  first  member  of  equation  (136) 
would  contain  the  term 

e  {m  J'a(S^  +  D*)  +  m'  V"^  (C  +  D'*)  +  &c.} ; 
and  if  V  be  the  highest  power  of  i  in  A,  2,  A^  l\  &c.,  f  will  be  the 

highest  power  of  <  in  equation  (136)  ;  consequently  its  first  member 
can  only  be  constant  when 
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which  cannot  happen  when  all  the  planets  rerolve  in  the  same  direc- 
tion, unless 

C  =  0,  D  =  0,  C  =  0,  D'  =  0,  «cc. 

Thus,  A,  I,  h'y  I' J  &c.,  neither  contain  exponentials  nor  circular 
arcs,  when  the   hodies  of  the   solar  system  revolve  in  the  same 

direction,  and  as  they  really  do  so,  the  toots  gj  ̂ i,  gt,  ftc^  aie  all 
real  and  unequal. 

494.  Because  the  equation  (135)  does  not  contain  any  quantity 
that  increases  with  tlic  time,  on  account  of  the  roots  g^  g^^  &c.,  heing 

real  and  unequal,  and  that  the  eccentricities  themselves  and  their 

variations  arc  extremely  small,  the  eccentricities  increase  and  de- 
crease with  the  cosines,  between  fixed  but  very  narrow  limits,  in 

immense  periods :  for,  considering  only  the  mutual  disturbances 
of  Jupiter  and  Saturn,  the  eccentricities  of  their  orbits  would 

take  no  less  than  70,414  years  to  accomplish  their  changes;  but 

if  more  than  two  planets  be  taken,  and  compound  periods  esta- 
blished, they  would  evidently  extend  to  millions  of  years. 

495.  Tlic  positions  of  the  perihelia  now  remain  to  be  considered. 

e  sin  f7  =  /i,  e  cos  t7  =  ̂   give  tan  vj  =  — , 

and  substituting  the  values  of  h  and  I  in  article  483, 

tan  tn  -  ̂^ «»»  (g<  +  O  +  A^/  S'n  (g,t  +    Q  +  &C.  . 
""  'NCOS  {gt+CT)  +  N,  cos  (g,i  +  C)  +  &c.  ' 

or,  \(  gt  -{•  C  be  subtracted  from  tsy, 

/  ,      ̂        tan  tsy  —  tan  (^<  +  f)  . 
tan  (CT  -  ff^  -  f)  =  7—-.   r"TTTl=V  • 1  4-  tan  tj  tan  (gt  +  C ) 

and  when  substitution  is  made  for  tan  t?, 

tan  (ci  -  g<  -  f) 

-       ̂ sinKff,  ■-  gy  +  C  -  C}  -f  2V,  sin  {j?,  -  g)t  -{- C,  -  C} 

i>r+2Nr,co"8f(ff,-ff)/+C-f}+N«co8{(§^.-g)<+f.-0  +  &c.}' 
Tliis  tangent  never  can  be  infinite,  if  the  sum  N  +  N^  +  i^i  +  *c., 
of  the  coofficients  in  the  denominator  be  less  than  N  with  a  positive 

sign ;  for  in  this  case  the  denominator  never  can  be  zero  ;  so  that 

the  angle  tj  —  gt  —  C  never  can  iittain  to  a  quadrant,  but  will  oscil- 

late between  +  90°  and  —  90°  ;  hence  tlie  true  motion  of  the  peri- 
lion  is  gt  -f-  ?• 
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From  this  equation  it  appears  that  the  motions  of  the  perihelia  are 

not  uniform,  and  that  they  may  experience  variations  in  the  course 

of  ages,  to  which  no  limits  can  be  assignetl,  though  observation 

shows  that  the  variations  are  very  slow. 

496.  Because  tlie  equations  which  give  the  secular  variations  in 

the  eccentricities  and  longitudes  of  the  perihelia  do  not  contain  the 

mean  longitudes  nor  the  inclinations  of  the  orbits,  they  are  inde- 

pendent of  the  configuration  of  the  planets,  and  would  be  the  same 

if  all  the  bodies  revolved  in  one  plane,  at  least  when  the  approxima- 

tion does  not  extend  to  tlie  higher  powers  of  the  eccentricities,  incli- 

nations, or  masses.  Tliese  secular  inequalities  depend  on  the  angular 

disiaitx^.  r  the  perihelia  of  all  the  planets  taken  two  and  two,  that 
is,  on  the  configurauoi.  >r  *i,q  orbits. 

497.  It  may  be  concluded  from  the  p«cwJii^<T  analysis,  that  when 
periodic  inequalities  are  omitted,  the  mean  motions  of  the  planotA  are 

uniform  ;  and  that  the  system  is  stable  with  regard  to  the  species  of 

the  orbits,  which,  retaining  tlie  greater  axis  invariable,  deviate  but 

little  from  the  circular  form  ;  the  eccentricities  being  subject  to  the 

condition  expressed  by  equations  (136)— that  the  sum  of  their 
squares,  multiplied  by  the  masses  of  the  bodies,  and  the  square  roots 

of  the  greater  axes  of  their  orbits  is  invariably  the  same.  Tlie  ])eri- 
hcUa  alone  are  subject  to  unUmited  variations. 

Secular  Variations  in  the  Inclinations  of  the  Orbits  and  Longitudes 

of  their  Nodes, 

498.  In  order  to  determine  the  secular  inequalities  in  the  inclina- 
tions of  the  orbits  and  longitudes  of  the  nodes,  let  the  equations  in 

article  474  be  resumed 

^=(0.1)  (,'-,) at 

and  g.=:_(0.1)(;>'-p), at 

which  express  the  variations  in  the  position  of  the  orbit  of  fit,  when 

troubled  by  m'  alone.  But  as  all  the  bodies  in  the  system  act  simul« 
taneously  on  tn,  each  of  them  will  produce  a  variation  in  the  inclina- 

tion of  its  orbit,  and  in  the  longitude  of  its  nodes,  similar  to  tlioso 

caused  by  the  action  of  m' ;  hence 
T 
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^  =:  (0.1)  (,'  -,)  +  (0.2)(g"  -  q)  +  SK. 

^  =  -  (0. 1)  (p'  -  p)  -  (0.2)  (p"-p)  -  &C. 

will  express  the  whole  action  of  the  system  on  the  position  of  the 
orbit  of  m.  Similar  equations  must  exist  for  every  body  in  dte 
system  :  there  will  consequently  be  the  following  series  of  equatioDi, 

^  =  -  {(0.1)+(0.2)+&c}9+(0.1)y'+(0.2)g"+  &c. 

^  =  {(O.l)+(0.2)+8Kj.}p-(0.1)p'_(O.2)p"-&c.  (1S7) 

^=  -  {(1.0)+(I.2)+&cWi  c».w;«+(1.8)g"+&c. dt 

*l={(1.0)+(I.2)+&c.}j>'-(l.0)p-(1.2)p"-&c. dt 

&c.  &c. 

These  equations  are  perfectly  similar  to  those  in  article  481,  and 

may  be  integrated  on  the  same  principle  ;  whmce 

p  =  N  sin  igt  +  f )  +  iV;  sin  (ft<  +  C)  +  Ac. 

9  =  JV  cos  (ff^  +  f)  +  N,  cos  (g/  +  C/)  +  &c.  (188) 

p'=:  N' sin  (gt+  0  +  N;  sin  (gf  +  C)  +  &c 

^  ̂  N'  cos  (g«  +  C)  +  iV^^'cos  (gjt  +  C)  +  Ac. 

Stability  of  the  Solar  System  wUh  regard  to  the  InclinaUon  of  the 
Orbits. 

499.  The  equation  in  g  resulting  from  these,  has  gj  ̂i,  g^  Ac.  for 

its  ruots,  and  the  constant  quantities  N,  N,,  &c.  and  C,  C/,  &c.  are  de- 
termined in  a  similar  manner  to  what  was  employed  for  the  eccentri- 

cities.   For  since  0,  6^  &c.  are  the  ̂ 'alues  of  0,  0,  &c.  when  <  =  0, 

p  =  tan  0  cos  0    g  =  tan  $  sin  0  > 

p'  =  tan  0'  cos  W    q'  s^  tan  0'  sin  0'» 
&c.  &c. 

hence,  if  all  the  inclinations  of  the  orbits  of  the  planets,  and  the  lon- 
gitudes of  their  nodes  be  known  by  observation  at  any  given  epoch. 
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when  ̂   r=  0,  there  will  be  a  sufficient  number  of  equations  to  deter- 
mine all  the  quantities  N,  2V^,  &c.  and  C,  C  &c. 

500.  Also  the  roots  g,  g^  &c.  are  real  and  unequal,  for  if  the  equa- 
tions (137)  be  respectively  multiplied  by 

m  -/^.  p;m  ̂   a  .  q)      mf  ̂ a',  p' ;  m  ̂ a* .  7,  &c. 
and  added,  the  integral  of  their  sum  will  be 

(p»  +  ̂ )  m  Va  +  (p'«  +  q*)  m'  V  «'  +  &c  =  C        (139) 
in  consequence  of  the  relations 

(0.1)m/a  =  (l.O)fn'  /a' 

(0.2)m>ra  =  (2.0)m"Vo^» 
&c.  &c. 

Whence  we  may  be  assured  by  the  same  reasoning  employed  with 
regard  to  the  eccentricities,  that  this  equation  neither  contains  arcs 

of  circles  nor  exponentials,  when  the  bodies  all  revolve  in  the  same 
direction,  so  that  all  the  roots  are  real  and  unequal. 

501.  Now  tan  0  =  ̂ p*  +  g*, 

and  if  the  values  ofp  and  q  be  substituted 

ton  0  =   V;?*+9".  = 

^{iV«+  iV;«  +  &c.  +  22ViV,cos{(g,  -  g)i  +  C,^C\  +  2NN^ 

cos  {(^,  -  g)t  +  C,  -  f}  -h  &c.}. 

The  expression  Vp'+g"  is  less  than  N  +  Ni  +  N^  +  &c.,  on 
account  of  these  coefficients  being  multiplied  by  cosines  which  dimi- 

nish their  values.  The  maximum  of  ton  0  would  heN  +  N^  +  &c., 

which  it  never  can  attain,  since  the  differences  of  the  roots  g-,  —  gj 

gt  —  g"  are  never  zero ;  and  as  the  inclinations  of  the  orbits  of  the 
planets  on  the  plane  of  the  ecliptic  are  very  small,  the  coefficients 
N,  i^i,  &c.,  which  depend  on  the  inclinations,  are  very  small  also,  and 

will  always  remain  so.  And  the  inclinations  of  the  orbits  will  oscil- 
late between  very  narrow  limits  in  periods  depending  on  the  roots 

gy  giy  &C. 

502.  The  plane  of  the  ecliptic  in  which  the  earth  moves,  changes 
its  position  in  space  from  the  action  of  the  planets,  each  producing  a 
retrograde  motion  in  the  intersection  of  the  plane  of  the  ecliptic,  and 
that  of  its  own  orbit ;  whence  it  appears,  that  if  EN  be  the  orbit  of 

T2 
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the  earth  at  a  given  epoch*  AN^  will  be  its 

position  at  a  subsequent  period,  and  so  on.  The 

secular  inequality  in  the  position  of  the  ter- 

restrial orbit  changes  the  obliquity  of  the  eclip- 
tic; but  as  it  is  determined  from  equationi 

(138)  it  oscillates  between  narrow  limits,  ne?er 

exceeding  3^,  therefore  the  equator  never  has 
A  coincided,  and  never  will  coindde  with  tbe 

ecliptic,  supposing  the  system  constituted  as  it  is  at  pretent,  so  tbat 

there  never  was,  and  there  never  will  be  eternal  spring. 

503.  Since     p«  +  9*  =  ton"0,  /!'•  +  9'"  =  tanV»  &c. 
equation  (139)  becomes 

m  >fli  tan«0  +  w!  JH  tan*^'  +  &c.  =  C.  (140) 
Wlicncc  it  may  be  concluded  that  tlie  sum  of  the  masses  of  all  the 

bodies  in  the  system  multiplied  by  the  square  roots  of  half  the  greater 

axes  of  their  orbits,  and  by  tlie  squares  of  the  tangents  of  their  indi- 
natious  on  a  fixed  plane,  will  always  be  the  same.  If  this  sum  be 

very  small  at  any  one  period,  and  if  all  the  radicals  have  the  same 

sign,  that  is,  if  all  the  bodies  revolve  in  the  same  direction^  it  irill 

always  remain  so ;  and  as  in  nature,  the  inclinations  of  all  the  orbits 

on  the  plane  of  the  ecliptic  are  very  small,  and  the  bodies  revolve  in 
the  same  direction,  the  variations  of  the  inclinations  compensate  each 

other,  so  that  this  expression  will  remain  for  ever  constant,  and  very 
small. 

504.  Other  two  integrals  may  be  obtained  from  the  equations 

(137).  For  if  the  first  be  multiplied  by  m  V  Of  the  thurd  by  ni  Vo', 

the  fifth  by  m"  JaP^  &c.  &c.  their  sum  will  be 

dt 

in  consequence  of  the  relations  in  article  484,  the  integral  of  which  is 

mva.  i^  +  m'Jo!  .  p'  +  m  ̂ /o^p"  +  &c.  =  constant. 

In  a  similar  manner  the  differential  equations  in  9,  9',  give 

77^^^a.g  +  m^'sTc^  q'  +  tn!'Jd^q['  +  &c.  =  constant. 

505.  With  regard  to  the  nodes  tan  0  =  .^,  and  substituting  for 

9  and  9, 

dt a"  ̂ +  Ac.  =  0, di 
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tan  ©  =  ̂  ̂"^  (g<  +  O  +  K  si"  (gi<  -f  O  +  &c. . 
iNTcos  te<  +  O  +  -^,  COS  (^»<  +  CO  +  &c.  • 

or  subtracting  gt  -h-  C  from  0, 

^    ̂      ̂     iV+2>r»cos{  (g»-g)<+C,-C}+2>r^8{  (^rtX+Cr^ J+&C. 
If  the  sum  of  the  coefficients  iV  +  iVj  +  2V,  +  &c.  of  the  cosines 

in  the  denominator  taken  positively  be  less  than  iV,  tan  (0  —  g^  —  C) 

never  can  be  infinite ;  hence  the  angle  0  —  gt  ̂   C  will  oscillate 

between  +  90°  and  —  90**,  so  that  ̂ (  +  C  is  the  true  motion  of  the 

nodes  of  the  orbit  of  m,  and  g  = 

360^ 

As  in  gene- period  of  SI  of  m. 
ral  the  periods  of  the  motions  of  the  nodes  are  great,  the  inequalities 

increase  very  slowly.  From  these  equations  it  may  be  seen,  that 
the  motion  of  the  nodes  is  indefinite  and  variable. 

The  method  of  computing  the  constant  quantities  will  be  given  in 

the  theory  of  Jupiter,  whence  the  laws,  periods,  and  limits  of  the  se- 
cular variations  in  the  elements  of  his  orbit,  will  be  determined. 

506.  The  equations  which  give  p,  7,  p'  9'  may  be  expressed  by  a 
diagram.     Let  An  be  the  orbit  of  the  planet  m  at  any  assigned  time, 

as  the  beginning  of  January,  1750,  which  isHhe  epoch  of  many  of  the 
/^.  86.  French    tables.     After  a   certain 

time,  the  action  of  the  disturbing 

body  m'  alone  on  the  planet  m, 
changes  the  inclination  of  its  orbit, 

and  brings  it  to  the  position  Bn. 

But  m"  acting  simultaneously  with 

m'  brings  the  orbit  into  the  position 

Cn  :  lit"  acting  along  with  the  pre- 

ceding bodies  changes  it  to  Dn",  and  so  on.  It  is  evident  that  the 
last  orbit  will  be  that  in  which  m  moves.  So  the  whole  inclination 

of  the  orbit  of  m  on  the  plane  Ait,  after  a  certain  time,  will  be  the  sum 

of  the  f^te  and  simultaneous  changes.  Hence  if  N  be  the  inclina- 
tion of  the  circle  Bn  on  the  fixed  plane  An,  and  ySn  ss  gt  +  Cthe 

longitude  of  its  ascending  node ;  N'  the  inclination  of  the  circle  Cn' 

on  Bn,  and  ySji'  =  g't  +  C  the  longitude  of  the  node  n' ;  N"  the 

inclination  of  the  circle  Dn"  on  Cn',  and  ySn^'  =  gtt  +  f,  the  longi- 
tude of  the  node  n"  ;  and  so  on  for  each  disturbing  body,  the  last 

circle  will  be  the  orbit  of  m. 
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5^17.  Applying  Uie  4auic  coDatniction  to  k  md  f  (183)*  H  will  be 

fo'in'l  i\ad  ill*:  unufent  of  the  inclhution  of  tbe  lasl  circle  on  the 

fixc'l  plari'.*  is  e^j^ial  tij  the  eccentricity  of  the  orbil  of  fli ;  and  thai  the 
lon^fitudc  of  the  interKction  of  this  circle  with  the  same  plane  ii 

e^jual  to  that  of  the  perihelion  of  the  orbit  of  m 

50S.  Hie  values  o(p  and  9  in  equations  (138)  may  be  detennined 

by  another  construction  ;  for  let  C,  fig.  90,  be  the  centre  of  a  ciick 
whose  radtiiB  is  N ;  dnw 

any  diameter  Do,  and  tike 
the  arc 

aC'  =  gi+e; 

on  C'  as  a  centre  with 

   radius  equal  to  N^,  de- 
scribe a  circle,  and  having 

drawn  C'a'  parallel  to 

Ca,  take  o'C  =  e^t  +  C :  on  C"  as  a  centre  with  radiua  equal 

to  N'c,  describf;  a  circle,  and  having  drawn  C"a"  parallel  to  Ca,  take 
the  a"  C"  =  f^J  +  C«,  and  so  on.  Let  a'*  C^  be  the  arc  in  the  last 

circle,  then  if  C"b  be  [lerpondicular  to  Ca  produced,  it  is  evident  that C*'6  =  ;>,  C6  =  q, 

and  if  CC"  he  juine<l. 

tan  0  =  ̂ p*+q\  tan  0  =  £., 9 

$  bfing  the  angle  C^Cb. 
509.  Tlie  equations  which  determine  the  secular  variations  in  the 

inclinations  an<l  motions  of  the  nodes  being  independent  of  the  eccen- 
tricities, are  the  Hamc  as  if  the  orbits  of  the  planets  were  circular. 

Annual  and  Sidereal  Variations  in  the  Elements  of  the  OrbiU,  with 
regard  to  the  variable  Plane  of  the  Ediptic. 

510.  Equations  (128)  give  the  annual  variations  in  the  mclina- 

tions  and  longitudes  of  the  nod(^s  with  regard  to  a  fixed  plane,  but 
aslrononuTs  ri*f(T  the  celestial  motions  to  the  moveable  orbit  of  the 
earth  whtnice  observations  are  made ;  its  motion  occasioned  by  the 
action  of  tiie  planets  is  indeed  extremely  minute,  but  it  is  important 
to  know  the  secular  variations  m  the  position  of  the  orbits  with 



Ch^Tl] ELEUENTS  OF  THS  OSBITS. 279 

fig.  M-  regard  to  it      Suppose  AN  Gg.  88, 
to  be  the  plane  of  the  ecliptic  or 
orbit  of  the  earth,  EN  the  variable 

,   plane  of  the  ecliptic  in  which  the 
earth  ia  moving  at  a   Bubsequent 

period,  and  m'N'  the  orbit  of  a  pla- 
net ml,  whose  position  with  regard 

to  EN  ■■  to  bo  determined. 

By  article  444, 

EA  =  ?  sin  (n7  +  •')-?  cob  {jii  +  O 
ii  the  latitude  of  m  above  AN ;  and  the  latitude  of  m'  above  AN'  ii 

Am'  =  J*  .  ain  (n'i  +  O  —  P'  «»  ("'<  +  "O- 
As  the  incUnatiotu  are  suppoaed  to  be  very  email,  the  difference  of 

these  two,  oi  m'A  —  EA  ia  very  nearly  equal  to  m'E  the  latitude  of 
m'  above  the  variable  phne  of  the  ecliptic  EN. 

If  0*  be  the  inclination  of  mW  the  orbit  of  m'  to  EN  the  variable 
ecliptic,  and  9  the  longitude  of  its  ascending  node,  then  will 

tan  0' .  sin  ff  =  p*  —  p  i      tan  0"  cos  ff  =  g'  —  y. 

.«-  =  V0>'-p)'+Cl!'-9)'     l«i»=t_?. 

If  EN  be  Baaumed  to  be  the  fixed  plane  at  a  given  e|)0cli,  then 

p  =  0,  9  =  0,  but  neillier  dp  nor  iq  are  zero ;  hence 

Afi  =  (dp*  -  dji)  .  Bin  9*  +  (i^'  -  dq)  coae', 
J-   _  (i^  -  dp)  .  COB  ff  -  (J/  —  Jg)  Bin  y 

tan(y, 

and  Bulntitating  the  valuea  in  article  498  in  fUce  of  the  differentials 

dp,  dj,  be.  there  will  reault 

^  =  {(!.«)  -  <O.S))tan0'ain  (»'  _  9")  +  {(l.S)  -  (O.S)) 

X  tM»*"'ain(e'-e"')  +&C 

t?  =  -  1(1.0)  +  (1.!)  +  (l.»)  +  ««}  -  (0.1)  (141) 

+  ((1.2)-(0.»)}.^'.. 
1  (»  -  6") 
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Motion  of  the  OrbiU  of  two  PiameiM. 

511.  Imagine  two  planets  m  and  m'  rerolving  round  the  sun  lo 
remotely  from  the  rest  of  the  syBtem,  that  they  are  not  aenuUy 
disturbed  by  the  otlier  bodies. 

Let  y  =  V(ji'-jp)«+  (jq'-^qy  be  the  mutual  inclination  of  the 
two  orbits  supposed  to  be  very  small.  If  the  orbit  of  m  at  the  epoch 
be  assumed  as  the  fixed  plane 

0  =r  0,    7  =  0',    p  =  0,     g  =  0, 

and  tan*^' =  tan*7  sji**  +  9*. 

In  this  case,  equations  (140)  and  (128)  become 

m'V^tan«0'=C,      —  sz  -  (KO). 

di 
Since  the  greater  axes  of  the  orbits  are  constant,  the  first  shows  that 

the  inclination  is  constant,  and  the  second  proves  the  motion  of  the 

node  of  the  orbit  of  nt'  on  that  of  nt  to  be  uniform  and  retrognule, 
and  the  motion  of  the  intersection  of  the  two  orbits  on  the  orbh  of  m, 

in  consequence  of  their  mutual  attraction,  will  be  —  (l.O)^ 

Secular  Variatiom  in  the  Longitude  of  the  Epoch. 

512.  The  mean  place  of  a  planet  in  its  orbit  at  a  given  instant, 

assumed  to  be  the  origin  of  the  time,  is  the  longitude  of  the  epoch. 

It  is  one  of  the  most  important  elements  of  the  planetary  orbits, 

being  tlie  origin  whence  the  antecedent  and  subsequent  longitudes 

are  estimated.  If  the  mean  place  of  the  planet  at  the  origin  of  the 

time  should  vary  from  the  action  of  the  disturbing  forces,  the  longi- 
tudes estimated  from  that  point  would  be  affected  by  it ;  to  ascertain 

the  secular  inequalities  of  that  element  is  therefore  of  the  greatest 

consequence. 

The  differential  equation  of  the  longitude  of  the  epoch  in  article 
441,  is 

r  de  da 
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By  article  473, 

dF_    m' 

_m'    a-    /3y(8a''-SaO+Wfrx^_ 

{(of*  +  a^S' +  aafS}e' cot  (v' -  w). 
2(a'«-o'>« 

If  theae  be  put  in  the  value  of  da,  rejectiog  the  powen  of  t  above 
tlte  second,  and  if  to  abridge 

f,^  irf.w<»'.(&»S+Sa'y) 

'  2.4.(a™-a')' 

^     ~  4.(a'«-a')» 

^      3m'.  >u^a'<2a'S  -  aSQ 

4(a'»-«0*  ' da  becomes 

+  C,{Cp'-py+(«'-«)'-e"}. 
But  h  =1  esnta     /=:<  cob  ra, 

A'  :=  e*  tin  at'       I'  ̂   e'  cos  to' ; 

hence  ̂   =  C  +  C.  (A*  +  P)  +  C,  <AA'  +  HO 

+  C,  {(p'  -pV+  (,'  -  ,)•  _  A«  -  l"). 
B13.  This  equation  only  expresses  the  Tariation  in  the  epoch  of  m 

when  troubled  by  mf ;  but,  in  order  to  have  the  effect  of  the  wbde 
syttem  in  distuibiDg  the  epoch  of  m,  a  umilar  set  of  tenns  must  be 

added  for  each  of  the  planets ;  but  if  the  two  planets  m  and  m'  alone 
be,  considered,  their  mutual  inclination  will  be  constant  by  article 

511,  hence  7*  =  (p'  -  p)*  +  {q'-q)*  =  IS*,  a  constant  quantity. 
Again  by  article  4BS, 

h'  +  P  =  N'  +  N,*  +  2NN,  cos  {(g,  -  g}t  +  C,  -  C} 
A"+  r=N'*  +  N/*  +  2N'N/  cos  {{g,  -g)t  +  e,  -C} 

khf+uf  =  J^^'+^■^/+(^3v,+^'^■,)co».{|>  ••gyt+c^c}^ 
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Substituting  these  in  de,  and  to  abridge,  making 

+  C.(M*  -  2V«  -  2v;«). 

it  becomes 

cf6  =  J'  .  ndl  +  ir  COS  {(^^  -  g)  I  +  C/  —  O  <«- 
The  integral  of  which  is 

i€  =  if  fie  +      ̂       sin  {(^y  -  ̂ )<  +  C,  *-  C} 

514.  The  term  if  n<  onlj  augmenta  th^  mean  primitive  motk»  of 

the  planet  m  in  the  ratio  of  1  to  1  +  il'.  so  that  tlie  mean  motion 
which  should  result  from  observation  would  be  (1  +  A^ni^  cos- 

responding  to  the  mean  distance 

Knowing  this  distance,  which  is  given  by  a  comparison  of  the 

periodic  times,  the  primitive  distance  a  may  be  determined ;  but  as  J* 
is  an  infinitely  small  fraction  of  the  order  of  the  masses  m  and  m^, 
this  correction  in  die  mean  distance  is  insensible.  Tlie  tenn  Sni 

may  therefore  be  omitted,  so  that  the  secular  variation  in  the  epoch 

ia  ^«=_£-  sin{fe, -ff)<+P-C.}  (142) 

The  variation  in  the  epoch,  like  the  other  secular  inequalities  in 
article  480,  may  be  expressed  in  series  ascending  according  to  the 
powers  of  the  time ;  but  as  the  term  depending  on  its  first  power  ii 

insensible,  it  will  have  the  form  ^ 
^6  =  IT  (*  +  &C. 

This  inequality  is  insensible  for  tiie  planets ;  its  greatest  effect  is 
produced  in  the  theory  of  Jupiter  and  Saturn :  but  even  then  it  is 

only  ̂ 6  =:  -  0'^  0000006501.  <*  for  Jupiter,  and  for  Saturn 

^e'ss+0'^0000015114•<*,  <beingany  number  of  Julian  years  fimm 
1750.  This  mequality  is  not  the  60th  part  of  a  sexagesimal  seeond 

in  a  century,  a  quantity  altogether  insensible.  Like  ail  otiier  ine* 
qualities  it  is  periodic ;  but  its  period,  which  depends  on  g/-g,  is  for 
Jupiter  and  Saturn  no  less  than  70414  years.  The  variation  ie^ 

though  of  the  order  of  disturbing  forces,  may,  in  the  course  of  many 

centuries,  become  sensible,  on  account  of  the  small  divisor  g>  —  g  in- 
troduced by  integration ;  but  although  it  is  insensible  with  regard  to 

"9  I^anets,  it  is  of  much  importance  in  the  theories  of  the  Moon  and 

Vitof^s 
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SiabUity  of  the  Synlem,  whatever  may  be  Ike  pover»  of  the 
DMurbiiig  Manet. 

&15.  Theitabilit^of  the  Bystem  has  been  proved  with  regard  to 

lhe_grcater  axes  of  the  or^ta,  even  when  the  approximation  extenda 
to  die  squares  of  the  disturbing  forces,  and  to  all  powers  of  the 
eccentricities  and  inclinations.  Its  invariability  with  regard  to  the 
other  elements  has  only  been  proved  on  the  hypothecs  of  the  orbits 

being  nearly  circular,  and  very  little  incLned  to  each  otlier  and  to 

the  plane  of  the  ecliptic;  but  as  the  same  results  maybe  derived 

from  the  general  ecjuations  of  the  motion  of  a  system  of  bodies,  they 
equally  exist  whatever  tlie  eccentricities  and  inclinations  may  be, 
and  when  the  approximation  includes  the  squares  of  the  disturbing 

forces,  and  tliey  remain  the  same  whatever  changes  the  secular  in- 
equalities may  introduce  in  the  lapse  of  ages. 

516.  If  the  equation!  of  the  motion  of  a  system  of  bodies  in  article 

340  be  resumed,  and  the  equations  in  x,  x",  Su:.,  multiplied  respec- 
tively by 

and  those  in  y,  y',  &c,,  by 

-mx  +  m.    f^'J^  ;       ~n^x'+  m' . -^iJJL.;  &c. 
their  sum  will  be 

_         /x^y-yd^\ 

2  .mx 
S  +  2m 

for  the  nature  of  the  function  ̂   gives 

"V 

-•»' 
■^■■' -v/t 

■+!»' 
2m. « 

S+lm 'h^ 

.x™.- l.m. 
^  = 

0; 

~  +  - 

1  by  trial.     TIic  integral  of  the  preceding  equation  is 
/xdy-ydj:\  t.  my        2„     ̂  

\      dt       J         S  +lm  '  dl 
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A  similar  equation  may  be  found  in  jr,  2,  and  y,  z\  and  when 

S  +  m'  =  1,  it  will  be  found  that 

dt  \  dt  J 

2  m  .  ̂'^^  -  '^  +  SmmY''^"^'^"^'''^"^''^  =  C  (143) dt  \  dt  J 

zdy  -  ydz  ̂   ̂^^  fy^dz  ̂   zdy^  ̂ y'dz  -  zd^  ̂  ̂ „ dt  \  dt  J 

C,  C,  C",  being  constant  quantities.     Now  y  ̂^  ̂   y  is  double  the dt 
area  described  in  the  time  dt  by  the  projection  of  the  radius  vec- 

tor of  tn  on  the  plane  xy,  Tliis  area  on  the  orbit  is  •Jail-^) ;  and 

if  0  be  the  inclination  of  the  orbit  on  the  plane  xy^  cos  0  Va(l-c*) 

is  its  projection.     In  the  same  manner 

is  the  area  described  by  the  projection  of  the  radius  vector  of  m!  on 

the  same  plane,  and  so  on.  In  consequence  of  these  the  first  of  the 

preceding  equations  becomes 

m  Va(l— ^0  cos  0  +  m'  Ja^il-^ef*)  cos  0'  +  &c. 

=  mm'f : 
y<f  j/  -  j/dy  -f-  y'dx  -  j:rfy\  ̂   ̂^^  ̂   ̂ 

If  the  elliptical  values  of  a?,  y,  a/,  y',  be  substituted,  the  first  term  of 
the  second  member  of  this  equation  must  always  be  periodic ;  for,  in 

consequence  of  the  observations  in  article  466,  the  arcs  nt,  n't,  never 
destroy  one  another  in  the  expressions  ydi/,  a/dy,  &c.  Hence,  if 

periodic  quantities  and  those  of  the  fourth  order  be  neglected,  the  last 

number  of  the  equation  is  constant.  If  the  products  yda/,  x'dy,  &c., 
contained  constant  terms,  they  would  be  of  the  first  order  with  re- 

gard to  the  masses ;  and  as  they  are  functions  of  the  elliptical  ele- 

ments, their  variation  is  of  the  second  order ;  consequently,  the  vari- 

ation of  the  terms  mm'  .  y'dxy  &c.,  is  of  the  fourth  order.  If  the 
periodic  part  of  the  values  of  the  elliptical  elements  be  substituted  in 

the  first  member  of  the  preceding  equation,  any  terms  resulting  from 
that  substitution  that  are  not  periodic  will  be  of  the  third  order,  and 

may  be  regarded  as  constant.  The  second  member  of  the  equation 

in  question  may  therefore  be  esteemed  constant    Hence, 
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m  Va(l  -e»)  eos^+m'  Vu'  (1  -  e"*)  cos  0*  +  &c.=C.  (144) 

517.  Again,  ̂ ^ilLf£f      and      £^^111^ 

are  the  areas  described  by  ibe  radius  vector  of  m  in  tlie  time  dl,  pro- 

jected on  the  co-ordinate  planes  x  z,  and  y  z.  But  it  is  easy  to  see 
by  trigonometry  that  the  cosines  of  the  inclination  of  the  orbit  on 
these  planes  are        sin  0  cos  B,  and  sin  0  sin  9 ; 

hence,  t^   !^  =    ̂ a(l  -  c')  sin  0  cos  0, 

^j  zdy-ydz  ̂     7^(137)  sin  0  Bine. 

Similar  expressions  exist  for  all  the  bodies ;  and  as  the  same  reason- 
ing applies  to  the  two  lost  equations  (143),  as  to  the  first,  they  give 

m  -Jail-  e«)  sin  0  cos  ff -l- m' *'<i'(l-e«)ain0'coBe'+&c.=C', 

m  Ja{\—e>-^\m  0  sin  e-^m'  ̂ /a'Cl-e'<)  8in0'  sind'-f-^SK.C".    (145) 
518.  These  relations  exist  whatever  the  eccentricities  and  incUna- 

tions  may  be,  and  whatever  may  be  the  changes  that  tliey  undergo 

in  tlic  course  of  ages  from  their  secular  inetjualities,  tlie  approxima- 
tion extending  to  the  third  order  inclusively,  and  even  to  the  squares 

of  the  disturbing  forces. 

519.  A  variety  of  results  may  be  derived  from  them.     Because 

cos  0  =:   —  .  equation  (144)  gives 
•J\  +  tan«0 

„     ATTTT)  >^r7^) 
^  1  -Han*  0  ̂ 1  +tan'0'  ̂  

If  t*  and  e'0»  be  omitted,. 

"  v/r^rn  =  "*  */a(l-<^)  (1  +  tan'  0)~*=m  /T 
^    l-t-tan*0 

-4m^o'(e'+ tan'0), 
consequently 

im  •ra(<?-\-\Av?<P)-\.},m'  -JT'  ie-*  +  tan'0')  +%K.  =  im-J~a 
+2m' '/a'  +  etc.  +2C. 

But  the  last  member  is  altogether  constant :   hence 

m  /o"(^-f  tan«0)-|-m'  ̂ A^(ff"4-  tan«0')  +  fee.  =  constant. 
It  was  shown  that  when  the  squares  and  products  of  the  eccentri- 

cities and  inclinations  are  omitted,  the  Toriationa  in  the  eccentricities 
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are  the  same  as  if  all  the  planets  moved  in  one  plane ;  and  that  the 
variations  in  the  inclinations  are  the  same  as  if  the  orbits  were  circu- 

lar, as  these  quantities  vary  independently  of  one  another,  e,  e',  &c.,  and 

0, 0',  &c.,  may  be  alternately  zero  in  the  last  equation,  consequently, 

m  4~a  .  ̂   -\-  m!  '^Ta'  .  ef*  +  mf'  'JaF  .  e"«  +  &c.r=  constant ; 
fn  V^tan*0  +  m!  ̂a'tan20'  +  m"  *Ja!'  tan*  0"  =  constant ; 
results  that  are  the  same  with  equations  (136)  and  (140). 

If  quantities  of  the  order  of  the  squares  of  the  eccentricities 

and  inclinations  be  omitted,  the  tangents  of  the  very  small  quantities 

0,  0^,  may  be  taken  in  place  of  their  sines,  so  that  by  the  substi- 
tution of 

^  =  tan  0  sin  9,      g  =  tan  0  cos  0, 

y  =  tan  0'  sin  O',     g  =  tan  0^  cos  O', 
&c.  &c. 

in  equations  (145)  they  become 

m  Jib  .  g  +  m'  4H  .  q*  +  m"  Jd*  ̂ '  +  &c.  =  constant, 

m  sa  .  p  '\-  m!  */a/ .  p*  +  m"  ̂ a"  p"  +  &c.  s=  constant 
520.  Since  the  eccentricities  and  inclinations  of  all  the  orbits  in 

the  solar  system  are  very  small,  the  constant  quantities  in  all  the  pre- 

ceduig  equations  of  condition  must  be  very  small,  provided  the  radi- 

cals *J~ay  JaF,  &c.,  have  tlie  same  signs,  that  is,  if  the  bodies  all 
move  in  one  direction,  which  is  the  case  in  nature ;  it  may  therefore 

be  concluded  that  the  elements  vary  within  very  narrow  limits. 

521.  Let  there  be  only  two  bodies  m  and  m\  the  mutual  inclina- 
tion of  their  orbits  being 

cos  7  =  cos  0  cos  0^  +  sin  0  sin  0'  cos  (d'  —  6) ; 

then  if  the  squares  of  the  equations  (144)  and  (145)  be  added,  the 
result  will  be 

ni*a(l  -e«)  +  mV  (1  -  e'«)+2mm' Va(l  -  e*).  Va'(l-e^) 
X  COS  7  r=  constant.  (146) 

Neglecting  quantities  of  the  fourth  order,  and  putting  all  the  con- 
stant quantities  in  the  second  member,  it  becomes 

m^.^+m'  Jae*  +    4mm' ^^  Bin' ^y  ̂   ̂ ^^^^^^^ 

for  cos  7=1  —  2  sin*  J  7. 
The  constant  in  the  second  part  of  this  equation  is  equal  to  the 
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first  member  at  a  given  epoch,  fur  at  that  e\iOch  all  tlie  elements 
supposed  to  be  known  by  obiiervation ;  it  ought,  therefore,  to  be 

dependent  of  the  variation  of  the  dements  e,  e',  and  7 
will  be 

m  -U.  <J«  +  m'  /^  ̂ Se-  +    '"^^'  "  TJ^^  =  0,  (147) 

fat  a  and  a*  are  constant.  Thia  relation  must  always  exist  among 
Ae  secular  variations  of  tlie  eccentricities  of  the  two  orbits  and  their 

mutual  inclinalion. 

If  the  constant  part  of  equation  (146)  Iw  included  in  the  second 
member  it  becomes 

flAze*  +  m'*af^  —  2mm'  a'i^*nn'  >/  I  —  ̂   vl  —  e"  cos  7  =:  con- 

stant, by  the  subatitution  of  tfin  and  t^'  for  va  and  v^; 
and  if  it  be  observed  tbat 

sin' t 

l  +  Vl-e" 

If  this  value  be  put  in  the  preceding  equation,  and  all  constant 

quantities  included  in  the  second  member,  it  becomes 
^  Vl  -  7°   .   cos  y 

M*  .  (M*  +  m"  .  o'e™  +  2mnif  .  o'o^n'. 

+2mm'.o'o"iMi'. +  Snm'i^VRn' 

sm*7      _ 

I  +  COB  Y 

=  C,; 

1+ VT-^ 
Cf  being  an  arbitrary  constant  quantity. 

C,  is  a  very  small  quantity  with  regard  to  the  squares  and  products  of 

mandm',  since  they  are  multiplied  bye*,  e^,sin7*;  and  that  the  mutual 
inclination  of  the  two  planes  and  their  eccentricities  are  supposed  to 
be  very  small,  as  is  really  the  case  in  nature.  Each  term  of  the  first 
member  of  this  equation  will  therefore  remain  very  small  with  regard 

to  the  squares  and  producta  of  m  and  m'  i  if  all  the  tenns  have  tha 
same  «gn,  each  term  will  tben  be  less  than  C,.    But  because  all  tbe 
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pliincts  revolve  in  the  same  direction  round  tbe  sun,  it/,  nV,  will  have 

the  same  sign.  Hence  all  the  terms  in  the  first  member  will  be  po- 

sitive as  long  as  y  is  less  than  90^.  But  if  y  ̂   90^,  then  sin  7  =  1 ; 
cos  7=0,  which  reduces  the  equation  to 

iii'ac*  +  m'^a'e^*  +  2mm'a*a'*nn'  =r  C, 
and  the  last  tcnn  is  no  longer  very  small  with  regard  to  mm\  which 

is  im|X)35il)lc,  since  C,  is  very  small  with  regard  to  the  product  of  m 

and  m\  and  that  the  other  terms  of  tlie  first  member  are  positive. 

Tlius,  because  the  angle  7  never  can  attain  to  90^,  it  follows  that  7, 
the  inclination,  and  the  eccentricities  e,  e',  of  the  two  orbits,  will 
always  be  small ;  for,  as  cos  7  never  can  become  negative,  every  term 

in  the  first  member  of  the  equation  under  discussion  will  be  positive, 

and  will  remain  very  small  with  regard  to  the  squares  and  products 

of  the  masses  m  and  mf.  Tliat  is  to  say,  the  coefficients  ^  e^  sin*  7 
will  always  remain  very  small,  because  they  are  small  at  present 

53*2.  Tills  reasoning  would  be  the  same  whatever  might  be  tlie 
number  of  planets,  since  each  of  them  would  only  add  terms  to  the 

first  member  of  the  e(]uation  under  consideration,  similar  to  those 

that  compose  it. 

5*23.  Tiius  it  may  be  concluded  that  the  planetary  system  is  stable 
with  regard  to  the  eccentricities,  the  inclinations,  and  greater  axes  of 

the  orbits,  however  far  the  approximation  may  be  carried  with 

regard  to  the  elements  of  the  orbits,  even  including  the  second  powers 

of  the  disturbing  forces. 

5*24.  La  Place  and  Poisson  have  proved  the  stability  of  the  solar 
system  when  the  approximation  extends  to  the  first  and  second 

])owers  of  the  disturbing  force,  on  the  hypothesis  that  all  the  planets 
revolve  in  nearly  circular  orbits,  little  inclined  to  each  other ;  but  in 

a  very  able  paper  read  before  the  Royal  Society  on  tlie  29tli  April, 

1B30,  Mr.  Lubbock  has  shown  that  these  conditions  arc  not  necessary 

in  a  system  subject  to  the  law  of  gravitation.  He  has  obtained  expres- 

sions for  the  variations  of  the  elliptical  constants,  wliich  are  rigor- 
ously true,  whatever  the  i)ower  of  the  disturbing  force  may  be, 

whence  it  appears,  that,  however  far  the  approximation  may  be  car^ 
ried,  the  eccentricities,  tlie  major  axes,  and  the  inclinations  of  the 

/  orbits  to  a  fixed  plane,  contain  no  term  that  varies  with  the  time,  and 

/  heir  secular  variations  oscillate  between  fixed  limits  in  very 
eriods. 
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The  tavariabU  Plane, 

535.  It  has  been  already  mentioned  that  in  the  motion  of  a  system 

of  bodies  there  exists  an  invariable  plane,  which,  always  retaining  & 
parallel  position,  is  easily  found,  because  the  sum  of  the  masses  of 

the  bodies  of  tlie  system  respecttvcly  multiplied  by  the  projections  of 
the  areas  described  by  their  radii  vectores  in  a  given  time,  is  a 

maximum  on  that  plane,  and  the  sum  of  the  projections  on  any 
other  planes  at  right  angles  to  it  is  zero.  It  is  principally  in  the 
■oiar  system  that  this  plane  is  of  importance,  on  account  of  the 
proper  motions  of  the  stars,  and  of  the  plane  of  the  ecliptic,  which 

lender  it  difficult  to  determine  the  celestial  motioas  with  precision, 

this  difficulty  indeed  is  already  perceptible,  and  will  increase'  when 
very  accurate  observations,  separated  by  very  long  intervals  of  timci 

must  be  compared  with  each  other. 

If  /  be  the  inclmadon  of  the  invariable  plane  on  the  fixed  plane 

which  contains  the  co-ordinates  j;  and  y,  and  if  ,[},  be  the  longitude 
of  its  ascending  node,  by  article  166 

Tan  /sin  fl.  =  £!;  tanfcosfl,  =  — ; 

and  substituting  the  TaluesofC,C,  C",  given  by  equations  (144)  and 

Tanfsin  S}  =  ">  ■^a(l-^Mn^«pO+m' Vfl'(l-e">Bin0'sine'+aw:. 

m  Votl-O  cos  0  +  m'  Va'(l-e")cos  0'  +  8h;. 

Tan  /coB^=  ■"  VS(U7)sinflicosfl+m'V^Tr:7i>sin0'cos
O'+&c. 

m  VaCl-e")  cob0 +  mVa'(l-e™)cos0'+SK:. 
The  second  members  of  these  two  equations  have  been  proved  to 

be  invariable,  even  in  carrying  the  approximation  to  the  squares  and 

products  of  the  masses,  whatever  changes  the  secular  variations  may 
induce  in  the  course  of  ages  ;  and,  by  what  Mr.  Lubbock  has  shown, 

they  must  be  constant,  whatever  the  power  of  the  disturbing  force 

may  be :  hence  it  follows,  that  the  invariable  plane  retains  its  posi- 
tion, notwithstanding  tlie  secular  variations  in  the  elliptical  elements 

of  the  planetary  system. 
526.  The  determination  of  this  plane  requires  a  knowledge  of  the 

U 



290  8SCULAB  IKXQUALHIEa  [BookH 

masses  of  all  the  bodies  in  the  system,  and  of  the  elements  of  thdr 
orbits.  Approximate  yalaes  of  these  aze  only  known  with  legaid  to 

the  planets,  but  of  the  masses  of  the  comets  we  are  in  total  igno- 
rance ;  however,  as  the  mutual  gravitation  of  the  planets  is  sufficient 

to  represent  all  their  inequalities,  it  shows  that,  hitherto  at  least,  the 
action  of  the  comets  on  the  planetary  system  is  insensible.  Besides, 

the  comet  of  1770  i4>proached  so  near  to  the  earth  that  its  periodic 
time  was  increased  by  2.046  dap ;  and  if  its  mass  had  been  eqpal  to 

that  of  the  earth,  it  would  have  increased  the  length  of  the  sidereal  year 

by  nearly  one  hour  fifty-six  minutes,  according  to  the  computatian 
of  La  Place  ;  but  he  adds,  that  if  an  increase  of  only  two  seconds 

had  taken  place  in  the  length  of  the  year,  it  would  have  been  de- 
tected by  Delambre,  when  he  computed  his  astronomical  tablet 

from  the  observations  of  Dr.  Maskelyne ;  whence  the  mass  of  the 

comet  must  have  been  less  than  the  y^fe^  part  of  the  mass  of  the  earth. 
The  same  comet  passed  through  the  Satellites  of  Jupiter  in  the  yean 

1767  and  1779,  without  producing  the  smallest  effect.  Tlius,  though 

comets  are  greatly  disturbed  by  the  action  of  the  {Janets,  they  do 

not  appear  to  produce  any  sensible  effects  by  their  reaction. 
527.  If  the  position  of  the  ecliptic  in  the  beginning  of  1750  be 

assumed  as  the  fixed  plane  of  the  co-ordinates  x  and  y,  and  if  the 
line  of  the  equinoxes  be  taken  as  the  origin  of  the  longitudes,  ft  is 

found  that  at  the  epoch  1750  the  longitude  of  the  ascending  node 

of  the  invariable  plane  was  St  =  ̂ ^^^  ̂ 7'  30'',  and  its  inclination  on 

the  ecliptic  1=1°  35'  31" ;  and  if  the  values  of  the  elements  for  1950 
be  substituted  in  the  preceding  formula^,  it  will  appear  that  in  1950 

SI  =  102°  57'  15"  ;  J  =  1*^  35'  31"  ; 
which  differ  but  little  from  the  first. 

528.  The  position  of  this  plane  is  really  approximate,  since  it  has 
been  determined  in  the  hypothesis  of  the  solar  system  being  an 
assemblage  of  dense  points  mutually  acting  on  one  another,  whereas 
the  celestial  bodies  arc  neither  homogeneous  nor  spherical ;  but  as  the 
quantities  omitted  have  hitherto  been  insensible,  the  position  of  the 
plane  as  it  is  here  given,  will  enable  future  astronomers  to  ascertam 

the  real  changes  that  may  have  taken  place  in  the  forms  and  posi* 
t«  4anetary  orbits. 



CHAPTER  VII. 

Vanatimu  depending  on  thefint  Powen  of  the 
and  Indinalioni. 

529.  The  differential  dR  relates  to  the  arc  n<  alone,  conaeqttently 

the  differential  equation  da  =  2a* .  dR  in  article  499  becomes 
da  =  +  m'a* .  in  .  2^(  wn  i  (n'l  —  ni  +  ̂   —  ■) 

+  m'a^en{i-  I)  .  M.sin  {i(rt'i-ni  +  «'  -e)+Bi+«-ta} 
+  mfifiifn  (i-  I)  .  M\  am  {i(n't  -n/+.'-«)  +  ni+  <-o'}. 

The  mtegral  of  this  equation  Ib  the  periodic  variation  in  the  mean 
distance,  and  if  represented  by  So,  then 

Sa  =:  —  m'a*  -^L-  ,  2  At  cos  i  (n't  —  n/  +  «*  —  •) 

—  m'a'e   t'~^)".  JH;coB{i(n'(-ni+«'— •)+fi(+«-o} i(n  -n)+n 

-  m'aV    t'-^)",,  31,  cos  {iCn'(-fii+.'-e)+fi(+i— w'}. i(n'-n)+n 

In  a  similar  manDcr  it  may  be  found  that  the  periodic  variation  in 

the  mean  motion  i/{f  c  —  Sfandl  dR  is, 

Sf  =  3  .  m'o  .  — ^! — -  .  ̂,  Bin  i  {n't  -  ni  +  .'  -  0 

+  J  m'ae  , ./'  "  ̂̂ ^"'  _    Jf,Bin{i(n'<-«<+t'-«)+fif+«-o} 

+  ̂   w'a^',./',~'^"'     .Af.Bin{i(n'f-n<+«'-.)+>U+.-BF'}. 
From  the  other  differential  equations  in  article  439  it  may  bIbo  he 

found  that  tlie  periodic  variation  in  the  eccentricity  is 

5e  =  im'a       ̂    "    Af,c<»{t(ii'<-fU+s'-<)+ni+«— •} 



Chap.  VII.]      ELEMENTS  OF  THE  PLANETABT  OBBITS.  293 

When  the  orbit  of  m  at  the  epoch  is  UBumed  to  be  the  fixed  plans, 

«  =  0,  and  *'  =  a't  sin  (n'l  +  ̂   -  U). 
the  products  of  the  inclination  hy  the  eccentricities  hwag  omitledj 

Now  although  z  be  zero,  its  differential  is  not,  theiefoie  —  mutt 

be  detennined  from 

B  =  ̂ ^  +  !:!lif^ZL!>.' 2  B,  cos  i(n'( -«(  +  .'-.); a™  4 

whence 

A  0"  2  '  ̂   -^  /• 
and 

g  =  :^7sm{(n'i  +  «'-n) 

+  ̂   al  B^^^i  rain  {  i(-rt  _  n(  +  ̂  -  .)+ni+.-n  } 

where  i  may  be  any  whole  number,  positive  or  negative,  except 
Eero.    When  this  ((uuitity  is  substituted  in  dp,  dq,  their  integrals  are 

ain  in't  +  n't  +  .'  +  <-n)}}, 

+  ̂   oWftlBj^.,,  TJ—i— -  Bio  iHn'l  -nt  +  tf-  .)-n) 

_    \   sin  {  i  (V*  -  n*  +  •'  -  «)  +  2irf  +  2«  —  n}  I 
i{n'-n)+2n 

iq  =  ̂   .  ̂ y  {_i_  cos  (n't +  nt  +  ̂   +.-tty 

+  .  -L-  cos  {  n't  -  n(  +  <'--)  -  nil 

_  :J  oVnZ  S^«  y  { j^;^  c<»  C'  (n7  -  irf  +  .'  -  .)  +  H) 

-  cos  {  i  (n'i  -  »U  + «'  -  «)  +  2n(  +  2«  -  n  }  [ 

530.  The  equations  which  determine  the  variations  m  the  greater 
axes  and  mean  motion  show  that  these  two  elements  are  subject 

to  very  considerable   periodic  yariationt,  depenfiag  m  the  coo- 
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+  Im'ae — 2 —  Ai cos  t  (?i7  -«<+«'  —  «) n'  —  n 

+  n/ae'  -— - 
n 

•  (//— /i)  +  2/i 

+Jm'a.tf'. 
71 

i  (n'  -  n)  +  2/1 

TV,  COB  {i(A7-n/+«'— 0 + 2ni+2e-2sr} 

7^1  cos  {i(nf  <-it^+e'-8)+2it<  4- 2c  -o-o'} 

—  j^  mW  — VL—  2^4  cos  {i  (n7  -  nQ  +«'  —  e)  +  «r  —  «'} 
t(/i-/i) 

+  Jm'fle'  — ^—  2V5  cos  {» (n7  -  w/  +  .'-«)-  tsj  +  ta'}. 

The  variation  of  the  epoch 

iM=z^ma'—!L—a(^^Bmiin't'-nt  +  •'  -  €) 

+  jm'ae^,^  ̂   ̂„x  ,  „  ̂̂ «  "»  {  *0*'^  -  w<  +  e'  —  e)  +  «/+  €— cr} 

—  m  Ve 

-  m'a^e' 

n   

i(/i'  — »)+n 

sin  {  I  («'/— w<+€'  —  c)  +  n<  +  e  —  «} 

''^^  sin  {  t(/l7-W<+6'— e)+ii/+e-iD'}. 

The  variation  in  the  longitude  of  the  perihelion 

+m'flre  - 

n 
No  sin  {  i  (/i7-w<+e'-€)+2;i/+2€-.2or  } i(»'-w)+2/i 

+  mae  .   iV,  sin  i  («7  —  ?i<  +  c'  —  e) 
i(7i'-w) 

+  Jm'a^'-_Ji_— iSTj  sin  {i(n'/-7i^+€^^ 
t(/l'-7l)+2/l  -• 

+  \  nVcuf  — -^-r  ̂ 4  sin  {  i  (/i'<  -  n<  +  c'  —  g)  +  tj  —  o'  } 

+  im'ae' — VL—  .  iV,  sin  {  i(7i7  -  7i<  +  «^' -  e)  —  t!x+ o' }  . 

AVhen  c*,  ey,  e'y,  are  omitted,  the  differentials  of  p  and  q  in  ar- ticle 437  become 

dp  =  a*/i(f<  sin  (nl  +  t)  — 

d^  =  a^ndt  cos  (/i<  +  e)  ̂. 
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When  the  orhit  of  m  at  the  epoch  is  assumed  to  be  the  fixed  plane, 

1=0,  and  *'  =  a'y  sin  (n't  +  *"  —  TI). 
the  producta  of  the  inclination  by  the  eccentricities  being  omitted. 

.■in. 

be  detennined  from 

^llflnii' 2  fl<  cos  (  (b'(  -  n( +  .'-•)  i 

^  -  a^  Z  B,  cot  iin't-nt +*'-»), 

7  sm  {  (n'i  +  «'  -  n) 

+  ̂ o'2B(^,j  7Bin{i(«'i-n*  +  .'-.)+n(+«— n} 

where  i  may  be  any  whole  number,  positire  or  negative,  except 
zero.    When  this  quantity  is  BubBtituted  in  dp,  dq,  their  integrals  are 

whence 

AR  _  nt' 

dz 

to  =  -  :!  .  ?!2v  |_i_  sin  (n'(  -  nl  +  €<  - '^  2      of*     In'-B 

-n)- R'-t-H 

8in(n'(+B'(+  .'  +  «-n))}, 

+  ̂   a'a'nS  B^>  y  |^      *_      sin  ( i  (»»'*-  ni  +  •'-  •)- ") 

  L__Bin{i(B'j-B(  +  «'--)  +  2ju  +  2.-n}} 

-f-  .      *_  COB  {  n'i  -  nf  +  •'  -  •)  -  n}  J 

+  ...J..^^  cos  { i  («'^  -  «<  +  *"  -  0  +  21*  +  2«  -  n }  }. 

530.  The  equations  which  determine  the  rarialiona  in  the  greater 
axes  and  mean  motion  show  that  these  two  elements  are  subject 

to  very  considerable   periodic  TariationB,  depenfiig  on  the  con- 
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figurations  of  the  bodies/  when  the  divisor  i  (n'  —  n)  +  n  or 
f'/i'  —  in  is  very  small. 

There  is  no  instance  of  the  mean  motions  of  any  two  of  the  ce- 

lestial bodies  being  so  exactly  commensurable  as  to  have  tW— tnsO, 

therefore  tlie  greater  axes  and  mean  motions  have  no  secular  in- 

equalities, but  in  several  instances  this  divisor  is  a  very  small  firac- 

tion,  and  as  a  quantity  b  increased  in  value  when  divided  by  a  frac- 

tion, the  divisor  i'n'  —  tn,  and  still  more  its  square,  increases  the 
values  of  these  periodic  variations  very  much.  For  this  reason  the 

periodic  variation  in  the  mean  motion  is  much  grieater  thaii  that 
in  the  greater  axis,  evidently  arising  from  the  double  integration 
in  the  former. 

531.  It  is  unnecessary  to  add  constant  quantities  to  the  preceding 

integrals,  for  they  may  be  included  in  the  elements  of  elliptical  mo- 
tion, wliich  then  become 

a  +  at,  «  +  <?/,  «y  +  W/,  €  +  ey,  ̂   +P/,  9  +  ̂/ ; 
and  in  the  troubled  orbit  they  arc 

a  +  «/  +  Sa ;  e  +  e^  +  Je ;  o  +  cr^  +  to ; 

«  +  •/  +  Se ;  p  +  1?^  +  Jp ;  g  +  g^  +  Jg, 
Since  a^,  ̂ ^,  &c.,  $a^,  Se,  &c.,  arc  very  small  quantities  of  the  order 

n»^  a  +  0/f  c  +  *i^1  &c.,  may  be  substituted  in  the  latter  quantities  in« 
stead  of  a,  e,  &c.,  they  will  tlien  be  functions  of  the  time  and  of  the 

six  constant  quantities  a  +  ̂/i  ̂   +  ̂/?  &c. :  so  that  the  formulse  of 

troubled  motion  in  reality  contain  but  six  arbitrary  constant  quanti- 
ties, as  they  ought  to  do.  In  order  to  determine  a/,  «/,  &c.,  suppose 

the  perturbations  of  the  planet  m  were  required  during  a  given  inter- 
val of  time.  The  quantities  a,  e,  &c.,  arc  given  by  observation  at  the 

epoch  when  i  =  0  in  the  elliptical  orbit,  that  is,  assuming  the  dis- 

turbing force  to  be  zero ;  but  as  a^  +  Sa,  e,  +  Se,  &c.,  arise  entirely 
from  the  disturbing  force,  tliny  must  also  be  zero  at  the  epoch; 
therefore,  values  of  the  arbitrary  constant  quantities  a^,  f^,  &c.,  are 
obtained  from  the  equations 

ai-\rla  ■=,  0,  e^  -h  le  =  0,  «t,  +  S^  =  0,  8cc., 
5d,  Uy  &c.,  being  the  values  of  Sa,  Se,  &c.,  at  the  epoch. 

The  effect  of  the  disturbing  forces  upon  each  of  the  elliptical  ele- 
ments will  be  completely  expressed  by  a^  +  Sa,  e^  +  Se,  &c.  during 

the  time  under  consideration.  Thus  both  the  periodic  and  secular 
variations  of  the  elements  of  the  orbits  are  determined. 



CHAPTER  VIIL 

FEBTUSBATI0N8  OF  THE  PLANKia  IN  LONGITUin, 
LATITUDE,  AHD  OISTANCB. 

632.  Tbi  position  of  a  planet  in  space  is  fixed  when  its  curtate  dis- 
tance Sp,  ig.  77,  its  projected  longitode  ySp,  and  its  latitude  pm, 

an  known.  The  detennination  of  these  three  co-ordinates  in  funo- 

tfams  of  the  time  fa  the  principal  object  of  Physical  Astronomy ;  these 

qoantities  tn  series  ascending  according  to  the  powers  of  the  eccen- 
ttiddes  and  inclinationa  axe  ̂ ven  in  article  399,  and  those  following, 
■ni^KMing  the  planet  to  move  in  a  perfect  ellipse  ;  but  if  values  of  the 

elements  of  the  orbits  corrected  by  their  periodic  and  secular  varia- 
tions be  lubstitated  instead  of  their  elliptical  elements,  the  same  series 

win  determine  the  motion  of  the  planet  in  its  real  perturbed  orbit, 

&3S.  The  projected  longitude  and  curtate  distance  only  differ  from 
the  true  longitude  and  distance  on  the  orbit  by  quantities  of  the  second 
ovdei  with  regard  to  the  inclinations ;  and  when  the  orbit  at  the  epoi^ 

It  assumed  to  be  the  fixed  plane,  these  quantities  as  well  as  those  of 
the  latitude  that  depend  on  the  product  of  the  inclination  by  the 

eccentricity  ate  so  small  that  they  are  insenuble,  as  will  readily  ap- 
pear if  it  be  considered  that  any  inclination  the  orbit  may  have 

Aoqniied  subsequently  to  the  epoch,  can  only  have  aiisen  from  tha 
■mall  secular  variation  in  the  elements  ;  l)esides  the  epoch  may  be 

.chosen  tomakeitso,  beingarbitrary.  Hence  the  perturbations  in  the 
longitude  and  isdiua  vector  may  be  determined  as  if  the  orbits  were 
in  the  same  plane,  and  the  latitude  may  be  found  in  the  hypothesis 
of  the  orbits  being  circular,  provided  the  orbit  at  the  epoch  be  taken 

as  tiie  fixed  plane :  circumstances  which  greatiy  bcilitate  the  deler- 
miaaUon  of  the  perturbations. 

The  following  very  elegant  method  of  finding  the  perturbations, 
by  considering  the  troubled  orbit  as  an  ellipse  whose  elements  are 

varying  every  instant,  was  employed  by  La  Grange ;  but  La  Place's 
method,  which  will  be  explained  afterwards,  has  the  advantage  of 
greater  simplicity,  especially  in  the  higher  approximations. 

584.  In  the  elliptical  hypothesis  the  radius  vectoi  and  tnw  loagH 
t^d*  «w  wtftowtd,  inwicto  SW,  by  , 
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r  =  functioiis .  (a,  f ,  e,  «,  fv), 
V  =  functiona  •  (i^,  e,  «»  o)* 

but  in  the  true  orbit  these  quantities  become 

a  +  Ja,    i  +  iif    e  +  ie,    c+Jc,     isr  +  im; 
therefore 

da  djf  oe  de  dm 

andif  the  Talues  of  the  periodic  virimtions  in  the  elements  in  aztkb 
529  be  substituted  instead  of  do,  9^9  ̂ m  the  perturbations  in  die 
radius  vector  and  true  longitude  will  be  obtained ;  the  approzimatkn 
extending  to  the  first  powers  of  the  eccentricities  and  inclinatioiis 
inclusively. 

535.  The  perturbations  in  longitude  may  be  expreased  under  a 
more  simple  form ;  for  by  article  372, 
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d.Jt>=i^/lEZ.— .rf«-  ̂  /ZI-— .d«-2  ̂ ad^y^.di; 
'^      a      ̂   ^  !-«•»*  ^ 

and  neglecting  the  squares  of  the  disturbing  forces,  the  integral  is 

^t7= — .  I ia.dv"'   ./Vfc.dn  — 2.   / — .do. 
2a  J  l-c«    -^  J    r 

But A=   Va. (!-€•),  theni^  =  JL.Sa -— L-»e; 

therefore  io  =    fY^  -  £^\do  (148) 

will  give  the  perturbations  in  longitude  when  those  in  the  radius  vector 
are  knoMm. 

Perturbations  in  the  Radius  Vector. 

536.  By  article  392, 

f  «  a(l  +  J^P  —  e  cos  (n<  +  6  —  w)  —  ̂ ^  cos  2  (ft<  +  «  -"  «)) ; 
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whence 

Sr=  (da  -  a$e  cos  (n^+e  *  t?)  -  oeSsT  sin  (n/+e^Gr))  ( 1 +2eco8  (n^+6-^)) 

—  Seia  C08  (nt  +  c— cj)  +  2oeSc+ac  (Jf +Se)  sin  (7i<+€— cr). 
If  the  values  of  ia,  Se,  dtsr,  S^,  Se,  from  article  529,  be  substi- 

tuted in  this  expression,  afler  the  reduction  of  the  products  of  the 

sines  and  cosines  to  the  cosines  of  multiple  arcs,  and  substitution 

for  3fo,  Ml,  2V,,  7V4  Ni^  from  article  459,  it  becomes 

*!1  =  ̂ .  2.C,.  cos  i  {n't  -  w<  +  e'  -  e),  (149) 

+  m' .  ̂ .2.D<.  cos{i(n'<  _  71^  4.  e'  —  e)  -f  n^  -|.  €  — cr}, 

+  m' .  e'.2.£<.  cos  {1(1*7  —  7i<  +  «'  —  e)  +  n<  +  «  —  c^}, 
where 

/*•— ^(n' — ny  In  -  n'  da  J 

I    »"     ..  -«V-"){«(>''-n)-n}-3n«^ 

{»(«'-n)+nj'-n«ln'-n  »« 

p^  n«  Ki-l)(2i-I)n     ,^ 
'       {i(n'-n)+n}«-nM    t(n'— n)+n 

(*-i) 

»(n'-n)+n  da  da«     J 

TAe  Perturbations  in  Longitude. 

537.  Having  thus  determined  tlie  perturbations  in  the  radius  vec- 

tor,  the  term  — —  is  known ;  and  if  substitution  be  made  for  ia r 

and  ie,  from  article  529,  —  will  be  obtained,  and  the  integral  of h 

equation  (148)  will  give 

m' 

St;  =  _  2.F,.  sin  iM  ̂ nt+  c'  -  e) 2 

+  m'e.S.(7<.  sin{i(n'<  —  n^  +  c'  — e)  +  nt  +  «— 0} 

+  mV.S.fl;.  sin  {  i(n't  ̂ nt+  «'-c)+ii<  +€-.»'}. 
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"BTicre 

t  (n  —  n')  I        n  —  n' 

i(n'-.fi)  +  ; 

_  t{iK-n)-n}+6it     ^^  1 

/^i  = 

n 

t(n'»n)+fi  ̂  

{ -(£.l)(2i.l)naJ,u«-(i-l)««^  ̂ ^^ 

-2E,  / 

2(i(«'-n)  +  n) 
538.  In  tliese  values  of  ir  and  Sr,  i  includes  all  whole  numbeHi 

either  positive  or  negative,  zero  excepted:  ir  and  iv  will  now  be 

determined  in  tiie  latter  case,  which  is  very  imporfant,  became  it 

gives  the  part  of  the  perturbations  that  is  not  periodic. 

539.  If  1  =  0  in  the  scries  R  in  article  449,  the  only  constant 

^erm  introduced  hy  this  vplae  into  ir  will  be 

2       \  da  J 

Again,  in  finding  the  Integral  ia  the  arbitrary  constant  a^  that  ought 
to  have  been  added,  would  produce  a  constant  term  in  ir.  In  order 

to  find  it,  let  the  origin  of  tlie  time  be  at  the  instant  of  the  conjimc- 

tion  of  the  two  bodies  tn  and  m', 

when  7i7  —  7i<  +  e'  —  €  =  0 ; 
whence  cos  0  =  1,  and  tlic  first  term  of  ̂ a  in  article  529  becomes 

ia  =  -  2m'a« 
n 

n^-n 

^A,, 

whence -   fri^  ..  dJ Sr=  IlLa' 2  da L  -  2m'a« 
n 

7r-n 

2^,; 

where  2  extends  to  all  positive  values  of  i  from  t  =  1  to  t  =  od. 

540.  If  these  values  of  5r  and  ia  be  j)ut  in  equation  (148),  the 
result  will  be 

,.  =  „.»{^z^.-,(^)} 
.  nt 
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And  as  by  article  392  the  elliptical  parts  of  r  and  v  that  are  not  pe- 
riodic, or  that  do  not  depend  on  sines  and  cosines,  are  r  =  a,  and 

V  =:  nt  +  e:  those  parts  of  the  radius  vector  and  true  longitude  that 

are  not  periodic  are  expressed  by 

v  +  iv  =  nt  +  €+m'a  [JlL  ZA^  -  a(J^^\  nt  (150) In'-n  \  da  y) 
in  the  real  orbit. 

Thus  the  perturbations  in  longitude  seem  to  contain  a  term  that 

increases  indefinitely  with  the  time ;  were  that  really  the  case,  the 

stability  of  the  solar  system  would  soon  be  at  an  end.  This  term 

however  is  only  introduced  by  integration,  since  the  differential 

equations  of  the  perturbations  contain  no  such  terms ;  it  is  therefore 

foreign  to  their  nature,  and  may  be  made  to  vanish  by  a  suitable  de- 
termination of  the  arbitrary  constant  quantities.  In  fact  the  true 

longitude  of  a  planet  in  its  disturbed  orbit  consists  of  three  parts,— of 
the  mean  motion,  of  the  equation  of  the  centre,  and  of  the  perturba- 

tions. The  mean  motion  of  the  planet  is  the  only  quantity  in  the 

problem  of  three  bodies  that  increases  with  the  time :  the  equation 

of  the  centre  is  a  periodic  correction  which  is  zero  in  the  apsides  and 

at  its  maximum  in  quadratures ;  and  the  perturbations  being  functions 

of  the  sines  of  the  mean  longitudes  of  the  disturbed  and  disturbing 

bodies  are  consequenUy  periodic,  and  are  applied  as  corrections  to 

the  equation  of  the  centre.  All  the  coefficients  of  these  quantities 

are  functions  of  the  elements  of  the  orbits,  which  vary  periodically 

but  in  immensely  long  periods.  The  arbitrary  constant  quantities 
introduced  by  integration,  must  therefore  be  determined  so  that  the 

mean  motion  of  the  troubled  planet  may  be  entirely  contained  in  that 

part  of  the  longitude  represented  by  v. 

541.  The  values  of  a,  n,  e,  €,  and  cr,  in  the  preceding  equations, 

are  for  the  epoch  <  =  0,  and  would  be  the  elliptical  values  of  the  ele- 
ments of  the  orbit  of  m,  if  at  that  instant  the  disturbing  forces  were 

to  cease.  Let  n^  be  the  mean  motion  of  tn  given  by  observation, 

tiien  the  second  of  the  equations  under  consideration  gives 
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and  let  a^  be  the  mean  distance  ooReapondmg  to  ft/  retaking  bxm 
the  equaUoDy 

V   =      r— . 

If  in  this  last  expression  n  +  ft/  —  n,  and  a  +  <S/  —  ̂   be  putfiir 

ft/  and  a/,  and  if  (n/  -  n)*,  ia^^ay^  which  axe  very  amall  beomittedf 

then  2n  (ri/  —  n)  s  *  —  (a/  —  o) ; a 

and  substituting  for  n^  it  becomes 

and  as  a  may  be  pat  for  O;  in  the  tenna  multiplied  by  m\  tho  eqiia* 
tions  (150)  become 

+  «r  =  «,-im'«/(^) 

V  -|-  Su  =  n^  +  €. 

Thus  dt7  no  longer  contains  a  tenn  proportional  to  the  time,  and  the 
mean  motion  of  the  disturbed  planet  4s  altogether  included  in  the  pazt 
of  the  longitude  expressed  by  v,  in  consequence  of  the  introduction 
of  the  arbitrary  constant  quantities  n,  and  a^,  instead  of  n  and  a. 

The  part  of  ̂ r  depending  on  the  first  powers  of  the  eccentricitiea 
may  be  found  by  making  t  =  0  in  the  values  of  da,  ie^  &c.,  in  article 
529  ;  after  which  their  substitution  in  ir  of  article  536.  will  give 

''=-T««»-(^)+K^)} 
COS  (nt  +  «  ̂   «) 

-  T'^t^^'-K^)-*-^^)}""^""-"'^' 
The  corresponding  part  of  iv  from  article  535  is 

'-^T-H^YKWi^ 
sin  (n<  +  «  —  «) 

+ 
|ae'{2^.-2«(^)-4«.(^)}  -m  («.  +  .  -«0. 

642.  If  the  different  parts  of  the  value  of  ir  and  iv  be  added» 
and  if 

/=j(,^(^)+j..(^)} 
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/.=  H3-..-3a-(^)-4.-(^)} 

/..=  i(^,-^(^)-J..(^)} 
Tlie  periodic  inequalities  m  the  radius  vector  and  true  longitude  of  m 

when  troubled  by  m',  are 

i:  =  -  ̂  ̂ /'T— ̂   +  —  .2.  C  C08i(n7-w/+«'-«) 
a  6     '  \da,  J         2  ^  ^ 

—  m'.e.f*  COS  (n^  +  6  —  t?)  —  mV/^  cos  (w^  +  c— o') 

+  m'.«.2.A«cos{i(n7  —  ii< +  «'—«)  + ^^  +  «  —  «t} 

+  mf.e'.I,.Et.  co8{i(yi7-n<  +  «'-0  + wt  +  c-ty}, 

m' 

Jo  =  _  .2.F|,  sin  t  (n7  -  n^  +  e'  —  «) 

+  2m'.«./.  sm(ni  +  c  -  cy)  +  2m!.e',f*.  sin  (n^  +  c-tsy') 

+  m'.e.2.G<.  sm  {  »(/i'(  —  n^  +  e'  —  «)  +  n^  +  €-t!T} 

+  m'.«'.2.fl;.  sin{i(n'*-n^  +  €'-.  €>  +7i<  +  6-t3'}. 

The  action  of  each  disturbing  body  will  produce  a  similar  effect 

on  the  radius  vector  and  longitude  of  m,  and  the  sum  of  all  will  be 

perturbations  in  these  two  coordinates  arising  from  the  disturbing 

action  of  the  whole  system  on  the  planet  m. 

543.  It  has  been  already  observed  that  each  of  the  periodic  varia- 

tions Sa,  dtf,  &c.,  ought  to  contain  an  arbitrary  constant  quantity  a^, 

tg^  f7y,  &c.,  introduced  by  tlieir  integrations,  so  that  their  true  values 

are  «/  +  Sa ;  f/  +  Se ;  cJ/  +  Jcr ;  &c.  &c. 

Now,  if  the  values  of  Jr,  $t7,  are  to  express  the  effects  of  the  dis- 

turbing forces  on  the  radius  vector  and  longitude  during  a  given 

time,  these  constant  quantities  must  be  so  determined,  that  when 

t^iOy  they  must  give 

e^  4-  Jc  =  0,  fsr^  +  5tsT  =  0,  &c.  &c., 
as  was  done  with  ia. 

Substituting  these  values  in  place  of  ie,  dt7,  &c.,  in  equation 
(149),  the  resulting  values  will  complete  those  of  ir  and  Jo,  which 

will  no  longer  contain  any  arbitrary  quantity,  but  will  express  the 

whole  change  in  the  longitude  and  distance  arising  from  the  action 

of  the  disturbing  forces.  Hence,  if  (r)  (o)  be  the  elliptical  values 

of  r  and  o,  given  in  article  392,  but  corrected   for  the  secular 
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variation  of  the  elements,  the  radius  vector  and  longitude  of  m  id  its 
troubled  orbit  will  be  determined  by 

r  rz  (r)  +  Jr,      v  =  (v)  -f  iv. 

Perturbations  in  Laiiiude, 

544.  If  the  second  powers  of  the  masses  be  omitted  as  well  u 

tlie  squares  of  the  eccentricities,  and  the  products  of  the  eccentn- 

cities  by  the  inclination,  the  orbit  at  the  epoch  being  the  fixed 

plane,  then  by  article  437 

is  s=  — ,         iz  =  yiq  •— >  xipf a 

and  in  this  case  y  =:  a  sin  (nt  +  e),  x  =i  a  cos  (nt  +  e), 

i" 

th
en
  

—  =  Sg.
sin

  
(nt

  
+  c) 

 
—  Sp 

 
cos 

 
(nt

  
+  e),

 
a 

and  substituting  the  values  of  Sg,  Sp,  from  article  529, 

Is  =:   .  —  Y  sm  hvt  +  r  —  fl) 
fi"  —  n*      a'* 

2  n*  -  (71 + 1  {jv — 7i))" 

Now  if  a  plane  ver}'  little  inclined  to  the  orbit  of  m  be  assumed  for 
the  fixed  plane  instead  of  that  of  the  orbit  at  the  epoch,  and  if  0, 0^, 
0,  ̂,  be  the  inclinations  and  longitudes  of  the  nodes  of  the  orbits  of 

m  and  m'  on  this  new  plane  ;  then  as  7  is  the  tangent  of  the  mutual 
inclination  of  the  two  orbits,  and  11  the  longitude  of  their  mutual  in- 

tersection, by  article  444, 

Y  sin  II  =  2/  —  ̂   ;    7  cos  11  =  ̂   —  g. 
If  these  values  be  substituted  in  5«,  and  if  (»)  +  S«  =  «  be  the  whole 

latitude  of  m  in  its  troubled  orbit  al>ove  the  fixed  plane,  then  will 

s  =  9  sin  {nt  +  <i)  —  p  cos  {nt  +  c) 

+  ̂ ^^^  •  -^  {(9'  -  9)sin(n'<  +  «')  -  (//  -p)  cos  {n't  +  e-)} 

2  "      |i(w^-;i)+„'*— n« 

sin  {i{n't  —  71^  +  c  —  c)  +  71^  +  c) 

0/-.^)2 

sin  {i{nt  —  Tii  +  «""«)  +  ̂ ^  +  ̂)' 



Chap.  Vm.]   LONGITUDE,  LATITUDE,  AND  DISTANCE.  303 

The  two  terms  independent  of  m'  are  the  latitude  of  m  above  the 
fixed  plane  when  m  remains  on  the  plane  of  its  primitive  orbit. 

If  the  exact  latitude  of  m  be  substituted  for  these  two  terms,  this 

expression  will  be  more  correct. 

Each  disturbing  planet  will  add  an  expression  to  s  similar  to  it ; 
the  sum  of  the  whole  will  be  the  true  latitude  of  m  when  troubled 

by  all  the  bodies  in  the  system. 

545.  By  a  similar  process,  the  perturbations  depending  on  the 

other  powers  and  products  of  the  eccentricities  may  be  obtained,  but 

it  would  lead  to  long  and  intricate  reductions,  from  which  La  Place's 
method,  deduced  directly  from  the  equations  (87),  is  exempt 
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CHAPTER  IX. 

SECOND   METHOD  OF  FINDING  THE   PERTURBATIONS  OF  A 

PLANET  IN  LONGITUDE,  LATITUDE,  AND  DISTANCE. 

Determination  of  the  general  Equations. 

546.   To    determine  the   perturbations  Sr,  2r,  is  from  the  three 

general  equations, 

de         r>         dx 

d^2    ,    (12    ̂   dR 

The  sum  of  these  equations  respectively  multiplied  by  dxj  dy^ 
dz  is 

dxd*x  +  dyd^y  +  dzdPz     ,      fi{xdx  +  ydy  +  zdz)  ^j^j^ 
dt^  r»  ^      ̂ 

=  -(f);^*(f)+<"©- Tlie  integral  of  which  is  evidently 

rfx'  +  dy'  +  rf»'  _  2^  +  Jl  ̂   2/dfl.  (152) 

Tlie  diflercntial  of  R  is  only  relative  to  the  co-ordinates  of  m, 
because  the  motions  of  that  body  alone  are  under  coubideration  ;  a  is 

an  arbitrary  constant  quantity  introduced  by  integration  ;  it  is  half 

tlie  greater  axis  of  the  orbit  of  m  when  R  is  zero.  Again,  the  same 

equations,  respectively  multiplied  by  j,  y,  and  z,  and  added  to  the 

preceding  integral,  give 

xd'x  +  yd^y  +  zd^z         dj*  +  dy*  +  dz*     ,    ̂ (x^  +  y*  +  2*) 
dl*  di*  T* 
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The  two  £rst  members  of  this  equation  are  equal  to  j  the  tliird 

is  iL,  and  if  to  abridge  rA'  be  put  for 

tbe  equation  becomes 

i^-JL  +  JL  =  2fd.R  +  rR\ ctt"  r  a         ̂ ^ 

Let  dv  be  the  indefinitely  small  angle  mSk^  fig.  89,  contained  between 

Sm  =  r,  and  5A  =  r  -{-  ̂r,  then  mh*  =  ma*  -f"  ̂ *  J 
but  fna  =  rdr,  and  ah  =  dr, 

hence  fiiA«  =  dr"  +  f*d»«  =  dr«  +  <fy«  +  di«. 
But  9d^x  -f-  y^y  +  »«P«  =  d(xdx  -f-  yrfy  +  zdz) 

so  that  the  equation  in  question  becomes, 

d^  r 

whence  ̂   ̂   IH   -  A  =  -  1  B'. 

547.  In  solving  equations  by  approximation,  a  value  of  the  un« 

known  quantity  is  found  by  omit^ng  some  of  the  smaller  terms,  then 
the  value  so  found  is  substituted  m  the  equation,  and  a  new  value  is 

sought,  including  the  terms  that  were  at  first  omitted. 
Now  values  of  r  and  v  have  been  determined  in  the  elliptical  orbit 

by  omitting  the  parts  containing  the  disturbing  forces,  but  if  r  -j-  2r 
V  +  ̂ vhe  put  for  r  and  v  in  the  preceding  equations,  the  parts  con- 

taining the  elliptical  motion  may  be  omitted,  and  the  remaining  terms 

will  give  the  perturbations.  It  is  evident,  however,  that  this  substi- 
tution must  not  be  made  in  A,  since  it  contains  the  first  powers  of 

the  disturbing  action  already.  Consequently,  the  equations  in  ques- 
tion become 

dt*  r"  J        ̂  

2r*dv .  div  ̂   r<j^^r  —  ir,  d^r  ̂     Zfirlr    ̂      -, 

d?  d?  ~? 

and  eliminating  ̂ —1  from  the  second  by  means  of  the  first . 
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div  =  ̂^^^  'ir  +  2r.  djr}  -  dfCafAR  +  2r«0  .^^ 
r*dv 

548.  The  integral  of  the  angle  dv  =:  mSh  does  not  lie  all  in  one 
plane,  but  it  is  easy  to  obtain  a  value  of  that  indefinitely  small  angle 
in  functions  of  its  projection  pSB  =  dv\  For  let  pB  be  the  projee* 
tion  of  the  arc  tnh  on  the  fixed  plane  of  the  ecliptic,  then  Sm  =  r, 
tnp  =  t,  the  tangent  of  the  latitude,  and  the   curtate   dislancs 

Draw  mE  it 
Jig.  89. 

Sp^ 
right  angles  to  Bk;  mod  de* 
scribe  the  are  pc  widi  the  ra- 

dius 8p.  Now  the  arc  mh  being 
indefinitely  small,  its  projeclioa 

j^B  is  indefinitely  small,  thei^ 
fore  both  may  be  taken  in  place 
of  their  sines ;  also 

mh*  =  mE*  +  EA* 
and  as         niE  =  pB, 

/»•  +  eB«  +  EA«  =  mA«. 

rdv'  «         .  r    _  rfr(l  +  j«)-ndg 

Vi  +  «* Again 

And 

hence 

but 

mp  s 
^  1  +  «■ 

AE  =  .dmp  =  rds^Bdr(l+
^ 

(1  +  O* 

^A«  =  r'dv  -f  dr*, 

and  lastly,        dv'  =  c/c. 

^-w.  v/'a  +  o'- 
(154) 

Thus  rf p'  is  known  when  dt  is  determined ;  however,  if  the  latitude 
be  eslimated  from  a  known  position  of  the  orbit  of  the  planet  itself  at 
any  given  epoch,  instead  of  from  the  fixed  plane  of  the  ecliptic,  it 
will  be  zero  at  that  instant ;  and  any  latitude  the  planet  may  have  at 
a  subsequent  period,  can  only  arise  from  the  disturbing  forces,  and 
must  on  that  account  be  very  small. 
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549.  Assuming  therefore  NpB^  fig.  89,  to  have  been  the  orbit  of 
the  planet  m  at  any  given  time,  t  and  di  will  be  so  small,  that  their 
squares  may  be  omitted,  and  then  do  =  dv\     Also  the  radius  vector 

r,  only  differs  from  the  curtate  distance  —      by    the    extremely 

small  quantity  ̂ n*  which  may  be  omitted,  and  then  the  true  long^i- 
tude  V  may  be  estimated  on  the  plane  NpB  without  sensible  error ; 
so  that  SN  =  X  =  r  cos  v  ;  Nj/  =  ̂ ^  =  r  sin  o ; 

and  as  s  [ —  ]  is  so  small  that  it  may  be  omitted, 

hence,  the  equation  which  determines  the  perturbations  in  the  radius 
vector  becomes 

^+^  =  3/dJl  +  r('^)  (155) 550.  It  was  shown  in  article  372,  that  Hcfois  the  area  described  by 
the  body  in  the  indefinitely  small  time  dt^ 

therefore  r*rf©  =   Va*«(1-"«*)  dt  =:  na*Wl  —  «■  •  dt 
hence  the  value  of  div  becomes 

and  its  integral  is 

^^^  .^l_i^rd.ir+dr.ir_an  ^s/fdt.dR-^2fr(^dt)}im) 
Vl-e*  ̂        a'nrf/  /i  "    \dr  J 

which  determines  the  perturbations  of  m  in  longitude. 
551.  Since  the  orbit  of  m  at  the  epoch  is  taken  as  the  fixed  plane, 

the  only  latitude  the  planet  will  have  at  a  subsequent  period  must 

arise  from  the  perturbations,  and  may  therefore  be  represented  by  it ; 
hence  2  =  ri9. 

And  substituting  tliis  value  of  2  in  the  third  of  the  equations  of 
motion  in  article  546,  it  becomes 

dt*  r»  dx 

A  value  of  it  may  easily  be  found  from  this ;  and  if  it  be  then 
desired  to  refer  the  position  of  the  planet  to  a  plane  which  is  but 

little  inclined  to  that  of  its  primitive  orbit,  it  will  only  be  necessary 

X  2 
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to  add  to  tlu8  value  of  3«  the  latitude  of  the  planet,  supposing  it  not 

to  quit  the  plane  of  its  primitive  orbit 

Perturbaiiotii  in  the  Radiui  Fedor. 

552.  Tliese  arc  obtained  by  successive  approximations  from  the 

A  value  of  ̂ r  is  first  determined  by  omitting  the  ecccntricitift; 

that  value  is  substituted  in  the  same  equation,  and. a  new  value  of  ir 

is  found,  including  the  first  powers  of  the  eccentricities  ;  that  is  again 

substituted,  and  a  third  value  of  Sr  is  obtained,  containing  die 

squares  and  products  of  the  eccentricities  and  inclinations,  and  ao 

on,  till  tlie  remaining  or  rejected  quantities  are  less  tlian  the  erron 

of  obscr\'ation. 

553.  Supjx>8ing  the  orbits  to  be  circular,  then  t~*  =  iT*;  and  by 

article  383,  iL  =;  n*.     And  if  the  mass  of  the  planet  be  omitted  when 

a* 

compared  with  that  of  the  sun  taken  as  the  unit,  the  preceding  equa- 
tion, after  these  substitutions,  becomes 

<f )  =  »(")' 

m' 

and  in  this  case     A  =  —  J,Ai  cos  t  {n't  -^  nt  •{-  m'  ̂   «). 

When  1  =  0,  cos  i  {n't  -  w/  +  i'  —  c)  =  1, 

H  =  —  -^0  +  —  .  2  .  -^j  cos  1  (n't  —  nt  +  «'  —  c), 

and  as  AR  is  the  differential  oiR  with  regard  to  nt  alone, 

therefore  2/dil  +  r  (^^  = 

2-    \da)         2       \n^7i'  \daji 
cos  i  (ii't  —  jit  •\-  ̂ '  ̂   c)\ 

Whence        f?!^  +  n^rlr  =  2m' g  +  '^  a  .  (^\ 
de  ^2  \daj 

+  !^'  2  {l!L  A,-\-a(idl\\  cos  i  (n't  -  w^+c'-c). 2       in-7i'  \daj) 
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The  integral  of  this  equation  is 

~  =  5  +  B'  .  cos  t  (n'<  —  n<  +  e'  -  e), 

a* 

B  and  ̂   being  indeterminate  coefficients,  then 

^  +  nVJr  =  5/iV 

+  5'a«  (n«  -  t«  (n'  -  n)«)  cos  t  (n'<  -  n^  +  •'  -  •). 
And  comparing  the  coefficients  of  like  cosines, 

2  n'-f*  (n-n')»        \n-n'  \  da  Jj 

o^  2     \da^         2  »»-»»(n -»»')• 

X  cos  t'  (n't—nt  +  •'— k) ; 

or  if  a  be  put  for  r  in  the  first  member,  and  'because  by  article  536, 

a  8      \  da  y       2 
which  is  the  first  approximation. 

554.  When  the  first  powers  of  the  eccentricities  are  mcluded, 

s=  —  (1  +  3c  cos  (n£  +  6  —  «)} ; 

a* 

and  therefore 

^^  +  nV5r+8n«fl  .  »r  .  e  cos  (lU+f-w)  =  2fdR  +  r(^, dC  \drj 

m' 

but  E  =  _  2Jfp  «  cos  (t  (n'^-n^+6'-e)+n<+«-o} 2 

+  ̂  2  Jifi  c' cos  { t  (n'<-fi<+e'-.) +n<+€-o'} 

therefore  2/dll  +  r  /^^^  = 

^2i_i(ill>_Af.+  a('^^Uco8{Kn'<-n/+.'-.)+n<+.-«r) 8      U(n- n')—n  \ «ia  yj  ' 

m;  ;f    2(«-l)n    3f,  +  J^^ .  e'.cos{«(»i'<-n<+.'-.) 

+  fU  +  «  -  «'}.        , 
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By  the  substitution  of  this  quantity,  and  of  the  preceding  value  of — , a 

de  2      ̂   iin'^n')^n  da  j 
X  .  e cos { t (nft  —  ni+e'  —  e)+n<+«  —  w} 

2      It(n-n')— n  \  da  J) 
e .  co8{i(»'<  — n/  +  e'  — «)  +  n<  +  €  -  w'}. 

Let  !ir  r=  ̂   5c  C08{t  (n'<  -  n<  +  o'  -  c)  +  lU  +  «  -  tsr} a*  2 

m' 

+  llBVco8{i(n'<-n<  +  e'— e)  +  n<  +  o  —  ©'} 

B  and  B'  being  indetenninate  coefficients, 

then  ^  +  nVJr  = 

^ .  Ba«{n«-(t(n'-n)+n)«}.c.cos{t(n'^-7i<+  e'-e)+wi+c-o} 

+  ̂.B'a^{n*-(t(n'-n)+n)"}  c'co8{t(n'^-n<+€K-€)+n<+6-f!T'} 

If  to  abridge 

Xf,  sr  —  — 2   L —  a  M  1  -  cr   L, 

B=  ""^''^'  B'=  -n^'U 
7i«-  {«(n-nO  +  n}«  7i»— {2(11-71')  +  w}« 

and  because  o^n'  =  1, 

tIt^^   mV   f+lir,.cco8{»(n'^n/+6'-e)+n<+«-«T}l 

■?"""  2{i(7i'-n)+n}«-2n«|+£^.e'co8{i(n7-»/+«'-«)+7i<+e-cy'}j' where  t  may  have  any  whole  value,  positive  or  negative,  except  zero. 

But  in  order  to  have  the  complete  value  of  — ,  according  to  the  theory 

of  linear  equations  the  integral  of 

— -— —  +  n*rSr  =  0 dl 

must  be  added.    The  true  integral  of  this  equation  is 

t^  =  mffe  .  cos  (n<(l  +c)+«— w) +w'/e'.  cos  (n;(l  ̂ -c')  +«-ct') 

where  c  and  c'  are  given  functions  of  the  elements ;  but  if  it  be  assumed 
as  is  generally  done,  that  the  elliptical  elements  have  already  been  cor- 

rected by  their  secular  viuriations  c  and  e'  may  be  omitted,  and  then 
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1^  =  tn'fe  COB  (n^  +  •  —  fST)  +  m'/V  cos  (w^  +  €  -  o'). a 

If  all  the  parts  of   that  have  been  determined  in  this  and  in  the 

a* 

first  approximation  be  collected,  and  if  a  (1  —  cos  (71/  +  «  -  cj) 
be  put  for  r,  then  will 

a  ®         2        \daj 

+   ̂    5!   2|-?!Loil,+a«(^^McOS    (7t7-.7l/+e'-€) 

+  m'/ .  e  .  cos  (n^  +  €  —  «y)  +  m'/' .  e' .  cos  (n<  +  6  —  w') 

+!^  .2.  |c<  +   ^I^^   l.e.co8{»(n'<-n^+f'-«)+n^+€-t!T} 
2  I  i'n  -n)+w}«-it«J  ^ 

If  substitution  be  made  for  Ki  and  A,  it  will  be  found  that  the  coeffi- 
cients in  this  expression  are  identical  with  those  in  article  536,  so 

n«  -.  $■  (n'  -  n)« 
C,+ 

fi'ir, 

{  i(n'-fi)+n}  -n' 

=  C, 

=  A; 

=  F,, 

{  t(n'-n)+n}«-n* 
consequently 

?L  =  2m'og+— .a«f'i^^  +  ̂2C,cost(n'<-nl  +  e'-0 a  2         \  da  /        2 

+  m'  ./(p  .  cos  (n/  +  €  —  ct)  +  m' .  /' .  c' .  cos  (n^  +  e  —  cr) 

+  m'  .  2  .  D, .  f  .  cos  {  i  (n't  —  n<  +  c'  —  c)  -f  n<  +  6  -  -  cy} 

+  m' .  2  .  F< .  e' .  cos  {  »(n'*  —  n/  +  c'  —  c)  +  n<  +  •  -  «t'}. 

Perturbations  in  Longitude. 

555.  The  perturbations  in  longitude  may  now  be  found  from  equa- 

tion (156)  ;  which  becomes,  when  c*  is  omitted,  and  /i  =  a*/i"  =  1 , 

it,  =  ̂rd.^r+dr.ir   _  ̂ rr^^ jj^  ̂   ̂ r    /dR\  ̂ ^ 
a^.ndt  ^-^  ^     \dr) 

By  the  substitution  of  the  preceding  values  of  R  and  ir  it  will  be 

found  that  the  perturbations  in  longitude  are 
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it)  ==  —  m'a  (Sg  +  a 

m- sin  I  (n't  —  Hi  +  t'  —  fc) 

+  myic  8in  (n/  +  €  —  o)  +  m'/V  .  sin  («£+€  —  la') 
+  m'e  2  G,  sin  {  t  (lU  -«/  +  e  —  w)  +  n/  +  e  —  isr} 

+  mV  2  Hi  sin  { t  (/!«  —  n<  +  e  -  ta)  +  M<  +  «  —  «'}  +  C, 
where 

/    =  3a«^  +  a«  ̂   +  2aff  -  2/ da 

da* 

f'  =  —  aAi  —  —  a*   i-  —  fl^   5. 
•"         2  2         da  da^ 

-2y>. 

55G.  If  all  the  periodic  terms  be  omitted  in  the  expfessions 

r  +  ir  and  v  +  Sp,  they  become 

r  +  lrT:za-\'  2m'ag  +  JmV/'-^^ 

r  +  Jp  =  7i<  +  €  -  m'(3flff  +a« T-^'j^  •  «<; 
V  +  ivis  the  mean  longitude  of  the  planet  at  the  end  of  the  time  t ; 
and  if  it  be  asumed  that  this  longitude  is  the  same  as  the  elliptical 
orbit  of  the  planet,  and  in  the  orbit  it  really  describes,  this  condition 
will  determine  g. 

Whence  g  =  -  -}fl  (-J^) ' 

and,  as  before,         r  +  ̂r  :=z  a -^  —a*  (^\ 6       \da  J 

which  is  the  constant  part  of  tlie  radius  vector  in  the  troubled 
orbit. 

Tims  a  is  not  the  mean  distance  of  the  planet  from  the  sun  in  the 
troubled  orbit,  as  it  is  in  the  elliptical  orbit.  In  the  latter  case  a  is 
deduced  from  the  mean  motion  by  the  equation 

whereas  in  the  troubled  orbit  it  is 

6        \da   J 
nean  motion  and  periodic  time  are  different  from  what 
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they  would  have  been  had  there  been  no  disturbance;  but  when 

once  they  are  produced  they  are  permanent,  and  unchangeable  m 

their  quantity  by  the  subsequent  action  of  the  other  bodies  of  the 

system. 
The  perturbations  in  the  co-ordinates  of  a  planet  depend  on 

the  angular  distances  of  the  disturbed  and  disturbing  bodies,  that  is, 

on  the  differences  of  their  mean  longitudes ;  but  terms  of  the  form 

f,t  sin  {ni  +  e  -  t*T),//c'  sin  (n<  +  €  -  tj') 
belong  to  elliptical  motion ;  they  form  a  part  of  the  equation  of  the 

centre,  but  they  will  vanish  from  Iv  ̂ i  f,  and  f^\  which  are  per- 
fectly arbitrary,  be  made  zero;  in  that  case 

/>=H»-<.-}--^-«'^}- 
and  as  the  arbitrary  constant  quantity  C  may  be  made  zero,  the  per- 

turbations in  the  radius  vector  and  longitude  of  m  are 

Jr  =?  -  ̂'  a«  f-^^  +  —1.C,  cos  t  {n!i  .  n«  +6'  -  e)  (158) 6       \  da  J  2 

+  m'ft  cos  (n^  +  €  —  cy)  +  mlfe'  cos  (ti/  +  e  —  ©') 

+  m'e^Di  cos  {  t  (w7  —  n^  +  e'  —  e)  +  «<  +  e  —  ©} 

+  m'e'  2  Ei  cos  {  i  {nU  -  n<  +  «'  -  «)  +  n<  +  6  -  ©'} ; 

Jt?  =  ̂  2  F<  sm  I  (jiU  —  ni  +  e'  —  e)  (159) 

+  nVe  2  Gi  sin  {  t  (n'Z  —  7i<  +  «'  —  «)  +  '^^  +«""  ̂ s^} 

+  m'e'lHi  sin  {  i  (n't  -  w/  -f  e'  -  e)  +  n<  +  b  -  cj'}. 
The  coefficients  being  tlie  same  as  in  article  537,  and  t  may  have  any 
whole  value,  except  zero. 

557.  The  integral 

f*^i* 

_=:m'./.c.cos(/i/(l+c)+€-t;y)+m'./'.c'.cos(if<(l+c')+€-tD'), 

a* by  the  resolution  of  the  cosines  becomes 

_  =  m!  \f ,  e  .  cos  (/?/+€  — tsy)  +m' ./'  .  e/.  cos  (/i<+e— w') 

a* —m' .f.  e  .  cnt .  sin  (wf+e-tsy)  — m'./'.e' .  c^nt.  8in(n<+e— tsy')  ; 
and  as  it  is  given  under  this  form  by  direct  integration,  it  was  very 

very  embarrassing  to  mathematicians,  because  tlie  terms  containing 
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the  arcs  cn^  c'nf ,  as  coefficients,  incretse  indefinitely  with  die  tiiK, 

and  if  such  inequalities  really  had  existence  in  our  system,  its  iti- 

bility  would  soon  be  at  end.  The  expression  (98)  for  the  ndin 
vector  does  not  contain  a  term  that  increases  with  the  time,  neither 

does  the  series  R ;  consequently  the  arc  nt  could  not  be  introduced 

into  the  differential  equation  (155),  unless  R  contuned  terms  of  As 

form    A  .         (  01  +.  /3^  +  Y^  +  &c.  ),  the    differential   of  whid 
cos  \  J 

would  produce  them. 

Now,  the  powers  and  products  of  sines  and  cosines  introdooe  Ae 

sines  and  cosines  of  multiple  arcs,  but  never  the  sines  or  cosines  of 

the  powers  of  arcs  ;  consequently  R  does  not  contain  terms  of  the 

preceding  form,  and  therefore  the  differential  equation  (155)  does 

not  contain  any  term  that  increases  with  the  time.  Terms  in  the 

finite  equations,  that  have  the  arc  nt  as  coefficient,  really  arise  firom 

the  imperfection  of  analysis,  by  which,  in  the  course  of  integratimi, 

periodic  terms,  such  as  A  •  cos  (n^  +  «  -  ̂ \  are  introduced  under 

their  developed  form  «  4-  ̂   4.  ̂t*  -f  &c.  ; 
and,  as  Mr.  Herschel  observes,  that  is  not  done  at  once,  but  by 
degrees  ;  a  first  approximation  giving  only  or,  the  next  fit^  and  so  on. 

In  stopping  here,  it  is  obvious  that  we  should  mistake  the  nature 

of  this  inequality,  and  that  a  really  periodical  function,  from  the 

effect  of  an  imperfect  approximation,  would  appear  under  the  form 

of  one  not  ])eriodical,  and  would  lead  to  erroneous  conclusions  as  to 

the  stability  of  the  system  and  the  general  laws  of  its  perturbations. 

When,  by  this  manner  of  integration,  terms  that  increase  with  the 

time  are  introduced,  the  method  of  reducing  the  integrals  to  the 
periodic  form  will  be  found  in  a  Memoir  by  La  Place,  in  the  Mem. 
Acad.  Sci.y  1772,  and  in  the  fifth  chapter,  second  book^  of  the 
Mecanique  Celeste, 

Perturbations  in  Latitude. 

558.  Tliesc  are  found  by  substituting 

  s=  —  —  7  sm  {n't  +  «   •-  n) 
dz  a" 

m' 

+  —  a'  2  B^ui)  7  sin  {  i  (n't  -  w<  +  t'  -  e)+n«+«-n}  in 
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dt*  dz 

the  primitive  orbit  of  m  is  assumed  to  be  the  filed  plane,  and 

product  of  the  eccentricity  by  the  inclination  neglected.    Making 
=  1,  and  integrating,  the  result  is 

E  er  ̂ .^^^  .  ̂  7  Bin  (n'<  +  •^  -  H)  (160) 

2B (*-!) -  sin(»(n'«  -  n/+€'-  e)-Hil+t — D). 
a       n*-(t(n'-n)+ny 

lUt  expression  is  the  same  with  that  in  article  544.    No  constant 

!^  fnsntities  are  added,   because,  being  arbitrary,  they  are  assumed  to 
\  Ibe  lero,  which  does  not  interfere  with  the  generality  of  the  problem, 

'   nd  b  more  convenient  for  use :   i  may  have  any  whole  value,  posi- 
tive or  negative,  zero  excepted. 

PeHurbaftOfU,  including  the  Squares  of  the  Eccentriciiie»  and 
Inclinations. 

559.  When  the  approximation  extends  to  the  squares  and  products 
of  the  eccentricities  and  inclinations 

f^  =  i-  {1  +  8€  cos  (fi^  +  6  —  ct)  +  3c«  cos  2  (fi<  +  •  -  ©)}  ; 

and  by  article  451, 

A  =  —  .  2iV.cos{»(n7-n<  +  «'-  c)  4-2fi<  + «€+!,} 

+  —  .  IN' .  cos{  i(nU  -  n/  +  •'-€)  +  L' }  ; 

whence 

+  2l .  2  {af!^'  -  iV  .  — ?l_l  cos  {  t(n7-n<+e'-.)+L' } 2  da  (n' — n)J 
bence 

i^  +  nV Jr+3n*a .  4r .  {e  co8(n<+<— o)+e*  cos  2  (n/+«— «r)} Or 
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=  !^  .  2  {  a  ̂+N      ̂ (^-0^     |.co8{t(fl^^^<■fV^)+2n^^Ll 
2  ^      da         i(/i'-«)  +  2nJ        *  ^ 

+  !!?!.  2  (a ̂ '  -  iV'  -4^1 .  cos  {  I  (ii7  -  nt  +€'  -  c)  +  m 2  da  i(»— w)j 

The  value  of  ̂ ,  given  in  article  558,- must  be  Bubstituted  m  the a 

last  term  of  the  first  member ;  but  as  all  terms  are  rejected  tbt 

do  not  contain  the   squares  or  products  of  the  eccentricities  and 

inclinations,  the  only  part  of  —  that  is  requisite  is a 

?L  =  ̂ '  2  .  C,  cos  I  (n't  -  «<  +  c'  -  c) a  2 

+  m'e  2  A  cos  {  t  (n't  -  n^  +  e'  -  c)  +  w/  +  €  -  o} 

+  mV  2  Et  cos  {  » (/i7  -  n^  +  €'  -  e)  +  ni  +  €  ̂   ts'}; 
where  t  may  have  every  value,  positive  or  negative,  zero  excepted. 

But  if  t  be  made  negative  in  the  two  last  terms,  and  if  D^i  f  i  be  the 
two  coefficients  in  tliis  case,  then 

^  =  ̂   2  Ci  cos  t  (n't  -  n<  +  f'  -  c) a (161) 

+  m'e^Di  cos  {  t  (n't  -  ti/  +  -^  -  e)  +  w/  +  e  -  cj} 

+  fn'c2D'iCos{-  i(;i7-w<+e'-.6)  +  /i«+  €_cr} 

+  mY  1  Et  cos {  i (n't  -  nt  +  e' ^  c)  +  nt  +  e^T3'} 

+  wiV  2  E't  cos  {  -  i  (/i7-n<+€'-  c)  +  n/  +  €  -  c/} ; 
but  now  t  can  only  be  a  positive  whole  number. 

When  tills  quantity  is  substituted  in  the  last  term  of  tbe  first  mem- 
ber for  5r,  and  terms  of  the  second  order  alone  retained,  the  diffe- 

rential equation  becomes,  when  integrated  by  the  metliod  of  indeter- 
minate coefficients,  or  otherwise, 

m' 

ir (162) 
a*  \i(n'  -  /»)  -f  3/1}  .  {i  (n'  -  7*)   +  n\ 

1+  fee'.  2.  Jii.  cos{  i  (/i7  -  nt  •\-  c'- c)+2/?<  +  2€-t!T— tsj'}! 

|i^«2V+«'^].cos{.(«7-«<+.'-e)+2,..+L}| 
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m'  ,  71* 

{  i  (n'  —  7i)  —  n)  .  {t  (71'  —  71)  -f  n} 

•}  ee'  •  2  .  £^  .  cos  {i  (n't  —  n<  +  c'  -  c)  —  w'  -f  tj} 

+  \ee'  .1  .  E\.  cos  {» (n7  -  71/  +  «'  —  0  +  «^'  -  «»} 

+  J  2  {  A  +  D'i}  .  c»  .  cos  t  (n7  -  nt  +  €'-«) 

-  J2la«i^  -  -i^LaJV'}.  co8{t(n7-n^+«'-«+L'}. 
da  Ti'-n 

Now  in  order  to  obtain  the  value  of  —  from  this  expression  it 

must  be  observed  that r^r  ̂ ^    r      ir 
a*  a      a 

and  when  the  elliptical  value  of  r  is  substituted  it  becomes 

l!l!=  il  {i+j€«-c  .  cos(n<+«  -  CT)  -  J«»co8  2  (n«  +  6  -  CT)} 

whence 

—  =  I^-i!^{Je«-tfC08  («/  +€-©)-  i«»cos  2  (?U+«.  -o)}. 
a        a*         a 

If  the  value  of —  from  equation  (161)  be  substituted  in  the  second a 

member,  it  will  be  found,  after  the  reduction  of  the  products  of  the 

cosines,  that  tlie  perturbations  in  the  radius  vector  depending  on  the 

second  powers  of  the  eccentricities  and  inclinations  are  expressed  by 

a         a*  4 

c»  .  cos  { t  (n't  -  n^  +  «'-«)  +  2n<  +  2e  —  2w}     (163) 

+  ̂   .  2  .  EiCe'  .  cos  {t(n7-n^+e'-6)+2n<+2€-fST-t!T'} 
/ 

+  UL  .  2{  A  +  Zy*  — iCj  .  e«cos  1  (n't  -  7it  +  «'  -  c) 

m' 

+  1^  .  2  .  E,ee'  .  cos  { »  (fi'^  —  n^  +  e'  -  c)  -f  «t  -  w'} 

+  2!  .  2  .  jE:<  .  ee'  .  COS  { t  (w'Z  -  w^  +  c'  -  c)  -  w  +  ©'}  ; 2 

where  -—  represents  equation  (162). 

560.  With  the  values  of  ̂  in  (163)  and  (161),  together  with a 

those  terms  of  R  that  depend  on  the  second  powers  and  products  of 

the  eccentricities  and  inclinations,  equation  (156)  gives  the  pertur- 
bations in  longitude  equal  to  (^ 
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m' 

+  ̂   .  2  .  E,  .  ftj'  .  sin  { i(ii7  -  n<  +  6'  -  6)  +  w  -w*} 

m' 

So 

m' 

—  !lL  .  2£,cc'.  8in{t(»'<-w<+€'-e)+2n*+2«-w-ty} 

2     |j(n'-n)+2»)»  da       t(n'-n)  +  2nj 
■in  {  i{p!i-nt  +  c  -  •)  +  Sr(  +  X,}, 

2      |i  (7i'  -  w)  (fa  i  (n'  -  n)«  ' 
8in  {  I  {n'i  -  7i<  +  c'  -  €)  +  L'}}. 

56  L  Tlie  inequalities  of  this  order  are  very  numerous,  it  is  there- 
fore necessary  to  select  those  that  have  tlie  greatest  values  and  to 

reject  the  rest,  which  can  only  be  done  in  each  particular  case  from 
the  values  of  the  divisors 

t(n'-n)+3n,    t(n'-n)+2n,    t(n'-7i)+n,    andt(»'-n). 

For  if  the  mean  motions  of  the  bodies  m  and  m'  be  so  nearly  com* 
mensurable  as  to  make  any  of  these  a  small  fraction,  the  inequality 

to  which  it  is  divisor  will  in  general  be  of  sufficient  magnitude  to  be 

computed. 
562.  The  inequalities  in  latitude  will  be  determined  afterwards. 

Perturbations  depending  on  the  Cubes  and  Products  of  three 

Dimensions  of  the  Eccentricities  and  Inclinations, 

563.  These  perturbations  arc  only  sensible  when  the  divisor 

t  (n'  -  n)  +  3/1,  is  a  very  small  fraction,  tliat  is,  when  the  mean 
motions  of  the  two  bodies  are  nearly  commensurable ;  but  as  this 

divisor  arises  from  the  angle  t  {n't  -  nt  +  c'  -  c)  +  3nt  +  Sc  alone, 
the  only  part  of  the  series  R  that  is  requisite  by  article  451»  is 
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+  _  <?ie^tfC08{i(n7-7i<+€'-€)  +  3n/+3€— 2ty— w} 4 

4.  —  Q^t^cos  {t(n'<-n<+6'-e)  +  3n<+3e— |!t'-2w} 4 

•+  ̂   Q^  cos  {i(ji'<-n/+6'-e)+3n^+3€-3ty} 4 

4.  ̂   Q4«'7«  cos  {i(n'^— n<+e'-e)+aii<+3c-cy-2n} 4 

m' 

+  !!1  Q»ry«  cos  {i(n'<— n<+6'-.f)+3ii<+36— o— an} 4 

I-  But         co8{t(n'^  -  n^  +  •^  —  0  +  3^^  +  3«  -  3^} 
=  cos  3CT.C0S  {i(n't  -  7i<  +  c'— 6)  4-  3/i<  +  3€) 

+  sin  StsT.sin  {i(n't'~nt  +  •'-«)  +  Snt  +  3«}  ; 
tfidh  cosine  may  be  resolved  in  the  same  manner  {  and  if 

PsJ  {Co  .  «^.  sin  3ty  +  Oi  e^c  sin  (2t3'  +  «j)  +         (165) 
Q,  ee^  sin  (w'  +  20)  +  0,  c'  sin  3tsT)  + 

O4  eV  sin  (2n  +  ©O  +  Q»^'  Bin  (2n  +  ct)}. 
P'  =  i  {Oo  c^  cos  3t!j'  +  OiC^c  cos  (2ci'+tsT)+  (166) 

Q,ce«  cos  (©'  +  2ct)  +  Q.c»  cos  3ct)  + 

Q4C'7«  cos  (2n  4.  fj')  +  O5  e/  cos  (2n  +  ©)}. 
TUs  part  of  i2  becomes 

B  =  m'  P  .  sm  {iin't-nt  +  c'  —  c)  +  3n<  +  3€}        (167) 

+  fi/P  .  cos  {i(n't  -  n^  4-  €'  —  e)  +  3n<  +  3e}. 

564.  Let  —  =  m'lr  cos  {t(n7  -n'^  +  6  -  e)  +  2n<  +  2e  +  B} 

a* 

be  the  part  of  the  equation  (162)  that  has  the  divisor 

i(n'  -  71)  +  3/1 ; 
by  the  substitution  of  this,  and  of  the  preceding  value  of  A,  equation 
(155)  gives,  when  integrated, 

rir   2(i— 3)m^n   JaPsin{t(n7— n<  +  e'— 0  +  3nt  +  3c} 
a*         t(n'  -  n)+37il  +  aPco8  {t(n7— 71/  +  e'— €)  +  3/i/+36} 

—  i  mfeK  cos  {i{n't  -  7i<  +  •'-€)  +  37i<  +  26  +  B  —  cj} 

+  i  m'eK  cos  {i(7i7  —  71^  +  c'  -  e)  +  w<  +  e  +  B  +  tsr} ; 
andbecause  I^  =  JL.  !!1 a*  a      a 

=  —  m'JTcos  {Hn!t  -  n<  +  a'  —  e)  +  2n^  +  2«  +  B} 
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the  whole  perturbations  in  the  ndius  rector  baTing  the  dirisor 

I  («'  —  »)  +  Sn,  are 

—  =  m'A'cos  {Hn't  -«/  +  «'- €)+2ii/+2«  +  JB}     (168) a 

—  nt'Ke  cos  {({n't  -  n/  +  «'  -  «)  +  3ii/  +  3«  -  cr  +  B} 

+  m'Ke  cos  {i(«'/  -  nH-  c'  -  «)  +  ni  +  <  +  fs'  +  B} 

_  2(t-3)/im^  faP  .  un  {i(ii'<  -  nZ+c'  —  c)  +  Sn/  +  Scji 

""  j(n'-n)+3iil+flP'.coi{i(n'<  -  fi£  +  a'— «)  +  3jii  +  3«}J 565.  If  this  quantity  and  the  preceding  Talue  of  JS  be  nibstitated 

in  equation  (156)  the  result  will  be, 

>   3(3-0m^n»    iaJ^tiin{t(ii^<-n<+*^-€)+8>ii+8€}l 

{i(/i'-n)+3ii}»l-aPcoi{t(ii'£-ji<+€'-e)+3jrf+3«)r 

a«/^£r\  cos  {i(ii'/-n<+  c'  —  e)  +  3fi<  +  3c} 
■+-t(n'-ji)+3/ii         /^pv  .    ̂ 

m'e -_  IT  Bin  {Urit  -  n<  +  €'  -  €)  +  3n<  +  36  -  o  +  J5} 

^—m'tK sm  {i(n'<  -  n«  +  e'  —  e)  +  »i<  +  e  +  w  +  B}. 

And  as  that  part  of  So  article  560,  having  the  divisor  t(fi— n)  +  8a 
is  nearly 

Sf  =  nillt  sin  {  i  (n't  -  n/  +  «'  —  e)  +  2n<  +  26  +  B} 

the  terms  J  m'e^.sin  {i(/i'<  —  n<  +  e'  —  c)  +  w<  +  6  +  w  +  B} 
must  be  added  to  the  preceding  value  of  }o,  which  will  then  be  the 

whole  perturbations  in  longitude  having  the  divisor  in  question. 

Secular  Variation  of  the  Elliptical  EUmerUs  during  tht  periods 
of  the  Inequalities. 

566.  An  inequality 

-_£_  ""  Um  -  2n)  <  +  D] 
{5/i'-2/i}co8l  ^  

^ 
is  at  its  maximum  when  the  sine  or  cosine  is  unity ;  and  if  5n'—  2n 
bo  a  small  fraction,  the  coefficient 

C 

{5/*'-2n}' 
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will  be  very  great  The  period  of  an  inequality  is  the  time  the  argu- 

ment or  angle  (57i'— 2/i)  <  +  B  takes  to  increase  from  zero  to  360^ ; 
it  b  evident  that  the  period  will  be  the  greater,  the  less  the  difference 

Thus,  the  perturbations  in  longitude  expressed  by 

^^__    8(3-i)m^n«     {aP'  sin  {i(ii7-n/+€'-€)+3w<+3€}      \ 

"  {i(n'-ii)  +  3ii}«*  l-aP.  COS  {i(ii'^-n«+6'-0  +  3w<+3e}J 
•z^  very  great,  and  of  long  periods,  when  i  (/»'  -  n)  +  3n  is  a  small 
fraction* 

567.  The  square  of  the  divisor  could  only  be  introduced  by  a 

doable  integration,  consequently  the  preceding  value  of  $o  is  the  in- 
tegral of  the  part 

»»  =  -  Zaffndt  .  dii 

of  equation  (156),  which  is  the  periodic  inequality  in  the  mean 

motion  of  m,  when  troubled  by  m',  in  article  439.  Thus,  when 

the  mean  motions  are  nearly  commensurable,  all  terms*  having  tlie 
unall  divisors  in  question,  must  be  applied  as  corrections  to  the 
mean  motion  of  the  troubled  planet. 

568.  In  some  cases  the  periods  of  these  inequalities  extend  to  many 

centuries ;  in  so  long  a  time  the  secular  variations  of  the  elements 
of  the  orbits  have  a  very  sensible  influence  on  these  perturbations  ; 
and  in  order  to  include  this  effect,  the  expression 

it;  =  —  Sffandt  .  dH 

must  be  integrated  hy  parU  in  the  hypothesis  of  P  and  P'  being 
variable  functions  of  the  elements.    Now 

jB  =  m'P  sin  {  i  (n7  -  7i<  +  c'  -  c)  +  3nt  +  3e} 

+  m'P'  cos{i(rt7  -  7i<  +  e'  -  c)  +  Snt  +  Se} ; 
whence 

dJR  =  +  m'P  .  (3  —  0  ndt .  cos  {  i  (n7  -  w<  +  e'  —  e)  +3/i<+3e} 

-  m'P'. (3  -  i)  ndt .  sin  {  i  (n'<  -  n<  +  «'  -  c)  +Snt  +3e} 

and  —  Zaffndt  .  dil  = 

3a  (3  -  0  .  m'/fP* .  n^dl* .  sin  {  i(/i7-7i<+e'-e)  +  3n/+36} 

—  3a  (3  -  0  m//P  .  n^dt^  .  cos  {  i(n'/— n<+c'-e)+3/i<+3«}. 

From  the  integration  of  this  equation  it  will  be  found  that  the 
Y 
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periodic  inequality  in  the  mean  motion,  depending  on  tbe  tUri  di- 
mensions of  the  eccentricities  and  inclinations,  and  aSBCted  Iqf  tk 

secular  variations  during  its  period,  b 

^r  =  if=  (ITI) 

{i(«'-a)+3n}«*^         {t(a'-n)+8ii}d«    {i(js'-«)+a»j\if       ̂  
cos  {i  (n'<-ii/+t'-t>f8ni+8«} 

{i(a'-fi)+3n}«'^         {i(ii'-n)+3n)<tt    {i(»'-«)+3»}Vf       ̂ * 
sin  [i  (n'<-  fil+df-t)+t«<+8«}. 

This  correction  must  be  applied  to  the  mean  motiima  in  the  dliptfed 
part  of  such  planets  as  have  their  moUons  nearly  commensorable. 

569.  The  same  method  of  integration  may  be  emidoyed  for  tbe 
term  in  equation  (164),  that  has  the  divisw 

»«  -  {,(«/  ̂   n)  +  2nY 
when  the  quantity  i(n'  »  n)  +  8ji 
is  a  small  fraction,  and  in  general  to  all  ine^qalitie^  of  long  periods 
having  small  divisors. 

Tlic  variation  of  the  elements  during  the  periods  of  the  inequalities 
may  be  estimated  by  the  following  approximate  method,  whi^  will 
answer  for  several  centuries  before  and  after  the  epocL  By  the 

method  employed  in  article  563  the  sum  of  the  temia  in  equatiom 
(164)  depending  on  the  angle 

i(n'i  -  n<  +  €'  -  0  +  2ii<  +  2c 
may  be  put  under  the  form 

So  =  m'P  bin  {i(?i't  -  n«  +  e'  —  «)  +  2it«  +  26} 
+  m'P  cos  {i(n't  -  n«  +  c'  —  «)  +  2n<  +  26} ; 

P  and  P'  being  functions  of  the  elements  of  the  orbits  of  m  and  m' 

determined  by  observation  for  a  given  epoch,  say  1750,     3ince  V 

and  J^  are  known  quantities,  let 

£^  =  tan  JB,  and  VpTZpri  ̂   f 
P 

sin  E  having  the  same  sign  with  P'  and  cos  E  with  P ; 
hence 

iv  s=  m'P  sm  {i(n't  -  n<  +  .^  -  c)  +  2n<  +  2«  +  JB} 
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the  perturbations  in  question  for  the  epoch  1750.  Now  if  the 
time  t  be  made  equal  to  500  in  tlie  expressions  for  the  elements  in 

article  460,  values  of  P  and  P'  will  be  found  for  the  year  2250,  with 
which  new  values  of  F  and  £  may  be  computed  for  that  era.  Again, 

values  of  P  and  P'  may  be  obtained  firom  the  same  formukc  for  die 
year  2750,  and  by  tlie  method  employed  in  article  480,  the  series 

JB  =  £  +  ̂  t  +  i^^  +  kc 
dt  ̂   d(^ 

wili  give  values  of  the  variable  coefficients  for  any  time  t  during 
many  centuries,  consequently 

Sd  s  m'  (P+  —  t+  &c.}  sm  {Kn't^nt  +  c'-e)  +  2n<  +  26  +  E 
dt 

+  ̂e  +  &c.}  (171) at 

will  give  the  perturbations,  including  the  secular  variations  in  the 

*»— i»*«**  of  the  orbits  during  their  periods,  F,  E  and  their  dififerences 
bemg  relative  to  the  epoch  1750. 

570.  The  formulae  that  have  been  obtained  will  give  the  places 

of  all  the  jdanets  at  any  instant  with  great  accuracy,  except  those  of 
Jupiter  and  Saturn,  which  are  so  remote  from  tlie  rest,  as  to  be  almost 

beyond  the  sphere  of  their  disturbing  influence ;  but  their  proximity  to 

one  another,  and  their  immense  magnitude,  render  their  mutual  disturb- 
ances greater  than  those  of  any  of  the  other  planets.  They  may  be 

regarded  as  forming  with  the  sun  a  system  by  themselves ;  and  as 
there  are  some  circumstances  in  their  motions  peculiar  to  them  alone, 

their  theory  will  form  a  sepaiate  subject  of  consideration. 

Y2 
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571.  By  comparing  ancient  with  modem  observations,  Halley  dis- 
covered that  the  mean  motion  of  Jupiter  had  been  accelerated,  and 

that  of  Saturn  retarded.  Halley,  Euler,  La  Grange,  La  Place,  and 

other  eminent  mathematicians,  were  led  by  their  researches  to  the  cer- 

tain conclusion  that  these  inequalities  do  not  depend  on  the  configu- 
ration of  the  orbits;  and  as  La  Place  proved  that  they  are  not 

occasioned  by  the  action  of  comets,  or  bodies  foreign  to  the  system, 

he  could  only  suppose  them  to  belong  to  the  class  of  periodic 

inequalities. 

Observation  had  already  shown  that  ̂ ve  times  the  mean  motion  of 

Saturn  is  so  nearly  equal  to  twice  the  mean  motion  of  Jupiter,  that 

the  difference  of  these  two  quantities,  or  bnf—  2ro,  is  an  extremely 
small  fraction,  being  about  the  74th  part  of  the  mean  motion  of 

Jupiter.  La  Place  perceived  that  the  square  of  this  minute  quantity  is 

divisor  to  some  of  the  perturbations  in  the  longitude  of  Jupiter  and 

Saturn,  which  led  him  to  conjecture  that  the  nearly  commensurable 

ratio  in  the  mean  motions  might  be  the  cause  of  this  anomaly  in  the 

theory  of  these  two  planets  ;  a  conjecture  which  computation  amply 

confirmed,  showing  that  a  great  inequality  of  48'  2''.  207  at  its  maxi- 
mum exists  in  the  theory  of  Saturn,  which  at  the  present  time  increases 

the  mean  motion  of  the  planet,  and  accomplishes  its  changes  in  about 

929  years ;  and  that  the  mean  motion  of  Jupiter  is  also  affected  by  a 

corresponding  and  contrary  inequality  of  nearly  the  same  period,  only 

amounting  to  19'  46''.  62  at  its  maximum,  which  diminishes  the  mean 
motion  of  Jupiter. 

These  two  inequalities  attained  their  maximum  in  the  year  1560  ; 

from  that  period,  the  apparent  mean  motion  of  the  two  planets  ap- 

proached to  their  true  motions,  and  became  equal  to  them  in  1790, 

uri^iVK  accoimts  for  Halley  finding  the  mean  motion  of  Saturn  slowerp 
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and  that  of  Jupiter  faster,  by  a  comparison  of  ancient  with  modem 
observations,  than  modem  observations  alone  showed  them  to  be : 

iVhilst  on  the  other  hand,  modern  observations  indicated  to  Lamberfc 

an  acceleration  in  Saturn's  motion,  and  a  retardation  in  that  of  Jupi- 
ter ;  and  the  quantities  of  the  inequalities  found  by  these  astrono- 

mers are  nearly  the  same  with  those  determined  by  La  Place. 

Recorded  observations  of  these  mean  motions  at  very  remote 

periods  enable  us  to  ascertain  the  chronology  of  the  nations  in  which 

science  had  made  early  advances.  Thus  the  Indians  determined 

the  mean  motions  of  Jupiter  and  Satum,  when  the  mean  motion  of 

Jupiter  was  at  its  maximum  of  acceleration,  and  that  of  Satum  at  its 

greatest  retardation ;  the  two  periods  at  which  that  was  the  case, 

were  3102  years  before  the  Christian  era,  and  1491  years  after  it. 

The  formulae  of  the  motions  of  Jupiter  and  Satum  determined  by 

La  Place,  agree  with  their  oppositions,  the  error  not  amounting  to 

12". 96,  when  it  is  to  be  recollected  that  only  twenty  years  ago  the 

errors  in  the  best  tables  exceeded  1296".  These  formuliB  also  repre- 
sent with  great  precision  the  observations  of  Flamstead,  of  the 

Arabian  astronomers,  and  of  Ptolemy,  leaving  no  grounds  to  doubt 

that  La  Place  has  succeeded  in  solving  this  difficulty,  by  assigning 

the  true  cause  of  these  inequalities,  which  had  for  so  many  ages 
baffled  the  acuteness  of  astronomers ;  so  that  anomalies  which  seemed 

at  variance  with  the  law  of  gravitation,  do  in  fact  furnish  the  strongest 

corroboration  of  the  universal  influence  it  exerts  throughout  the  solar 

system.  Such,  says  La  Place,  has  been  the  fate  of  that  brilliant  dis- 
covery of  Newton,  that  every  difficulty  which  has  been  raised  against 

it,  has  formed  a  new  subject  of  triumph,  the  sure  characteristic  of 
a  law  of  nature. 

The  precision  with  which  these  two  greatest  planets  of  our  system 

have  obeyed  the  laws  of  mutual  gravitation  from  the  earliest  periods 

at  which  we  have  records  of  their  motions,  proves  the  stability  of  the 

system,  since  Satum  has  experienced  no  sensible  action  of  foreign 

bodies  from  the  time  of  Hipparchus,  although  the  sun's  attraction  on 
Satum  is  about  a  hundred  times  less  than  that  exerted  on  the  earth. 
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Periodic  Variatiom  in  the  ElemenU  of  the  OrhiU  of  Jupiitr  ami 

Saturn,  depending  on  the  First  Powen  of  the  DiMturbing  Forces, 

572.  If  f  bo  made  equal  to  5  in  equation  (169),  the  great  inequa- 
lity of  Ju])iter,  including  the  secular  variations  of  the  elements  of 

both  orbits  during  its  period  of  929  years,  is 

8d  =  Jr=  (172) 

_J5!!1!!^! —  {  aP'  +  ̂   ̂f  •  ̂̂   ,  -  &c.}.Bin  (5n7— 2R<+5e'.80 
(5n'  -  2/1)*  (5/t'  -  2n)dt  '  ' 

-      ̂"''^'      {  aP  -     ̂""'^P'      -  &c.} .cos  (57i7-2iii+5€'-&) (5n'-2/0*  (57i'-2/i)d/  ̂   ̂   ' 

dP 

2m'n 5n'-2//1 
a*  .  —  .  cos  (5«7  -  2nt  +  Sc'  —  2c)  1 

da                                                 ^  I 

-a'.^.sin  (57i'<  —  2nt  +  be'  -  20  I da  j 

m' 
-  II.  .  cIT  .  sin  (5/!7  -  2/ie  +  5e'  -  2e  -  tsj  +  ̂ ) 
2  

'^ 
5m; 

"2 

.  eK .  sin  (5n7  -  2nt  +  5e'  -  2e  +  tsr  +  /8) 

+  m'.//r  .  sin  (bn'i  —  2/?<  +  5e'  -  2e  +  bt  +  y8), 
\vhich  must  be  ap]>]ie(l  as  a  correction  to  the  mean  motion  of  Jupiter. 

573.  Because  of  the  equality  and  opposition  of  action  and  re- 

action, the  great  inequality  in  the  mean  motion  of  Saturn  may  be 
determined  when  that  of  Jupiter  is  linown,  and  vice  versd  ;  for  by 
article  546, 

dC"  r 

may  be  assumed  to  belong  to  Jupiter,  and 

di'  \    r'   J        "^ 
to  Saturn,  dR  and  dR'  relate  to  the  co-ordinates  of  m  and  m'.  Their 

P'         '    n  the  first  equation  is  multiplied  by  m,  and  the  second  by 
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r  .  d^ 

The  Becond  member  of  this  equation  does  not  contain  any  term  of 
the  order  of  the  squares  of  the  disturbing  masses  having  the  divisor 

bn'  —  2ii,  which  can  only  arise  firom  the  integration  of  the  sines  ot 

cosines  of  the  angle  bn'i  —  2nt\  because,  when  the  elliptical  values 
lure  substituted  instead  of  2*,  y,  z,  the  part 

—  —— —  -f  m    > r  de 

will  only  oontain  the  hines  or  cosines  of  the  angle  n^,  and  the  re- 
maining part  of  the  second  member  b  a  function  of  n!t  only;  and  as 

such  terms  as  have  the  square  of  the  divisor  bn*  —  2n  are  alone 
under  consideration,  the  second  member  may  be  omitted, 

Aen  m/dH  +  m'/dH'  =  0.  (173) 

574.  When  6'  +  m  =  f»  is  restored,  which  has  hitherto  been 
assumed  equal  to  unity,  the  general  expression  for  the  periodic 
inequality  fai  the  mean  motion  of  Jupiter  is 

andt .  d/2 >f:=-3/7. 
S+m 

The  corresponding  inequality  in  the  mean  motion  of  Saturn  is 

itr^-W. 
a'n'dt.dR' 

From  these  two  it  is  easy  to  find 

fn(S  +  m)  .  a'n\  if  +  m'(S  +  mO  •  «» .  Jf  + 

Sm  .  a'n'ffandt .  dH  +  8m'.  an  .ffa'rCdi .  dH'  =  0. 
And  in  consequence  of  equation  (173) 

m(8  +  in)  .  « V .  if  +  m\S  +  mO  .  an .  Jf  =  0. 

But  n  2=    VS+  m        „/—  VS+  m'  . 
a*  J 

and  if  the  masses  m  and  IH'  be  omitted  in  (8  +  m)>  (^  +  ̂ 0 ;  ̂ 
comparison  of  the  mass  of  the  sun  taken  as  the  unit,  the  preceding 

equation  becomes 

m  V  a .  Jf  =5  —  m'  y  a' .  Jf . 
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Thus  the  periodic  inequality  in  the  mean  motkm  of  Jupiter  is  con- 

trary to  tliat  in  the  mean  motion  of  Satom  when  n  and  n'  hare 
the  same  signs,  which  must  always  be  the  caae,  becauae  both  phaeti 
revolve  about  the  sun  in  the  same  direction,  ao  that  one  body  is  ao* 

ceieratcd  when  the  other  is  retarded,  which  corresponda  with  obiem- 

tion.  Tliesc  inequalities  are  in  the  ratio  otfwJ~aXo  ta'  ̂ a*\  heooe, 
if  the  inequality  in  the  mean  motion  of  Jupiter  be  known,  that  in  ths 
mean  motion  of  Saturn  will  be  found  from 

if  =  -  ̂ ^^  >f.  (174) 

fn'va' 575.  As  the  whole  of  tlie  fbllovring  analysea  depend  on  the  angle 

bn't  -  2nt  +  5^'  —  2«, 

it  will  be  represented  by  \  for  the  sake  of  abridgment.     If  t  be  made 
equal  to  5  in  equation  (167),  it  becomes 

R  =  m'P  .  sin  \  -h  m'P'.  cos  X. 

From  this,  values  of  di?,  — ,      may  be  found ;  but  equations de     dvs 

(165)  and  (166),  show  that 

conscquentlv,  by  the  substitution  of  dil,  _ ,    _  in  equations  (114), 
de     dtj  ^      /^ 

the  periodic  variations  in  the  eccentricity,  longitude  of  the  perih^ 

lion,  and  seniigrcater  axis  of  Jupiter's  orbit,  depending  on  the  third 
powers  of  the  eccentricities  and  inclinations,  are  easily  found  to  be 

S.,=  +  -^llffL  (^.  sinX  +  ̂ .  cosX}  (175) b/i'  —  2/1  I  rfc  de 

eScj^   7-7— «-  1-r  •  cos  X   —  .  sm  X}.  (176) 5/i'-  2/1  i  ac  de  ^ 

576.  Tlie  periodic  inequalities  in  y  and  11,  the  mutual  inclination 
of  the  orbits  of  Jupiter  and  Saturn,  and  the  longitude  of  the  ascend- 

ing node  of  the  orbit  of  Saturn  on  that  of  Jupiter,  are  obtained  from 

R=:—.Q^  €^y\  cos  (X  -  2n  -  tDQ 4 

m' 

+  --  .  (?j  c/.  cos  (X  —  211  —  f») ;  or 4 
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il  =  ̂.y  CM  2n{e,.e' cos  (x-o')+e..e  CM  (*-«)} 

+  —  .y*tinSn{Qt.  e*  «n  (x-toO  +  O,  .  e  BinCx-m)}; 

or  to  abridge 

*  =  ̂  .  7*  COB  2n  .  ̂   +  —  .  !■•  Bio  2n  .  J5, 
But  ftom  article  444  it  appears  that 

7*.coB2n=:(9'-sr)«_(p'-p)»;     y*  ain2nss3{if-q)  (f-p); 
whence 

or  ^  =  ̂ .yBian.A-~.yemn.Bi 
dp  2  2 

restoring  the  values  of  A  and  B,  and  reducing  the  products  of  the 
•ines  and  counes, 

^=:-— .fl,.e'T.8in(X-o'-n)-^.Q,.*y.unCX.— w-n). 

But  sin  (X  —  n'  —  n)  = 
un  (\  -I-  n>  .  cos  (0  +  211)  —  cos  (X  -f  IT)  .  sin  («i  4-  211), 

hence 

^=:^{(?«.eT.  sin  Cia'+2n)+C,.ev.sin(iB+2n)}. cos  (*■+") 

+  ̂{Q,V7.Cos(«'+2n)+Q..*r-eOB(o+2n)}.sin(x+n); 
and  from  equations  (165)  and  (166)  it  is  clear  that 

£5  =:m'  ̂ .  coB(X+n)-m'.^.8m(X  +  n). dp  di  dy 

In  the  same  manner  it  may  be  found  that 

^  =  -  m' .  ̂  .  sin  (\  +  n)  -  m'  —  .  cos  (x  +  n)  i 
dq  dy  dy 

mth  these  values  the  two  lost  of  equations  (114)  become,  when  in- 

tegrated, 
I         (dP 

.ip  =    .  ,-^  .C0B(X  +  n)-~.  BinfX  +  m}; 
5n'-  2«        \dy  dy  ̂   ^'' 

"=-i?:S-»  •  {Jf  •"''<^+">+^-"'f^+'"'- 
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Iff  be  the  latitude  of  Jupiter,  by  article  436 

«  =:  g  sin  o  —  p  cos  V  ; 

hence  h  =  jg  .  6in  i^  —  }p  .  cod  o, 

and  substituting  for  Sp,  Sg, 

J,  =  -  _m\«7i_  fdP  ̂ ^^^ _  „  +  n)-  ̂ ' .  8iii(x-i,+n)} bji'  —  2n  1^7  J7 (177) 

which  is  the  only  sensible  inequality  in  the  latitude  of  Jupiter  m  tiiii 

approximation. 
The  latitude  of  Jupiter  above  the  pihnitiv^  orbil  of  Saturn  is 

«  =  —  7  sin  (©  —  n) 

whence         —  J«  :=  S7  sin  (r  —  11)  —  7411  cos  («  —  II) 

and  a  comparison  of  the  two  values  of  it,  gives 

57'  =   J  —  cos  A*  +  —  sin  X  \ 
bn'  -  2n    \  dy  dy  * 

^n/—        m^,an     {dP    ̂   .x          dP      .    ̂ 1 yjn'=—  — ;   { — .  cos  X  —      Bin  X>. 
5n'  -  2n  I  dy  dy  J 

These  are  the  variations  occasioned  by  the  action  of  Saturn  in  the 

mutual  inclination  of  the  two  orbits,  and  in  the  ascending  node  of 
their  common  intersection;  but  Jupiter  produces  a  corresponding 

effect  in  these  two  quantities,  and  if  it  be  expressed  by  iy"j  fW^ 
then  tlic  whole  variations  will  be 

47  =:  «y'  +  «7",  >n  a  JD'  +  iW ; 
but  by  article 

in'.an  m'.an 

or,  substituting  for  n  and  n\  the  whole  variations  in  the  two  ele- 
ments in  question  are 

im! .an        m  sTa^-^  m'Va'    j  dP'  dP 

m'  .  an       m  ̂   a  +  m'  Vo'     i  dP'    .  dP 

'yjn  =  +5n'-  2n-   ^^7^7   •  I-57- ««»  ̂   "  rff  cos  X}. 

577.  Tlie  corresponding  periodic  inequalities  in  the  latitude  and 
elements  of  the  orbit  of  Saturn  are 
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4,= 

bn'  -  2rt  t  rfe* 
(X79) 

It  ii  erident  that  die  TariadoiiB  in  the  mean  motioiu  an  by  modi 

die  greatest,  on  ucomu  of  the  dirinr  (5n'  —  in)*. 

Periodic  Variationt  in  the  EkmenU  of  the  Orbits  of  JupiUr  attd 

Satunty  depending  on  the  Squares  of  the  DiUurlnng  Forces. 

578.  The  eqoatjons  in  the  preceding  articles,  which  deteitnhie  the 

periodic  inequalities  in  the  element*  of  the  orbits  of  Jupiter  and 
Saturn,  are  functions  of  ihe  sinei  and  coslnee  of  their  mean  motions ; 

and  when  the  mean  motions  are  corrected  by  the  application  of 

their  great  inequalities,  the  equations  in  question  give  secular  as  well 
periodic  inequalities  in  the  elements  bf  both  orbits,  depending  on  the 

squares  and  products  of  the  disturbing  masses. 

He  great  InequallticB  may  be  put  under  a  convenient  form  for  this 

analysis,  if  the  value  of  R,  in  article  563,  be  expressed  by 

fi  nE  n' .  £  .  Q  .  COB  {Mt  ~2nl+  5.'  -  2t  -  fi], 

where  iS  is  a  function  of  the  longitudes  of  the  perihelia  and  node  of 
the  «nnmon  intersection  of  the  two  orbits.    The  substitution  of 

tlus  in  it~-  S//.  atidt .  dR, 

^vea 
Jf  =  -  6m'/f'  <"t*de .  IQ.wn  (5?i'i-8nl+5«'-S«-/l}.     (180) 
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Since  i^  and  ̂ ^'  represent  the  great  inequalities  of  Jupiter  and 
Saturn,  their  corrected  mean  motions  are 

nt  +  8f  ,  and  n7  +  8f ' ; 
and,  by  the  substitution  of  these  in  the  preceding  equation,  it  becomes 

(Sf)  =  -  6m' ff  .  an}dt* .  2Q  .  sin  {bn't  -  2nt  +  5«'  -  26  -  ̂  

+  5ir'  -  28f }  (181) 

(it)  being  the  great  inequality  of  Jupiter  when  the  mean  motions 
are  corrected.     In  order  to  abridge,  let 

bn't  —  2nt  +  5e'  —  2«  =  X, 

then  sin  (X  -  /8  +  5if'  -  2J0  =3 

sin  (X  -  i8)  cos  (5Sf  -  2Jf)  +  cos  (X  -  fi)  sin  (5if '  -  2Jf). 

But  5i{f'  ̂   2i{;  is  BO  small,  that  it  may  be  taken  for  its  sine,  and: 
unity  for  its  cosine ;  and  as  quantities  of  the  order  of  the  square  of 

the  disturbing  forces  are  alone  to  be  retained,  sin  (X  —  /8)  may  be 
omitted ;  hence 

sin  (X  -  /8  +  58f'  -  2J?)  =  {5Jr  -  2Jf}  cos(X  -  fi) ; 
m  tfa 

or,  as  if  '  =  -     ,   ,—  •  if 

therefore 

Bm(x-.ff+5Sr-2?f)=J^^  ̂ ^■f2m-^|  ̂  j^..^^,^^) 

but  the  integral  of  equation  (180)  is 

vv,"      6m' .  an*  .2.0       .    ̂        o\ 
^f  ==  — TTl — -^-^  .  sm  (X  -  ̂), 

consequently 

sin  (X  -  /3  +  5if '  —  2jf)  = 

(3m' .  an?  .  2  .Q)«     f  5mVV+  2m'  V"?l       .     ,^^ 

When  this  quantity  is  substituted  in  equation  (181),  instead  of  the 
sine,  its  integral 

t\v^^  (3m'.an«.20)«  f  5m\^+2mV?l  .  o/».  .*  o  i . «.  .  S^^^X 

^^^=  '■2(5;^ny-l      ̂ .V^        )'  ""  2(5n'^2n<4.5.'.2cH3) 
is  the  variation  in  the  mean  motion  of  Jupiter,  and  on  account  of  the 
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relation  in  article  574,  tlie  corresponding  inequality  in  the  mean 
motion  of  Satuni  is 

(JH' (3m.  t 

Bin  2{5n't  —  2nf  +  5<>'  —  2a}.  (183) 
Hkm  inequalitjei  have  a  sensible  effect,  on  account  of  the  minute 

dhriaot  (5n'  —  2n)*. 
(79.  The  great  inequalities  in  the  mean  modona  also  occasion 

Tariations  in  the  eccentricities  and  longitudcB  of  the  perihelia,  de- 
pending on  the  squares  of  the  disturbing  forces. 

The  prindpal  term  of  the  great  inequality  is  sufficient  for  this  pur- 
poae ;  and  if  the  aecukr  vaitations  in  the  elements  of  the  orbits 
Airiiig  the  period  of  the  inequalities  be  omitted,  the  first  term  of  the 

great  mequality  in  the  mean  motion  of  Jupiter  (172),  when  X  is  put 

for  5»'<  -  2(rf  +  W  —  2«,  is, 

-      ̂ '  • ""'     {P  cos  \  -  P'  Bin  X}. 

Tlie  cofiesponding  inequality  in  die  mean  motion  of  Satuni  is 

ftn'.ait'    .  '"^fpcosX-P'sinX}. ^  (5»'-2n)-     ™'VT' 

If  UieBe  be  applied  as  corrections  to  jU  and  n't,  in  the  differential 
of  equation  (175),  oi 

dje  =  +  m' .  anit .  \   cosX  —  — -_  ein  X}, \de  de 

it  will  be  found,  by  the  same  analysis  that  was  employed  in  the  last 
article,  that 

d.ie  =  +  m' .  antU Xde 
cobX  - 

-sinX} 

dP\   6m' .  an*        5m'v~^+2mva 
de\ibn-  -2ny  „' -JT'  ) 

{P  .  cos  X  sin  X  —  P'  sin'  X)}  (194) 

de  l(5»'  ■ 

{P- 

2")'  m'  iTa' 

P'cosXiinX)}. 
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Pcos« X  -  F  cos  X  Bin  X  =  J  Pcofl 2X  —  JP  sin  2X  +  JP; 

and,  as  terms  depending  on  the  first  powers  of  the  mauei  are  to  be 

rejected,  the  periodic  part  of  the  preceding  equation  is 

Je  — -    3m^''Q*»'       bmifa+2m'  ̂ f'a'  ̂   fp,  dP^  ̂   P.—\% 

sin  2(bn't  -  2iU  +  5t'  -  2«) 

(185) 

Sm'*  .  aV      5m  VT+2iii'  Va' 

2(5n'  -  2/0' 

m' 

{ 

¥>  . 

de del 

€08  8(5n'<  -  2n<  +  &«'  -  20« 

By  the  same  process  it  may  be  found  that  the  periodic  yariatioBi 

of  n^  and  n7,  produce  tlie  periodic  variation 

StsT  =   ̂^'^ '  ̂'^'      5m  /7  +  2m'  'fa?     fp    ̂   .  p/  ̂ l  ̂ 

"       2e(5n'-2w)» '  ^'  /^  *  1     '  de  "        <fe  J 
Bin  2(5n7  -  2nt  +  5c'  -  2€)  (186) 

3m^' .  fl'/t'      5m>/7+2m^>/'^    |p^+P,^lx 

cos  2(5/i7  -  2nt  +  5e'  -  2€), 

in  the  longitude  of  the  perihelion  of  Jupiter.  These  are  the  only 

sensible  priodic  inequalities  in  the  elements  of  Jupiter*s  orbit  of 
this  order.  Corresponding  variations  obtain  in  those  of  the  orbit 
of  Satuni. 

Secular  Variations  in  the  Elementi  of  the  OrbiiM  of  JupUer  and 

Saturn  i  depending  on  the  Squares  of  the  Disturbing  Forces, 

580.  Tlie  secular  variations  in  the  elements  of  the  orbits  of  Jupiter 

and  Saturn  depending  on  the  first  powers  of  the  disturbing  forces,' 
are  determined  by  the  formulie  (130),  in  common  with  the  other 

planets  3  but  to  these  must  be  added  their  variations  depending  on 

the  squares  of  the  masses,  quantities  only  sensible  in  the  motions 
of  Jupiter  and  Saturn. 
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The  secular  part  of  equation  (184),  arising  from  tlie  corrected 
Yalues  of  nt^  n't,  is 

m  V  a 

dP 

} 
(187) 

and  the  corresponding  Twriation  in  the  longitude  of  the  perihelion  of 

Jiqtitet's  orbit,  depending  on  the  squares  of  the  disturbing  forces,  is 

e(5n'-2»)«        -777=   

(188) 

(189) 

^   '    de  dt  } 

The  correspondiDg  inequalities  for  Saturn  are, 

( JeO=  -  ̂^^*^^'^      5m /a  +  2m'  /a' 

a'(5n'-2ny^   ;;;77=   

^       ifc'  ci«'J 

CioOs   ̂ ^'  '  ̂̂'^      5m  V^+  2m'  V^'      v 

a'e'(5n'-2n)-    ^^7^   " 

^       de  de'] 

581.  Thus  the  periodic  inequalities  in  the  mean  motions  cause 

both  periodic  and  secular  variations  in  the  elements  of  the  two 

orbits  of  the  order  of  the  squares  of  the  disturbing  forces  ;  but  Uie 

periodic  variations  in  the  other  elements  have  the  same  effect ;  for, 

making  bn't  —  2n/  +  5«'  —  2e  s=  X, 
the  di£forential  of  equation  (175)  is 

<2€  =  -{-  mf.andi  \  —  cos  X  —   sin  x} ; Kde  de 

and  when  all  the  elements  are  variable  except  the  mean  motion,  the 

effects  of  which  have  already  been  determined, 

/  d'P^  d'P 
S.cfe  s=  m'.and/.f— ief   .  •  sin  x — ;—  .  cos  X) 

^         \d^  dt* 
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-  >w  {^^'     .  Bin  \  -  -^  .  cos  X) \de  dfa  de  dxa 
- »"  (; 

V 

^^      8in  X  -  -i!!^  •  cos  X) dede'  de  de^ 

^^'      rin  X  -  .££-  .  cos  X) dcdfa'  dedfof 

sia  X «-«  J^L.  •  coi  X) 

-  m  (£EL  « Sin  X  — ^HL. .  COS  X)} 

\de.dn  dt.dSi  ^ 
If  the  values  of  )t7,  It^  ie^^  ho'j  iy^  and  iU^  from  article  575,  and 
diOBis  that  follow,  be  substituted,  obserying  at  the  same  time,  that 
equations  (165)  and  (166)  give 

dip  d^pf  d^P'  ^'     d^P  . 

de.drsf  d^    *  de.dxsi  de* 

JIL.rrc'.-*?!}  .^£1  =  -  «'.  _£L  ;     (190) 
de.dzj'         '  de  dd*  deA'O'  de.def' 
«PP  d"!*  «PP'  «PP 
de.dn  de.drf  de.dXl  de.dy 

it  will  be  found,  when  the  periodic  tenns  are  omitted,  and  equation 

(187)  added,  that  the  whole  secular  variation  in  the  eccentricity  of 

Jupiter's  orbit,  depending  on  the  squares  of  the  disturbing  forces,  is 

^  ̂      (6«'-8«)'l   ;;;;7^j — y\  \d^)     \d»)] 

/r-^.r^).(-).(->(^).(-) \\  (fc  /     \de« 

"  Uy/  Wy)j 
,    mm*  ,aa'  .rm't 5n'— 2n 

{(d^)  •  (5;^')*(5?)  •  (d^')^^  • '  ^"^ 

\de,dy/ 

"  (f )•  ( 

*d7/J* 
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By  the  Mine  procen  it  nuy  be  found,  that  when  the  periodic  tanns 
which  are  quhe  iateniible  are  omitted,  the  secular  variation  in  Uie 

Imigitude  of  the  perihelion  of  Jupiter's  orbit,  d^nding  on  the 
aqoares  of  the  diuurbing  force,  including  the  equation  (18B),  is 

,u.)->"''^'  M,n-n^n  M's^piS.'^ 

((&n'-SK) 

l(S)<S)<f)-(S)<f)-(S) (IM) 

\\dt')'[,<U.iu)  *  {^mJ'KjUiu)  *  [ft,)'\lkdr) 

&8S.  Hie  eonesponding  vaibdonB  for  Sttttm,  including  e<]u«tions 

<l»),i»e, 

am*.  oW .  t    Bni  >/~a+2m'  •fa'  j 
(10  =-i «"CS«'-ao'  mV^ 

•"■•C^-'-tf)} 
(IM) 

{(<fc'}  ■  (<&"/■(,*• )  •  (lie"  j  *  Ut  A  \iii-l) 

-rjriY£g:'iU'-*-°°'-'"'ix 

KiTJ  ■  (,555 j  "  CttJ  ■  (.535;  "  (,'57^ '  \^y) 

C>«0= o'e'(5B'-2n)« 
ffn/^ 

"•(f)-(^)} 
(1»4) 
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^  \dyj    \de'dyji  e'ibn'-iin) 

.\V^/  *  \d^)  ̂   Kd^J  '  \d^)  **"  \di)  '  \d?dy) 

583.  Secular  variations,  depending  on  the  squares  of  the  disturbing 
forces,  arise  from  the  same  cause  in  the  mutual  inclination  of  the 

orbits,  and  in  the  longitude  of  the  ascending  node  of  the  orbit  of 

Saturn  on  that  of  Jupiter.  Tliese  are  obtained  from  equations  (178), 
considering  the  elements  to  be  variable ;  then  the  substitution  of  their 

periodic  variations  will  give,  in  consequence  of 

(f)"W"(5^)*(l?')"^- 
(5»'-2n)«  *       m'  Vtf'  W^^ 

'<"(?)-"(f)}   ,  <-> 

(5y) 

bn!  -  2/1  m'  V  a' 

,     fnm!.aa* .nn!     .    mwa'\'m''/lL' 
bn'  -  2n  m'  Vo' 

am-.3m'».aV     .m^a^m-^'    bm-r^+im'^' 
^     '    yibn'-iny  rn''^-^'  mV^  ^ 

"'(f)-(f)} 

7(5/i'-2n)  ■  ^?7^r 

(S)-(S9)Hl7)-(^0K^)-(^)} 
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By  die  same  procesii  it  may  be  foiniU,  that  where  the  periodic  terms 
which  are  quite  insensible  are  omitted,  the  Becular  variation  in  the 

longitude  of  the  perihelium  of  Jupiter's  ortiit,  depending  on  tlic 
■qujufes  of  the  diBtwbing  force,  including  the  equation  (18S),  is 

ftol--^^i^^J-l       5"'/«"+2*»'-/°'     ip/dP      p,dP'\ 

{©■(SKf)-(f)<f)-(^) 
<5»'  -  2.) 

\\de')  '  \ik.de')'\fk')  '  \dedf  )    {^dy)  '  \drd^  ) 

E>62.  The  corretpODding  variations  for  Satum,  including  equations 
(189),  are, 

^^   Sm'.tfi^.f  5m  Ja-\-'im''>fa'  m'-J~a\- (JO= o'CSH'-Zfl)* »  Ja  ""V  a 

■■(fHa 

K*V A*V   \de■)■\d^)\d^)\d^d■,) 

ifiE!\    ('"^    ft^    /'JPN_/(iP'N /fP'i \\d,')'  \d,-)~\^d^  J  ■  \d,^J    \dy)  \dfdtj 

(too 

\de'diJI 

<194) 
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,    m^.af\n'\tUdP\  fd'P\,/dF\    fd^P'\,/dP\  /  cPP  \ 
eXbn' -- 2n)\\de^J\dey    \def)\de^J    \dri/\de'dft) 

/dPA      /  d*Pf  \\  +    fnn^  .aa'  .rm*  ̂  
\dl)*    Kde'd'-iJ)  e'(5n'  -  2n) 

583.  Secular  variations,  depending  on  the  squares  of  the  disturbing 
forces,  arise  from  the  same  cause  in  the  mutual  inclination  of  the 

orbits,  and  in  the  longitude  of  the  ascending  node  of  the  orbit  of 
Saturn  on  that  of  Jupiter.  These  are  obtained  from  equations  (178), 
considering  the  elements  to  be  variable  \  then  the  substitution  of  their 

periodic  variations  will  give,  in  consequence  of 

\d^)    \d^)    \dyj    \dy*J 

..       8to"  .  aV    .     fflVg  -^    ''.'/a'    5m  70*+  2m'V7' 

5/1'  —  2/1  m'  ,/^' 

\\de)  '  \de7d^)  ""  VSej  *  \de.dy)i 

^  mm'.aa^.nn'    ,    mJ^^+m'^'     ^ 
5w'  -  2/1  iij/  Va' 

7(5n-2n/  '         m' V^         *        m' V  a^  (196) 
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W  ■  nit'    .     m  /o"+  mf  /a* '!i^.i(il).(J!Z.) 

+  ('^vr'"^ 
5S4.  These  are  the  variations  with  reganl  to  the  plane  of  Jupitei's 

orbit  at  a  given  time,  but  the  variations  in  the  posidon  of  the  orbha 

of  Jupiter  and  Saturn  whb  regard  to  the  ecliptic  may  easily  be 

found,  for  0, 0',  bemg  the  inclinationa  of  the  orbits  of  m  and  m'  on 
the  fixed  ecliptic  at  the  epoch,  and  6,  $'  the  longitudea  of  the  ascend* 
ing  nodes  estimated  on  that  plane,  by  article  444, 

p*  —  p  =  7  Bin  n ;    f'  —  9  =  7  cos  n ; 

or  0'  sin  0'  —  0  sin  9  =  7  sin  n, 

0'  cos  fl*  —  0  cos  9  =  7  cos  n. 

and  on  account  of  the  action  and  reaction  of  Jupiter  and  Saturo, 

8(0'.  sin  eO  =  -    ""^  .  iC0  sin  &), 
tn''/^ 

8f0'.CQty>a-  _"* V^ 

And  from  these  four  equations,  it  will  readily  be  found,  that 

(S0)    =  -       w'/q'        {i-y . cos  fn  -  P)  -  7in ■  ain  fn-g>f 

(0!e)  =  wi'^/^      {3T.iinm-fl)4-7in.cos(n-p>t 

n<f.'\    =  mv  a  {Jy.coB(n-9')-7JDBinCn-e')} 
mv  o+wi'Vo' 

(0'j9')=  "^      {aY,Bin(n-9')  +  rSn  cos(n  -  90}. 

Thus  when  Sr  ̂nd  yin  are  computed,  the  variations  in  the  inclina- 
tions and  longitude  of  the  nodes  when  referred  to  the  fixed  plane 

of  the  ecliptic  may  be  found. 

585.  The  periodic  variations  in  the  eccentrici^es,  inclinations,  lon- 
gitudes of  the  perihelia,  and  nodes,  do  not  affect  the  mean  motion 

Z  % 
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with  any  sensible  inequalities  depending  on  tlie  squares  and  product 
of  the  masses  ;  for  if  the  variation  of 

be  taken,  considering  all  the  elements  as  variable,  the  substitution  of 

their  periodic  variations  will  make  the  whole  vanish  in  consequence 

of  the  relations  between  the  partial  differences. 

586.  The  longitude  of  the  epoch  is  not  affected  by  any  variations 

of  this  order  that  are  sensible  in  the  planets,  but  they  are  of  much 

importance  in  the  theories  of  the  moon  and  Jupiter's  satellites. 
587.  The  variations  in  the  elements  depending  on  the  squares  of 

the  disturbing  forces,  are  insensible  in  tlie  theories  of  all  the  planets, 

except  those  of  Jupiter  and  Saturn ;  they  are  only  perceptible  in  the 

motions  of  these  two  planets,  on  account  of  the  nearly  conmien- 
Burable  ratio  in  their  mean  motions  introducing  the  minute  divisor 

bnf  —  2n  ;  therefore,  if 

(Se),     (is),     (S7,)     Oil),     (S0),     (S5), 
be  the  secular  variations  in  the  elements  depending  on  the  second 

powers  of  the  disturbing  forces,  and  computed  for  the  epoch  from 

the  equations  in  articles  580,  and  the  two  following,  the  equations 

(ISO)  become,  with  regard  to  Jupiter  and  Saturn  only, 

e:=2  e  +  i^  +  Oe)}t  +  &c. 

fsj  =  ©  +  i^  +  (Sa)}<  +  &c. 
I  dt 

7  =  7+{§+(Sf)}<  +  &c.  (198) ^  \dt 

(Sll)}^  +  &c. 

0  =  0  +|^  +  (S0)}<  +  &c. 

e  =z  e  +  \—  +  (ie)}t  +  &c. 

Whence  the  elements  of  the  orbits  of  these  two  planets  may  be  de- 
termined with  great  accuracy  for  1000  or  1200  years  before  and  after 

the  time  assumed  as  the  epoch. 
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Periodic  Perturbations  in  Jupiter's  Longitude  depending  on  the 
Squares  of  the  disturbing  Forces. 

588.  Where  c"  is  omitted,  equation  (97)  becoineg 
r  =  2<?  sin  (wi  +  «  —  «y). 

The  eccentricity  and  longitude  of  the  perihelion,  when  corrected 

for  their  periodic  inequalities  (175),  and  (185)  (176)  and  (186), 
become, 

e  +  ici  +  ie^      and  «j  +  Jcr,  +  itj^ 

and  the  longitude  of  tlie  epoch  when  corrected  by  its  periodic  varia- 

tion, is  c  +  S6| ;  by  the  substitution  of  these  v  becomes 

>p  =  (2e  +  2iei  +  2ie^  sin  {«/  -f.  e  —  tsr  +  Je,  —  itj^  —  S«t,}  : 
when  the  quantities  that  do  not  contain  the  squares  of  the  disturbing 
forces  are  rejected,  the  developement  of  this  expression  is 

iv  =  {2Stf,  +  2tfit7i.)e|  —  e  its*}  sin  (n^  +  e  —  ©) 
—  {26}cT|  +  2eSfi.)tsT|  —  2ie,ie]  cos  (n/  +  e  —  ©)  • 

when  the  values  of  the  periodic  variations  are  substituted,  the  result 

will  be  the  inequality 

ivzz^^mUl^.  bm^+4m'^'  ipf^4-P'f^\\yc 

cos  {bn't  —  lOnt  +  5e'  —  lOe  -  w] 

<^'^-^''>**    W"^          ̂ ^^>^        ̂ ^^/^ 
sin  {bn't  -  10n«  +  5c'  —  lOc  -  ©}.  (199) 

The  corresponding  inequality  for  Saturn  is  found  from 

u'  =  2e'  sin  (n't  +  €  -  ts"). 

589.  The  radii  vectores  and  true  longitudes  of  m  and  m'  in  their 

elliptical  orbits  have  been  represented  by  r,  r',  r,  t?', 
but  as  Sr,  Jr',  St?,  iv' 

are  the  periodic  perturbations  of  these  quantities,  these  two  co-ordi- 
nates of  m  and  m'  m  their  troubled  orbits,  are 

r  +  ir,  r'  +  Sr',  c  +  it?,  v'  +  it?'. 
When  these  quantities  are  substituted  in 

P_  fn'(rr'  cos  (1/—!?))+  22'   _    m^   

(i^+2'O^  -^r"-  217^  cos  (t?'  -  t?)-f  r''* 
i2  becomes  a  function  of  the  squares  and  products  of  the  masses,  it 

consequently  produces  terms  of  that  order  in  the  mean  motion 

f  =  --Sff.andi.dR 
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havidg  the  factor  (5V—  2n)* ;  they  therefore  form  a  part  of  the  great 
inequalities  in  the  mean  motions  of  Jupiter  and  Saturn.  A  mistake 

has  been  observed  in  La  Place's  determination  of  these  inequalities, 
which  has  been,  and  still  is,  a  subject  of  controversy  between  three  of 

the  greatest  mathematicians  of  the  present  age,  MM.  Plana,  Poisson, 

and  Pont^coulant,  to  whose  very  learned  papers  the  reader  ig  re- 
ferred for  a  full  investigation  of  this  difficult  subject 

590.  The  numerical  values  of  the  perturbations  of  Jupiter  in  longi- 

tude are  computed  from  equations  (159),  (164),  (172),  (182),  and 
(199),  together  with  some  terms  depending  on  the  fifth  powers  of  the 

eccentricities  and  inclinations  which  may  be  determined  by  the  same 

process  as  in  the  other  approximations ;  his  perturbations  in  latitude 

arc  computed  from  equations  (160)  and  (177),  and  those  in  his 

radius  vector  from  (158)  and  (163). 

591.  Hitherto  the  mass  of  the  planet  has  been  omitted  when 

compared  with  that  of  the  sun  taken  as  the  unit ;  so  that  half  the 

greater  axes  has  been  determined  by  the  equation,  a'  =  — ,  whereas 

itn  real  value  is  found  from  5 

l±J?  =  n\  or  a  =  n"^  (1  +  |fn)  ; 

a® 

the  semigreater  axes  of  the  orbits  of  Jupiter  and  Saturn  ought  there- 

fore to  be  augmented  by  -}ma,  \in'a\  quantities  that  are  only  sensible 
jn  these  two  planets. 

-  ̂»..'    y   ̂     Z    1-     -  /    Vx*    ./      .      \ a 
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INBQUALITIBS  OCCASIONED  BY  TBB  BLUFnCITr  DP 
THX  SUN. 

59S.  Ab  the  sun  hu  httberto  been  considered  a  sphere,  his  action 
WM  assumed  to  be  the  same  aa  if  his  mass  were  united  in  his  centre 

of  gnvitjr ;  but  from  his  rotatory  motion,  his  form  must  be  spheroidal 
on  account  of  his  centrifugal  force,  therefore  the  excess  of  matter  at 
his  equator  may  have  an  influence  on  the  motions  of  the  planets. 

In  the  theory  of  spheroids  it  is  found  that  the  attraction  of  the 

redundant  matter  at  the  equator  is  expressed  by 

Where  p  is  the  ellipticity  of  the  sun,  y  the  ratio  of  the  centrifugal 

force  to  gravity  at  the  solar  equator,  17  the  declination  of  a  planet  m 

relative  to  this  equator,  K'  the  semidiameter  of  the  sun,  Iiis  mass 
being  unity.  Therefore,  the  attraction  of  the  elliptical  part  of  the 

sun's  mass  adds  the  term 

to  the  disturbing  action  expressed  by  the  series  R  in  article  449.  If 

this  disturbing  action  of  the  sun's  spheroidal  form  be  alone  consi- 
dered, omitting  7*,  and  substituUng 

^  O  -  30.  for  t^, 

it  gives,  with  regard  to  secular  quantities  alone, 
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The  substitution  of  which  in 

J         andt     dF atj  rr   .    — , 
e       de 

gives  by  integration, 

Thus  the  action  of  the  excess  of  matter  at  the  sun's  equator  produces 
a  direct  motion  in  the  penbelk  of  the  planetary  oribits. 

593.  The  effect  of  the  sun's  ellipticity  on  the  position  of  the  orbits 
may  be  ascertained  from  the  last  of  equations  (115), 

dF 
or  dp  s  aTidt.  — • 

dq 

Since  17  is  the  declination  of  the  planet  m  an  the  plane  of  the  0an*§ 
equator,  if  the  equator  be  taken  as  the  fixed  plane,  then  wOl 

And  if  the  eccentridty  be  onuttetl, 

therefore  ^  =  8.  (0  -  JY')-  — -^r. 
as  a^ 

„  dF        dF    dz         dF       .    /  ̂         ̂  
But  zf  =5  ri.  Ill  =  =i.asm(n<  +  6) 

dq         dz      dq        ax 

on  account  of  equation, 

—  =  9.  sin  (nt+9)  —  p  cos  (nt  +  e) a 

consequently, 

or  substituting  a  .  tan  0.  sin  (n^  +  e  —  0)  for  z, 

_  =  -(/)-  iY').—  .  cos  e.  tan  0, 

whence        dp  =  -^  ndt .  (p  -^  ̂ f)  .  1— .  cos  e  .  tan  0. 
K 

But  jP  a  tan  0 .  sin  6  ; 
whence  dp  :s  dd  .  tan  0 .  cos  6. 
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therefore 

and 

Thus  the  nodes  of  the  planetary  orbits  have  a  retrograde  motion 

on  the  plane  of  the  solar  equator  equal  to  the  direct  motion  of  their 

perihelia  on  the  same  plane,  both  so  small  that  they  are  scarcely 

perceptible  even  in  Mercury.  As  neither  the  eccentricities  nor  the 
inclinations  are  affected  by  this  disturbance,  it  has  no  influence  on 

the  stability  of  the  system. 
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CHAPTER  XIL 

fig,  90. 

PERTURBATIONS  IN  THB  MOTIONS  OF  THK  PLABnCTB  OOCii 
SIGNED  BY  THE  ACTION  OF  THXUl  SATRUJXBS. 

594.  The  common  centre  of  gravity  of  a  planet  and  its  Batdlitn 
very  nearly  describes  an  ellipse  round  the  sun.  If  thai  orbit  be 

considered  to  be  the  orbit  of  the  planet  itself,  the  respective  posi- 
tions of  the  satellites  with  regard  to  each  other,  and  to  the  sitii, 

will  give  that  of  the  planet  with  regard  to  their  common  centre  of 
gravity,  and  consequently  the  perturbations  produced  by  the  satellites 
on  their  primary. 

Let  G,  fig.  90,  be  tlic  common  centre  of  gravity  of  a  pUmet,  and  of 
its  satellites,  S  the  sun,  y  the  equinoc* 

tial  point,  and  7,  %  z,  the  co-ordi- 
nates of  G,  so  that  SG  =  2,  and  I 

perpendicular  to  tlie  plane  of  the 
orbit  Then  if  « ,  y,  2,  be  the  co-or- 

>  "">  dinates  of  a  satellite  m,  and  o  =  ySG, 
V  =  7Gm,  the  longitudes  of  G  and  m ;  it  is  evident  that  Gp=«— 7, 
and  r  being  the  radius  Qfm^ 

Crp  =  jr  -  5  =  r  .  cos  (IT  —  t>)  ; 

hence,  if  2m  be  the  sum  of  the  masses  of  the  satellites,  and  P  dial 
of  their  primary, 

Zm  •  X  =  J .  P  +  2m  .  r  cos  (IT  -  r), or, 

2injp  =  I  .  P  +  mr  .  cos  (CT"  —  I?)  +  nvli*  .  cos  (17  —  t/)  +  &c. In  the  same  manner 

2my  =  5  ,  P  +  fwr  .  sin  (U"  —  t?)  +  mV  •  sin  (17—  v')  +  &c, 
2mz  =  5P  +  m  .  r«  +  m'  .  W  t'  +  &c. 

«,  j',  ff\  &c.,  being  tlie  latitudes  of  the  satellites  above  the  orbit  of 



CiMp.  UL]  ACTION  OF  TIIB  BATELLITBS.  Ml 

tlieir  common  centre  of  gravity.    But  by  the  property  of  the  centre 
of  gravity, 

2m  .  x=  0,    Im  .  y  ssQ,    Sm  .  z  =  0 ; 

consequently, 

Q  =  S  .  P  +  mr  .  co9(U—  V)  +  ttc 

0  =  5  .  P  +  mr  .  sin  (17  -  u)  +  &c. 

0  =  i.P  +  nw.f  +  m'/'*'  .  +  8tc. 
By  article  358  the  centre  of  gravity  is  urged  in  «  direc^on  parallel 

to  the  co-ordmatei,  by  the  forces 

-(P  +  Im)l;     .iP+^yS;    .(£+&0;. 
P  =  SO,  the  radiua  vector  of  the  centre  of  gravity.    Hkm  forces 

vary  very  nearly  as  I<  ~  i  and  — ; 

therefore  the  perturbations  in  the  radius  vector  SG  are  very  nearly 

proportional  to  S,  that  is,  to 

-  ̂   .  r  cos(l7-t.)-^  .  H  cos(t7-e')-&c. 

The  perturbations  in  longitude  are  nearly  proportional  to 

-  ̂   .  LsmiU -  v)  -  —  .  —  sia  (U  -  ̂   -  tec  i 

and  those  in  latitude  to 

__  m       "   _  wiW  __  fcp^ 

"  "p  '  T  ~  ~f~ 
The  masses  of  Jufutet's  satellites  compared  with  the  mass  of 

that  planet  are  so  small,  and  their  elongations  seen  from  the  sun 

subtend  so  small  an  angle,  that  the  perturbations  produced  hy  them 

in  Jupiter's  motions  are  insensible  ;  and  there  is  reason  to  believe 
this  to  be  the  case  also  with  regard  to  Saturn  and  Uranus. 

495.  But  the  Earth  is  sensibly  troubled  in  its  motions  hy  tite 
Mood,  her  action  produces  the  inequalities 

Jr  =  -  ̂   .  r  cos  (W  -  r) 
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or,  more  correctly, 

Sr  =  —      .  r  cos  CU  -  v) 

E  +  m  ^ 
it?  =  -  ~^—  .  4-  •  sin  (^  -  t?)  (200) 

>    —  m  r        . 
qS   r^    ̂ "     ■  •    •^—   •    f  I 

in  the  radius  vector,  longitude  and  latitude  of  the  Earth,  E  and  m 

being  the  masses  of  the  Earth  and  Moon. 



CHAPTER  XIII. 

DATA  FOR  COBCPUTINO  THE  CBLBSTIAL  MOTIONS. 

596.  Tub  data  requiute  for  computing  the  motiona  of  the  planeta 
determined  by  obseTvation  for  any  instant  aibitrarily  assumed  u  the 
epoch  or  origia  of  the  time,  are 

The  maues  of  the  planets  ; 

Their  mean  sidereal  motions  for  a  Julian  year  of  865.25  days ; 
Hie  mean  distances  of  the  planets  from  the  sun ; 
Hie  latioa  of  the  eccentricities  to  the  mean  distances ; 

Hie  inclinations  of  the  orbits  on  the  pUne  of  the  ecliptic : 
The  longitudes  of  the  perihelia  ; 
The  bngitudes  of  the  ascending  nodes  on  the  ecliptic ; 
The  longitudes  of  the  planets. 

Maut*  ofUu  Planet*. 

597.  Satellites  afford  the  means  of  ascertaining  the  mosses  of 
thdr  primaries ;  the  masses  of  such  planets  as  hare  no  sateUites  are 
found  from  a  comparison  of  their  inequalities  determined  by  analysis, 
with  values  of  the  same  obtained  from  numerous  observations,  llie 

secular  inequalities  will  give  the  most  accurate  values  of  the  masses, 

but  till  they  are  perfectly  known  the  periodic  variations  must  be  em- 
ployed. On  this  account  there  is  still  some  uncertiunty  as  to  the 

masses  of  several  bodies.  It  is  only  necessary  to  know  the  ratio  of 
the  mass  of  each  planrt  to  that  of  the  sun  taken  as  the  unit;  the 
masses  are  consequentiy  expressed  by  very  small  fractions. 

598.  If  7  be  the  time  of  a  sidereal  revolution  of  a  planet  m,  whose 
mean  distance  from  the  sun  ua,w  the  ratio  of  the  circumference  to 

the  diameter,  and  /t^s  •/m  +  S  the  sum  of  the  masses  of  the  sun 
and  planet,  by  article  863, 
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T  = 

2y  .  J 

From  this  expression  the  masses  of  such  planets  as  have  satellites 

may  be  obtained. 

Suppose  this  equation  relative  to  the  earth,  and  that  the  mass  of 
the  earth  is  omitted  when  compared  with  that  of  the  sun,  it  then 
becomes 

2»  .a^ r  = 
v^ 

Again,  let  ̂ a  s=  m  +  m'  the  sum  of  the  masses  of  a  planet  and  of 
its  satellite  m',  T  bemg  the  time  of  a  sidereal  revolution  of  the  planet 
at  the  mean  distance  a*  from  the  sun,  theti 

and  dividing  the  one  by  the  other  the  result  is, 

S  a»   '  T^' If  the  values  of  T,  7^,  a  and  a',  determined  from  observation^  be 
substituted  in  this  expression,  the  ratio  of  the  sum  of  the  masses  of 

the  planet  and  of  its  satellite  to  the  mass  of  the  sun  will  be  obtained ; 

and  if  the  mass  of  the  satellite  be  neglected  when  compared  with  that 

of  its  primary,  or  if  the  ratio  of  these  masses  be  known,  the  preceding 

equation  will  give  the  ratio  of  the  mass  of  the  planet  to  that  of  the 
sun.     For  example, 

599.  Let  m  be  the  mass  of  Jupiter,  that  of  his  satellite  being 

fig,  91.  omitted,  and  let  the  mass  of  the  sun  be  taken  aa 
the  unit,  then 

^  a'*       T* 

Jm  the  mean  radius  of  the  orbit  of  the  fourth 

satellite  at  the  mean  distance  of  the  earth  from 

the  sun  taken  as  the  unit,  is  seen  under  the  angle 

JEm  =  2580".  579 

The  radius  of  the  circle  reduced  to  seconds  is  206264'^8 ;  hence  the 
mean  radii  of  the  orbit  of  the  fourth  satellite  and  of  the  terrestrial  orbit 

are  in  the  ratio  of  these  two  numbers.    The  time  of  a  sidereal  revolu- 
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tion  of  the  fourth  satellite  is  16.6890  days,  and  the  sidereal  year  is 
365.2564  days,  hence 

a  m  206264.8 

a'  =r      2580.58 
T  ss        365.2564 
T'=i  16.6890. 

With  these  data  it  is  easy  to  find  diat  the  mass  of  Jupiter  i5 

HI  sis      ■    ■  ij » » 
1066.09 

The  sixth  satellite  of  Saturn  accomplishes  a  sidereal  revolution  in 

15.9453  days ;  the  mean  radius  of  its  orbit,  at  the  mean  distance  of 

the  planet,  is  seen  from  the  sun  under  an  angle  of  179'' ;  whence  the 

mass  of  Saturn  is  ■     , 
8359.40 

By  the  observations  of  Sir  William  Herschel  the  sidereal  revoiu* 
tions  of  the  fourth  satellite  of  Uranus  are  performed  in  13.4559  days, 
and  the  mean  radius  of  its  orbit  seen  from  the  sun  at  the  mean  dis- 

tance of  the  planet  it  44''.28.    With  these  data  the  maas  of  Uranus 

ia  found  to  be  ,         , 
19504 

600.  This  method  is  not  sufficiently  accurate  for  finding  the  mass 
of  the  Earth,  on  account  of  the  numerous  inequalities  of  the  Moon. 
It  has  already  been  observed,  that  the  attraction  of  the  Earth  on  bodies 

at  its  surface  in  the  parallel  where  the  square  of  the  sine  of  the  lati- 
tude is  ̂ ,  is  nearly  the  same  as  if  its  mass  were  united  at  its  centre  of 

gravity.  If  R  be  the  radius  of  the  terrestrial  spheroid  drawn  to  that 

parallel,  and  m  its  mass,  this  attraction  will  be 

g  =  — ;  whence  m  =s  g  •  JR*. 

Then,  if  a  be  the  mean  distance  of  the  Sun  from  the  Earth,  Tthe 

duration  of  the  sidereal  year, 

2«  .  a* 

and,  by  division^ 

S  4*«  •  fl^ 

Ry  g,  r,  and  a,  are  known  by  observationi  therefore  the  ratio  of  the 
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mass  of  the  Earth  to  that  of  tlie  Sun  may  be  found  from  this  ex- 

pression. 
Tlie  sine  of  the  solar  parallax  at  the  mean  distance  of  the  sun  from 

the  earth,  and  in  the  latitude  in  question,  is 

sin  P  =  ̂   =  sin  8".75  ; a 

the  attraction  of  the  Earth,  and  the  terrestrial  radius  in  the  ame 

parallel,  are 
g  =  2 .  16.1069  =  32.2138 
R  =        2089870, 

and  the  sidereal  year  is 

T  =  31558152".9 
with  Uiese  data  the  mass  of  the  earth  is  computed  to  be 

1 

337103* 
the  mass  of  the  sun  being  unity.    This  value  varies  as  the  cube  of 

the  solar  parallax  compared  with  that  adopted. 

601.  TIic  compression  of  the  tliree  larger  planets,  and  the  ring  of 

Saturn,  probably  affect  the  values  of  the  masses  computed  from  the 

elongations  of  their  satellites  ;  but  the  comparison  of  numerous  well 

chosen  observations,  with  the  disturbances  determined  from  theory, 

will  ultimately  give  the  masses  of  all  the  planets  with  great  accuracy. 

The  action  of  each  disturbing  body  adds  a  term  of  the  form  mfhi 

to  the  longitude,  so  that  the  longitude  of  m  at  any  given  instant  in  its 
troubled  orbit,  is 

V  +  mW  -f-  m!'W  +  &c.         r^,  lv\  Jt/',  &c. 
are  susceptible  of  computation  from  theory  ;  and  as  they  are  given 

by  the  Tables  of  the  Motions  of  the  Planets,  the  true  longitude  of 

m  is  V  4-  m'lv'  +  m"lv"  +  &c.  =  L. 
When  this  formula  is  composed  with  a  great  number  of  observations, 

a  series  of  equations, 

mW  +  m"hv"  +  &c.  =  L  —  ©, 

m'lvj  -f-  m"Sr,''  +  &c.  =  L'  -  r„ 
&c.  =  &c. 

are  obtained,  wliere  m',  m",  &c.,  are  unknown  quantities,  and  by 
the  resolution  of  these  the  masses  of  the  planets  may  be  estimated 
by  the  perturbations  they  i»roduce. 

602.  As  there  arc  ten  ])lancts,  ten  equations  would  be  sufficient  to 
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give  their  masses,  were  the  observed  longitudes  and  the  computed 

quantities  t?,  H\  ̂ v"j  &c.,  mathematically  exact;  but  as  that  is  far 
firom  being  the  case,  many  hundreds  of  observations  made  on  all  the 

planets  must  be  employed  to  compensate  the  errors.  The  method  of 

oombining  a  series  of  equations  more  numerous  than  the  unknown 

quantities  they  contain,  so  as  to  determine  these  quantities  with  all 

poMible  accuracy,  depends  on  the  theory  of  probabilities,  which  will 

be  explained  afterwards.  The  powerful  energy  exerdsed  by  Jujnter 

on  the  four  new  planets  in  his  immediate  vicinity  occasions  very  great 
inequalities  in  the  motions  of  these  small  bodies,  whence  that  highly 

distinguished  mathematician,  M.  Gauss,  has  obtained  a  value  for  tiie 

miM  of  Jupiter,  differing  considerably  firom  that  deduced  firom  the 

elongation  of  hb  satellites,  it  cannot  however  be  regarded  as  con- 
clusive till  the  perturbations  of  these  small  planets  are  perfectly 

known. 

603.  The  mass  of  Venus  is  obtained  firom  the  secular  diminution 

in  the  obliquity  of  the  Ecliptic.  The  plane  of  the  terrestrial  equator  is 

inclined  to  the  plane  of  the  ecliptic  at  an  angle  of  23^  28'  47''  nearly, 
but  this  angle  varies  in  consequence  of  the  action  of  the  planets.  A 

series  of  tolerably  correct  observations  of  the  Sun's  altitude  at  the 
solstices  chiefly  by  the  Chinese  and  Arabs,  have  been  handed  down 

to  us  firom  the  year  1100  before  Christ,  to  the  year  1473  of  the 
Christian  era ;  by  a  comparison  of  these,  it  appears  that  the  obliquity 

was  then  diminisliing,  and  it  is  still  decreasing  at  the  rate  of  50''.2 
in  a  century.  From  numerous  observations  on  the  obliquity  of  the 

ecliptic  made  by  Bradley  about  a  hundred  years  ago,  and  firom  later 

observations  by  Dr.  Maskclyne,  Delambre  determined  the  maximum 

of  the  inequalities  produced  by  the  action  of  Venus,  Mars,  and  the 

Moon,  on  the  Earth,  and  by  comparing  these  observations  with  the 

analytical  formulse,  he  obtained  nearly  the  same  value  of  the  mass 

of  Venus,  whether  he  deduced  it  firom  the  joint  observations  of 

Bradley  and  Maskelyne,  or  from  the  observations  of  each  separately. 

From  this  correspondence  in  the  values  of  the  mass  of  Venus,  ob- 
tained firom  these  different  sets  of  observations,  there  can  be  little 

doubt  that  the  secular  diminution  in  the  obliquity  of  the  ecliptic  is 

very  nearly  50".2,  and  the  probability  of  accuracy  is  greater  as  it 
agrees  with  the  observations  made  by  the  Chinese  and  Arabs  so 

•2  A 
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many  centuries  ago.  Notwithstanding  doubts  still  exist  as  to  the 
mass  of  Venus. 

604.  The  mass  of  Mars  has  been  determined  by  the  same  method, 

though  with  less  precision  than  that  of  Venus»  because  its  action 

occasions  less  disturbance  in  the  Earth's  motions,  for  it  is  evident 
that  tiie  masses  of  those  bodies  that  cause  the  greatest  disturbance 

will  be  best  known.  The  action  of  the  new  planets  is  insensible,  and 
that  of  Mercury  has  a  very  small  influence  on  the  motions  of  the 

rest  An  ingenious  method  of  finding  the  mass  of  that  planet  has 

been  adopted  by  La  Place,  although  liable  to  error. 
605.  Because  mass  is  proportional  to  the  product  of  the  density 

and  the  volume,  if  m,  m\  be  the  masses  of  any  two  planets  of  which 

j>,  j>',  are  the  densities,  and  F,  F,  the  volumes,  then 

m:  m'::/) .  F:/  •  r. 
But  as  the  planets  difier  very  littie  from  spheres,  their  volumes  may 
be  assumed  proportional  to  the  cubes  of  their  diameters ;  hence  if 

D,  D',  be  the  diameters  of  m,  and  m\ 

whence  i.  =         .  ̂ .  (201). 

The  apparent  diameters  of  the  planets  have  been  measured  so  that 

2>  and  D'  are  known ;  tliis  equation  will  therefore  give  the  densities 
if  the  masses  be  known,  and  vice  versd. 

By  comparing  the  masses  of  the  Earth,  Jupiter,  and  Saturn,  with 
their  volumes,  La  Place  found  that  the  densities  of  tiiese  three 

planets  are  nearly  in  the  inverse  ratio  of  their  mean  distances  from. 

the  sun,  and  adopting  the  same  hypothesis  with  regard  to  Mercury^ 
Mars,  and  Jupiter,  he  obtained  the  preceding  values  of  the  masses 
of  Mars  and  Mercury,  which  arc  found  nearly  to  agree  with  those 
determined  from  other  data.  Irradiation,  or  the  spreading  of  the 
light  round  the  disc  of  a  planet,  and  other  difficulties  in  measuring 
the  apparent  diameters,  together  with  the  uncertainty  of  the  hypo- 

thesis of  the  law  of  the  densities,  makes  the  values  of  the  masses 
obtained  in  this  way  the  more  uncertain,  as  the  hypothesis  does  not 
give  a  true  result  for  the  masses  of  Venus  and  Saturn.  Fortunately 
the  influence  of  Mercury  on  the  solar  system  is  very  small, 
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i.  The  mass  of  tbc  Sun  beiug  unity,  tUe  masses  of  the  planeta  ire, 

"^"^'y   loafelo 

^"'"   405871 

Tlie  Earth   — r — - 
854936 

""   2546320 

Jupiter 
  

3512 

1070.5 

Satorn      .... 

''"'""   T?Si8 

Denntia  of  the  PlatuU, 

607.  The  densitiea  of  bodies  are  propoTtional  to  the  muses  di- 

vided by  the  volumes,  and  when  Ihe  masses  arc  Bpherical,  tUeic 
volumes  are  aa  the  cubes  of  their  radii ;  as  the  sun  and  planets  ar6 

nearly  spherical,  their  densities  are  therefore  as  their  masses  divided 

by  the  cubes  of  their  radii ;  but  the  radii  mutt  be  taken  in  those 
parallels  of  latitude,  the  squares  of  whose  sines  are  }. 

The  mean  apparent  semidianieteis  of  the  Sun  and  Earth  at  their 
mean  distance  are, 

Son   961". 

The  Earth   8".  6 

The  radius  of  Jupiter's  spheroid  in  the  latitude  in  question,  when 
viewed  at  the  mean  distance  of  the  earth  from  the  sun,  is  94".344  ; 
and  the  corresponding  radius  of  Saturn  at  his  mean  distance  from 
the  sun  is  B".l.    \Vlience  the  densities  are. 

Sun   1 

The  Earth  ....  8.9826 

Jupiter   0.99239 
Saturn   0.59496 

Thus  the  densities  decrease  with  the  distance  firom  the  sun  ;  how- 

ever that  of  Uranus  does  not  follow  this  law,  being  greater  than  that 
of  Saturn,  but  the  uncertainty  of  the  value  of  its  apparent  d 

inay  possibly  account  for  this  deviation. 
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Intensity  of  Gravitation  at  the  Surfaea  of  the  Sun  and 
Planetg. 

608.  Let  g  and  g*  represent  the  force  of  gravity  at  the  sor&cesof 

two  bodies  m  and  m',  whose  apparent  diameters  are  D  and  ZK.  If 
the  bodies  be  spherical  and  without  rotation,  the  force  of  gnvitj  t 

their  equators  will  be  as  their  masses  divided  by  the  squares  of  tbek 
diameters; 

hence  g  =  g'  .  —  .  -— . 

Because  the  masses,  apparent  diameters,  and  the  intensity  of  gnritj 

at  the  terrestrial  equator  are  known,  g,  the  intensity  of  the  grsTitifc- 
ing  force  at  the  equator  of  any  other  body  may  be  found ;  and  as  tbe 
rotation  of  the  sun  and  planets  is  determined  by  observation,  thdi 

centrifugal  forces,  and  consequently  the  intensity  of  gravitation  it 
their  surfaces  may  be  computed.  With  the  preceding  values  of  tbs 
masses  and  apparent  diameters  it  will  be  found,  that  if  the  weight  of 

a  body  at  the  terrestrial  equator  be  the  unit,  the  same  body  tnms- 
ported  to  the  equator  of  Jupiter,  would  weigh  2.716 ;  but  this  would 
be  diminished  by  about  a  ninth,  on  account  of  the  centrifugal  fines. 

The  same  body  would  weigh  27.9  at  the  sun's  equator,  and  a  body  at 
the  sun's  equator  would  fall  through  448.39  feet  in  the  first  second  of 

its  descent,  that  would  only  fall  through  16.0436  feet  at  the  earth's 
equator. 

To  determine  the  fall  of  bodies  at  the  surfaces  of  the  sun  and 

planets  was  hopeless  till  Newton's  immortal  discovery  connected  ui 
with  remote  worlds. 

609.  Tlie  mean  sidereal  motions  of  the  planets  in  a  Julian  year  of 
365.25  days  are  the  second  data. 

When  tlie  sun  is  in  the  tropics  his  declination  is  a  maximum,  and 

equal  to  the  obliquity  of  the  ecliptic  ;  the  time  at  which  that  hap- 
pens is  found  by  observing  his  declination  at  noon  for  several  days 

before  and  afler  the  instant  of  a  solstice,  so  that  an  equation  can  be 
formed  between  the  time  and  the  declination,  which  is  sufficiently 
exact  for  a  few  days.  If  the  differential  of  the  declination  in  this 

equation  be  made  zero,  the  instant  of  the  Bolstice  and  the  obliquity  of 
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the  ecliptic  will  be  obtained.  The  instant  of  the  equinoxes  is  dc« 
termined  in  the  same  manner,  only  that  in  the  equation  between 
the  time  and  the  declination,  the  declination  is  made  zero,  for  in 

these  points  the  sun  is  in  the  plane  of  the  ecliptic.  The  length  of  the 

year  is  determined  by  comparing  together  the  time  of  the  sun's  being 
in  either  equinox,  or  in  either  tropic,  with  the  time  of  his  being  in  the 

same  point  for  another  year  distant  from  the  former  by  a  long  period ; 
the  interval  reckoned  in  days  and  parts  of  a  day,  divided  by  the  num 

ber  of  years  elapsed,  will  give  the  true  length  of  the  year ;  and  the 

greater  the  interval,  the  more  correct  will  it  be.  The  length  of  the 

year  however,  like  all  astronomical  data,  was  determined  by  succes- 
sive approximations,  but  it  was  very  early  known  to  be  365.25 

days. 

The  Julian  year  being  known,  if  the  synodic  revolutions  of  the 

planets  be  known,  their  mean  motions  for  any  given  interval  may 
be  found. 

610.  The  longitude  of  an  inferior  planet  in  conjunction,  or  of  a 

superior  planet  in  opposition,  is  the  same  as  if  viewed  from  the  centre 

of  the  sun.  The  synodical  revolution  of  the  planet,  which  is  the 

interval  between  two  conjunctions,  or  two  oppositions,  may  be 

ascertained  by  observation,  and  from  tlience  its  periodic  time.  Let 

T  be  the  synodic  revolution  of  a  planet,  P  its  periodic  time,  then 

P  :  365.25  ::  360°  :  360°  ±  flr, 
the  angle  described  by  the  planet  in  365.25  days.  If  it  be  an  inferior 

planet,  its  angular  motion  will  be  greater  than  that  of  the  earth ; 

hence  the  angle  described  in  365.25  days  is  equal  to  360°  plus  the 

angle  gained  by  the  planet  on  the  earth,  or  360®  +  a.  But  if  it  be 
a  superior  planet,  its  angular  velocity  being  less  than  that  of  the 

eartli,  tlie  angle  described  in  a  Julian  year  is  360°  —  a.  But  these 
angles  are  as  the  times  in  which  they  are  described,  therefore 

360°  :  360°  ±  «  ::  T  :  365.25  ±  T; 
hence  P  :  365.25  y.  T  :  365.25  ±  T, 

,  J.        365.25  X  T 
365.25  ±  T 

As  the  synodic  revolutions  are  known,  the  sidereal  revolutions  of 

tlie  planets  arc  as  follow ; 
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Mercury 87.9705 

Venus 224.7 
The  Earth    . .       365.2564 
Mars 686.99 
Vesta  . .     1592.69 
Juno 1331. 
Ceres  . .     1681.42 
Pallas 1686.56 

Jupiter .     4332.65 

Saturn .       10759.4 
Uranus .  30687.5 

Whence  it  will  he  found  hy  simple  proportion  that  the  mean  ude- 
real  motions  of  the  planets  in  a  Julian  year  of  365.2564  days,  or 
the  values  of  n,  n\  &c.,  are 

Mercury   . .     5381034".99 
Venus   . 2106644^82 

The  Earth .     1295977".74 
Mars     » 689051'^68 
Vesta 855681".17 
Juno 

297216".21 
Ceres .      28153K.00 
Pallas   . 

280672".32 
Jupiter      • .         .       109256".78 
Saturn  . 

43996''.13 Uranus      •        , 
15425".64 

These  have  been  determined  by  approximation,  continually  cor- 

rected by  a  long  series  of  observations  on  the  oppositions  and  con- 
junctions of  the  planets. 

Mean  Distances  of  the  Planets,  or  Values  ofay  a',  a",  &c. 

611.  The  mean  distances  arc  obtained  from  the  mean  motions  of 

the  planets :  for,  assuming  the  mean  distance  of  the  earth  from  the 

sun  as  the  unit,  Kepler^s  law  of  the  squares  of  the  periodic  times 
being  as  Uie  cubes  of  the  mean  distances,  gives  the  following  values 

of  the  mean  distances  of  the  planets  from  the  sun. 
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Mercury    0.8870981 
Venus    0.7233316 
The  Earth    1.0000000 
Mars    1.5236923 
Vesta    2.3678700 

Juno    2.6690090 
Ceres    2.7672450 
Pallas    2.7728860 

Jupiter    5.9011524 
Saturn    9.5379564 
Uranus    19.1823927 

RaHo  of  the  ScctntricUia  to  the  Mean  Dittaneetf  or  Valuee  of 

e,  e\  &c.,/or  1801. 

612.  The  eccentricity  of  an  orbit  is  found  by  ascertaiBrng  that 
heliocentric  longitude  of  the  planet  at  which  it  is  moying  with  its 
mean  anguhir  velocity,  for  there  the  increments  of  the  true  and  mean 

anomaly  are  ̂ ual  to  one  another,  and  the  equation  of  the  centre,  or 
difference  between  the  mean  and  true  anomaly  is  a  maximum,  and 

equal  to  half  the  eccentricity.  By  repeating  this  process  for  a  series 
of  year8»  the  effects  of  the  secular  variations  will  become  sensible, 

and  may  be  determined ;  and  when  they  are  known,  the  eccentricity 

may  be  determined  for  any  given  period.  Tlie  values  of  e,  e',  e^\ 
Sec.,  for  1801,  are 

Mercury         ....  0.20551494     . 
Venus    0.00686074 

The  Earth       •  ̂     .        .  0.01685318 
Mars    0.09330700 

rVesta    0.08913000 

1 1  Juno    0.25784800 

S  I  Ceres    0.07848900 
I  Pallas    0.24164800 

Jupiter    0.04816210 
Saturn    0.05615050 

Uranus   0.04M1080 
« 
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Indinationt  of  the  Orbits  on  the  Plane  of  the  Ecliptic^  in  1801. 

613.  When  the  earth  is  in  the  line  of  a  planet's  nodes,  if  the 

planet's  elongation  from  the  sun  and  its  geocentric  latitude  be  ob* 
served,  the  inclination  of  the  orbit  may  be  found ;  for  the  sine  of  the 

elongation  is  to  the  radius,  as  the  tangent  of  the  geocentric  latitude 

to  the  tangent  of  the  inclination.  If  the  planet  be  90°  distant  from 
the  sun,  the  latitude  observed  is  just  equal  to  the  inclination.  By 

this  method  Kepler  determined  the  inclination  of  the  orbit  of  Man. 

The  secular  inequalities  become  sensible  after  a  course  of  years. 

The  values  of  0, 0',  0",  Sec.  were  in  1801 

Mercury      .        •        •        • 
Venus   

Mars  •        .         •        • 

Vesta       .        •        .        .        • 

Juno  .... 
CO  < 

^^  1  v^eres    .         •         .         .         • 
I  Pallas         .... 

Jupiter     ..... 
Saturn        .... 

Uranus   

Longitudes  of  the  Perihelia. 

614.  The  angular  velocity  of  a  body  is  least  in  aphelion,  and 

greatest  in  perihelion ;  consequently,  if  its  longitude  be  observed 

when  the  increments  of  the  angular  velocity  are  greatest  or  least, 

these  points  will  be  in  the  extremities  of  the  major  axis :  if  these  be 

really  the  two  observed  longitudes,  the  interval  between  them  will  be 

exactly  half  the  time  of  a  revolution,  a  property  belonging  to  no  other 

diameter  in  the  ellipse.  As  it  is  very  improbable  that  the  observa- 

tions should  differ  by  180°  they  require  a  small  correction  to  reduce 
them  to  the  true  times  and  longitudes.  On  this  principle  the  longitudes 

of  the  perihelia  may  be  determined,  and  if  the  observations  be  con- 
tinued for  a  series  of  years,  their  secular  motions  will  be  obtained, 

whence  their  places  may  be  computed  for  any  epoch.  Tlie  longitude 

of  the  perihelion  is  the  distance  of  the  perihelion  from  the  ascending 

node  estimated  on  the  orbit,  plus  the  longitude  of  the  node.  In  the 

beginning  of  1801,  the  values  of  fsr,  fsr',  fsr'',  &c.,  were, 

0 
7 

/ 

0 
9.1 

3  23  28.5 

1 

51 

6.2 
7 8 

9.0 
13 4 9.7 
10  37 26.2 

34 

34 
55^0 

1 18 51.3 

2 
29 

35.7 

0  46  28.4 



Cba^^Zni.] THE  CELESTIAL  MOTIONS. 
361 

00 

Mercury  . 
Venus  . 

The  Earth 

Mars 
Vesta 
Juno     . 

Ceres 
Pallas  . 

Jupiter     • 
Saturn 
Uranus     • 

o / 

// 

74 

21 
46.8 

128  43 53.0 
99 

30 

4.8 

332 
23 

56.4 

249 
33 

24.2 

53  33 46.0 

147 7  31.1 
121 7 4.3 

11 

8  34.4 

89 
9 29.5 

167  30  23.7 

Longitudes  of  the  Ascending  Nodes, 

615.  When  a  planet  is  in  its  nodes,  it  is  in  the  plane  of  the  ecliptic ; 
its  longitude  is  then  the  same  with  the  longitude  of  its  node,  and  its 
latitude  is  zero.  The  place  of  the  nodes  may  therefore  be  found  by 

a  series  of  observations,  and  if  they  be  continued  long  enough,  their 

secular  motions  will  be  obtained ;  whence  their  positions  at  any  time 

may  be  computed.  In  the  beginning  of  1801  the  values  of  ̂,  O',  0"f 
&C.,  were, 

C4 

CD 

Mercury 

Venus 
Mars    • 
Vesta 
Juno     • 
Ceres 

Pallas  . 

Jupiter 
Saturn 

Uranus 

•  •  •  • 

«  •  •  • 

•  #  •  • 

•  •  •  % 

.  •  •  • 

•  •  •  • 

o  /     // 
45  57  30.9 

74  54  12.9 
48  0    3.5 

103  13  18.2 

171  7  40.4 
80  41  24.0 

172  39  26.8 

98  26  18.9 
111  56  37.3 
72  59  35.4 

616.  Mean  longitudes  of  the  planets  on  the  1st  January,  1801,  at 

midnight,  or  values  of  e,  «',  e'S  &c. 

Mercury   163  56  26.9 
Venus   10  44  21.6 
The  Earth        .        .        .        .    100    9  12.9 
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Mars    .  94    6  59.9 

rffVesta       .        ...  .     278  30     0.4 

o  I jjuno     .  200  16  19.1 
SijCeres       .  .     123.16  11.9 
2  [  Pallas  108  24  57.9 

Jupiter   112  12  51.8 
Saturn   135  19    5.5 

Uranus     •  .  ..  177  48     1.1 

All  the  longitudes  are  estimated  from  the  mean  equinoz  of 

spring,  the  epoch  being  the  Ist  January,  18Q1. 
617.  With  these  data. the  ipotioi^  of  {he  pjanets  are  computed; 

they  are,  however,  only  approximate,  since  each  element  is  deter^ 
mined  independently  of  the  rest ;  whereas  they  are  so  connected, 

that  their  values  ought  to  be  determined  simultaneously  by  equa- 
tions of  condition  formed  from  thousands  of  observations. 

618.  Elements  of  the  orbits  of  the  three  comets  belonging  to  the 
solar  system. 

Halley's  Comet  of  1682. 
Period  of  revolution  76  years,  nearly.     Instant  of  passage  at  peri- 

helion 1835,  October  3l8t,  2. 

Half  the  greater  axis     ....     17.98355 

Eccentricity        .        .         .     ̂   ,        .  0.967453 

Longitude  of  per^ielion  on  orbit    .        .     304^  34'  19'^ 
Longitude  of  ascending  node    .        »        '  55      6    59 
Inclination  .         .         .        .        .       17    46    50 

Motion  retrograde. 
•        »         ■         .         • 

EnktU  Comet  of  1819. 
days. 

Period  of  revolution  1203.687.     Passage  ar  perihelion  1829, 
January  10th,  573. 

Mean  diurnal  motion    ;        •.        ;        .  1069^'. 557 
Half  the  greater  axis        .        .         .  2.224346 
Eccentricity   0.8446862 

Longitude  of  perihelion     .         .         .  157°  18'  35" 
Longitude  of  ascending  node         .         .  334    24    15 
Inclination       .        .         .         .         .  18    22   34 
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Claussen  and  GamharVs  Comet  o/1825. 

yew*. Period  of  revolution  6,  7.     Passage  at  perilielion  1832, 
November  27th,  4808. 

Half  the  greater  axis       ....     3.53683 

Eccentricity   0.7517481 

Longitude  of  perihelion  .  .     109^  56M5'' 
Longitude  of  ascending  node       •        •        248    12   24 
Inclination   13    13    13 

The  computation,  in  the  next  Chapter,  of  the  perturbations  of 

Jupiter  and  Saturn  will  be  sufficient  to  show  the  method  of  finding 

their  numerical  values,  especially  as  there  are  many  peculiar  to 

these  two  planets. 
•  tat 

« 

t  « 



CHAPTER  XIV. 

NUMERICAL  VALUES  OF  THE  PEETURBATIONS  OF  JUPrTKB. 

619,  The  epoch  aMumed  for  tliia  computatioD  is  Uist  of  the  FVench 

Tables,  namely,  the  Slst  of  December,  at  midnight,  1749,  mean 

lime  at  Paris.    The  data  for  that  epoch  aie  as  follow  >— 

Values  of  e,  «*,  &c. 

Mercury         ....  0.S0551830 
Venus         ....  0.0068840S 

The  Earth      ....  0.01681395 
Mars  ....  0.09808767 

Jupiter  ....  0.04807670 
S.itum         ....  0.05623460 

Uranus  ....  0.04669950 

Values  of  ro,  ra',  o",  &c. 
Mercury 

Venus 
The  Earth 
Mars 

Jupiter 

Uranus 

Values  of  0,  0",  ? 

73'.5fl61 

127.9117 

98.62U 

331.473 
10.3511 

88.1519 

166.614 

&c. 

Mercury    7° 
VenuB    3.3931 
Mars    1.8499 

Jupiter    1.3172 
Saturn    3.4986 
Uianus        0.7736 
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Values  of  e,  0',  e",  &c. 

Mercury   45*^.3452 
Venus   74.4384 

Mars  ....         47.6438 

Jupiter   97.906 
Saturn   111.5064 
Uranus   72.6314 

The  longitudes  are  estimated  from  the  mean  equinox  of  spring. 

620.  The  series  represented  by  S  and  S'  in  article  453  form  the 
basis  of  the  whole  computation,  but  twelve  or  fourteen  of  the  first 

terms  of  each  will  be  sufficiently  correct  for  all  the  planets. 

The  numerical  values  of  the  coefficients,  A^  Ai^  kc.  B^  Bi,  &c., 

and  their  differences,  for  Jupiter  and  Saturn,  are  obtained  from  the 
formulae  in  article  455,  and  those  that  follow.  The  mean  distances 

of  these  two  planets  are,  according  to  La  Place, 

a  =  5.20116636,        of  =  9.5378709, 

whence  a  =  0.54531725. 

S  =:  10.2612  S'  =  —  4.99987, 

A    =  0.22S576  A I    =  0.065071  A,    =  0.027012 

A^    =  0.012369  A^    =  0.005929  As    =  0.002918 

A^    =  0.001458  At    =  0.000738  A^    =  0.000376 

A.    =  0.000189  Aio  =  0.000091  An  =  0.000034 

-^  =  0.008891         -^  =  0.016305  Jd±  =  0.012149 
da  da  da 

i!di-  =  0.007987         ̂ dL  =z  0.004983  Jdl  =  0.00302 
da  da  da 

dA^  =  0.001798         .^  =  0.001056  -^  =  0.000617 da  da  da 

JdL  =  0 .  000364         ̂ d^  =  0 .  000223. 
da  da 

^!dl.  =  0.003314        -^»  =  0.002942  ̂ d*   r=  0.004058 
da«  da*  da* 

^dL  =  0.004070        -^  =  0.003453  fdl  =  0.002654 
da*  da*  da* 
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d'A  _ 

d*A, 

da* 
d^Ao

 

da' d^A, 

d€^ 

da* 

da* 

da* dPAi "diF 

d% 

da* 

Bo 
B. 
B. 

B, 

dBo 

da 
dBg 

da 
dB, 

da 
dB, 

da 
d*Bo 

da* 

s=  0.001919 

=  0.000550. 

=  0.001466 

=  0.001868 

=  0.001808 

=s  0.001069 

s=  0.001138 

=  0.001503 

=  0.000993 

=  0.001044 

=  0.001212. 

=  0.005020 

=  0.001493 

=  0.000315 

=  0.000062. 

=  0.001774 

=  0.000128 

=  0.000448 

=  0.000189. 

=:  0.001225 

dFAj  _ 

d(^ 

s  0.001319 

d'As  _ 

£A,^ 

da* 

d^J, 
zs  0.001556 

da* 
£Ar 

dtf 

d^ 

da^ 

dM4 

da^ 

£Ar 
da:" 

d*A, 

da' £A, 

da" 

z=i  0.002061 

s  0.001478 

=  0.001064 

=  0.001284 

=  0.001469 

=  0.001001 

=  0.001088 

Bi  zz  0.003674 

B^  =  0.000904 

Bj     =  0.000183 
dB,  _ 

da dB, 

da 

dBj 

da 

=  0.000184 

=  0.000943 

=  0.000448 

cPB,  _ 

da* 

=  0.000877 

d(f 

£A^ 

do* 

d'At 

da* 

da* 

0.001551 

=  0.002013 

=  0.001156 

=  0.001107 

s=  0.001808 

d*^.  _ 

d^ =  0.001011 

do* 

=  0.001175 

B. 

Bs B. 

dB^   _ 

0.0024 

0.000537 

0.000107 

da 

dBs 

da 
dBs 

da 

=  0.000162 

=  0.000661 

=  0.000293 

da"^ 

s  0.001203 

d'B 

da* 

!  ==  0.001181 
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da* 

=  0.001101 

•*''*-  0.000951 

da* 

da« 

=  0.000774 

d*B, 

da* 

=  0.000602 
^'^'  =  0.000458. 
defi 

(PBo 

d(f 
=  0.001102 

*^»  =0.001102 

da« 

=  0.001076 

do* 

=  0.001043 
*^*  -  0.000984 

do* 

=  0.000885 

^B. 
=:  0.000764. 

Jupiter  and  Mercury, 

a'  =:  0.38709812  a  =  5.20116636 
A  =  0.0744256 

8  a  5.20887  fif'  =  -  0.38683. 

Jupiter  and  Venus. 
a'  =  0.7283323  a  =  0. 13907116 

S  =  5.22634  S'  =  -  0.721579. 

Jupiter  and  the  Earth. 
a'=  1.  a  =  0.19226461 

8  ss  5.24933  8'  =:  -*  0.995358. 

Jupiter  and  Mars. 
d^  1.52369352  a  =  0.29295212 

a  s=  5.81338  8'  ss  -  1.50717. 

Jupiter  and  Uranus. 

a'  =  19.183305  a  =  0.2711298 

S  =  19.5375         S'^^  5.1528. 

Secular  Variations  of  Jupiter  and  Saturn. 

621.  These  are  given  by  the  numerical  values  of  equations  (198), 

which  are  computed  from  the  formulae 

rj^    _  _  3m\an{aa'S-^((^+a'*)S'} 

(4.0)  =  - 
Zm\a*afn.Sf 

4(a'«-a«)«  ' 
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[BooklL 
as  the  numerical  values  of  all  the  quantities  in  these  expressions  are 

given,  it  is  easy  to  find  hy  their  substitution,  that 

(4.0)  =  0". 000226  lITol  =  0,000021, 

(4.1)  =    0.004291  ITT]  =  0.00744, 

(4.2)  =    0.009862  |0]  =  0.002359, 

(4.3)=    0.00451  jO]  =  0.001683, 

(202) 

(4.5)=    7.702 
.51  =  5.0342, 

(4.6)  =    0.09665  gTS]  =0.03247, 

where  the  digits  0, 1, 2,  3,  &c.  refer  to  Mercury,  Venus,  the  Earth, 
Mars,  Jupiter,  Saturn,  and  Uranus. 

622.  By  the  substitution  of  the  preceding  data,  equations  (128) 

and  (141),  ̂ ive  the  following  results,  when  multiplied  by  the  radius 

reduced  to  seconds,  or,  by  206264 '\  8,  where  —     is  the    sidereal ^  dt 

motion  of  the  perihelion  of  Jupiter  in  longitude  at  the  epoch  1750, 

during  a  period  of  365^  days:  2  —  is  the  annual  variation  of  the  equa- 
dt 

tion  of  the  centre :  —  is  the  annual  variation  of  the  orbit  of  Jupiter 

dt  ^ 

on  the  fixed  ecliptic  of  1750 ;  —  is  the  annual  variation  of  the  in- ^  dt 

do cli nation  on  tlic  true  ecliptic :  —  is  the  annual  and  sidereal  motion 
^        dt 

of  the  ascending  node  of  the  orbit  of  Jupiter  on  the  fixed  ecliptic  of 

1750 ;   and  —  is  the  same  variation  with  regard- to  the  true  ecliptic. dt 

drs Tt =  6". 5998 
de 

^  =  -  0". 07814  "Z.=  -  0". 223178 dt  dt 

dt 
=  0". 27721 de^ 

dt =  6".  4562, 
dt 

=  -  14".  6634. 
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By  vtiete  484, 

(4.0)  =  HLfliOA)  ;     QO]  =  !^  [OT)  ; 

if  then,  the  quantities  (202)  relating  to  Jupiter,  be  multiplied  by 

ft  those  corresponding  to  Saturn  will  be  found,  and  the  for- 
m 

muke  (128)  give  for  Saturn 

^^  =  16'MI27  —  =  0^^54081 di  dt 

^  =  0".099741        ̂   =  -  9^0058. dt  dt 

By  article  444, 

if  sui  6'-»0  sin  0  s  Y  sin  fit 

0^  cos  O'—0  0069  =  7  cos  O  ; 
and  by  the  substitution  of  the  numerieal  values  of  article  613  and 

615,  it  wiU  readily  be  found,  that  m  1760 

f  =  Ply  80"  n  s=  126P  44'  34", 
7  being  die  Buitnal  inclination  of  the  orbits  of  Jujater  and  Satom, 

and  n  the  longitude  of  the  ascending  node  of  the  orbit  of  Saturn  on 
that  of  Jupiter.  If  the  differential  of  tiiese  equations  be  taken  and 
the  numerical  values  of 

M    ̂         d^    d^ 
dt'   di*       dt'    dt 

substituted,  it  will  be  found,  that 

^  e=  -.  C'.OOOlOd,      din  -  «.  316^.094. *  H 
623,  The  variations  in  the  elements  that  depend  on  the  squares  of 

the  disturbing  forces  must  now  be  computed,  and  for  that  purpose 

the  numerical  values  of  P,  P^,  and  their  differences,  must  be  found 
from  equations  (165)  and  (166). 

The  coefficients  Q«,  Qi,  &c.,  are  given  by  the  expansion  of  A, 
article  446 ;  so  that 

Q,  -  -  ̂   {889il.  +  201a  .  ̂   +  27a«.  ̂   +«*  '^V 

0,  =  i  {402J,  +  I93a.^  +  26a\^  +  <f.  f^^ •  3B 

i 
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(?,=-Jfla'{10B,+ai?!Lj, 

If  the  values  of  ̂ »  ilg,  8cc.,  and  their  difEerenoea  in  artide  $20, 

be  substituted,  then  will 

Q«  =  —  2.199192 

Q,  s       4.0292, 

Q.  =  -  2.43538, 

Q,  =        0.487332, 

Q^  =  -  0.267808, 

Q,  t=        0.139264. 

With  ihe  preceding  data,  equations  (165)  and  (166)  give 

P  =  0.0000114596,        P'  =  -  0.000107267 ; 
and  as  the  differences  of  these  equations  are 

—  =  i{0ic^  sin  (2t!T'  +  «j)  +  2Q,cc'  sin  (to'  +  2«) de 

+  SQ^  sin  3cT  +  Qs 'y'sm  (2n  +  tsr)}, 

^'  =  i{Oi<^'  cos  (2t!T'  +  tsr)  +  2Q,a'  cos  (to'  +  2tsT) 

+  SQ.e'cos  But  +  Q^y* cos  (211  +  to)} 
&c.  &c. 

all  the  quantities  in  equations  (191),  (192),  (195),  and  (196),  are 
known ;  whence  for  Jupiter  at  the  epoch, 

(^©)  =  0".352941,  Qe)  =       0".052278, 

(Sy)  =  0".000184,  (Sn)  =  -  0".007631, 

and  from  equations  (193)  and  (194),  the  corresponding  variations 
in  the  elements  of  the  orbit  of  Saturn  are 

(»«')  =  8^242722,         (JeO  =  -  0".  102763 ; 
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80  thai 

^=6".  95281;     ̂  dt  dt 
=  19". 355448; ^  =  0".  329487; 

dt 

^  =-0".  000079 
dt ^  =  -  26'M0163. 

dt 

«=  10^.35108, 

n  =  125^.74278. 

f?  5= -0".  642968; dt 
4 

But  at  the  epoch, 

e  =  9916".  53;       e'  =  11597".  1; 

«'  =  88°.  15194  ;     f  =  1^.25838  ; 
Consequently  the  elements  of  the  two  orbits  at  any  time  t  are 

c=    9916".53         +     0".329487.<, 
uj  =         10^.35108  +     6".95281.f, 
e'  =  1 1 597''  .1  -     0" .  642968 .  t,  (203) 

fo^=:         88°.  15194+  19".  8555448.  <, 
7  r=  1°. 25838  +     0". 000079. <. 
n  =       125^.74278  —  26".  10163. <. 

If  <  =  0  these  expressions  will  give  the  elements  in  1950,  and  if  the 
computation  be  repeated  with  them  it  will  be  found  that  in  1950 

^  =  7".  053178; dt ^  =  19".424789;    —  =0".326172; dt  dt 

?fi=-0". 648499;     *I=-0". 001487;    ̂   =-  26". 402056. dt  dt  dt 

The  differences  between  these  imd  their  values  for  1750,  divided 

by  200,  will  be  their  second  differences,  therefore  the  formulae  (198), 
with  regard  to  Jupiter  and  Saturn,  are 

e    =  9916". 53  +  0". 329487. <  —  0".  0000082871.^, 

m   =  10°  21'  4"  +  6". 952808. <  +  0". 0002509259. <•, 

«'  =  11597".  1  -  0".642968.<  -  0". 0000 13827 5.^,    (204) 
«'  =88®  9'6".4+19".355448.<  +0". 0001732274.^, 

7  =1°15'30".2+  0".000078.<  -0". 000039 13 11.^, 

n  =125® 44' 33"- 26".  1028  .t  -0". 0007 507307.^, 
which  will  give  the  elements  of  the  orbits  of  these  two  planets  for 
1000  or  1200  years  before  or  after  1750. 

Periodic  Inequalities  of  Jupiter. 

624.  The  inequalities  in  the  radius  vector  and  longitude,  which  are 
independent  of  the  eccentricities  and  inclinations,  are  computed  from 

!l=-^  a\  Ml  +  ̂  .  2.C,  .  cos i(n't  -  n*  +  #'  -  #), a  6  da  2 

i9=  ̂  .  2  .  F| .  sin  t(n'e  ̂   n<  +  c'  -.  «)  ; 

7t -    ■  •i  B  2 
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da 
) 

Ui  sz  1,  then  by  articles  536  and  537 

^       «'(2ii-n')  In— nf 

F,m  _!!_  {^  JL,    Oil.  +  2(\). 

But         iir=  109256'' ;    n'=43996'^.7  ;   a=$.8011fMI86; 

111':=  — — ;    A^  =  0.0078978 ;    ̂   =  0.00531108. 8859.4  da 

-^.  a^,ts  0.1875859;   i^.— 
n-'vl  da 

2n 
oAi  +  o^ 

dAy 

B  0. 148876 ; 

0.881208; 

hence 

U'^n'  da 

log  0.281809  S3  9.4490898 

log  — ^!^ —  =  0.4926897 

log  2Cy  s  9.9410990  es  log 0.874878 

aAf  +  2C,  =5  0.8056104. 

n-«' log  0.8056104  s=  9.9061248 

log 

s:  0.2288068 
n  — 71^ 

log  of  radius  in  seconds     s  5.8144858 

the  sum  is      .  5.4443572 

log  3359.4  =3.5262617 

log  82".818=:  1.9180955 

Consequently,  when  i  ss  1»  }i>  =  82^.881.  sfai  {n!t  —  nl  +  «'  —  <)• 
Hence  if  t  be  made  successively  equal  to  all  the  potiiife  noBibeTf 
from  1  to  9,  and  the  corresponding  quantities  substituted  in  the  pre* 
ceding  formulae,  it  will  be  found  that  the  inequalities  of  thia  order  in 
the  longitude  and  radius  vector  of  Jupiter  arising  from  the  action  of 
Saturn,  are 

82". 81 1711  sin    (n't  -  n<  +  e'  -  e) 
-204"  .406384  sin  2(n'<  -  n<  +  «'  -  c) 

j^  ag       -  17". 071564  sin  3(n'<  -  ̂ ^  +  c'  —  .) 
3". 926319  sin  4(n'^  -  n<  +  c'  —  «) 

(  -     1". 210573  sin  b(n't  -  n^  +  «'  -  «) 
0". 42843     sin  ̂{n't  -  n«  +  e'  -  e) 

0'M70923  sin  7(n'<  -  n<  4.  e'  -  e) 
0".  076086  sin  8(n'<  -^  n<  +  •'  -  c) 

0''.041278  Bin9(n'<  i-  n<  +  e'  ..  #) 
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5r  =  ̂  

—  0.0000620586 

+  0.000676876     cos    (nU  -  7i<  +  «'  —  c) 
—  0.00289662       cos  2(n7  -  7?^  +  c'  —  c) 

—  0.0003021367  cos  3(///  -  7i<  +  c'  -  c) 

—  0.0000782514  cos  4(w7  -  vt  +  c'  -  c) 

—  0.0000258052  cos  b{n't  -  w<  +  c'  -  c) 
—  0.0000094779  cos  6(n't  -  7it  +  €'  —  €) 

—  0.000003756    cos  7 (n't  -  ;.i  +  c'  -  c) 

—  0.0000014781  cos  S(n't  -  71/  +  c'  -  c) 

—  0.0000004799  cos  9(n't  —  71^  +  c'  —  c). 
625.  The  inequalities  depending  on  the  first  powers  of  the  ecccn* 

iricities  are  obtained  from 

Jr  s=  m'fe  cos  (nt  +  e— w)  +  vtlf'e!.  cos  (n^  +  e  —  ©') 

+  m«  •  2  .  A  •  cos  {i {n't  -  7i/  +  c'  -  c)  +  7i<  +  ©  -  w} 
+  mV .  2  .  Ej .  cos  {i  (/i7  -  71*  +  c'  -  €)  +  71^  +  e  -  csy'}, 

io  =s  m'e  •  2 .  Gf  •  sin  {£  (7i7  -  7?t  +  e'  -  c)  +  71*  +  c  -  tsx} 

+  mV.  2.  //<.  sin  {i(//i-  w<  +  c' -  c)  +7?< +  t  -  cj'}. 
by  making  i  successively  equal  to  the  whole  positive  numbers,  from 

1  to  7,  and  to  the  whole  negative  numbers,  from«—  1  to  —5,  and  sub- 
stituting the  numerical  data  corresponding  to  each  in  the  coefficients 

A)  -^0  &c.,  which  are  given  in  articles  536  and  537.     The  values  of 

e  and  ̂ at  the  epoch  are  sufficiently  exact  for  all  the  terms  of  this  order, 

except  those  having  the  arguments  2n'/-  7i<+26'-e,  tod  3/i'-2ni  +$€' 

—  2e,  whose  periods  are  so  long,  that  9916".  53  +  0". 329487  .  /, 
and  II597'M  -  0^^.642968.^  must  be  employed  instead  of  e  and  e'. 
It  will  then  be  found  that  the  perturbations  of  Jupiter  are 

^       0.0000206111  cos  (ni  +  €  -  tsj) 

—  0.0000795246  cos  \n'i  +  c'  -  cj) 

+  0.0000492096  cos  (n'^  +  e'  -  tsj) 

—  0.000292213    cos  {%n't  -  71^  +  26^  —  c  -  0} 

+  0.0001688085  cos  {2n'i  -  71^  +  2t'  -  c  -  o'} 

—  0.0004584483  cos  {Zrii  -  2/i/  +  36^  -  26  -  tsx} 

+  0.0009047822  cos  {3n'<  -  2ni  +  3€'  -  2c  -  tsr'} 

+  0.0001259429  cos  \^ni  -  3/i^  +  4e'  -  26  —  tsx} 

—  0.0002424413  cos  {Mi  -  ̂ ni  +  46'  -36  -  tj'} 

+  0,0000268383  cos  {5;i7  -  4/1/  +  56'  -  46  -  tsx} 

—  0.0000516048  cos  {5/i'<  -  \nt  +  56'  -  46  -  cj'} 

+  0.0000579151  cos  {2ni  —  n'i  +  26  —  e'  -  u} 

l^-  0.000134653    cos  {Zni  -  2n!i  +  Sc  -  2€'  ̂   c?)- 

Sr  =/ 
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iv 

A- 

8". 608489  Bin  {n't  +  «'-«») 
*-  9^'. 692386  sin  (n'<  +  c'  -  «rO 

-{138''. 873337  +  i  .  (y'.004MI85}  un  {2nft —  c  —  w} 

+{ 56''. 634099  -  t .  0". 0031998}  tin  {2n'i 

-{44". 460822  +  t .  0"'. 0014775} ain  {Sit'i  - ^  2€  — m} 

+  {84". 942569  -  t  .  0".004794  }  un  {dnft 
-.  2«-«'} 

+     7".  925312  ain  {An't  -  3iU  +  4€'  -  3€ 

—  15". 629621  sin  {An't  -  8/rf  +  46^  —  8c 

+     1",047717  sin  {bn'i  -  4iU  +  5«  -  4e 
2". 781664  sin  {Mt  -  47U  +  5€  -  46 

0'. 407251  sin  {6n'l  -^  5n<  +  6«  —  56 

0'. 913302  sin  {6n't  -  5ni  +  66'  -<  56 

0M49277  sin  {In't  -  9nt  +  Te'  -  66 

0". 325592  sin  {7ii'«  -  6iil  +  76'  —  66 

5". 208122  sin  {2/ii  —  n't  +  26-6' 

0".  569738  sin  {2iil  -  n't  +  26-6' 

12". 87665    sin  {3nt  -  2/i'<  +  Sc'  -  26' 

0". 352399  sin  {3tU  —  2/t'<  +  36  -26' 

1". 287482  sin  {Ant  —  8n'<  +  46-36' 

0".  172892  sin  {Ant  -  3n'<  +  4e  -  36 

0". 356627  sin  {^lU  -  An't  +  5e   -  4e' 

0^^083189  sin  {5?t/  -  4n'^  +  56  -  46' 

-.»i<  +  2e' 
-ii/  +  2^ 

2/i<  +  26" 

+ 

—  Sft<+36' 

w'} 

«} 

CT'} W'} 

.«T} 

•   f^} .ti.} 

'  -  cy'} 

.t«r} 

.«r'}. 

Inequalities  depending  on  the  Squares  of  the  Eccentricities  and 
Inclinations. 

626.  These  are  computed  by  making  i  successively  equal  to  1,2, 

3,  &c.  in  formula?  (163)  and  (164). 

If  t  =il,  that  part  of  the  perturbations  in  longitude,  depending  on 

tlie  argument  n't  +  w^  +  e'  +  c,  is 

-Jr  =  — i—  /Hliil^  -  w[j(Ki+^i)^  •  8m(n'
/4-w<+6'+6-2cT) 

Vl--e«\  «'  •  '^^^         2  J4.£;^ee'.sin(/i'^+n/+6'+6-f!T-t!j') dN 

7t'
 

  1   ,  2.  aN+Za^   .   l8m(/i' 
2  \{n'+ny  da     n'  +  nj 

t+nt-^e'+e+L); 
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where 

u^. ndi         n"  +  2/m'l  +3^| .  ec' .  sin  (n'l  +  7i<  +  c*  +  e-tj -tsr') 

+  I  JL..2.diV+2.a«^l .  sin  (n't  +  n/  +  c'  +  c  +  X)  }. 
In'+n  da ) 

*        n*-(n'-7i)«       In-n'  da  J 

n'^-nMn'-n  n«  "^    da*  J 
rf"i4 

H- 

2  .  N 

No.  ̂  

+  2v; .  7- 

sin  (n'<  +  n<4-€'  +  «  —  Lss 

sin  {n't  +  n<  +  e'  +  e  —  2ct) 

sin  {vli  +  n<  +  €'  +  e  —  cj  —  cj') 

sin  (n7  4-  n<  +  e'  +  «  -  21^) 

sin  (n'<  +  n<  +  e'  +  e  -  2n). 
The  coefficients  N^  Ni^  &c.,  are  given  in  article  459,  and  if  the 

numerical  values  of  ̂ oi  -^n  their  differences,  and  also  n  =:  109256", 
n"  =  43996".6,  be  substituted,  it  will  be  found  that  iv  Ukes  the  form 

iv  =  b  .  c^  .sin  (nfi  +  nt  +  •'  +  e  —  2cj) 

+  6i  .  ee'  •  sin  (n'<  +  n/ +  «'  +  «  —  «^—  o') 

+  bn.  e'*  .  sin  (n't  +  ni  +  «'  +  «  -  2©') 

+  6.  .  7^  .  sin  (n'i  +  n<  +  e'  +  e  -  2n), 
where  6,  6i,  b^  and  ̂   are  given  numbers.     But  ̂ v  may  be  expressed 

by  S©  =a  P  .  sin  (n7  +  n<  +  c'  +  e) 

—  F  .  cos  (n'<  +  n/  +  c'  +  «), 

Where,  P'  =  6c»  .  sin  2tSF  +  6ice'  .  sin  (tsr  +  tsr') 

4-  6,   .  c^  sb  2t5'+  6,  .  y*  sin  211 

P  s=  6e" .  cos  2f9  +  biC^  cos  (tsr  +  tsj^ 

+  6,  .  e'*  cos  2ta'  +  6,  .  7*  cos  211 ; 

substituting  the  values  of  the  elements  given  in  article  619,  it  will  be 

found  by  the  method  in  article  569,  that 

V'P*+P'«=1''.004    —=- tan  45®. 4894.  =  — 
sin  45^.4894 

cos  45<'.4894 
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Consequently  the  inequality  depending  on  i  s  1  becomes 

627.  It  will  be  found  by  thit  method  of  computation  tbat  «11  the 

sensible  inequalities  in  longitude  and  in  the  radius  vector  depending 
on  the  squares  and  products  of  the  eccentricities  and  Jnclinationsi  are 
included  in  the  following  expressions ;  observing  that  the  inequality 

having  the  argument  Sn't  »  5iil  4-  8c'  —  5c,  must  be  computed 
with  the  formulae  (204),  on  account  of  the  great  length  of  its 

period. 
r  1".004  .  sm  (n'<+n<+ •^+€+45^4894) 

-  5".67871 .  sm  («»i'<  +  2«'  +  15^^8999) 

+  11''.72425  .  sin  (8ii'<-n<+S^-€+79*'.6688) 
-  18^07528  .  ein  t4n'«-2n<+4€'-«e-57^.2072) 

>{169".2659-<.0".004277}  .  sm  (Sn't  -  5n<  +  8c'  -  5e  + 
55^.6802  +  t .  50".5084) 

+    1^64714  .  sin  (6n'<-4iU+6c'-4c-54''.4S) 
+    2".4764    .  sm  (n'<-n«+c-c'+48^.2886) 
-  5'^288.Bin(2n'<-2n^+2c'-2c+42^.6789) 

0.000082242 .  cos  (2n'<+2c+lR0158) 

+0.000022625 .  cos  (Sn't  -  n<  +  8c'  -  26 -  21^.7884) 

-^0.0001010538  .  cos  (4n7  -  2nt  +  4c'-2c -  51°0677) 

—{0.00211145^^0.00000005828}.  
cos  (87i'l-5n<+3e'-5c 

+  55^597  .  +  50".4144  .  0 

*  0.0000652204 .  cos  i2n't  -  2iU  +  2c'  -  8c 
+  54M477). 

ivsiJ 

JtJ=\ 

Perturhatiom  depending  on  the  Third  Powen  and  Products  of  the 
EccentricUiei  and  IndmaHom. 

628.  These  are  contained  in  equation  (172).  But,  in  order  to 
find  the  numerical  value  of  the  principal  term,  the  differences  of  P 
and  P^  must  be  computed.     By  article  628, 

P  =:  0.0000114596,         P'  =  -  0.000107267 
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are  the  values  of  these  quantities  in  1750 ;  but  their  values  in  the 

years  2250,  and  2750,  will  be  obtained  by  making  t  successively 

equal  to  500  and  1000,  in  equations  (204) ;  whence  the  elements  of 
the  orbits  of  Jupiter  and  Saturn  at  these  two  periods  will  be  known ; 

and  if  the  same  computation  that  was  employed  for  the  determina^ 

tion  of  P  and  P'  be  repeated  with  them,  the  results  in  2250,  and 
2750,  will  be 

P  =  -  0.000008407 

jv  =  _  0.00010552 

P  =  -  0.000027365 

P^=  -  0.00010009; 

and,  by  the  method  of  article  480 

JL  =  -  0.000000040645; 

J^  =  —  0.0000000002249 ; 
dt 

^^  =  —  0.000000000003642  ; 
dt 
dP 

r=  —  0.000000000014865 ; 
dt 

with  these  data  the  principal  term  of  the  great  inequality  put  under 

the  form  of  equation  (171)  becomes 

Si?   =  {1263".79967  -  0".008418  .  <—  0".00001925  .  i»} 

sin  (5n7  —  2nt  +  be'  -  2€) 

+  {119".52695  -  0".473686  .  t  -  0".000078562  .  ̂ } 

cos  (bnfi  —  2nt  +  bt'  •  2e), 
In  order  to  compute  the  inequality 

2m'n 
tf«   .   JiL.  .  cos  (bn'i  —  2nt  +  5e  -  2« 

5/i'  —  2/1 
da 
dP 
da 

-  tf«  -^  .  sin  ibn't  -  2nt  +  56'  -  2« 

equation  (165),  gives 

dP    «    dQo       .  „.    o    ,  ̂     dQ, 
.  e»  sin  3w'  +  Jl^LL  .  c'«  .  c.  sm  (ta'  +  w) da  da  da 
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+  -^  .  e^e*  till  (o  +  2o0  +  -^  .  c*  ni  39 da  da 

oa  da 

The  quantities -J^  lie.  ave  obCamed  fimmUie  values  of  Q^  Q^ iia 

&c.  in  article  623, 

With  which  and  the  numerical  values  of  tl^  elements  at  tlie  epodb 
dP 

1750,  the  preceding  vahie  of — gives 
da 

  2mr;_n_^    JP_  _  i7/f.2288«; bnf —  2/1         da 

and,  by  changing  the  sines  into  cosines,  the  same  expression  gives 

2m'n       .    dP' 
bn'  —  2/t  da 

=  5"^0016. 

If  t  be  made  equal  to  200  in  the  equations  (204),  and  the  com- 
putation rej)eated  with  the  resulting  values  of  the  elements,  it  will  be 

found  that  in  1950 

-       ̂^'^      .  <^^  =  -  16".886801 5/t'  —  271         da 

2w!n      ̂   ̂.  ̂   s  6".449839  ; 
5n'  —  2/1         da 

-17^.22886  +  16.83680  ̂   ̂   (y'.0019603, 
200 

and  6^449839  -  5360016  ̂   o".0054491 ; 
200 

hence 

Js  =  -  {17".228862  -  0".0019603  .  <  }  .  rin  (5n7-2/i<+5c'-2e) 

+  {5".360016  +  0".0054491  i  .  } .  co8(5m^^-2«^+5€'-26). 

Tlie  only  remaining  inequalities  of  tliis  order  are, 

-  m'Ke .  sin  {bnU  -  2nt  +  5g'  --  26  -  tsr  +  B) 

.  Ke  .  sin  (bn'i  -  2nt  +  5c  —  2e  +  cj  -  B) 

5m' 
2 

+  m'He  .  sm  (5w'^  -  2nt  +b^  -  26  +  ex  +  B), 



ChH»-  MV.]  PEBTURBATIONS  OF  JUPITER,  379 

the  numerical  values  of  which  may  easily  be  found  equal  to 

>»  =  (0^8208-0'^00059324  .  <)  •  "n  (5w7  -  2/ie+5c'-2€) 

—  (1".83796-0".00000149  .  O  cos  (bn't-2nt  +  5e'-.2e) 

+  10".0847  .  sin  {Ani-^bn't+W  -  5e  -  45°.36225). 
The  great  inequality  of  Jupiter  also  contains  the  terms 

it  ss  (12".5365-0".001755  .  O  •  sin  (5n'<-2n/  +  56'-26) 

—  (8'M211  +0".004885 .  O  •  cos  (5n7  -  2nt  +  5«'-2e)  ; 
depending  on  the  fifth  powers  and  products  of  the  eccentricities  and 
indmations,  the  computation  of  these  is  exactly  the  same  with  the 

examples  given,  but  very  tedious  on  account  of  the  form  of  the 

coefficients  of  the  series  R,  If  all  the  terms  depending  on  the  argu- 
ment btilt  —  2nt  +  be'  —  26  be  collected,  it  will  be  found  that  the 

great  inequality  of  Jupitor  is 

{126r'.56  -  0".013495  .  t  -^  0".00001925  .  e]  . 

_  sm  ibnft  -  2n«  +  fte'  -  2e) 
^'^  -  <  +  {9e".4661  -  0''.47466  .  t  +  0".00007856 .  C}  . 

cos  (Mt  -  8/i<  +  5€'  «  2e) 

Tnequdlitiei  depending  on  the  8quare$  of  the  Ditturbing  Force 

629.  Tliese  are  given  by  equations  (182)  and  (199) :  their  nume- 
rical values  are 

tv  =  4".0248  .  sin  (bni  -  lOn't  +  5€  -  lOe'  +  61°  3653) 
—  18'^2389  sin  (twice  the  argument  of  the  great  inequality 

of  Jupiter). 

The  inequality  mentioned  in  article  589,  according  to  Pontd- 
ooulantyis 

Jf  =  2'M6304 .  sin  (bnft  -  «n<  +  5«'  -  26)  +  16".9712  x 

cos  (Jb'nt  —  2nt  +  b*'  —  26)  for  Jupiter ; 
and 

Jf  =  3".4645  .  sm  (Mi  —  2n<  +  5c'  -  2€)  -  40".3437  x 
cos  (bnft  '^2nt+b^'-  26),  for  Saturn. 
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Periodic  Inequalities  in  the  Raditu  Vector^  depending  on  the  Third 

Powers  and  Products  of  the  Eccentricities  and  Indinaiionjs. 

630.  These  are  occatiioned  by  Saturn,  and  are  easily  found  from 

equation  (168)  to  be 

—  0.0003042733  .  cos  (bn't  -  2nt  +  ̂c'  -  2c  —  12^.146941 
.0001001860  .  cos  (5/i7  -  2nt  +  5e'  -  2e  +  45^27972) I  +  0.( 

Periodic  Inequalities  in  Latitude. 

631.  These  are  obtained  from  equations  (160)  and  (177). 

0  =  1°.3172, 

is  the  inclination  of  Jupter's  orbit  on  the  fixed  ecliptic  of  1750, 

—  =  —  0''.07821  is  its  secular  variation. 
dt 

and  ^  =  —  0".22325. 
dt 

is  the  same,  with  regard  to  the  variable  ecliptic ; 

also  e  =  97°.906, 

is  the  longitude  of  the  ascending  node  of  Jupiter's  orbit  on  the  fixed 

ecliptic  ;    —  =  6".4571,  is  its  secular  variation  with  regard  to  that dt 

d& 
plane,  and —  =  —  14 ''.6626  is  its  secular  variation  with  regard  to dt 

the  variable  ecliptic.     Equations  (197)  give 

{l<t>)  =  -  0.0000726,     and  (5^)  =  0.0008113, 
for  the  variations  depending  on  the  squares  of  the  disturbing  forces ; 

hence  ^  =  -  0".078283,  —  =:  6".457, dt  dt 

with  regard  to  the  fixed  ecliptic,  and 

^  =  -  0".22325,  ̂   =  -  14".6626. dt  dt 

AVith  these  it  will  be  found  that 

0''.  564458  .  sin  {n't  +  e'  —  D) 

+  0".663927  .  sin  (2n't  -  7i<  +  2c'  -  e  -  n) 

+  I'M  19782  .  sin  (Zn't  -  2nt  +  3e'  -,  2c  —  D) 
-  0''.279382  .  sin  (4;i7  -  3nt  -f  46'  —  3e  —  D) 

^  —  0".26913    .  sin  {ytnt  -  n't  +  2c  -  c'  —  D) 

+  3".94168  .  sin  (3n<  -  bn't  +  3c  —  Se'  +  59°.5097  ; 
which  are  tlie  only  sensible  inequalities  in  the  latitude  of  Jupiter. 

»«  = 
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632.  TIic  action  of  the  earth  occasions  tlie  inequalities 

j^  _  f       0".120833  .  sin  (;i7  -  «^  +  «'-«)  1 
I  —  0".000086  .  sin  2  (;i7  -  wi  +  c'  —  e)  f 

in  tlie  longitude  of  Jupiter,  n'  being  the  mean  motion  of  the  earth, 
and  the  action  of  .Uranus  is  the  cause  of  the  following  perturba- 

tions in  the  longitude  of  Jupiter, 

0".051737  .  sm  {nU  —  nt  +  •'  -  c) 

—  0".427296  .  sin  2  {n't  -  vt  +  c'  -  c) 

sin  3  (iVt  -  nt  +  c'  —  e) 

sin  4  (/»'<  —  7i<  +  6'  —  «) 
sin  (/li  +  e  —  ct) 

sin  (w^  +  c  —  cj') 
sin  (2n't  —  w^  +  2e'  —  e  —  tsr) 

sin  (2/j'<  -  wi  +  2t'  —  6  -  id') 

sin  (3/i'e  -  2w<  +  3e'  -  6  -  cr') 
wliere  n'  is  the  mean  motion  of  Uranus. 

Tliese  are  all  the  inequalities  that  are  sensible  in  the  motions  of 

Jupiter ;  those  of  Saturn  may  be  computed  in  the  same  manner. 

—  0".044085 
—  0".005977 

S»  =  t  +  CKM23506 
—  0  '.23524 
—  0".  53308 

+  0'M02673 
—  OM 27963 

On  the  Law9y  Periods^  and  LimiU  of  the  Variation*  in  the  Orbits  of 

JvpUer  and  Saturn. 

633.  AMien  the  values  of  p,  p\  g,  g',  arc  substituted  in  equations 
(137)  they  give 

gN  =  (4.5)  (N'  -  N)  ;       gN'  =  (5.4)  (N  -  N') ; 

(5.4)  =  (4.5)  J^^, and  as 

mWa' 

1         m  V  a'         J 
Tlie  roots  of  which  are. 

mVfl' 
BO  tliat  equations  (138)  become 

p  ̂   N .  iln(gt  +S)  +  N,.  sin  C, 
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q  =iN.coB(gt  +  €)  +  N,.  cmC,  (905) 

j/  r^  TP.  tm  (gt  +  C)  +  N.  m  C, 

q'  ̂ IP.  OM(jgt  +  O  +  ̂ i'Cm €r 
Whence, 

p'-p  =  (]V^- IV)  sin  (fir«  +  O ;    ̂ -g  =  (N'-iV)ooB(g<  +  0, 
and  at  the  epoch  when  t  =i  0 

tanC  = 
-F'-P 

q'^q 

But  as 

and 

JP^^HL 

.N; 

m' 

sfi 

BO 

p'  -  p  =  (I*'  -JV)  sm  C, 

(wVa+ifi'Va^8in  C 
Again,  hy  article  504, 

iiiVa.  p  +  m!  *J~a' . |/  =:  constant, 

frfJa.  q  +  m'  ̂   a'  .q'  zx  constant ; 

or  in  consequence  of        Nnwa  +  N^m'w^  =  0 

(m^  +  m'^/lp)  Nf.rin  C,  =  constant, 

(nu/a  +  m'^ a')  iV^.cos  Cy  =  constant. 

whence 
tan  f  —  m  Va.p  +  m'Va'.p' 

and  iV;  =  fn*Ia.p-\-m!^'.p' 
(m*Ja-\-m'Ja')  sinC/ 

and  as  at  the  epoch 

p  =  tan  0   .  sin  ?       ̂   =  tan  0  .  cos  0 

p'  =  tan  0^  .  sin  ̂       ̂   =  tan  0'  .  cos  Q' 
are  given,  all  the  constant  quantities  g^  g,,  f ,  f,,  Nj  iV,  and  2V,,  are 
obtained  from  the  preceding  equations. 

Tlie  variations  in  the  inclinations  are  at  their  maxima  and  mi- 

nima when  ff<  +  C  —  f^  is  either  zero  or  180® ;  hence  if  C/  be  sub* 
Btituted  for  gt  +  Sj  equations  (205)  give 



Chip.  XIV.]  PERTURBATIONS  OF  JUPTTBR.  383 

tan  0  =:  2V  +  7^; ;       tan  0'  =  iV^  +  2V; 

for  the  maxima  of  the  inclinations ;  and  when  C/  +  180^  is  put  for 
gt  -{-  Sj  they  give  for  the  minima, 

tan0  =  2V'- 2^';    tan  0' =  iV  -  2V;. 
The  maxima  and  minima  of  the  longitude  of  the  nodes  are  given  by 

the  equations  dO  =  0,  de^  ==  0,  or  d.tane  =  0, 
whence 

^  di      ̂   dt 

and  therefore  pf^  +  f?'  =  1'''  +  9*9  ̂ nd  by  the  substitution  of  the 
quantities  in  equations  (205),  it  becomes 

iv+  iv, .  cos  (^^  +  e  -  C)  =  0, 

or  cos  (^  +  e  -  C)  =  -  ̂. 

If  Nf  be  greater  than  N  independently  of  the  signs,  the  nodes  will 
have  a  libratory  motion ;  but  if  iV)  be  less  than  2^,  they  mil  circulate 
in  one  direction. 

Tan  0  =  ijNf  —  iV*  corresponds  to  the  preceding  value    of 
cos  (^  +  f  —  C/)  ; 

it  gives  the  inclination  corresponding  to  the  stationary  points  of 
the  node. 

These  points  are  attained  when 

cos(g<  +  e-C)  =  -^, 

whereas  the  maxima  and  minima  of  the  inclinations  happen  when 

cos  (g<  +  C  -  C)  =  ±  1. 

The  stationary  positions  of  the  nodes  therefore  do  not  correspond 

either  to  the  maxima  or  minima  of  the  inclination,  or  to  the  semi- 
intervals  between  them. 

In  1700,  by  Bailey's  Tables, 

0=1°  19'  lO'        0  =    97®  84'  9" 

0'=  2°  30'  10"        0'  =  101°    5^  6" 
hence  at  that  thne. 
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p  =  0.02283         9  =  —  0.00803 

y  =  0.04078        ^  =  —  0.01573, 

with  these  values,  Mr.  Herschel  found 

N,  =  0.02905  N'  =  0.01587  iV  =  -  0.00661 

C  =  125°  15'  40"      Cs  =  lOS*'  88'  40"      g  =  —  25".  5756, 

consequently  for  Jupiter 

tan  0  =  0  .  02980.  Vl -0.43290.  cos{ 21°  37'-  t  X  2^.5756} 
and  for  Saturn, 

tan  0^  =  0.08287  .  V'l+0. 82665.  cos  {21°  87'-  <x25".5756}. 
Also  N,  -h  N'  =  0.04442      IV;  -  2V^  =  0.01368 ; 

so  that  the  maxima  and  minima  of  the  inclinations  of  Saturn's  orhit 

are  2°  32'  40"  and  0°  47',  and  its  greatest  deviation  from  its  mean 
state  does  not  exceed  52^  50".  In  Jupiter's  orbit,  the  maximum  is 

2°  2'  30",  and  the  minimum  1°  17'  10",  and  the  greatest  deviaticm 
from  a  mean  state  is  0°  22'  40". 

The  longitude  of  the  node  0  has  a  maximum  and  minimimi  in  bodi 

orbits,  because  Nj  >  JV^.  The  extent  of  its  librations  in  Jupiter^s 

orbit  will  be  13°  9'  40",  and  in  Saturn's  31°  56'  20",  on  either  side 
of  its  mean  station  on  the  plane  of  the  ecliptic  supposed  immoveable. 
The  period  in  wliich  the  inclinations  vary  from  their  greatest  to  their 

least  values,  and  the  nodes  from  their  greatest  to  their  least  longi- 
tudes, is  by  article  486 

360°             360°  e«/.,^«  T  1- =  zzl^  =z  —   =  50673  Julian  years. 

g  25".  5756  ^ 

634.  The  limits  and  periods  of  the  variations  in  the  eccentricities 

and  longitudes  of  the  perihelia  are  obtained  by  a  similar  process, 

from  equations  (133),  and  those  in  article  485.     The  quantities 

/a  =  c  sin  tsT,     I  =z  e  cos  tsr,     hf  =  c'  sin  tsr',     Z'  =:  c'  cos  o', 
are  known  at  the  epoch,  and  equations  (132)  give 

^  _  J^?^^Z+mVr|(4.5)  =  ̂   {  |43]*  -  (4.5)'}; 

whence  g  =  3". 5851  g^,  =  21". 9905, 
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Ns=  -0.01715;    JV;  =  0.04321;     W'  =  0'01877; 

JV/s=0.035S2;     f,  z=  210»  16' 40";     f  =  306°  34'  40"; 
«Dd  e(]um&}n  (13&)  gives 

e  =;  0.04649  Vi+0. 68592  cos  (83°  48'-*.  18". 4054) 

tat  the  eccentricity  of  Jupitei'a  orbit ; 

and  e"  =  '/h'*+'t*,  or 

tf  =  0.06021  VI  -0. 95009 coa(S3° 42'—  i. 18". 4054) 
fin  that  of  Saturn  for  any  number  t  of  Julian  yean  after  tlie  epoch. 
Hw  longitudes  of  the  perihelia  are  found  from  the  value  of  tan  is 

inaiticle  495.     The  greatest  deviation  of  these  from  their  mean 

jibce  will  happen  when 

If  this  fraction  be  less  than  unity,  the  perihelia  will  librate  like  the 
nodes  about  a  mean  position,  if  not,  tliey  will  move  continually  in 

one  direction.  In  the  case  of  Jupiter  and  Saturn  gN"  +  g,  N/*  is 

greater  than  (g  +  g,')  N'.N,' ; 
■0  that  the  perihelia  go  on  for  ever  in  one  direction. 

Hie  period  in  which  the  eccentricities  accomplish  their  changes  is 

£^  =       ̂^°°      =  70414  Julian  years. 
g-e,         18".  4054 

Hie  greatest  and  least  values  of  the  eccentricities  are  expressed  by 
N'±N,'«ai,N±  N,. 

For  Saturn  these  are 
0.08409  and  0.01345, 

and  for  Jupiter 
0.06036  and  0.02606; 

the  tnaximum  of  one  planet  corresponding  to  the  minimum  of  the 
other. 

Hie  numerical  values  of  the  perturbations  of  the  otlier  planets  will 
be  found  in  the  Mecanique  CiUite;  it  Is  therefore  only  necessary 

to  observe  the  circumetanccB  that  are  peculiar  to  each  planet. 
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Mercmry, 

633.  The  motions  of  Mercury  are  lev  distmbed  tfaan  dioK  ofay 

other  body,  on  aooount  of  his  proximity  to  the  flan.  Us  giMteit 

elongation  not  exceeding  28^.8.  His  periodic  ineynilifif  are  CHsel 
by  Veniu,  tlie  Emrth,  Jupiter,  and  Saturn,  those  from  Satnm  are  twy 

small,  and  Mars  only  affects  the  elements  of  hb  orlut. 

The  secular  variations  in  the  elements  of  Mercury's  oriit  woe  ia 
the  beginning  of  the  year  1801,  in  the  eccentricity 

0.000003867; 

secular  and  sidereal  variation  in  the  longitude  of  the  perihelioii* 

y  43^.6 ; 

secular  and  sidereal  variation  in  the  longitude  of  the  nodei 

-  13' 2"; 

secular  variation  of  the  inclination  of  the  orbit  on  the  true  ediptici 
lO'.S. 

636.  Mercury  sometimes  appears  as  a  morning  and  sometimes  as 

an  evening  star,  and  exhibits  phases  like  the  moon.  He  occasionally 

is  scon  to  pass  over  the  disc  of  the  sun  like  a  black  spot:  these 

transits  are  true  annular  eclipses  of  the  sun,  proving  that  Mercury  is 

an  opaque  body  shining  only  by  reflected  Ught  The  recurrence  of 

the  transits  of  Mercury  depends  on  his  periodic  time  being  nearly 

equal  to  four  times  that  of  the  earth,  Thb  ratio  can  be  expressed 
by  several  pairs  of  small  whole  numbers,  so  that  if  the  planet  be  in 
conjunction  with  tlie  sun  while  in  one  of  liis  nodes,  he  will  be  in  con- 

junction again  at  the  same  node,  after  the  Earth  and  he  have  com- 

pleted a  certain  number  of  revolutions.  The  periodic  revolutions  of 
the  earth  have  the  following  ratios  to  those  of  Mercury : 

Periods  of  the  Earth,  7  =  29      periods  of  Mercury. 
13  =     54 

33  =  137 

Ac.  &c. 



Ckap.Xl^.]  TRANSrrs  OF  BCBRCURlr.  387 

Cmsequently  transits  of  Mercury  will  happen  at  intervals  of  7, 18, 
St,  Ac  years. 

Had  the  orbit  of  Mercury  coincided  with  the  plane  of  the  ecliptic, 
ttmre  would  haye  been  a  transit  at  each  revolution ;  but  in  conse* 

^uance  of  the  inclination  of  his  orbit,  transits  do  not  happen  often ; 

ft?  when  a  transit  takes  place,  the  latitude  of  Mercury  must  be  less 

dim  the  apparent  semi-diameter  of  the  sun.  The  return  of  the 
transits  are  also  irregular  from  the  great  eccentricity  of  the  orbit, 
which  makes  the  motion  of  Mercury  very  unequal ;  the  retrograde 
motion  of  the  nodes  also  prevents  the  planet  from  returning  to  the 

same  latitude  when  it  returns  to  the  same  conjunction.  A  transit  of 

Mercury  took  place  at  the  descending  node  in  1799,  the  next  that 

will  happen  at  that  node  will  be  in  1833. 

Transits  happened  at  the  ascending  node  in  the  years  1802, 1815, 
and  1822. 

The  mean  apparent  diameter  of  Mercury  is  6'^9. 

Fenuu 

637.  *  The  Morning  Star'  is  the  only  phinet  mentioned  in  the 

stored  writings,  and  has  been  the  theme  of  the  poet's  song,  from 
Hesiod  and  Homer,  to  the  days  of  Milton. 

Venus  is  next  to  Mercury,  and  exhibits  similar  phenomena.  Like 

him  she  is  alternately  an  evening  and  a  morning  star,  has  phases, 

and  when  in  her  nodes,  occasionally  appears  to  pass  over  the 

sun's  disc,  though  her  transits  are  not  so  frequent  as  those  of  Mer- 
cury. The  returns  of  the  transits  of  Venus  depend  on  five  times 

the  mean  motion  of  the  earth  being  nearly  equal  to  three  times 

that  of  Venus :  this  however  cannot  be  expressed  by  pairs  of  small 

whole  numbers  as  in  the  case  of  Mercury ;  therefore  the  transits  of 

Venus  do  not  happen  so  often.  It  appears  from  the  ratio  of  the 

periodic  time  of  Venus  to  that  of  the  earth,  that  eight  periods  of  the 

earth's  revolution  are  nearly  equal  to  Uurteen  periods  of  the  revo« 
lution  of  Venus,  and  235  periods  of  the  earth  are  nearly  equal  to 

882  of  Venus ;  hence  a  transit  of  Venus  may  happen  at  the  same 

node  after  an  interval  of  eight  years,  but  if  it  does  not  happen,  it 
2  C  2 

i 
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cannot  take  place  again  at  the  same  node  for  235  years.  At  present, 

tlie  heliocentric  longitude  of  Venua's  ascending  node  ia  aomediiiig 

less  than  75**,  and  that  of  her  descending  node  is  about  164°.  The 
earth,  as  seen  from  the  sun,  has  nearly  the  former  longitude  in  the 

beginning  of  December,  and  the  kUter  in  the  beginning  of  June; 

hence  the  transiU  of  Venus  for  ages  to  come  will  happen  m  De- 

cember  and  June.  Those  of  Mercury  will  take  place  in  Hay  and 

November. 

Table  of  the  TraruiU  of  Fettut. 

1631  6th  December,  ascending  node. 

1639  4th         „  same. 

1761  5th  June,  descending  node.  - 
1769  3d      „  same. 

1874  8th  December,  ascending  node. 

1882  6th         „  same. 

2004  7th  June,  descending  node. 

Tlie  transits  of  Venus  afford  the  most  accurate  method  of  finding 

the  sun's  parallax,  and  consequently  his  distance  from  the  earth, 
from  whence  the  true  magnitude  of  the  whole  system  is  determined ; 

for  unless  the  actual  distance  of  the  sun  were  known,  only  the  ratios 

of  the  magnitudes  could  have  been  ascertained. 

638.  The  sun's  parallax  £m£',  fig.  65,  which  id  the  angle  sub- 

tended at  the  sun  by  the  earth's  radius,  can  be  found,  if  another  angle 
£nl£^  fig.  66j  subtended  by  a  chord  ££'  lying  between  two  known 

places  on  the  earth's  surface  be  known ;  that  is,  if  the  sun's  parallax 
at  any  one  altitude  be  known,  his  horizontal  parallax  may  be  deter- 

mined, as  it  has  been  shown  in  article  329.  However,  the  method 

employed  in  that  number  is  not  sufficiently  accurate  when  applied  to 

the  sun,  because  in  measuring  the  zenith  distances,  an  error  of  three 

or  four  seconds  might  happen,  which  is  immaterial  in  the  case  of  the 

moon,  whose  parallax  is  nearly  a  degree,  but  an  error  of  that  magnitude 

in  the  parallax  of  the  sun,  which  is  less  than  nine  seconds,  would  render 
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the  results  useless ;  hence,  astronomers  have  endeavoured  to  compute 

the  ang]^  EmE'  instead  of  measuring  it.   Let  AB,  fig.  92,  represent  the 
equator,  S  and  Y  the  discs  of  the  sun  and  Venus 

perpendicular  to  it :  suppose  them  both  to  be 

moving  in  the  equator,  the  motion  of  Venus 

retrograde,  that  of  the  sun  direct.  To  a  person 

at  A,  the  internal  contact,  or  total  ingress  of 
Venus  on  the  sun  commences,  when  to  a 

spectator  at  B,  the  edge  of  Venus's  disc  is  dis- 
tant from  the  sun  by  the  angle  VBS.  The 

difference  between  the  times  of  total  ingress  as 

seen  from  B  and  A  is  the  time  of  describing 

VBS  by  the  approach  of  the  sun  and  Venus  to 
each  other.  Hence  from  the  difference  of  the 

times,  and  the  rate  at  which  Venus  and  the  sun 

approach  each  other,  the  angle  VBS  may  be  founds  because  the  mo- 
tions of  both  the  sun  and  Venus  are  known.  And  sine  VBS  is  to  sine 

VSB,  as  Venus's  distance  from  the  sun  to  Venus's  distance  from  the 
earth.  But  the  ratio  of  Venus's  distance  from  the  sun  to  her  distance 
from  the  earth  is  known,  therefore  the  angle  ASB  is  found,  and  CSB, 

the  parallax  of  the  sun  may  be  computed,  and  from  tliat  his  horizontal 

parallax ;  whence  the  distance  of  the  sun  from  the  earth  may  be  deter- 
mined in  multiples  of  the  terrestrial  radius,  or  even  in  miles  since 

the  length  of  the  radius  is  known.  The  computation  of  the  transit  is 

complicated  chiefly  on  account  of  the  inclination  of  Venus's  orbit  to 
the  ecliptic,  and  the  situations  of  the  places  of  observation  A  and  B 

being  always  at  different  distances  from  the  equator.  The  investiga- 
tion of  tliis  problem,  and  the  computation  of  the  parallax,  will  be 

found  in  Biot's  and  Woodhouse's  Astronomy. 
The  times  of  internal  contact  can  be  observed  with  much  greater 

accuracy  than  any  angular  distance  can  be  measured,  and  on  this 

depends  the  superiority  of  the  preceding  method  of  finding  the 

parallax. 
At  inferior  conjunction,  the  sun  and  Venus  approach  each  other 

at  the  rate  of  4''  in  a  minute ;  hence,  if  the  time  of  contact  be 

erroneous  at  each  place  of  observation  A"  of  time,  the  angle  VBS, 

fig.  92,  may  be  erroneous  -2i-  =  -^  of  a  second,  therefore  the 
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limit  of  ills  error  in  ASB  is  about  -^  of  a  Becond,  and  thus  by  Hu 

transit  of  Venus,  an  angle  only  -^  uf  a  second  can  be  meuund,  ■ 
le^B  quantity  than  can  be  ileteraiined  by  any  other  method. 

639.  The  preceding  mcllioJ  reqiiireB  the  difference  of  longitudes 
of  the  two  places  A  and  D  to  be  accurately  known,  in  order  to  com- 

pare the  actual  times  of  contact.  In  1761  a  trausit  of  Venus  was 

observed  at  the  Cape'of  Good  Hope,  and  at  nanv  places  in  Europe, 
the  longitudes  of  all  being  well  known  :  by  coinpariog  the  obserra- 

tiona  the  mean  result  determined  the  parallax  to  be  6". 47  ;  this  ts 
only  an  approximate  value,  but  it  was  useful  in  obtaining  the  true 
value  from  the  transit  of  1769,  which  was  observed  at  Wardhus  in 

Lapland,  and  at  Otaheite  in  the  soulliern  hemisphere ;  but  as  ibe 
longitude  of  the  latter  was  unknown,  astronomers  avoided  the  diffi- 

culty by  changing  tlieir  method  of  calculation.  In  place  of  observ- 

ing the  ingress  only,  tbcy  observed  the  duration  of  the  transit,  and 
from  the  difference  of  dumiioq  at  different  places,  ihey  deduced  ihs 

parallax. 
Let  P  be  VenuB,  E  the  earth,  W  Wardhus  towards  the  north  pole  ; 

jfj.  03.  0     Olalieile     towards 
the  south  ;  uad  VA  the 

■w  _-— — t'^C^^X.  \     '''*''  '^^  ̂ ^  *""■    '^*'' 

iT)J3~       ~^ir'^^^^  I     — .  r"  ̂   )ii  the  Irua  line  of  transit *'  \  X    /^    seen  Irom  E,  the  centre 
of  the  earth,  would  be 

VA,  al  W  the  transit  would  appear  lo  be  in  the  lino  ca,  and  from 

O  it  would  be  seen  in  r'a'. 
If  T  be  the  true  duration  of  tbe  transit,  or  the  time  of  deflcribisg 

VA,  tlien  the  time  of  describing  va  nearer  to  the  sun's  centre,  and 
therefore  greater  than  VA,  would  be  T  -f  ( ;  wliilst  that  of  describ- 

ing v'a',  which  is  farther  from  the  centre,  and  therefore  less  than 
VA,  would  be  T  —  ('.  The  difference  of  the  durations  of  the  tran* 

Bits  seen  from  O  and  W  is  T  +  (  -  (T -(')  =  (-!-  /',  which  Is 
entirely  the  effect  of  parallax.  With  an  approximate  value  of  the 

parallax,  i  and  t',  the  differences  in  the  durations  at  W  and  0  from 
what  they  would  have  been  if  observed  at  C,  the  centre  of  the  earth 

nuy  be  computed ;  then  comparing  the  computed  value  oi  t  +  t' 
with  its  observed  value,  the  error  in  the  assumed  parallax  will  be 
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found.      With  the  parallax  8''.83  it  has  been  calculated  that  at 
WaidhuB  the  duration  was  lengthened  by     .  11M6'^9 

And  diminished  at  Otaheite  by     .        .  12.  10 

Suml  +  <'   28'.26".9 
But  by  observation  28. 10 

Difference   16''.9 

CoBsequodtly  the  paralUx  8''.45  is  less  than  that  assumed ;  therefore 
to  make  the  observed  and  computed  differences  of  durations  agree, 

the  parallax  must  be  8''.72.  This  does  not  differ  much  from  what 

is  given  by  the  lunar  theory  8''.6,  but  an  error  recently  detected  by 
M.  Bessel,  reduces  it  to  8'^575.  The  transit  commenced  at  Otaheite 

aft  half  past  nine  in  the  morning,  and  ended  at  half-past  three  in  the 
lUtomoon. 

640.  Venus  is  by  far  the  most  brilliant  and  beautiful  of  the  pla- 
nets, but  her  splendour  is  variable.  Her  phases  increase  with  her 

diitance  from  the  earth,  and  therefore  she  ought  to  become  brighter 
as  her  disc  enlarges  ;  but  the  increase  of  the  distance  duninishes  her 

lustre,  since  the  intensity  of  light  decreases  proportionally  to  the 

square  of  the  distance :  there  is,  however,  a  mean  position  in  which 
Venus  is  more  brilliant  than  in  any  other;  the  interval  of  her  returns 

to  that  position  is  about  eight  years,  depending  on  the  ratio  of  her 
periodic  time  to  that  of  the  earth.  She  is  then  visible  to  the  naked 

eye  during  the  day,  but  she  is  also  vbible  in  daylight  every  eighteen 
months  though  less  distinctly. 

The  variations  ii)  the  apparent  diameter  of  Venus  are  very  great ; 
she  is  nearest  the  earth  in  her  transit ;  her  apparent  diameter  is  then 

61'^236.     M.  Arago  has  found  its  mean  value  to  be  16''.904. 
Shroeter,  by  observing  the  horns  of  Venus,  determined  her  rotation 

about  an  axis,  considerably  inclined  to  the  plane  of  the  ecliptic,  to 

be  performed  in  23^  21';  he  discovpred  also  very  high  mountains 
on  her  surface. 

641.  Venus  is  too  near  the  sun  to  be  very  irregular  in  her  mo- 

tions, her  greatest  elongation  not  exceeding  47^  7'.  In  1801,  the 
secular  variation  in  the  eccentricity  of  her  orbit  was  0.000062711. 

In  the  longitude  of  the  perihelion,  4'  28". 

In  the  longitudjB  of  the  aseending  node,  —  3P  10'^ 

In  the  inclination  on  the  true  ecliptic,  4'^  5. 
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The  Earth. 

642.  Uranus  is  too  distant  to  have  a  sensible  influisnce  on  the 

earth.  Besides  the  disturbances  occasioned  by  the  other  pknetSf 

there  are  some  inequalities  produced  by  the  moon  which  are  to  be 
found  in  article  498. 

It  will  be  shown  in  the  theory  of  the  moon,  that  if  17  —  J),  be  her 

distance  from  her  ascending  node,  the  greatest  inequality  in  her  lati- 

tude is  1S542'^8  .  sin  (17-  SO^ 

and  if  S  =  18542''. 8,  the  bequality  (195)  in  the  earth's  latitade  is 

-  ̂   .  — .  18542".8  .  sm  (JJ—  SO* 

In  order  to  compute  the  inequalities  occasioned  by  the  moon,  it  is 

requisite  to  know  the  ratio  of  the  mass  of  the  moon  to  that  of  the 
earth.  The  theory  of  the  tides  shows  that  the  action  of  the  moon  in 

raising  the  waters  of  the  ocean  is  2 .  35333  times  greater  than  that 
of  the  sun.    The  action  of  the  moon  on  the  earth,  resolved  in  the 

direction  r,  is  — Z — ;  and  the  action  of  the  sun,  according  to  his  ra- 

dius  vector  f ,  is  — :  Sand  m  being  the  masses  of  the  sun  and  moon: 

hence  E-hjn  -,2.35333  .  A. r"  r' 

By  the  theory  of  central  forces, 

— 1   =  n/,  and  —  =  n* ; 

n  and  n^  being  the  mean  motions  of  the  earth  and  moon ;  whence 

^      =  2.35333.  —. 
E  +  m  n* 

By  observation,  —  =  0.0748301 ; 

71, 

hence 971 

£-t-m         75.928 

and  if  the  mass  of  the  earth  be  taken  as  the  unit,  the  mass  of  the 

wm  is  J^  =  m  =  tV  i^early. E 
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Again,  the  ratio  of  the  earth's  distance  from  the  sun  to  its  dbtance 
firoim  the  moon  is  equal  to  the  horizontal  parallax  of  the  sim,  divided 

by  the  mean  horizontal  parallax  of  the  moon,  as  will  appear  by  con- 
sidering that,  as  the  parallax  of  both  the  sun  and  moon  is  very 

small,  the  arc  may  be  taken  for  the  sine,  and  the  mean  horizontal 

parallax  of  the  moon  is  then  the  mean  terrestrial  radius  divided  by 

the  mean  distance  of  the  moon  from  the  earth ;  and  the  solar  paral- 

lax is  equal  to  the  same  terrestrial  radius  divided  by  the  mean  dis- 
tance of  the  earth  from  the  sun.  The  parallax  of  the  sun  is  known, 

by  observation,  to  be  8'^  575,  that  of  the  moon  is  3454''.  16 ;  hence 

the  ratio  of  the  distances  is  —J   . 
3454'M6 

With  these  data,  the  coefficients  are 

Jr  =  -  6". 8274  .  sin  ( 17  -  r), 

}r  =:  —  0.0000331  .  cos  (17  -  p), 

Jf  =  -  0". 61377  .  sin  (17  -  SO- 

643.  The  inequality  caused  by  the  moon  in  the  earth's  radius 
vector  is  small;  the  mass  of  the  moon  being  only  nf^  part  of 
that  of  the  earth,  the  distance  of  the  conunon  centre  of  gravity  of 
the  earth  and  moon  from  the  centre  of  the  former  must  be  less  than 

the  semidiameter,  that  is,  it  must  be  within  the  mass  of  the  earth, 

and  therefore  the  inequality  in  the  earth's  place  must  be  less  than 
8'^575,  the  sun's  horizontal  parallax. 

644.  The  inequality  produced  by  the  moon  in  the  earth's  longi- 
tude is  the  lunar  equation  of  the  tables  of  the  sun ;  it  is  of  much 

importance  for  correcting  the  value  of  the  mass  of  the  moon.  Its 
coefficient  being  computed  with  a  value  of  the  mass  of  the  moon 

determined  from  the  theory  of  the  tides,  compared  with  the  coeffi- 

cient of  the  same  inequality  determined  by  observation,  will  give  the 

error  in  the  mass  of  the  moon,  supposing  the  parallax  of  the  sim 
and  moon  to  be  correct. 

645.  The  irregularities  communicated  to  the  earth  by  the  moon 

and  planets  are  referred  to  the  sun  by  observers  on  the  earth's  sur- 
face ;  therefore  the  sun  appears  to  have  a  motion  in  longitude,  by 

which  he  alternately  advances  before,  and  falls  behind  the  point  that 

describes  the  elliptical  orbit  in  the  heavens.  In  like  manner  he 

seems  alternately  to  ascend  above  the  plane  of  the  ecliptic,  and  to 
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descend  below  it  by  the  dUturbanoe  in  Utitude.  Tbe  pertiirbatioiB 
in  latitude,  by  the  action  of  the  planets*  aie  eomputed  from  (lfiO)i 
and  are 

j^,;  _  f (y'.991803  sin  (2h"<  --  n't  +  a«"  *«'-«') 
l(K'. 284866  sin  (4»"«  -  8n'l  +  4«"  *•  8«'  ̂   0^ 

+  ((yM64708  sin  (Sw^'^  -•  n"<  +  «•*'-•''-  6*^  I 
this,  added  to  -  0.61877  sin  (U  —  ̂ ), 

is  the  whole  periodic  disturbance  in  the  earth's  motion  ip  latitude| 
taken  with  a  different  sign.  It  affects  the  obliquity  of  the  ecliptic, 
determined  from  the  observations  of  the  altitude  of  the  sun  in  the 

solstices ;  it  also  has  an  influence  on  tbe  time  of  the  eqpUnoxMy 
determined  from  observations  of  the  sun  at  that  period,  as  well  as 
on  the  right  ascensions  and  declinations  of  the  fixed  stars,  deter- 

mined by  comparison  with  the  sun ;  for  it  is  elear  that  any  inequa- 
lities in  the  motion  of  the  earth  will  be  referred  to  the  observations 

made  at  its  sur&ee. 

Considering  the  great  accuracy  of  modem  observations,  tfiesi)  9ir- 
eumstances  must  be  attended  to.  It  is  easy  to  see  that  tbis  varurtWI 

in  the  sun's  latitude  wiU  increase  his  apparent  de^lin«ticm  by 
_  ?^^^  cos  {obliquity  of  ecliptic} , 

cos  {declination  of  sun} 

and  his  apparent  right  ascension  by 

^s^'  .  sin  {obliquity  of  ecliptic  }  .  cos  {  sun's  RA.  } 
cos  {  declination  of  O  } 

The  observed  right  ascensions  and  declinations  of  the  sun  must 
therefore  be  diminished  by  these  quantities,  in  order  to  have  those 

that  would  be  observed  if  the  sun  never  left  the  plane  of  the 
ecliptic. 

Secular  Inequalitiea  in  the  Terrestrial  Orbits 

646.  The  eccentricity  and  place  of  the  perihelion  of  the  terrestrial 
orbit  may  be  determined  with  sufficient  accuracy  for  1000  or  120Q 
years  before  and  after  the  epoch  1750,  from 

e  =  2e  -  0'M87638  t  -  0".000006721  <•, 

and  Br  r5  <^  +  U".949588  t  +  0".000()79528  fi, 
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i  and  «^  are  th^  eccentricity  and  longitude  of  the  perihelion  at  the 

qioch. 
The  secular  diminution  of  the  eccentricity  is  18''.79,  about 

8914  milea,  in  reality  an  exceedingly  small  fraction  in  astronomy, 

though  it  appears  so  great  in  terrestrial  measures.  Were  the  dimi- 

nution unifonni  which  there  is  no  reason  to  believe,  the  earth's  orbit 
would  become  a  circle  in  36800  years ;  its  variation  has  a  great  in- 

fluence on  the  motions  of  the  moon. 

The  longitude  of  the  perihelion  increases  annually  at  the  rate  of 

1  V^0406,  so  that  it  accomplishes  a  sidereal  revolution  in  109758  years. 

.  647.  A  remarkable  period  in  astronomy  was  that  in  which  the 

greater  axis  of  the  terrestrial  orbit  coincided  with  the  line  of  the  equi- 
noxes, then  th^  true  equinox  coincided  with  the  mean.  This 

occurred  4084  years  before  the  epoch  in  which  chronologists  place 

the  creation  of  man ;  at  that  time  the  solar  perigee  coincided  with 

the  equm<^  of  spring.  This  however  is  but  an  approximate  value, 
on  accoupt  of  the  masses  of  the  planets  and  the  doubts  as  to  the 

exact  value  of  precession ;  the  error  may  therefore  be  80  years, 

which  is  not  much  in  such  a  quantity. 

Another  remarkable  astronomical  period  waSi  when  the  greater 

axis  of  the  terrestrial  orbit  was  perpendicular  to  the  line  of  equinoxes ; 

it  was  then  that  the  true  and  mean  solstice  were  united ;  this  coin- 

cidence took  place  in  the  year  1248  of  the  Christian  era.  It  is  evi- 

dent that  these  two  periods  depend  on  the  direct  motion  of  the  peri- 
helion and  precession  of  the  equinoxes  conjointly. 

648.  The  position  of  the  ecliptic  is  changed  by  the  reciprocal 

action  of  the  planets  on  one  another,  and  on  the  earth,  each  of  them 

producing  a  retrograde  motion  in  the  intersection  of  the  plane  of  its 

own  orbit  with  the  plane  of  the  ecliptic.  This  action  also  changes 

the  position  of  the  plane  of  the  ecliptic,  with  regard  to  itself,  a 

change  that  may  be  determined  from  the  values  of  p  and  q  by  for- 
mulae (138),  or  rather  from 

p  =      0".0767209  t  +  0".000021555  .  <«, 

^  =  -  0".5009545  t  +  0".000067473  .  <«. 
These  will  give  the  variation  of  the  ecliptic,  with  regard  to  its  fixed 

position  in  1750,  for  1000  or  1200  years,  before  and  after  that  epoch. 

This  change  in  the  ecliptic  alters  its  position  with  regard  to  the 

earth's  equator ;  but  aa  the  formulse  in  aitiele  498  are  periodie,  these 
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two  planes  never  have  and  neveT  will  coincide.     It  occauons  also  wM 

small  motiun  in  the  etjuinoxca  of  about  0".0M6  annually.     Both  df  j 
these  variations  axe  entirely  inde[JendeDt  of  the  form  of  the  earth,  ] 
and  would  be  the  same  were  it  a  sphere.     However,  ttie  action  of  ibt  \ 

eun  and  moon  on  the  protuberant  matler  at  the  earth's  et]uator  is  tt 
cause  of  the  precession  of  the  equinoxes,  or  of  that  slow  angular  mo—  | 

tion  by  wliic'h  llie  intersection  of  the  equator  and  ecliptic  goes  back* 

ward  at  the  rate  of  50".34  annually,  so  that  the  pole  of  the  equalM  J 
describes  a  circle  round  the  pole  of  the  ecliptic  in  the  space  of  257 48  \ 
years.     This  motion  is  diminished  by  the  very  small  secular  iufr  I 

■quality  0".0846,  arising  from  the  action  of  the  planets  on  the  ecllitic.  I 
The  formula;  for  computing  the  obliquity  of  the  ectipdc  and  precessio 

of  the  equinoxes  depend  on  the  rotatiou  of  the  earth. 

Man, 

€19.  Mars  is  troubled  by  all  the  plauete  except  Mercury.  Jupiter 
■lone  alfects  the  latitude  of  Mars.  The  secular  variations  in  the  ele- 

ments of  his  orbit  were,  in  1 80 1 ,  as  follow : 

In  the  eccentricity 
In  the  longitude  of  the  peritielion   . 

In  the  inclination  on  the  true  ecliptic  . 

In  the  longitude  of  the  ascending  node   . 
The  eccentricity  is  diminishing. 

The  greatest  elongation  of  Mars  is  1 
face  it  appears  thai  he  rotates  in  one  day  about  an  axis  that  it 

clined  to  the  plane  of  the  ecliptic  at  an  angle  of  59°.697.  Hia  equa- 
torial is  to  his  polar  diameter  in  the  ratio  of  194  to  189  ;  his  apparent 

diameter  subtends  an  angle  of  6".29,  at  his  mean  distance,  and  of 
1S".28  at  hiB  grealest  distance,  when  his  parallax  is  nearly  twice  that 
of  the  sun.  The  disc  of  Mars  is  occasionally  gibbous.  Spots  near 
his  poles  that  augment  or  diminish  according  as  they  are  exposed 
to  the  aun,  give  the  idea  of  masses  of  ice. 

The  W«C  PlanrU. 

650.  The  orbits  of  Vesta,  Juno,  Ceres  and  Pallas  are  situate  be- 

tween those  of  Mars  and  Jupiter.     Ceres  was  discovered  by  Piazzi. 
at  Palermo,  on  the  first  day  of  the  present  century  ;  Pallas  was  dis- 

hy Olbers,  in  1602  ;  Juno  in  1803,  by  Harding;  and  VesU 

.  0.000090176 

2fi'.22 

-38'  48" 

By  spots  on  his  but- 
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in  1807,  by  Olbers.  These  bodies  are  nearly  at  equal  distances 

from  die  sun,  their  periodic  times  are  therefore  nearly  the  same. 

The  eccentricities  of  the  orbits  of  Juno  and  Vesta,  and  the  posi- 
tion of  their  nodes  are  nearly  the  same. 

Tliese  small  planets  are  much  disturbed  by  the  proximity  and  vast 

magnitude  of  Jupiter  and  Saturn,  and  the  series  which  determine 

their  perturbations  converge  slowly,  on  account  of  the  greatness  of 
the  eccentricities  and  inclinations  of  their  orbits.  The  inclination  of 

the  old  planets  is  so  small,  that  they  are  all  contained  within  the 

zodiac,  which  extends  SP  on  each  side  of  the  ecliptic,  but  those  of 

the  new  planets  very  much  exceed  these  limits.  They  are  invisible  to 

the  naked  eye,  and  so  minute  that  their  apparent  diameters  have  not 

yel  been  measured.  Sir  William  Herschel  estimated  that  they  cannot 
■mount  to  the  fourth  of  a  second,  which  would  make  tlie  real  diameter 

leas  than  65  miles.  However,  Juno,  the  largest  of  these  asteroids, 

is  sajqposed  to  have  a  real  diameter  of  about  200  miles. 

Jiq)iter, 

651.  Jupiter  is  the  largest  planet  in  the  system,  and  with  his  four 

moons  exhibits  one  olf  the  most  splendid  spectacles  in  the  heavens. 

His  form  is  that  of  an  oblate  spheroid  whose  polar  diameter  is  35'^65^ 

and  his  equatorial  =:  88".44 ;  he  rotates  in  9  hours  56  minutes  about 
an  axis  nearly  perpendicular  to  the  plane  of  the  ecliptic.  The  cir- 

cumference of  Jupiter's  equator  is  about  eleven  times  greater  than 
that  of  the  earth,  and  as  the  time  of  his  rotation  is  to  that  of  the 

earth  as  1  to  0.414,  it  follows  that  during  the  time  a  point  of  the 

terrestrial  equator  describes  1^  a  point  in  the  equator  of  Jupiter 

moves  through  2^.41 ;  but  these  degrees  are  longer  than  the  ter- 
restrial degrees  in  the  ratio  of  11  to  1,  consequently  each  point  in 

Jupiter's  equator  moves  26  times  faster  than  a  point  in  the  equator 
of  the  earth.  In  the  beginning  of  1801  the  secular  variations  of  his 
orbit  were. 

In  the  eccentricity  .         .        .         0.00015935 

In  the  longitude  of  the  perihelion        .  IV  4" 

In  the  longitude  of  the  ascending  node  .     -  26'  17'^ 

In  the  inclination  on  the  true  ecliptic  •  23'^ 



Saturn. 

663.  Vieweil  ibrough  a  teleicofie  Satum  is  even  more  iateresUng 

than  Jupiter  :  he  is  Bunoundcd  by  a  ring  concentric  with  hitoRelf,  and 
flf  tlw  MUM  or  even  greater  brilliancy  ;  the  ring  exhibits  a  variety  of 

MMamices  according  to  the  position  of  the  planet  with  regard  t« 
the  aun  and  earth,  but  is  generally  of  an  ellijttical  form :  at  times  it  li 

invisible  to  common  observation,  and  can  only  be  eeen  with  superior 

instruments  ;  this  happens  when  tiie  plane  of  the  ring  either  pousi 
through  the  centre  of  tlie  >un  or  of  the  earth,  for  its  edge,  which  it 
very  thin,  is  then  directed  to  the  eye.  On  the  39th  September,  t  B33, 

the  plane  of  thu  ring  will  pass  through  the  centre  of  the  earth,  and  will 
be  seen  with  a  very  high  magnitjing  power  like  a  line  across  tha 
disc  of  the  planet.  On  the  Ut  December  of  the  same  year,  the  plana 

of  tlie  ring  will  pass  llirougli  tlie  sun,  Trafessor  Slruve  hat  dii* 

covered  that  the  ringi  itre  not  concentric  with  the  planed  The  in* 
terval  between  the  outer  edge  of  the  globe  and  the  outer  edge  of  the 

ling  on  one  Bide  ia  11".03T,  and  on  the  otlicr  side  the  interval  is 
1 1".288,  consequently  there  is  an  eccentricity  of  tbe  globe  in  the  ring 

ofO".315.  In  1825  the  ring  of  Saturn  attained  its  greatest  elllp- 
ticity ;  the  proportion  of  the  major  to  the  minor  axis  was  then  aa 
1000  to  498,  the  minor  being  nearly  half  the  major.  Stars  have  been 

observed  between  the  planet  and  his  ring.  It  is  divided  into  two 
pnrts  by  a  dark  concentric  band,  so  that  there  are  really  two  rings, 

perhaps  more.  These  revolve  about  the  planet  on  on  axis  perpea? 

dicular  to  tlieir  plane  in  about  10''  29"  17',  the  same  time  wiS^! 
the  planet. 

The  form  of  Saturn  is  very  peculiar.  He  has  four  points  of  greateat 

curvature,  the  diameters  passing  through  these  are  the  greatest;  the 
equatorial  diameter  is  the  next  in  size,  and  the  polar  the  least ;  these 
are  in  the  ratio  of  36,  35,  and  32.  Besides  the  rings,  Saturn  is 

attended  by  seven  satellites  which  reciprocally  reflect  the  sun's  rays 
on  each  other  and  on  the  ])lanct.  The  rings  and  moons  illuminate 

the  nights  of  Saturn  ;  the  moons  and  Saturn  enlighten  the  rings,  and 

the  planet  and  rings  reflect  the  sun's  beams  on  the  satellltea  when 
they  are  deprived  of  them  in  their  conjunctions.  The  rings  reflect 
more  light  tlian  the  planet.  Sir  William  Hcrachel  observed,  that 

with  a  magnifying  power  of  670,  the  colour  of  Saturn  was  yellowish, 

I 
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wbikt  thai  of  the  rings  was  pare  white.  Saturn  has  seteiral  bells  pa- 
lallel  to  his  equator :  changes  have  been  observed  in  the  colour  of 

diiie  and  b  the  brightness  of  the  poles,  according  as  they  are  turned 
to  or  from  the  sun,  probably  occasioned  by  the  melting  of  the  snows. 
Saluni^a  motions  are  disturbed  by  Jupiter  and  Uranus  alone;  the 
ieeular  variations  in  the  elements  of  his  orbit  were  as  follows,  in  the 

kegiimingoflSOL 
Eceentricity  ....        0.000812402 

Longitude  of  perihelion     ...  38'  W 
Longitude  of  ascending  node  »        ̂    ̂   AT  64'' 

Inclination  on  true  ecliptic         •  15^    b" 

Uranuii  or  the  Creargiwm  Sidui, 

658.  This  pbmet  was  discovered  by  Sir  William  Herschel,  in  1781. 

The  period  of  his  sidereal  revolution  is  80687  days.  If  we  judge  of 
die  distance  of  the  planet  by  the  slowness  of  its  motion,  it  must  be 

on  ihe  very  conges  of  the  solar  system ;  its  greatest  elongation  is 

108^.5,  and  its  apparent  diameter  4" :  it  is  accompanied  by  six 

satellites,  only  visible  with*  the  best  telescopes.  The  only  sensible 
perturbations  in  the  motions  of  this  phmet  arise  from  the  action  of 
Jttpiter  and  Saturn ;  the  secular  variations  in  the  elements  of  its 
ori>it  were,  in  1801,  as  follow : 

Eccentricity  ....        0.000025072 

Longitude  of  perihelion  .4' 

Longitude  of  ascending  node    •        —  59'.57" 
Inclination  on  true  ecliptic    .  .     3''.7 

The  rotation  of  Saturn  has  not  been  determined. 
654.  It  is  remarkable  that  the  rotation  of  the  celestial  bodies  is 

from  west  to  east,  like  their  revolutions ;  and  that  Mercury,  Venus, 

the  Earth,  and  Mars,  accomplish  theur  rotations  in  about  twenty-four 
hours,  while  Jupiter  and  Saturn  perform  theirs  in  -^^  of  a  day. 

On  the  Atmosphere  of  the  Planets. 

655.  Spots  and  belts  are  observed  on  the  discs  of  some  of  the 

planets  varying  hrregularly  in  their  position,  which  shows  that  they 

are  surrounded  by  an  atmosphere ;  these  spots  appear  like  clouds 
driven  by  the  winds,  espedally  in  Ju{»ter.  The  existence  of  an 
atnoaphen  tottnd  Venus  is  indteated  by  the  progressive  difiiiiion  oC 
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tlie  fun'g  nys  over  lier  disc.  ScKroeler  measured  the  extension  of 
light  beyond  the  semlciTcle  when  Bhe  appeared  like  a  tliin  crescent, 

and  found  the  zone  that  was  illumiDated  by  twilight  (o  be  at  leaA 

fuur  degrees  in  breadJi,  whence  be  inferred  tlial  her  atmosphere 
must  he  much  more  dense  tlian  tliat  of  the  earth.  A  small  sUr 

hid  by  Mars  was  observed  to  become  fainter  before  its  appuli 
the  body  of  tlie  planet,  which  must  have  been  occasioned  by 
atmosphere.  Saturn  and  his  rings  arc  surrounded  by  a  dense 

inosphere,  the  refraction  of  wliich  may  account  for  the  irregutaril 
apparent  in  his  form :  his  sevcolli  satellite  has  been  observed  to 

hang  on  hia  disc  more  than  20' before  its  oceultation,  giving  by 
computation  a  refraction  of  two  seconds,  a  result  confinned  by  ob- 

servation of  the  other  satellites.  An  atntoaphere  so  dense  must 
have  the  effect  of  preventing  tiie  radiation  of  the  heat  from  the 

surface  of  the  planet,  and  consequently  of  mitigating  ibe  intensity 
of  cold  that  would  otherwise  prevail,  owiog  to  Ins  vast  distance 

from  tbe  sun.  Schroeter  observed  a  small  twilight  in  the  moon, 

Buch  as  would  be  occasioned  by  an  atmosphere  capable  of  reflect- 

ing the  sun's  rays  at  the  height  of  about  a  mile.  Had  a  denae 
atmosphere  surrounded  that  satellite,  it  would  have  been  discovered 

by  the  duration  of  the  occultations  of  the  fixed  stars  being  less 
than  it  ought  to  be,  because  its  refraction  would  have 
the  stars  visible  for  a  short  time  after  they  were  actually  behind 

moon,  in  llie  same  manner  as  the  refraction  of  the  earth's  atmosphen 
enables  us  to  see  celestial  objects  for  some  minutes  after  they  have 
sunk  below  our  horizon,  and  after  they  have  risen  above  it,  or  distant 

objects  hid  by  the  curvature  of  tlie  earth.  A  friend  of  the  autho/i 
was  astonished  one  day  on  the  plain  of  Hindostan,  lo  behold 
chain  of  the  Himala  mountains  suddenly  start  into  view,  aflei  a  hen 
shower  of  rain  in  hot  weather. 

The  Bishop  of  Cloyne  says,  that  the  duration  of  the  occultations 

stars  by  the  moon  is  never  lessened  by  8"  of  time,  ao  that  th 
xontal  refraction  at  the  moon  must  be  less  than  i"  :    if  therefore 
lunar  atmosphere  exists,  it  must  be  1000  times  rarer  than  tlie  atmi 
phere  at  the  surface  of  the  earth,  where  the  horizontal  refrac^on 

nearly  2000",      Possibly  the  moon's  atmosphere  may  have  been 
withdrawn  from  it  by  tlie  attraction  of  the  earth.     Tlie  radiation  of 

the  heat  occasioned  by  tlic  sun's  rays  must  be  rapid  and  constant^ 
find  must  cause  intense  cold  and  sterility  in  tliat  cheerless  satellite.    : 

lesa iere^H 

IthaH ihen^H 



The  Sun. 

656.  The  sun  viewed  with  « telescope.-,  presenta  the  appearance  of 
an  enormouB  globe  of  fire,  frequently  in  a  state  of  violent  agitation 
or  ebullition ;  black  spots  of  irregular  form  rarely  visible  to  the 

naked  eye  Bometimes  pass  over  his  disc,  moving  from  east  to  west, 
in  tlM  space  of  nearly  fourteen  days :  one  was  measured  by  Sir  W. 
Her«;hel  in  the  year  1779,  of  the  breadth  of  80,000  miles.  A  spot 
is  surrounded  by  a  penumbra,  aiul  thai  by  a  margin  of  light,  more 

brilliant  than  that  of  the  sun.  A  spot  when  first  seen  on  the  eastern 

edge,  appears  like  a  line,  progressively  extending  in  breadth  till  it 

reaches  tb»  middle,  when  it  begins  to  contract,  and  ultimately  dis- 
appears  at  the  western  edge  :  in  some  rare  instances,  spots  re-appear 
on  the  east  side;  and  are  even  permanent  for  two  or  three  revolu- 

tions, but  they  generally  change  their  aspect  in  a  few  days,  and  dis- 
ai^iear:  sometimes  several  small  spots  unite  into  a  large  one,  as  a 
large  one  separates  into  smaller  ones  which  soon  vanish. 

The  paths  of  the  spots  are  observed  to  be  rectilinear  in  the  begin- 
ning of  June  and  December,  and  to  cut  the  ecliptic  at  an  angle  of 

7°  20'.  Between  the  first  and  second  of  these  periods,  the  lines 
described  by  the  spots  are  convex  towards  the  north,  and  acquire 
their  maximum  curvature  about  the  middle  of  that  time.  In  the 

other  half  year  the  paths  of  the  spots  are  convex  towards  the  south, 
and  go  through  the  same  changes.  From  these  appearances  it  has 
been  concluded,  that  tiie  spots  are  opaque  bodies  attached  to  the 
surface  of  tlie  sun,  and  that  the  sun  rotates  about  an  axis,  inclined 

at  an  angle  of  7°  20'  to  the  axis  of  the  ecliptic.  The  apparent 
revolution  of  a  spot  is  accomplished  in  twenty-seven  days;  but 
during  that  time,  the  spot  has  done  more,  having  gone  through  a 

revolution,  together  with  an  arc  equal  to  that  described  by  the  sun 

in  his  orbit  in  the  same  time,  which  reduces  the  time  of  the  sun's 
rotation  to  25"  9"  36*. 

These  phenomena  induced  Sir  W.  Herschel  to  suppose  the  sun 
to  be  a  solid  dark  nucleus,  surrounded  by  a  vast  atmosphere,  almost 

always  filled  with  luminous  clouds,  occasionally  opening  and  disco- 
vering tiie  dark  mass  within.  The  speculations  of  La  Pkce  were 

different :  he  imagined  the  solar  orb  to  be  a  mass  of  fire,  and  that  the 
violent  eSerrescencei  and  explosions  seen  on  its  surfiue  are  ocetr 



noDed  by  the  eruption  of  elude  fluidB  Conned  in  ita  interior,  and 

that  the  spots  are  enormous  cavema,  like  the  ciaten  of  ottr  toI- 

light  is  more  intense  in  the  centre  of  the  msft  disc  than  at  the 

edges,  although,  from  his  spheroidal  form,  the  edges  exhibit  a  grealer 
surface  under  the  eame  angle  than  the  centre  does,  and  ifaere&fe 
might  be  expected  to  be  more  luminous.  The  fact  may  be  accounted 
for,  by  supposing  the  existence  of  a  dense  atmosphere  absorbing  the 
rays  which  have  to  penetrate  a  greater  extent  of  it  at  the  edges  than 

at  the  centre ;  and  accordingly,  it  appears  by  Bonguer's  obaeira- 
lions  on  the  moon,  which  has  little  or  no  atmosphere,  that  it  is  more 

brilliant  at  the  edges  than  in  the  centre. 
657.  A  phenomenon  denominated  the  zodiacal  light,  from  its  being 

seen  only  in  tliat  zone,  is  somehow  connected  with  the  rotaUon  of 
the  sun.  It  is  observed  before  sunrise  and  aStet  sunset,  and  is  a 

luminous  appearance,  in  some  degree  umilat  to  the  milky  way, 

though  not  BO  bright,  in  the  form  of  an  inverted  cone  with  the  base 
towards  the  sun,  ita  axis  inclined  to  the  horizon,  and  only  inclined 

to  the  plane  of  the  eclipse  at  an  angle  of  7° ;  so  that  it  is  perpendi- 
cular to  the  axis  of  tlic  sun's  rotation.  Its  length  Irom  the  sun  to  ita 

vertex  varies  from  ib°  to  120°.  It  is  seen  under  the  most  favourable 
circumstances  after  sunset  in  the  beginning  of  March :  its  apex  ex- 

tends towards  Aldebaran,  making  an  angle  of  64°  with  the  horizon. 
The  zodiacal  light  varies  in  brilliancy  in  different  years. 

It  was  discovered  by  Caesini  in  1682,  but  had  probably  been 
Been  before  that  time.  It  was  observed  in  great  splendour  at  Paris 

on  the  16tli  of  February,  1769. 

658.  The  elliptical  motion  of  the  planets  is  occasioned  by  the  action 
of  the  Bun ;  but  by  the  law  of  reaction,  the  planets  must  disturb  the 
sun,  for  the  invariable  point  to  which  they  gravitate  is  not  the 

centre  of  the  sun,  but  the  centre  of  gravity  of  the  system  j  the  quantity 
of  motion  in  the  sun  in  one  direction  must  therefore  be  equal  to  that 

of  all  the  planets  in  a  contrary  direction.  The  sun  thus  de- 
scribes an  orbit  about  the  centre  of  gravity  of  the  system,  which  is  a 

very  complicated  curve,  because  it  results  from  the  action  of  a  system 

of  bodies,  perpetually  changing  tlieir  relative  positions  ;  it  is  such 
however  as  to  furnish  a  centrifugal  force  with  regard  to  each  planet, 

pufficient  to  counteract  the  gravitation  towards  it. 
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Newton  hu  ihown  that  \}>e  diameter  of  the  iim  ii  neuly  eqiul  \o 

0.009  of  the  ndim  of  the  earth's  orbit  If  alt  the  graitt  planets  pf 
the  syalem  were  in  a  straight  line  with  the  Bun,  and  on  ;he  same  u^e 

of  him,  the  centre  of  the  sun  would  be  nearly  the  farthest  possible 
from  the  common  centre  of  gravity  of  the  whole  ;  yet  it  is  found  by 
computation,  that  the  distance  is  not  more  than  0.0085  of  the  radiui 
vector  of  the  earth  ;  bo  that  the  centre  of  the  Bun  is  nerer  distant  from 

the  centre  of  gravity  of  the  aystem  by  aa  modi  as  his  own  dia« 

Injuence  of  the  Find  Slan  in  ditlurhing  ike  Solar  Sydtm. 

6&9.  It  is  imposwble  to  estimate  the  effects  of  comets  in  disturbing 
the  solar  system,  on  account  of  our  ignorance  of  the  element!  of  thur 

orbits,  and  even  of  the  existence  of  such  as  have  a  great  pexihelios 

distance,  which  neveiibeless  may  trouble  the  planetary  motions  | 
but  there  is  every  reason  to  believe  that  thefr  masses  are  too  small 

to  produce  a  sensible  influence ;  the  effect  of  the  fixed  stars  may, 
howevei.  be  determined. 

Let  m<  be  the  mass  of  a  fixed  star,  «*,  y*,  t*,  its  co-oidinates  n- 
ferred  to  the  centre  of  gravity  of  the  sun,  and  r'  its  distqnce  from 
that  point    Also  let  x,  y,  z,  be  the  co-ordinates  of  a  planet  m,  and 
r  its  radius  vector ;  then  the  disturbing  influence  of  the  star  ja 

^_   m|   w/Cm+w+w)  . 

or      R=+^-^+imfi^+^+"^-^'^\bc 
when  developed  according  to  the  powers  of  r'.    The  fixed  plane  being 

'  theorbitof  mat  the  epoch,  then 
»c:r  COB  V,         y  =  r  sin  v,         a  ̂   n, 

let  t  be  the  latitude  of  the  fixed  star,  and  «  its  kmgitude,  then 

JT*  ::=  r* .  COB  I.  COB  u,     y'  =  r' .  cos  I.  sin  u,     z'  =  r'.  sin  / ; 

and  if  all  the  powers  of  r'  above  the  cube  be  pn^itted,  it  will  ba 
found  tiiat 

R^  +  ̂  ~     "'^    {2-3cos*f 

—  ScoaV.  oot (80*811)  -  fit.  im2t.  «m{p— •>)}• 

D  i 
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But  neglecting  «,  the  substitution  of  this  in  equation  (155)  gives 

*1=  -  ̂̂ .{(l-Jcos«0«8in(i;-tsr)-|co8«/.e.sin(t?+t!T-2u)}. 

But  r  =  a  (I  +  e  cos  (t>  —  cr))  ; 

whence  —  =  J«  cos  (©  —  »)  +  «Jtj,  sin  (©  —  w) ; a 

and  comparing  the  two  values  of — ,  there  will  be  found a 

Jtj  =  -  ̂ .  nt{\'^\  C08«/  -  }  cos«/.  cos  (2ct  —  2u)} 

Je  =  ?^!fl.  cos«/ ni.e.  sin  (2oy  -  2ii). 

Whence  it  appears,  that  the  star  occasions  secular  variations  in  the 

eccentricity  and  longitude  of  the  perihelion  of  m,  but  these  varia- 
tions are  incomparably  less  than  those  caused  by  the  planets.  For  if 

m  be  the  earth,  the  distance  of  the  star  from  the  centre  of  the  sun 

cannot  be  less  than  100,000  times  the  mean  distance  of  the  earth 

from  the  sun,  because  the  annual  parallax  of  the  nearest  fixed  star  is 

less  than  1'^;   therefore  assuming  r'  =  100,000. a  the    coefficient 

— --n/  does  not  exceed  0". 0000000013. m'/,<  being  any  number 

of  Julian  years.  This  quantity  is  incomparably  less  than  the  corre- 

sponding variation  in  the  eccentricity  of  the  earth's  orbit,  arising 
from  the  action  of  the  planets,  which  is 

-0".  0938191.  <, 

unless  the  mass  nt!  of  the  fixed  stars  be  much  greater  than  what  is 

probable.  Whence  it  may  be  concluded  that  the  attraction  of  the 
fixed  stars  has  no  sensible  influence  on  the  form  of  the  planetary 

orbits  ;  and  it  may  be  easily  proved,  that  the  positions  of  the  orbits 
are  also  uninfluenced. 

Disturbing  Effect  of  the  Fixed  Stars  on  the  Mean  Motions  of  the 
Planets. 

660.  The  part  of  equation  (156)  that  depends  on  R,  when  /ft=l}  is 

(f.Jf  =  -  Safndt.dR  ̂ 2a.ndt.r  (—\ 
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The  preceding  value  of  A  gives 

d.Jf  = -ndt{2-  ScoB'O  -  - .■in  21.  cos  (v—u) 

9        ,  J     jj  /-J    •■'in  2i  - 
— .  m .tr.ndtjd.  — - — ■  cob  (o 

"), 

which  is  the  whole  variation  in  the  mean  motion  of  ni  from  the 

action  of  the  fixed  stan.     The  parts  will  be  examined  sepantely. 

Let  r"  and  I'  be  the  distance  and  latitude  of  the  star  at  the  epoch 
1750,  and  lei  it  be  assumed,  that  these  quantities  diminish  umually 

by  >  and  p,  then  t  being  any  indefinite  dme,  r'  and  I  become 
t'  =  f"(i  -  «o.  i  =  f  (1  -  ho 

whenc«tha  fiiMteim  of  d.S{;  becomes 

d.af=  '. -0  -\i^H')cmP' 

2r"» 

.aniV.p.nP. 

We  know  nothing  of  the  changes  in  the  distance  of  the  fixed  stata ; 

but  with  regard  to  the  earth,  they  may  be  assumed  to  vary  0''.824 
annually  ia  latitude ; 

hence  jB  i=  0".S24,     r"  =  lOO.QOOo, 

othal  : .  (i  .ne  becomes 

mT.  2".  0357 

a  quantity  inappreciable  from  the  eailiest  observationa. 

With  t^[Brd  to  the  lenus  in  «, 

.==<.^>iiil>-f.^coBt>; 

consequently,  rejecting  the  periodic  part, 

'•^•-c--)  =  ̂{|-™-S—)' 
ootbat 

. >!^.  n.  (<«.«■  21  {^liu II 

t.em.)! 

the  integral  of  which  is 



Mb  emmtWttoM  «r  (tok  iL 

Bat  widi  regard  to  the  earth 

p  cEs     o'M>T§rfi.<.  +  o^'.oooosi&ss.r 
g  =  -  c'.&ooDe  .  <    +  o".oooooe74t4 .  e. 

If  these  quantities  be  substitnted,  it  will  be  fomid  that  die  secular 

inequalities  in  the  mean  motion  of  the  earth  are  q[aite  insensible ; 

the  earliest  records  also  prove  them  to  be  so.  Tlie  same  lesohs 

will  be  obtamed  for  the  most  distant  planets,  whence  it  maj  be  con> 

duded  that  the  ixed  stars  are  too  remote  to  affect  the  solar  systen. 
• 

Condrudkn  ofAdronomieai  TaUa. 

661.  Tlie  motion  of  a  planet  in  longitude  consists  of  three  parts,  of 

the  mean  or  circular  motion ;  of  a  correction  depending  on  the  eccen- 
tricity, which  is  the  equation  of  the  bsntre;  and  of  the  prtiodie 

inequalities. 
In  the  construction  of  tables,  the  mean  longitude  of  the  body, 

and  the  mean  longitude  of  the  aphelion,  or  perihelion,  are  deter- 
mitied  in  degrees,  minutesi  seconds,  and  tenths,  at  the  instant 

assumed  as  the  origin  of  the  tables.  These  initial  ralues  are  gene- 
rally computed  for  the  beginning  of  each  year,  and  are  called  the 

epoch  of  the  tables ;  from  them  subsequent  values  are  deduced  at  con- 

venient intervals,  by  adding  the  daily  increments.  These  intervals 

are  longer  or  shorter  according  to  the  motion  of  the  body,  or  its  im* 
portance,  and  the  intermediate  values  are  found  by  simple  propor- 
tion,  or  by  tables  of  proportional  parts.  The  mean  anomaly  is  giv^i 

by  the  tables,  since  it  is  the  difference  between  the  mean  longitudes 
of  the  body  and  of  the  aphelion. 

The  tables  of  the  equation  of  the  centre,  and  of  the  mean  longi- 
tude of  the  aphelion,  give  these  quantities  for  each  degpree  of  mean 

anomaly.  To  these  are  added  tables  of  the  periodic  inequalities  m 
longitude,  and  of  the  secular  inequalities  in  the  eccentricity  and  lon- 

gitude of  the  aphelion.  FVom  these  tables  the  true  longitude  of  the 
body  may  be  known  at  any  instant,  by  applying  the  corrections  to 
the  mean  longitude. 

The  radius  vector  consists  of  three  parts, — of  a  mean  value,  which 
is  equal  to  half  the  greater  axis  of  the  orbit ;  of  the  elliptical  varia- 
tions,  and  of  its  periodic  inequalities.  The  two  latter  are  given  in  the 
tables  for  every  degree  of  mean  anomaly.     The  latitude  is  computed 

tans  of  the  mean  anomaly  at  stated  intervals :  besides  these,  the 
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mean  longitude  Of  the  ascending  node  and  the  inclination  of  the  orbit 
at  the  beginning  of  each  year,  and  the  secular  inequalities  of  thesa 
tiro  quantities  are  given.  Thus  the  mean  motions  are  given,  and 

the  Inie  motions  are  found  by  applying  the  inetjualities,  the  numeri- 
cal values  of  wliich  are  called  equations :  for,  in  astronomy,  an  equa- 

tton  signifies  the  quantities  that  must  be  added  or  taken  &om  the 
mean  results,  to  malie  them  equal  to  the  true  results. 

Hie  mean  motion  and  equation  of  the  centre  are  computed  from 

Kepler's  problem  \  the  motions  of  the  nodes  and  perihelia,  the  seen* 
Ut  inequalities  of  the  elements,  and  the  periodic  inequalities,  are  com* 
puted  boat  the  fbnnulx  determined  by  the  problem  of  thro  bodies. 

MdAod  of  correcting  Emrt  in  the  Tablet. 

662.  As  astronomical  tables  are  computed  from  analytical  formulge, 

detennined  on  the  principles  of  universal  gravitation,  no  error  can 

arise  from  that  source;  but  the  elements  of  the  orbit, though  deter- 
mined with  great  accuracy  by  numerous  observations,  will  lead  to 

errors,  because  each  element  is  found  separately ;  whereas  these 

quantities  are  so  connected  with  each  other,  that  a  perfectly  correct 
value  of  one,  cannot  be  determined  independently  of  the  others.  For 

example,  the  expressions  in  page  261  show,  tliat  the  eccentricity  de- 
pends on  the  longitudes  of  the  perihelia,  and  the^  longitude  of  the 

peribelioD  is  given  in  tenns  of  the  eccentricities.  A  reciprocal  con- 
nexion exists  also  between  the  IncUnalJDn  of  the  orbit  and  the  longi- 

tude of  the  nodes.  Hence,  in  an  accurate  determination  of  the  ele- 
ments, it  is  necessary  to  attend  to  this  reciprocal  connexion. 

The  Ubles  are  computed  with  the  observed  values  of  the  elements ; 
an  error  in  one  of  the  elements  will  affect  every  part  of  the  tables, 

and  will  be  perceived  in  the  comparison  of  the  place  of  the  body 

delived  from  them,  with  its  place  determined  by  observation.  Were 
the  observation  exact,  the  difierence  would  be  the  true  error  of  the 

tables ;  but  as  no  observation  is  perfectly  accurate,  the  comparison 
is  made  with  1000,  or  even  many  thousands  <A  obserraUous,  so  that 

their  errors  are  compensated  by  their  numbers. 
The  umultaneous  correction  is  accomplished,  by  comparing  a 

longitude  of  the  body  derived  from  obaervation,  with  the  longitude 
corresponding  to  the  same  instant  in  the  tables. 
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Suppose  llie  tables  of  the  sun  to  reijuire  correction,  and  let  E  re- 

present the  error  of  the  tables,  or  the  difference  between  the  longi- 
tude of  the  tables  and  that  deduced  from  ubservalioii,  at  that  point 

of  tlic  orbit  where  his  mean  anomaly  is  199°.  Tliere  are  thres 
Bourcea  from  whence  this  error  may  arise,  namely,  the  mean  lon- 

gitude of  the  perigee,  the  greatest  e(iuation  of  the  centre,  and  the 
epoch  of  the  tables ;  for,  if  an  error  has  been  made  in  computing 
the  initial  longitude,  it  will  affect  every  subsequent  longitude. 
Now,  as  we  do  not  know  to  wliicJi  of  tlicse  quantities  to  attribute 

the  discrepancy,  part  of  it  is  assumed  to  arise  from  each.  Let  P  be 
the  unknown  error  in  tlie  longitude  of  the  perigee,  e  that  in  the 

greatest  equation  of  the  cuntre,  and  e  that  in  the  epocli.  In  order 
to  determine  these  three  errors,  let  us  ascertain  what  effect  would  be 

produced  on  the  place  of  the  aun,  where  his  mean  anomaly  is  196°,  by 
an  error  of  60"  in  the  longitude  of  the  perigee.  As  the  mean  ano- 

maly is  estimated  from  perigee,  a  minute  of  change  in  the  perigee 

will  produce  the  change  of  one  minute  in  the  mean  anomaly  eorr&- 
aponding  to  each  longitude ;  but  the  table  of  the  equation  of  the 

centre  shows  that  the  change  of  60"  in  tlie  mean  anomaly  at  that  part 
of  the  orbit  which  corresponds  to  198°  produces  an  increment  of 
1".88  in  the  equation  of  the  centre;  and  as  that  quantity  is  sub- 
tractive  at  that  part  of  the  orbit,  the  true  longitude  of  the  sun  is 

diminished  by  l",88;  hence  if  60"  produce  a  change  of  1".88  in  the 
true  longitude,  the  error  P  will  produce  a  change  of 

i^^  P  =  0".S133  P. 

60" 

Again,  if  we  suppose  the  greatest  equation  of  the  centre  to 

be  augmented  by  any  arbitrary  quantity  as  17",18,  it  is  easy 
to  see  by  the  tables  that  the  equation  of  the  centre  at  that  pobt 
of  the  orbit  where  the  mean  anomaly  is  198°  is  increased  by  5",l ; 
whence  tlie  true  longitude  is  diminished  by  5".l.  TIius,  if  17".IB 
produce  a  change  of  5",1  in  the  true  longitude,  the  error  e  will  pro- 

duce the  change 
".2969  e. 

Hence  the  s 

■  Ubles 

17".  18 

1  of  the  Ihre. errors  is  equal  to  E,  the  error  of  the 
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This  is  called  an  equadon  of  cunditioQ  between  the  enors,  because 

it  expTea»es  the  condition  that  the  budi  of  the  errors  must  fulfil. 
As  there  are  three  unknoivn  quantities,  three  equations  would  be 

sufficient  for  their  determination,  if  the  observatiunH  were  accurate  ; 

but  u  that  is  not  the  case,  a  great  number  of  equations  of  condition 
must  be  formed  from  an  equal  number  of  observed  longitudes,  and 

they  must  be  so  combined  by  addition  or  subtraction,  as  to  form 
Others  that  are  as  favourable  as  possible  for  the  determination  of 

each  element.  For  example,  in  finding  the  value  of  P  before  the 

Other  two,  the  numerous  equations  must  he  ao  combined,  as  to  ren- 
der the  coefficient  of  P  as  great  as  possible  ;  and  the  coefficients  of  « 

and  t  as  small  ta  may  be ;  this  may  always  be  accomplished  by 

changing  the  signs  of  all  the  equations,  so  at  to  have  the  terms  con- 

taiiung  P  poaitive,  and  then  adding  them  -,  for  some  of  the  other 
terms  will  be  poutive,  and  some  negative,  as  they  may  chance  to  be ; 
therefore  the  sum  of  their  coefficients  will  be  less  than  that  of  P. 

Having  determined  this  equaUon,  in  which  P  has  the  greatest 
coefficient  possible,  two  others  must  be  formed  on  the  same  principle, 

in  which  the  coefficients  of  the  other  two  errors  must  be  respectively 
as  great  as  possible,  and  from  these  three  equations  values  of  the 
tliree  errors  will  be  eaaily  obtained,  and  their  accuracy  will  be  in 
proportion  to  the  number  of  observations  employed.  These  values 
are  referred  to  the  mean  interval  between  the  first  and  last  observa- 

tions, supposing  them  not  to  be  separated  by  any  great  length  of 
time,  and  that  the  mean  motion  is  perfectly  known.  Were  it  not, 
9S  might  happen  in  the  case  of  the  new  planeta,  an  additional  error 

piay  be  assumed  to  arise  from  this  source,  which  may  be  determined 
in  the  same  manner  as  the  others.  This  method  of  correcting  errors 

in  astronomical  tables  was  employed  by  Mayer,  in  computing  tables 
of  the  moon,  and  is  applicable  to  a  variety  of  subjects. 

€63,  The  numerous  equations  of  condition  of  the  form 

£  =  «  +  0".31S3  P  +  0".2969e, 
may  be  combined  in  a  different  manner,  used  by  Legendre,  called  the 

principle  of  the  least  squares. 
If  the  position  of  a  point  in  space,  is  to  be  determined,  and 

if  a  scries  of  observations  had  given  it  the  positions  n,  n',  n",  be, 
not  differing  much  from  each  other,  a  mean  place  M  mutt  be  found, 

which  differs  as  little  as  possible  &om  the  observed  positions  »,  n*,  n", 
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Ik.:  hcDC«  it  amst  he  so  cboseD  thai  die  sora  of  ihs  squares  of  its 

dtftADcea  tirain  the  pmnts  n,  n',  rf,  kc,  may  be  a  miniminn  ;  that  a, 

{Mny  +  (»0'  +  (-WiO'  +  Ac  =  mmfanimi. 

A  itaumatmitm  of  ihii  is  ptea  in  Biot's  Atfrononiy,  toL  ii. ;  bttt 
Ae  niie  for  fonning  tlie  equation  of  the  niimiDnm,  trith  regard  to 

one  of  Ute  unknown  erron,  aa^P,  is  to  multiply  ercrr  term  of  all  the 
equations  of  <:oDditioni  by  0" .  3133,  the  coefficient  of  P,  taken  with 
iU  sign,  and  to  add  the  prodiKtt  into  one  sum,  which  will  be  the  eipta* 

tion  re<]uin'd.  If  a  similar  equation  be  formed  for  each  of  the  other 
errors,  there  will  be  as  many  equations  of  the  fiisl.degree  as  errors ; 

irhenc«  their  numerical  values  may  be  foond  by  elimination- 
It  is  demonstrated  by  the  Theory  of  Probabilities,  that  A« 

greaicit  possible  chance  of  coTTCCtDesa  is  to  be  obtained  from  Ae 
rnethod  of  least  squares;  on  that  account  it  is  to  be  preferred  to  the 

method  of  combination  employed  by  Mayer,  though  it  has  the  difr 

advantage  of  requiring  more  laborious  computatioDB.  J 

The  'principle  of  least  squares  is  a  corollary  that  follows  froB  J 
a  proposition  of  the  Loci  Plani,  that  the  sum  of  the  squares  of  tha    ̂  
distances  of  any  numl>er  of  points  from  their  centre  of  gravity  |is 
il  minimum. 

6B4.  Tliree  centuries  hare  not  elapsed  since  Copernicus  inlio* 

duced  the  motions  of  the  planets  round  the  aun,  into  astronomical^ 
tables  :  about  a  century  Inter  Kepler  introduced  the  laws  of  elliptical  1 
motion,  deduced  from  the  observations  of  Tycho  Brahe,  which  led  ] 

Newton  to  the  thcorj-  of  universal  gravitation.     Since  these  brilliant 
discoveries,  analytical  science  has  enabled  us  to  calculate  the  nu- 

merous inequalities  of  the  planets,  arising  from  llieir  mutual  alt. 
tion,  and  to  construct  tables  with  a  degree  of  precision  till  tliea  m 
imknown.     Errors  existed  furmerly,  amounting  to  many  minutes  t 

which  are  now  reduced  to  a  few  seconds,  a  quantity  so  amall,  that  1 1 

considerable  pari  of  it  may  perhaps  be  ascribed  to  inaccuracy  in 
observation. 

L 
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•t5.  TkIIB  ia  BD  objeei  within  the  scope  of  aatroBOmical  obier- 
miDa  nhiA  tffindi  greater  nHely  of  interesting  iDTesdgation  to 
Iho  inhabitant  of  tha  earth,  than  Ihe  vaHoUs  motionfl  of  the  moon : 

from  these  we  aaaeitain  the  form  of  the'earth,  the  vicisBitudes  of  the 
tideat  the  diatance  of  the  sun,  and  consequently  the  magnitiide  of  the 
•irfar  syttera.  Hieae  motions  iriilch  an  so  obvious,  served  ak 
ft  Measure  of  time  to  all  nations,  until  the  advancement  of  sdenco 

t*a(^  them  the  advantages  of  solar  time;  to  these  motions  the 
navigator  owea  that  prediiDn  of  knowledge  which  guides  him  with 

Wdl-gnnknded  evnfidttice  throngh  the  deep. 

PhaU$  of  tie  Moon. 

666.  The  phases  of  the  moon  de)>end  upon  her  synodic  motion, 
that  is  to  say,  on  the  excess  of  her  motion  above  that  of  the  sun. 
The  moon  moves  round  the  earth  from  west  to  east ;  in  conjunction 

she  is  between  the  sun  and  the  earth  ;  but  as  her  motion  is  more  rapd 

than  that  of  the  sun,  she  soon  separates  from  him,  and  is  first  seen 
in  the  evening  like  a  faint  crescent,  which  increases  with  her  dis- 

tance  till  in  quadrature,  or  90^  from  him,  when  half  of  her  disc  is 
enlightened :  as  ber  elongation  increases,  her  enlightened  disc  au(^ 
menta  till  she  is  in  opposiUon,  when  it  is  fidl  moon,  the  earth  being 
between  her  and  the  sun.  In  describing  the  other  half  of  her  orbit, 

she  decreases  by  the  same  degrees,  till  she  comes  into  conjunctioQ 
with  the  sun  again.  Though  the  moon  receives  no  light  from  the  sun 

when  in  conjunction,  she  is  visible  for  a  few  days  before  and  after  it, 
ba  account  of  the  light  reflected  from  the  earth. 
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The  law  of  the  Tariatkm  of  the  phiifi  of  die  ■«»»  pvorei  her 

fonn  to  he  tpberical,  lince  thej  TI17  m  die  vened  nne  of  her  aagn- 
lar  distance  from  the  fan. 

If  E  he  the  enth,  6g.  94,  ai  the 

centre  of  the  moon,  wapfoted.  to  he 

fpherical,  and  Sm,  SE-  paralld  nji 
from  the  fim.  Then,  if  AB  he  al 

right  angles  to  the  laj  arS,  BLA  ii 

the  part  of  the  disc  that  ia  enligfatened 
hj  the  son ;  and  CL,  being  at  rig^ 

angles  to  mE,  the  part  of  die  mooii 
that  is  tamed  to  die  earth  will  he 

CKL;  hence  the  onljr  part  of  A» 

j|^  enlightened  disc  seen  from  the  earth  is 

LA;  or,  if  it  be  projected  on  CL,  it  is  PL,  the  Tersed  sine  of  ALw 

But  AmL  is  complement  to  AmN,  and  is  therefore  equal  to  DmN,  or 

to  mES,  the  elongation  or  angular  distance  of  the  moon  from  die  son. 

When  the  moon  is  in  quadrature,  that  is,  either  9(f^  or  180^  from 
the  sun,  a  little  more  than  half  her  disc  is  enlightened ;  for  what 
the  exact  half  is  visible,  the  moon  is  a  little  neazer  to  the  sun  than 

90^ ;  at  that  instant,  which  is  known 
by  the  division  between  the  light  and 

the  dark  half  bemg  a  straight  line; 

the  lunar  radius  £m,  fig.  95,  is  per- 

pendicular to  mS,  the  line  joining  the 
centres  of  the  sun  and  moon  ;  hence, 

in  the  right-angled  triangle  EmS,  the 
angle  £,  at  the  observer,  may  be 

measured,  and  therefore  we  can  de- 
termine SE,  the  distance  of  the  sun ■ 

from  the  earth,  by  the  solution  of  a 

right-angled  triangle,  when  the  moon's 
distance  from  the  earth  is  known. 

The  difficulty  of  ascertaining  the 
exact  time  at  wliich  the  moon  is  bi- 

sected, renders  this  method  of  ascertaining  the  distance  of  the  sun 

incorrect.  It  was  employed  by  Aristarchus  of  Samos  at  Alexan- 

dria, about  two  hundred  and  eighty  years  before  the  Christian  era^ 

/^.95. 
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and  was  the  first  circumstance  that  gave  any  notion  of  the  vast  dis- 
tance and  magnitude  of  the  sun. 

Mean  or  Circular  Motion  of  the  Moon. 

667.  Tlie  mean  motion  of  the  moon  may  be  determined  by  com- 

paring ancient  with  modem  observations.  The  moon  when  eclipsed 

is  in  opposition,  and  her  place  is  known  from  the  sun's  place,  which 
can  be  accurately  computed  back  to  the  earliest  ages  of  antiquity. 

Three  eclipses  of  the  moon  observed  at  Babylon  in  the  years  720 

and  719  before  the  Christian  era,  are  the  oldest  observations  re- 

corded  with  sufficient  precision  to  be  relied  on.  By  comparing  these 
with  modem  observations,  it  is  found  that  the  mean  arc  described 

by  the  moon  in  one  hundred  Julian  years,  or  the  difference  of  the 

mean  longitudes  of  the  moon  in  a  century,  was  481267^.8793  in  the 

year  1800 ;  it  is  called  the  moon's  tropical  motion,  which,  omitting 
1836  entire  circumferences,  is  307^.8793  ;  and  dividing  it  by  365.25, 
the  number  of  days  in  the  Julian  year,  her  diumal  tropical  motion 

is  13^.17636,  about  thirteen  times  greater  than  that  of  the  sun. 
668.  From  the  tropical  motion  of  the  moon,  her  periodic  revolu* 

tion,  or  the  time  she  employs  in  returning  to  the  same  longitude, 

may  be  found  by  simple  proportion  ;  for 

481267*^.8793  :  360®  ::  365.25  :  27.321582, 
the  periodic  revolution  of  the  moon,  or  a  periodic  lunar  month. 

669.  By  subtracting  50 10'^  or  the  precession  of  the  equinoxes 
for  a  century,  from  the  secular  tropical  motion  of  the  moon,  her 

sidereal  motion  in  a  century  is  481266^.48763;  or,  omitting  the 

whole  circumferences,  it  is  306°. 48763  ;  whence,  by  simple  pro- 
portion, her  sidereal  revolution  is  27*  7*>  43'  11".  5.  These  two 

motions  of  the  moon  only  differ  by  the  precession  of  the  equinoxes : 

her  sidereal  daily  motion  is,  therefore,  13°  10'  35". 034. 
670.  The  synodic  revolution  of  the  moon  is  her  mean  motion 

from  conjunction  to  conjunction,  or  from  opposition  to  opposition. 

The  mean  motion  of  the  moon  in  a  century  being  481267°. 8793, 

and  that  of  the  sun  being  3600QP.7625,  their  difference,  445267°.  1 168, 
is  the  excess  of  the  moon's  motion  above  the  sun's  in  one  hundred 

Julian  years;  hence  her  motion  through  360^  b  accomplished  in 
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29d  1211  44'  2". 8,  a  lunar  montlu  Tlie  lunar  month  U  to  tbe  tro- 
pical as  19  to  235  nearly,  bo  Uiat  19  solar  yea»  wte  eqtud  to  33^ 

lunar  niontha.  Tlie  mean  motion  of  the  moon  is  van&ble,  which 

affects  all  the  preceding  results. 
CTl.  Tlie  apparent  diameter  of  the  moon  is  either  measured  bv  s 

micrometer,  or  computed  from  the  duration  of  the  occultatlona  of  the 

fixed  Hlars.  Its  grealeal  value  is  thus  found  to  be  2011".  1,  and  the 

least  1761". 91.  The  analogous  values  in  the  apparent  diameter  of 
the  sun  are  1055". 6  and  1890". 96-,  whence  the  variations  in  the 

moon's  distance  from  the  earth  are  much  greater  than  those  of  the 
aun ;  consequently  the  eccentricity  of  the  lunar  oihit  is  nucb  gTeatei 
than  that  of  liie  terrestrial  orbit. 

672.  It  appears  from  obsenation,  that  the  horizontal  parallax  of 

the  moon  takes  all  possible  values  between  the  limits  1°.0248  and 
0°.&975  which  give  55.9164  and  68.8419  for  the  least  and  greatest 

dislances  of  the  moon  from  the  earth  ;  consequently,  her  mean  dis- 
tance is  nearly  sixty  times  the  terrestrial  radius.  The  sutar  parallax 

shows,  that  tlie  sun  is  immensely  more  distant.  Because  the  lunar 

parallax  is  equal  to  the  radius  of  the  terrestrial  spheroid  divided  by 

the  moon's  distance  from  the  earth,  it  is  evident  that,  at  the  same  dis- 
tance of  the  moon,  the  parallax  varies  with  the  terrestrial  radii ; 

consequently,  the  variations  In  the  parallax  not  only  prove  that  tha 
moon  moves  in  an  ellipse,  having  llie  earth  in  one  of  its  foci,  bi4 

that  the  earth  is  a  spheroid. 

Elliptical  Motion  of  the  Moon. 

673.  The  greatest  inequality  in  the  moon's  motion  is  the  oquatjon 
of  the  centre,  which  was  discovered  at  a  very  early  period :  it  is  by 

this  quantity  alone  that  the  undisturbed  elliptical  motion  of  a  body 
differs  from  its  mean  or  circular  motion  )  it  therefore  arises  entirely 

from  the  eccentricity  of  tlie  orbit,  being  zero  in  the  apsides,  where 
the  clhptical  motion  is  the  same  with  the  mean  motion,  and  greatest 

at  the  mean  distance,  or  in  quadratures,  where  the  two  motions  differ 

most.  Its  maximum  is  found,  by  observation,  to  be  6°  17'  2S". 
This  quantity  which  appears  to  he  invariable,  is  equal  to  twice  the 
eccentricity  ;  and  if  the  radius  he  unity,  an  arc  of 

3°  8'  44"  =  0.0&49003  =  e, 
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the  eccentricity  of  the  lunar  orbit  when  the  mean  distance  of  the 
moon  ftotn  the  earth  is  one. 

674.  In  consequence  of  the  action  of  the  aun,  the  perigee  of  the 
lunar  orbit  has  *  direct  motion  in  space.     Its  mean  motion  in  one 
hundred  Julian  years,  deduced  irom  a  compariiton  of  andent  mth 

modem  observations,  was  4069°. 0395  in  1800,  with  regard  to  the 
equinoxes,  which    by  simple  proportion  gives  3231^.4751  for  its:^^.  a- 

trojucal  revolution,  and^g^^^&S07,  or  a  little  9tm  than  nine  yean  .2ll/i'.'- 
for  its  sidereal  revolutiaa  ;  hence  its  daily  metbi  motion  is  6'  41".    ̂   ̂  "  ̂ 
These  raotiooB  change  on  account  of  the  seculai  variation  in  the  /^i*^J 
motion  of  the  perigee.  w 

675.  The  anomalaatic  revolution  of  the  moon  is  her  revolution 

with  regard  to  her  apsides,  because  the  moon  moves  in  the  same 
direction  with  her  perigee ;  after  separating  from  that  point,  she  only 

comes  to  it  again  by  the  excess  of  her  velocity.  That  excess  is 

47719&°. 69164  in  one  hundred  Julian  years;  therefore  by  simple 

proportion,  the  moon's  anomalastic  year  is  27'.  5546. 
676.  The  nodes  of  the  lunar  orbit  have  a  retrograde  motion,  which 

may  be  computed  from  observation,  in  the  same  manner  with  the 

motion  of  the  perigee.  The  mean  tropical  motion  of  the  nodes  in 

1800  was  1936°.940733,  which  gives  6768'.54019  for tiieir  tropical 
revolution,  and  6793^.421 18  for  their  sidereal  revolution,  or  3'  10".64 

in  a  day ;  hence  the  moon's  daily  motion,  with  regard  to  her  node, 
is  13^  13'  45".  534.  The  motion  of  the  perigee  and  nodes  arises 
from  the  disturbing  action  of  the  sun,  and  depends  on  the  ratio  of 

his  mass  to  that  of  the  earth ;  this  being  verj  great,  is  the  reason 
why  the  greater  axis  and  nodes  of  the  lunar  orbit  move  so  much 
nore  rapidly  than  those  of  any  other  body  in  the  system. 

Lunar  XiuqualUia, 

677.  The  moon  is  troubled  In  her  mction  by  the  nm ;  by  her  own 

action  on  the  earth,  which  changes  the  relative  positions  of  the 

bodies,  and  thus  alTects  her  motions ;  by  the  direct  action  of  the 

planets  ;  by  their  disturbing  action  on  the  earth,  and  by  the  form  of 
the  terrestrial  spheroid. 

678.  Previous  to  the  analytical  investigations,  it  may  perhaps  be 
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of  use  to  give  some  idea  of  the  action  of  the  sun,  which  is  the  priiw 

cipal  cause  of  the  lunar  inequalities. 
The  moon  is  attracted  by  the  sun  and  by  the  earth  at  the  same 

time,  but  her  elliptical  motion  is  only  troubled  by  the  difference  of 
the  actions  of  the  sun  on  the  earth  and  on  herself.  Were  the  sun  at 

an  infinite  distance,  he  would  act  equally  and  in  parallel  straight 
lines,  on  the  earth  and  moon,  and  their  relative  motions  would 

not  be  troubled  by  an  action  common  to  both ;  but  the  distance 

of  the  sun  although  very  great,  is  not  infinite.  The  moon  is  alter- 
nately nearer  to  the  sun  and  farther  from  him  than  the  earth ;  and 

the  straight  line  Sm,  fig.  96,  which 

joins  the  centres  of  the  sun  and  moon, 

makes  angles  more  or  less  acute  with 
SE,  the  radius  vector  of  the  earth.  Thus 

the  sun  acts  unequally,  and  in  different 
directions,  .on  the  earth  and  moon  ; 

whence  inequalities  result  in  the  lunar 

motions,  depending  on  mES,  the  elon- 
gation of  the  sun  and  moon,  on  their 

distances  and  the  moon's  latitude. 
When  the  moon  is  in  conjunction  at 

m,  fig.  97,  she  is  nearer  the  sun  than  the  earth  is ;  his  action  is 

(I  therefore    greater  on   the 
moon  than  it  is  on  the 

,,  earth ;  the  difference  of 
their  actions  tends  to  dimi- 

nish the  moon*s  gravita- 
tion to  the  earth.  In  op- 

position at  m',  the  earth  is  nearer  to  the  sun  than  the  moon  is,  and 
therefore  the  sun  attracts  the  earth  more  powerfully  than  he  attracts 
the  moon.  The  difference  of  these  actions  tends  also  to  diminish 

the  moon's  gravitation  to  tlie  earth.  In  quadratures,  at  Q  and  q, 
the  action  of  the  sun  on  the  moon  resolved  in  the  direction  of  the 

radius  vector  QE,  tends  to  augment  the  gravitation  of  the  moon  to 
the  earth ;  but  this  increment  of  gravitation  in  quadratures  is  only 
half  of  the  diminution  of  gravitation  in  syzigies  ;  and  thus,  from  the 
whole  action  of  the  sun  on  the  moon  in  the  course  of  a  synodic  revo- 

lution, there  results  a  mean  force  directed  according  to  the  radius 

T/i 

fff.  97. 
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Tector  of  the  moon,  which  dimioUhes  her  granty  to  the  earth,  and 

may  be  detenDined  u  foUowB:^ 
079.  Let  M,  fig.  98,  be  the  moon  in  bet  nearly  circulai  orbit 

nMN ;  E  and  S  the  earth  and  Bun  in  the  plane  of  the  ecliptic ;  nmN 

the  moon's  orbit  projected  on  the  same,  llien  Mm  is  the  tangent  of 
the  moon's  ladtude,  and  Em  her  curtate  distance.  Let  SE,  Em,  be 

represented  by  r*  and  r,  and  the  angle  AEm  by  i,  m'  being  the 
mass  of  the  sun. 

The  attraction  of  the  ai 

may  be  reaolyed  into  three ;  one  in  the  direction  Mm,  wliich  troubles 

the  moon  ia  latitude ;  another  in  mB,  which,  being  directed  towards 

the  centre  E,  increatea  the  gravity  of  the  moon  to  the  eaitb,  and 

At.  99. 

fg.99. 

does  not  disturb  the  equable  description  of  areas;  and  into  a  third 

in  the  direction  mSf,  the  excess  of  which  above  that  by  which  the 
■un  attracts  the  earth  disturbs  the  relative  position  of  the  moon 

and  earth.  The  inclinafon  of  the  lunar  orbit  is  so  small  that  it  may  be 

omitted  at  first,  and  then  the  force   ,  fig.  99,  ia  resolved  into 

(Srn)' 
two,  one  in  the  direction   mE,  which  only  increases  the  gravity 
of  the  moon,  and  the  other  in  mSf,  which  disturbs  her  motion.     Let 

ma  represent  this  last-force,  and  suppose  it  resolved  into  tub  and  me. 
The  force  mb  accelentte*  the  moon  in  the  qoadianta  CA  and  DB, 



41B  LUNAK  nfBQCALRIRS.  [BmIi  m. 

Mid  nUrda  her  in  tiie  other  two ;  the  force  mc  leMcni  the  gtmitf 
of  the  moon. 

660.  Hie  uudytictl  exprcBsion  of  these  finrces  is  resdfly  foand. 

For  the  action  of  the  sun  on  the  moon  in  the  directioD  Sir,  is  — ^ — , 

but  on  account  of  the  great  distance  of  the  smi, 

Stn  =  SE  —  mp  =  r**-  r  cos  *,  nearly, 

hence  the  action  of  the  sun  on  the  moon  in  Sm  is 

(r*  —  r  cos  x)* 

which,  resolved  in  tiie  direction  SE,  is 

^  +  ̂  3r  COB  , 

But  the  action  of  the  sun  on  the  earth  is  — ,    and  their  ̂ Saeace 

  .  r  COB  X  is  the  force  ma. 

r" 
Now  —  .  3r  cob'  «,  is  the  force  ma  TesoWed  in  mc,  and 

^  .  3r  Bin  a?  cob*  =:  ̂ '  .  ̂ r  sin  2*, 
is  the  same  resolved  in  mb.    But  the  force  in  mE  which  in- 

creases the  moon's  gravity  to  the  earth,  is  evidentiy  ̂ ;  hence 

the  whole  force  by  wliich  the  sun  increases  or  diminiahes  the  gravity 
of  the  moon  to  the  earth  is, 

force  in  wtE  —  force  in  mc,  or  ~  (1—3  cos*  .  x). 

In  Byiigy  i  =  0°,  or  180°,  and  cos*  r  =  +  1 ;  thus  the  action  of 

the  sun  in  conjunction  and  opposition  is  —    ""^ .      la  quadratures 

c  =  90°,  or  270" ;  hence  cos  *  =  0,  and  the  sun's  action  at  these 

points  is  ~.    The  mean  value  of  tlie  force  ̂   (1  —  3  cob'x)  for 
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u  entire  revdution,  is  the  integral  of 

-^(l  -  Scoa'*)dj  =  ̂(l  — f -}coa2x)ir, 

or  -  ̂(ij  + Jsiii2j); 

tad  when  x  =  360°,  it  becomes  —  — ,  which  is  die  mean  cUtturiMng 

force  acting  on  the  moon  in  the  direction  of  the  nditis  vector, 

661.  In  Older  to  have  the  ratio  of  this  mean  force  to  the  giavi^ 
of  the  moon,  we  must  observe  that  if  E  and  m  be  the  mataea  at  dw 

earth  ud  moon,         "  is  the  force  that  retains  the  moon  in  her 

orbit,  and  ̂   is  die  force  that  retaina  the  earUi  in  its  oibit.   Butthese 

forces  are  as    to   — ,   . 
(27.S21661)'       (365.25)' 

wliich  are  the  radii  vectorea  of  the  moon  and  earth  divided  by  the 

squares  of  tlieirr  periodic  times,  whence 

ro'r  _     1        w  +  E. 
"P*    ~  Vf9  '      f*     ' 

and  thus  it  appears  that  the  mean  action  of  the  sun  diminishes  the 

gravity  of  the  moon  lo  the  earth  by  its  S58th  pait,  for 

mV  _  J_      m+E 
2r^        358  "       r*     ■ 

682.  In  consequence  of  this  diminution  of  the  moon's  gravity  by 

■^^  ita-SSSth  part,  she  describes  hei  orbit  at  a  greater  distance  from  tlte 
earth  wjtli  a  lesa  angular  velocity,  and  in  a  longer  Ume  than  if  she 
were  urged  to  tlie  earth  by  her  gravity  alone ;  but  as  the  force  is  in 

the  direction  of  the  radius  vector,  the  areas  are  not  affected  by  it ; 
hence,  if  her  radius  vector  be  increased  by  its  358th  part,  and  her 

angular  velocity  diminished  by  its  I79th  part,  the  areas  described 
will  be  the  same  as  they  would  have  been  without  that  aodon.  Tba SB  2 
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force  in  tbe  ton^nt  mb  disturbs  the  equable  description  of  areas, 

and  that  in  tnM  troubles  the  mooD  in  latitude.  T)ie  true  inveetiga- 

tion  of  these  forces  can  only  be  conducted  by  an  analytical  process, 

nliich  will  now  be  given,  without  carrying  llie  approximation  so  far 

as  may  be  necessary,  referring  for  llie  complete  dcvelopement  of  the 

series,  to  Damoiaeau's  [irofoimd  analysis  in  the  Memoir*  of  tbe 
French  JntliluU  for  1827. 

693.  The  peculiar  disturbances  to  which  the  moon  b  liable,  and' 

the  variety  of  inferences  that  may  be  drawn  from  them,  render  ber 

motions  better  adapted  to  prove  the  universal  prevalence  of  tbe  law 

of  gravitation,  than  those  of  any  olber  body.  The  perfect  coinci- 

dence of  theory  with  observation,  shows  that  analytical  formulis  not 

only  express  ali  the  obsencd  phenomena,  but  that  they  may  be  em- 

ployed as  a  means  of  discovery  not  less  certain  than  observation 
iUelf. 

684.  Although  the  motions  of  the  moon  be  aimilor  to  those  of  a 

[ilanet,  they  cannot  be  determined  by  the  same  analysis,  on  accotmt 

of  the  great  ccccntrieity  of  the  lunar  orbit,  and  the  immense  magni- 

tude of  the  sun,  which  make  it  necessary  to  cany  tiie  approximation 

at  least  to  the  fourth  )iowers  of  tlie  eccentricities,  and  to  the  stjuarc 

of  the  disturbing  force  ;  and  although  the  smallness  of  the  mass  of  - 

the  moon  compared  with  that  of  the  earth,  enables  us  to  obttun  her 

perturbations  by  successive  approximations,  yet  tbe  scries  converge 

slowly  when  llie  disturbing  action  of  the  sun  is  expressed  in  functions 

of  the  mean  longitudes  of  the  sun  and  moon  ;  and  as  tbe  facility  of 

analytical  investigations,  and  the  fitness  of  formulsc  for  computation, 

depend  on  a  skilful  choice  of  co-ordinates,  the  motions  of  the  moon 

are  first  determined  in  functions  of  the  true  longitudes,  and  then  her 

co-ordinates  arc  obtained  by  reversion  of  series  in  functions  of  the 

mean  longitudes  of  the  two  bodies. 

685,  Tlic  successive  approximations  are  determined  by  lite  mag- 

nitude of  the  coefiicients.  Those  terms  belong  to  the  first  approxi- 

mation which  have  for  coeflicicnts,  either  the  ratio  of  the  mean  mo- 

tion of  the  sun  to  that  of  the  moon,  or  the  eccentricities  of  the  earth 

and  moon,  or  the  inclination  of  the  lunar  orbit  on  the  ecliptic.  Those 

terms  belong  to  the  second  approximation,  which  have  the  squares 

of  these  quantities  as  coefficients  ;  those  which  have  their  cubea 

belong  to  tlie  third,  and  so  on. 
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The  tenne  having  the  constaDt  ratio  —  :=  —  of  the  parallax  of 

the  sun  to  that  of  the  moon  for  coefficients,  are  included  in  the  second 

approximatioD,  and  also  those  depending  on  the  diBturhing  force  of 
the  sun,  which  is  of  the  order 

for  it  has  been  observed  that  a  permanent  change  Is  produced  by  ibe 

disturbing  force*  in  the  mean  distance:  hence  if 

d,  a,  W,  Ti,  m',  m, 
be  the  mean  distances,  mean  motions  and  maMCS  of  tlie  sun  and 
moon,  and  a  the  value  of  o  in  the  troubled  orbit,  so  that  a^  a 

when  there  is  no  disturbing  force,  then  will 

-^  =  1,  and  as  !2!  =  tt", 

therefore  £!!^  .  li  =  ̂   =  (— 1-^=0. Odbta^; 
a*  a  n'         ̂ 13.368^ 

but  the  mast  of  the  moon  is  m  =  0.0748013,  consequently 
m*=  0.005595, 

sothat  !!^   .  4-  =  «';    orif!!^=««. 

686.  By  arranging  the  series  according  to  the  magnitudes  of  th«r 

terms,  each  approximation  may  be  had  separately  by  taking  a  certain 
part  and  rejecting  the  rest  This  process  must  be  continued  till  tlw 
value  of  the  remainder  is  so  small  as  to  be  insenuble  to  observation ; 

but  even  then  it  is  necessary  to  ascertain  not  only  that  it  is  so  at 

present,  but  that  it  will  remain  so  after  the  lapse  of  ages.  Besides 
selecting  from  the  innumerable  terms  of  the  series  those  that  have 
considerable  coefficients,  it  is  requisite  to  examine  what  values  the 

different  terms  acquire  in  the  determination  of  the  finite  values  of  the 

perturbations  Irom  their  indefinitely  small  changes,  for  it  has  been 

'  shown  tliat  by  integration  some  of  the  terms  acquire  divisors,  which 
increase  their  values  so  much  that  great  errOfS  would  ensue  &om 
omitting  them. 
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Analytical  InveHigation  of  the  Lunar  Inequaliiiet. 

^7.  Suppose  the  motion  of  the  earth  to  be  referred  to  the  tun, 
and  that  both  sun  and  moon  revolve  round  the  earth  assumed  to  be  at 

rest  in  £,  fig.  100.   Let  M  be  the  moon  in  her  orbit,  m  her  place  pro- 

fy.  100.  jected  on  the  plane  of  the 

ecliptic,  BO  that  Em  is  her 
curtate  distance ;  and  let  £p, 

pm,  Mm,  or  x,  y,  z,  be  the 
co-ordinates  of  the  moon, 

and  x\  y\  2\  those  of  the 
^  sun  in  S,  both  referred  to  the 

centre  of  the  earth,  and  to  the  fixed  ecliptic  at  a  given  epoch. 

If  fn\  £,  m,  be  the  masses  of  the  sun,  the  earth,  and  the  moon, 

the  equations  of  article  347  are 

^  dt^         ~i^         'm\dx)' 

0  =  ̂  
df 

0  =  ̂*
 

E  +  m 

-E  +  m 

m  \dyj 

-  -(-\ m  \dzj 

di^  r* 

In  which  r  =   V  J?*  +  y*  +  ar*  is  the  radius  vector  of  the  moon. 

X  = 

mm' 
and  the  element  of  the  time  is  assumed  to  be  constant  in  taking  the 
differentials ;  but  if  that  element  be  variable,  and  if 

U  _  (E+>n)  _  mX^x-^yy  +  zz)  ^' 
r        («'*+3/'*+2'0i      ̂ /{x'-xy+ (y'-yy+  iz'-zy 

the.  relative  motion  of  tlie  moon  and  earth  will  be  determined  by  the 
following  equations, 

d*x        dxd^t  _  /  d Jl  \ 

\dx  ) 
df de 

d*y  ̂   dyd^t  _ 

"  If 

dx 
dR 

de 
d^z 

5F 

dzd^t 

'dF 

f  dR\ 

\dy  J 

^  /  dR\ 

^VdT) 
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688.  In  veiy  stnall  angles  the  arc  may  be  taken  fbr  ha  une ;  henoa 
the  lunar  parallax  is  the  radius  of  the  terrestrial  spheroid  divided  by 

the  moon's  distance  from  the  earth,  and  thus  the  parallax  varies  in- 
venely  as  the  radius  vector.  Then  it  R  \m  the  radius  of  the  earth, 

and  r  the  radius  vector  of  the  moon,  the  lunar  parallax  mil  be   — , 

which  thus  becomes  the  third  co-oidinate  of  the  moon.     But  if  the 

earth  be  asaumed  to  be  spherical,  its  radius  may  be  taken  equal  to 

uni^,  and  then  the  lunar  parallax  will  be  _   lliateibre  let  u  =  — , r  r 

BEm  =  V  ;  and  mM  =  *,  the  tangent  of  the  moon's  latitude ; 

then  r=   Vj«+y+g'  =    "^  ̂  +  ", 

x  =  S?lH.    j,  =  !iil,    «nd«  =  -L. 
N  U  U 

But  in  takiDg  the  differentiab  of  these,  dv  must  be  constant,  unce  dt 
is  assumed  to  be  variable. 

689.  Let  the  first  of  the  preceding  equations  muMplied  by  —  un  v 

be  added  to  the  second  multiplied  by  cos  o ;  and  let  the  first  multi- 
plied by  cos  11  be  added  to  the  second  muhipUed  by  sin  n ;  then,  if 

the  foregoing  values  of  m,  y,  s,  be  substituted,  and  if  to  abridge 

(^)--(f-)- result  wiU  be 
tPv 

•idviu 
dv^t 

M  
 ' 

'     «iC 

■JT" d>U 
+ M 

2dw' 

dwPl 
u.dP Sf "  „w  ■ 

'  T3? 

S  + «!»■ 

'.  - 
^  =  „ 

*-n 
It ;  (206) 

d< 
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^  being  a  constant  quantity ; 

whence dt  = 

dv 

u^yh^-^Cl 

Hie  elimination  of  d^t  between  the  first  and  second  of  equations 

(206),  gives 
dudh> d^u di^ 

=  n  - 
:du 

u*dvdl^         u*d(}         udi^  udv 

and  if  dv  be  assumed  to  be  constant,  and  substituting  for  (ft  its  pre- 
ceding value,  it  becomes 

«-.  du 
11  —  « 

d^ +  tt  =  - 
udv «•(*•- 2/^) 

In  the  same  manner  the  third  of  equations  (206)  gives 

d*9 

dv* 

...mz 
m  + 

"ST 

«•(*•- 2/-^) 

Now dR "^i^y^'S-y-m 
and  when  substitution  is  made  for  dr,  dy,  c?z, 

«•  11^  dx 

u  [\  dx  J  \  dy  J  u  \  dz  / 

But dR 

dy 

dR =-(-s-)--(^)^-(^) 
hence,  by  comparison, 

dR   _  __  J^lf  dR 
du =-i.i(^)--(^)-"^(-^)-> dR 

do 
I   j/  dR\    .             /  dR\  I 
—  <(   I  sm  ©  —  (   A  cos  V  }. 

u\\dx  J  \dy  J  ̂ 
dR    _    I  /  dR\ 
d»  u  \  dz  J 
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\d«  /  dz  \di  J 
690.  Thiu  the  differential  equations  which  detennine  the  motion* 

of  tile  moon  become 

\di^   ̂    '^     ̂    hU\dv  J   u'r   AV    dt»V  dp  J 

-  JL.fJL\  ~  a+^(dR\ h*u\dv  )  AV    ̂ ^  A  / 

In  the  ̂ etenniiuUion  of  these  equations  no  quuitides  have  been 
Delected,  therefore  the  influeace  of  such  terms  u  may  be  omitted 

in  the  final  result  can  be  liilly  appreciated. 

691.  In  order  to  develope  the  disturbing  forces  represented  by  A, 
the  action  of  the  sun  alone  will  be  first  considered,  assuming  the 

masses  of  the  three  bodies  to  be  spherical,  and  m  +  E  =  1.  If 

''i  y'l  ''i  be  the  coordinates  of  the  sun,  and  r'  its  radius  rector, 
then 

1 1 

and  the  second  member  developed  according  to  the  powers  f£ 

—  +    -^    +  *    ^Ji   +  »^ 

692.  Since  the  earth  is  assumed  to  be  a  sphere,  its  radius  may  be 

taken  equal  to  unUy,  and  therefore  the  solar  parallax  will  be  _ ; 
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and  if  u 1 

theur'  : 
But  the  ecliptic  may  be  ti 

for  the  plane  of  [uojectJon,  although  it  be  not  fixed  ;  for  in  its  lecu- 
lar  motion  it  canieB  the  orbit  of  the  moon  with  it,  aa  will  be  shown 

afterwarda,  go  that  the  mean  inclination  of  this  orbit  on  the  ecliptic 

remains  constant,  and  the  phenomena  depending  on  the  relative  in- 
clination of  the  two  planes  are  always  the  same  ;  hence  Z  i=  0,  aad 

therefore  >'  =  0,  and  the  co-ordinates  of  the  svm  are 

,  __  cos  v'        ,  __  sin  t/ 

S98.  Now  the  distance  of  the  sun  from  the  earth  being  neazlj 

400  times  greater  than  that  of  the  moon,  u'  =  —  is  very  small 

|n  comparison  of  u  =    ,  consequently  in  the  limar  theory  u'*  may 

be  omitted ;  and  if  the  preceding  values  of  x,  y,  < ;  x',  y*,  — >  and 

— ,  be  Bubstituted  in  R,  it  becomes 

R  =  —=■ —  +  m'u'  +  ̂i^{l+Scos<2r-2t.')-2*"}   (208) 

+  ̂ '  {  S(l  -  41')  COB  (o  -  oO  +  5  cos  (3t)  -  3v')  }. 
694.  But  the  quantities  u,  u',  t/,  and  t,  in  the  elliptical  hypothesis, 

become  u  +  Su,   u'  +  Su',    o"  +  So',   »+  i», 
in  the  troubled  orbit ;  and  as  the  mass  of  the  sun  is  so  great  that 
the  second  powers  of  the  disturbing  forces  must  he  taken  into  accounti 

the  co-ordinates  of  the  moon  must  not  only  contain  R  but  SA. 
695.  Now 

dR an ,  =  _ 
/IT? 

2u> 

.{l  +  3co.(2t,- 

2.')- 

!W} 

SB* 

{3(1- 

■  40eo.(„-t/)  +  5c. 
,.  (3.  - 

-  3»)  } 

dR 
dv .=  - 

Sm'u!' 

2w' 

9in(2p- -2.')- '"'""(  (1 

Su' 

-■!■") 

.in  (.  -  r') 

dR 
«u 

+  5 

.  .in  (3«  -  3,1  } 

m'u"     _       3m'«'* «  rt>  -  «'^  : 
(1  +  •■» 
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aad  if  the  spproitimatioa  be  only  carried  to  terms  of  the  third  order 

incliuively,  the  co-ordinates  of  the  moon  in  her  troubled  orbit 
wiUbe 

3m'W 

A'Cl  +  f")}         2AV 

COB  (20  —  2i/) 

«AV 

9    m'u' 
coe(i.-i.O 

-  COB  (aw  -  2t/) 

.«!!:;!!.  *f,ta  (21.- «rO WW*       dv 

m'u'*      du  f 

.  {3  COB  (b  -  l/)  +  5  COB  (St.  -  ScOl 

-  {  3  Bin  (t.  -  vO  +  15  Bin  (Si.  -  So')} 

^  +.=  -?^^,-!!^..co.(2«-a,/) 
'  di 

Ji-{llK.coB(<.  — tO  +  l^^wnCe-tO  }       (210) 

+  T-'(S->- 
■y^"(- 

Sr') 
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Sm'/d'i         ,      r'u'*dv 

  
dv 

h  J      M 

(2b  -  20} 

2i/)+' 
696.  These  equations  cuntain  five  unkaown  quantities,  u,  v, 

and  I ;  but  w'  anil  p'  niny  be  i^liminated  by  their  functions  i 

iDtegratiii){  the  et[uationi)  (207)  when  il  :=:  0,  that  is,  assuming  the  ' 
mooD  to  move  without  disturbance.     By  the  method  already  em- 

ployed, the  two  last  of  these  cq»ations  give 

=  7  ain  (o  -  9)  J 

.  { /rr>  +  e  COS  (» 

z,)) 

Id  e;  tue 

a  rapii^^l 

accoDH  ̂ ^1 

he  lunar  ̂ H 
:  moon^  ̂ H 

I  mntiim     ̂ ^* 

A'(l+7') 

f  being  the  tangent  of  the  inclination  of  the  lunar  orbit  on  the  cclipti< 

$  the  longitude  of  the  ascending  node,  e  the  eccentricity,  and  s;  the 
longitude  of  the  perigee. 

6i)7.  In  these  equations  the  lunar  orbit  is  assumed  to  be 
able,  but  observation  shows  that  the  nodes  and  perigee  liave  a  rapid: 
motion  in  space  from  the  action  of  the  sun;  the  latter  accoDH 

plish  a  revolution  in  a  little  more  than  nine  years,  bo  that  the  lunar 
ellipse  revolves  in  its  own  plane  in  the  same  direction  with  the  moon^ 

motion;  hence  if  c  be  sucli  that  1:1  —  c  ::  o,  the  moon's  motion 
in  longitude,  is  to  the  motion  of  ihe  apsides,  tlien  c  (1-c)  will  be  the 
angle  described  by  the  apsis,  while  the  moon  describes  r.  Assuming 

the  instant  when  the  apsis  coincided  willi  the  axis  of  x  as  the  origin 

of  the  time,  then  v  -  v  {\  —  c)  =n  will  be  tlie  moon's  true  ano- 
maly. In  the  same  manner  (^  —  1)  p  will  represent  tlie  retrograde 

motion  of  the  node,  while  the  moon  moves  through  v.  Hence  if  ̂  
«nd  cp  be  put  for  p  in  the  preceding  values  of  i  and  u,  they  become 

»  =  7  .  sin  {gv  ~  6)  (.218) 
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which  are  the  latitude  waA  parallax  of  the  moon  in  her  orbit  con- 
sidered u  a  levolring  ellipse. 

— ,  which  is  the  first  of  equa^ons 

(207),  when  it  =  0,  gives 

1  +  J  («*  +  7*)  -  2f  (I+K+Jy*)  coiifV'^) 

-2fl)+ci 

its  integnl  ia 

( =  conatant+ V  {t>  (1  +  je*  +  J  /)  -  —  (l+K+fr*) W"  (w-ra) 

[     1  +  J(«'+7*)-2f(l+ie'+5Y')«»(«'-'=') 

^—l^*{cOB(2go+cv—a—2e)+coti2gi>-ev+za~2 

+  —  ain  (2C0-21B)— i-  gin  (3ot  -  Sw)  +  I-  sin  {2gv  ~  20) 

4(2? +  c)        '■^  4(2ff-c) 

sin  (2gr  —  «>,+  o  —  2e)  }. 

696.  He  coefficienU  are  somewhat  modified  by  the  action  of  (he 

sun.     In  elliptical  motion  the  coefficient  of  ifv  is  a^ ;  a  being  half  (he 
greater  axis  of  the  lunar  orbit,  hence 

V  (1  +  !«•  +  }/)  =  J. 

699.  Again,  because  fn  =  0.074801S 

c  =!  1  -  jm"  =  0.991548,  y  =  1+  }m'  =  1.00402175,  nearly, 
therefore  c  and  g  may  be  taken  equal  to  unity  in  the  coefficients  of 

the  preceding  integral,  which  becomes,  when  quantities  of  the  order 

e*  arc  rejected  and  n  put  for  o  ». 

ni  +  •  =s  B  —  2e  sin  (cp  -  o>  C^IS) 

+  |e*  sin  (Sep  -  2ra) 

+  i7*  sin  (2ffD  -  2fl) 
—  iey'  sin  {2yt>  -  co  -  28  +  s>), 

I  being  the  arbitrary  constant  quantity. 

700.  Now,  when  quantities  of  the  order  7*  are  omitted,  the  coeffi- 
cient of  the  second  of  equations  (212)  becomes  • 

  1   =:A-«(1  -T*); 
A'(l+7'> 
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C  being  the  remaining  part  of  the  Jevelopement  of  h-- ,  and  there 
ofthe  fourth  order  in  e  and  y,  conaeijuently 

{1+^  +  0. 
A' (1+7") 

and  the  pkratlax  hecomeB 

the  constant  part  of  wliich  ia 

i-  (1  +  ̂   +  iY"  +  0 ; 

but  as  this  is  modified  by  the  action  of  the  sun,  It  will  be  expressed^ 

by  -^  (1  +  «■  +  ir*  +  C), 

BO  that  without  that  action      —  =  ~_  ; 

and  when  quantities  of  the  fourth  order  are  omitted, 

■I  =  4-{l+e'+iT'+eCl+eO<^08(a>-i3)-i7'cos{2fp-2C)}.  (214)  | 

701.  If  accented  letters  be  employed  for  the  sun,  bis  parallax  and  I 
mean  longitude  will  be, 

«'  =  -L  {  1  +e''  +  e'(l  +  e-)  cos  (c'c-  -  ra')}        (215)  I 

n't  +  o'  =  k'  -  Se-  sin  (e'v'  ~  cj')  (216)  1 

+  I  e"  Bin  C2c'«'  -  2b')- 
For  7'  =  0  since  tlic  sun  moves  in  the  plane  of  the  ecliptic,  and  I 
f*  =  I,  c'  =  !  without  error  in  the  coefficients. 

In  order  to  abridge,  let  n'i  +  e'  ̂   v'  +  <p',  and  for  the  same 
reason,  eijualion  (213)  may  be  expressed  by  n(  +  «  =  e  +  0,     For 

the  elimination  of  v',  suppose  the  sun  and  moon  to  have  the  same    { 

epoch  ;  hence  6  =  0  e'  =  0,  and  comparing  their  mean  motions 

o'  =  m(i3  +  0)  —  0',  since  —  =  m. 

^titution  of  this  in 

s=  -  2e'  sin  (c'p'  -  w')  +  J  e"  sin  (2c't)'  -  w% 
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0.  _  _  2^  Bin  {c'mv  -  «'  +  (c'»i0  -  c'0')} 

+  Je™  sin  {2c'mv  —  2ib'  +  2(c'm^  —  e'0')}  ; 

or  0*  =  —  2e'  sin  (c'wir  —  to'  +  c'mtp)  cos  c'^* 
+  2e'  cos  {c'mv  —a'  +  c'm^}  ein  </<p' 

+  |e™  sin  (2'emu  -  2o'  +  2c'm0)  cos  2c'0' 
-  Je"  COB  (2c'mp-2o'  +  2c'm*)  ain  2&^'. 

But  if  c*  =  1  and  cos  c-^'  =  1  -  J^i  +  g(c. 
sin  c-^*  =  0'  -  10"  +  &c., 

then  omitting  0"  the  result  will  be, 
0'  =  —  Se*  wn  (c'mv  —  ra'  +  <^m^) 

+  2e'0'  cos  (c'wie  —  ta'  +  &rrup) 
+  e'0^  sin  {</mv  —  w  +  c'm0) 

+  ie"  sin  (2c'mtj  —  2(a'  +  2c'm0) 
—  |e''0'  cos  C2c'mfl  -  2cr'  +  2c'm0) 
&c.  8k;. 

If  substitutioii  be  again  made  for  0',  and  the  same  process  repeated, 
it  will  be  found,  that 

0*  =  -  e'(2— ie'^Mn  (e'mc— w')— e'(2— i«™)m0cos(c'ffw-w') 

-  Je"  un  (2c'mt»  -  2o»')  —  ̂ '^  cos  (2c'fnD  -  2a^. 

If  this  value  of  0'  be  put  in  «*  =  m(v  +  0)  —  0'  the  value  of  0 
restored,  and  the  products  of  the  unea  and  cosines  reduced  to  the 

sines  of  the  sums  and  differeocea  of  the  ocs,  when  e*  is  rejected,  the 
result  will  be 

«*  :=  ntD  —  Sflie  sin  (cv  —  ») 

+  ie*m  ain  (2ot  —  2o) 
-f  imy*  sin  i2go  -  20)  (S17) 

—  fmey*  sin  (2gti  —  cr  +  ci  —  26) 

+  2e'(l  -  i««)  sin  (c-mp  -  C) 
—  2mee'  sin  (_cv  +  c'mv  —vs—  «j') 

—  imee'  sin  («»  —  c'mv  —  ra  +  b>0 

+  ie""  sin  (2c'»M  -  2ioO. 

702.  If  this  value  of  t>'  be  expressed  by  v'  =  mv  -H  y,  and  sub- 
stituted in  equation  (215)  it  becomes 

u'=  l.{l+e"  +  e'Cl  +  e')cos(c'mo-ei'  +  c»}. 
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It  will  leadily  appear  by  the  same  proceui  when  all  powen  <tf  the 
eccentricities  above  the  second  are  rejected,  that 

^,  __  J_ri+e'(l-iOco«(c'mo-t3')+e«coi(2c'«»-2«»01  (jigj 
"  [ + »we'co8((T-c'fBp-«»  4- 5J'>-''*«'co»(«'+«n»-«r-w') J 

703.  By  the  same  substitution, 

coB(e—  v')  =  cos  (r— m'o)  cos  Y'  +  •in  (o— »M>)  wn  ift; 

bat        cos  f  =  I  -  if  +  &c.  sin  f  s=  f  -  Jf*  +  fcc. 
hence  cos  (o  —  o")  a  cob  (o  —  *nr) ' 

+  Iff  sin  (o  —  mo) 

—  iifr*  cos  (o  —  »ip) 

—  J  Y^  sm  (p  —  fflt>) 
+  &G.         Ac. ; 

u>d  cos  (r  —  r")  =  cos  (o  -  me)  (2W) 
—  wie  cos  (c  —  iBD  —  CO  +  ra) 

+  »ie  cos  (v  —  mv  +  CB  —  to) 

+  Jme*  COB  (2ci)  —  n  +  mo  —  2o) 
—  Jme'  cos  (2cp  +  b  -  mp  —  2tB) 

+  ̂ my'  cos  (2gti  -  «  +  »bi>  -  20) 
—  ̂ m/  cos  (2gv  +  o  —  mr  —  26) 

—  Jme^'cos  (o— me-2gT)+cp— «i+2fl) 

+  fme^'poB  (p— »no+2g»— c(i+o-2ff) 

+  e'{l~4*")  cos  (o— mo— c'mp+ra') 
—  e'(l  — i<™>  cos  (c— mo-f-c'mo— oO 
+  &c.  &c. 

Ttius  the  series  e:(pressing  cos  (v-if)  may  extend  to  any  powers  of 
the  disturbing  force  and  cccentrtcitieB. 

701.  Now  cos  C2ti-2p')  =  cob  (2o-2mi>) 
+  2f  sill  (2o  —  2mD) 
-  2f'  cob  (20  -  2mti) 

—  ̂ Y"'  sin  (2o  -  2mv) 
&c.  &c 

wliich  shows  t1iat  cos  (2v  -  2o')  may  be  readily  obtained  fi'om  tlie 

developement  of  cob  (b  —  «')  by  putting  2v  for  v,  and  2y'  for  ̂  ; 

and  tlie  same  for  any  cosine,  as  cos  i(r  —  «'). 

705.  Again,  if  90"  +  r  be  put  for  »,  cos  (o  —  mo)  becomes 

cos  {(o  +  90")  (1  -  m)}  =  -  Bin(tj  —  mv)  ; 
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bence  also  the  expaniioD  of  ■in  (r  —  t/)  may  be  obtiuned  from  the 

exprcBsion  (219),  and  generally  the  dcvelopement  of  bid  1(0  —  t/) 

may  be  derived  from  that  of  cos  1(0  —  v'). 

Thus  all  the  quan^ties  ia  the  equations  of  the  moon'a  motions  in 
article  695  are  determined,  except  the  variation  iu,  in',  Jt/,  and  Si. 

706.  It  is  evident  from  the  value  of  — ^  +  ti  in  equation  (309), 

do" 

that  u  is  a  func^on  of  the  counes  of  all  tlie  angles  contained  in  the 

products  nf  the  developements  of  «i,  »',  cos  (o  —  v')  cos  (2v  —  2ti') 
Ac ;  and  Su,  being  the  part  of  u  arising  &om  tbe  disturbing  action  of 
the  sun,  muat  be  a  function  of  the  same  quantities:  hence  if  j^M-^ti-^n 
&c,  he  indeterminate  coefficients,  it  may  be  assumed,  that 

oju  =  A,  cos  (2ti— 2mti)  (220) 

+  Ai  e.cos  (2p— Zmo-ni+io) 
+  At  e.cos  (20— 2mo+ai— ra) 

+  At  e'.coB(2p-2mti+c'»no-ra') 
+  At  e'.coB(2p-2mp— c'mr+fo') 

+  At  e'.coB(c'niD  —  o*) 
+  At  ee'.cos  {2v~2mv—co+dmv+a—a') 

+  A}  e/  cos  (2o—2mv—CB—c'mv+vj+t3') 

+  A,  ee'.cos  (co+c'mo-ro— «") 

+  A,  ee'.co8(cp— c'»Bti— w+raO 
+  ̂ (.(".cos  (2«i-2ra) 

+  A,i  e'.cos  (2cD-2o+2fni)-2(!() 
+  ̂ „7'.cos(2yr— 29) 
+  .rfu7«cos  (2gr-2p+2mi)— 2fl) 

+  ̂ „e"co8  (8c'»nB-8o') 
+  ̂ ufj«C08(2ffD-cp— 2fl+ro) 

+  ̂ „eT*co»(2i'— 2mB— 2gti+cti+2e-t!>) 

+  J„^cos(i>-mi>) 

+  A^t  —  ̂ .coa(v-mv+c'mo-fa'} 

+  Au  —  e'.cos  iv-mt-i/mv+a'} 
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1(1  +f»  +  /+Otw*^ 

fori'  become* 

  !   =-4-{l+«^+h'+:+iAl+<*-iT')c09(2fi,-2«)}. 
A'(l+.')i         <* 

AgaiD,       w'=i;{l  +  |e"  +  3e'coe(c'»»p-ii»0  +  &c} 

«-•  =  rf{l  -  }t*  -  to  co«  («•  -  o)  +  8tc}; 

-  8«(1  +  Je"  +  ie^)  co«  (cr- ©)  +  8tc} 
In  thii  and  all  the  other  terms,  C  ia  omitted,  being  of  the  fourth 

order  in  e  and  y. 

714.  Terms  of  tlie  fonn  -    ""  cob  (o  —  o')  become 

?^  .  iL  (I  +  2e'  +  2e")  cos  (p  -  me) 

8a      o' 

+  ?^  .  iL  e'  cos  (o  —  mtr  +  c'mu  -  W) 

and,  by  comparing  tlieir  coefficients  with  obBcrvation,  serve  for  the 

determination  of  _ -,  the  ratio  of  the  parallax  of  the  sun  to  that  of 

tlio  muon  ;  but  as  it  is  a  very  small  quantity,  any  error  would  be 

BonHiblu,  ami  on  tliat  account  the  .approximation  must  extend  to 
quantities  of  the  fiflli  order  inclusively  with  regard  to  the  angle 

V-  o' ;  but  in  every  other  case,  it  will  only  be  carried  to  quantities  of the  thinl  order. 

71b.  Attending  to  these  circum stances,  and  observing  that  in  tlic 

variation  of     the  siiuarc  of  Js  must  be  included,  so  that 

J    !   =  -  ̂   +  i_  i.' 
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By  tliis  value,  equation  (222)  bcconiefl 

81.'  =  m{C,  +  r.  e"  +  C„  e-  }  sin  (9v  -  2mv)         (224) 
+  &c.  6tc. 

709.  But  tlie  longitude  of  the  earth  is  troublcil  by  tbe  action 

of  the  mooD  aa  well  as  by  that  of  the  planctB,  and  thus  the 
moon  indirectly  troubles  her  own  motions.  In  the  theory  of  the 
earth  it  is  found  that  the  action  of  the  moon  occasions  the 
inequality 

jv'  =  ̂   ̂  rin  (t>  - 1^ 

in  the  earth's  longitude,  and  thus  the  whole  variatiott  of  t/  la 
Jj/  =  m  {  C,  +  C;  e«  +  C„  e»  }  Bin  (2ii  -  2mv)         (226) 

+ ;.  ̂  sin  {»  -  tO  i 

wbeie  /tia  the  ntio  of  the  bum  of  the  moon  to  the  sum  of  the  muaee 
of  the  eaith  and  moon. 

710.  The  parallas  of  tbe  moon  U  troubled  by  both  these  causes, 

but  that  arising  irom  the  action  of  the  planets  may  be  omitted  at  pre- 

sent.    The  moon's  attraction  produces  the  inequality 
SH  =  ̂ r  cos  (e  -  tO 

in  the  radius  vector  of  the  earth,  and  consequently  the  variation 

Su'=-!^C06(t>- tO  (226) u 

in  the  solar  parallax. 

711.  Lastly,  ̂   is  obtkined  from  eqoatioii  (214). 

T12.  Thus  every  quantity  in  tbe  equation  of  article  695  are  de- 
termined, and  by  their  substitution,  the  co-ordinates  of  the  moon 

will  be  obtained  bt  her  troubled  orbit  in  Unctions  of  her  true  Ion* 

gitude. 
The  Parallax. 

713.  The  substitution  of  the  given  quantities  in  the  dificrential 

equation  (209)  of  the  parallax  is  extremely  simple,  though  tedious. 
Tlie  first  term 

A«(l+»')i  ■*' 
when  the  higher  powers  of  •*  are  omitted ;  patting S  F  8 
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-  (1  +  e'  +  7*  +  0  for  *"• 

and  h'  —  ir'  cos  (2gv  -  29) 
for  *•  become* 

-=-- ^{l+«'+iY'+f+Ml+*'-iT0cOB(2«r-2e)}. 

Again,       w"  =  i^  {1  +  ̂ e"  +  3e' cos  (c-mv  -  wO  +  8«:.} 

«-•  =rf{l  -  Jt*  -  3eco8(CT  -  o)  +  &c.}; 

and  as  by  article  6S5,  — —  =  m* 

2A'u'         2d  •  I'         s 

-  8«(l  +  i*"  +  ie")  C08(cu-  ra)  +  &c.} 
In  this  and  all  the  other  tenns,  C  is  omitted,  being  of  the  fouith 

order  in  e  and  y. 

714.  TemiB  of  tlie  form  ??*—  cos  (p  —  e')  become 

8A«w' 2^  .  —  {I  +  2e'  +  2e")  cos  (p  -  mv) 

8d     a' 

+  J!L  .  f.  e'  cos  («  —  mo  +  c'mt'  —  ro") 

27ffi' 
■  —  e'  cos  (u  —  mo  —  c'mv  +  o')  ; 

and,  by  comparing  tlieir  coefficients  with  observation,  serve  for  the 

determination  of  — ,  the  ratio  of  the  parallax  of  the  sun  to  that  of 

tiie  moon  ;  but  as  it  is  a  very  small  quantity,  any  error  would  be 
sensible,  and  on  tliat  account  the  approximation  must  extend  to 

quantities  of  the  fifth  order  inclusively  with  regard  to  the  angle 

ti-ii' ;  but  in  every  otlier  case,  it  will  ouly  be  carried  to  quantities  of 
the  third  order. 

71b.  Attending  to  these  circumstances,  and  observing  that  in  tlie 

variation  of     the  square  of  Js  must  be  included,  so  that 

S   _!   =  -^   +i-J,- 
A'(1+>'Jq  '*'  2a 
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it  will  readily  be  foand,  that 

(227) 

—  61  e  cos  (ct  —  ra) 

+  &,  CO*  (2v  —  Sfflu) 

+  b,  e  cos  (2i)  —  2ntv  -  cv  +  ta) 

~  b,e  COB  (2u  -  2mv  +  cd  —  «j) 

—  6j  e'coB  (211  -  2mv  +  c'mv  -  ra') 

+  6,  e'  cos  (20  -  2mv  -  dmv  +  o') 

+  fc,  e*  coe  (c'mc  -  o') 

+  &»  ee*  cos  (2i)  -  2niti  -  ct)  +  c'mij  +  bj  -  o') 

••  6,  ee'  cos  (St  -  2mv  -co-  dmv  +  ta  +  «^ 

—  6„  ee'  COS  (cr  +  c'mu  -  w  -  ra*) 

—  6„  «'  COB  (cr  -  c'mv  -  ro  +  ra') 

+  6u  ̂  COB  (Sep  —  2ra) 

+  frtt  «*«»  (2cD  -  2d  +  2fRi)  -  2t(r) 

—  6„  7*  cos  (2^  -  29) 

+  ha  7'  cos  (2«T  —  20  +  2ino  -  2fl) 

+  6„  ff™  COB  (20*010  -  80') 

—  fti,  ey'  cos  (8fo  -  co  -  20  +  ra) 

—  6«  «>•  cos  (2o  -  Smo  -  2pi  +  co  +  29  -  w) 

+  6„iL COB  (o  -  mv) 

+  fr„  e*   COB  (o r  +  c'mo  -  o') 

+  6„  e'  ̂  cos  (o  -  mo  -  c'nio  +  o'). 

716,  The  coefficients  being 

6.=  1  { 1  +  e-  +  h'+  CI  -  g  { I  +  «*  +  h*  +  3^M 

+  ̂'  (4-Sm-mO  ^..(l-^")  -  ̂B.'.7' 
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—  (1  +  e«  +  7«  +  f)  for  hr^ a 

and  iy*  —  h*  cos  (2gv  -  20) 
for  «^  becomes 

Again,       w"  =  -L  {1  +  f  c"  +  3c'  cos  {c'mv  —  ©')  +  8cc.} 

a'' 

14"^  =  a^  {1  —  Iy*  —  3e  cos  (ci?  —  cj)  +  &c.} ; 

and  as  by  article  685,  — —  =  m* 

a" 

2A«M»        2a  ̂   4/         ij 

—  8c  (1  +  i€»  +  fc'«)  cos  (C17—  o)  +  &c.} 
In  this  and  all  the  other  terms,  C  is  omitted,  being  of  the  fourth 
order  in  c  and  7. 

714.  Terms  of  the  form   cos  (v  —  t>')  become 

8A«M* ?^  .  iL  (I  +  2c'  +  2c'0  cos  («  -  wit?) 

4.  _£L  .  -fL  c'  cos  (w  —  mi?  +  c'mv  —  cr') 

8d     a' 

+  I-llL  .  Jl  e'  cos  (v  —  mu  —  c'mv  +  cj')  ; 
8a       a' 

and,  by  comparing  their  coefficients  with  observation,  serve  for  the 

determination  of  — ,  the  ratio  of  the  parallax  of  the  sun  to  that  of 

a' 

the  moon  ;  but  as  it  is  a  very  small  quantity,  any  error  would  be 

sensible,  and  on  that  account  the  approximation  must  extend  to 

quantities  of  the  fifth  order  inclusively  with  regard  to  the  angle 

v-v'  \  but  in  every  other  case,  it  will  only  be  carried  to  quantities  of 
the  third  order. 

715.  Attending  to  these  circumstances,  and  observing  that  in  the 

variation  of     the  square  of  Is  must  be  included,  so  that 

I    \   =  -  i!^  +  1 5.^ 
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Sol        4  2-m-c    '    '  V      2  i-m-c)       ' 

2o|         4  2-3m-c  V      2  2-3m-c/ 

S».-|3+8m   /l+2m+c  _2_ ̂ ^,+^.+/l+5!!:+£+_L  \(  j 
2<jI     2       V      4         c+m^  V       2        c+mf    ' 

2a  I    2  V     4  c-m/       ̂      8         e-mj 

g+llm+Sm*  _  (lQ+19CT+9ffl*)  ,    .  - 

2  ~      2c-2+2ffl  ' 

2c-2+2m 

»„  =  ±{l  +  «'-J^-im-+2rf^„} 

l  +  2»i-2;        (4t'-l)  _      (2+m) 
4(l-in)        2;-2+2tn| 

2j-2+2>»  J 

J  +  ?t  +  <'+'-'»-'°-)^,-(10+!H.)^„ m'  4 

+  (5  +  m)  -<„  -  -L  II,.  B,  +  ̂ „ 

.  (5+  m)_3(l-i«)^ 

-^„1 

[lj(l-2rt(l  +  2^  +  2.-)  +  HL:M^itl±i!51 

2(l-m) 

_  (36t21i.-15»')^      (57-39.11)  ̂     ,  ,  .  j  ̂ g  ,  V 

4(l-ro)  °     4(1 -m)  "  m 
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6.  =  ̂ |5a^)  _  ̂ „+ (4+»0  ̂ ^  -  (5  +  «)  ̂ „  } 2a  \        4  4 

2fl(l-2mH        4  ^^  4  ^      ̂ ^  ^-«/ 
717.  The  integral  of  the  preceding  equation  b  evidently 

i£  =  —  {1 +  «■  +  !/  + f  +  c(l  +  ««)  co8(cr  —  o)     (228) a 

-  i7'(l  +c»  -  i7«)  COB  (2g©  -.2^)  }  +  iu. 
Where  iu  is  given  by  equation  (220.) 

718.  In  order  to  find  values  of  the  indeterminate  coeffidents  A^ 

Alt  &c.,  this  value  of  n  must  be  substituted  in  equation  (227)  ;  but 

to  determine  the  unknown  quantity  c,  both  e  and  cj  must  vary  in 

the  term  e(l  +  e*)  cos  (cv  —  cr),  which  expresses  the  motion  of 
the  perigee. 

Hence,  when 
a 

dv' 

is  omitted, 

a  comparison  of  the  coefficients  of  corresponding  sines  and  cosines 

gives 
0  =  l+e*  +  i7'+C-a6to  (229) 

0  =  1  -  (c  -   ̂ V  - 

0  ■,<?(!  -f  O      d^   -2(c— -^ a 

0  =  A 
0  =  ̂ , 
0  =^, 

0  =  A 
0  =  ̂ , 

0  =  ̂ 5 
0  =  A, 
0  =  Aj 
0  =  A 

2(c  -  -m.'^ 

dv*  dv  ) 

-4  (l-m)«)  +  a6, 
-(2-2m-c)«)  +a6; 
-  (2  -  2m  +  c)«)  -  a64 

-  (2  -  iw)«)  -  065 
-(2-3m)«)  +a6« 

-(2-m-cy)  +abs 

-  (2  -  3m  -  c)«)  -  a6. 

-  (c  +  my)  -  cf6io 

-  (c  -  7w)'^)  -  abu 
-  4c')  H-  ab,, 

-(2c-2  +  2m)«)  4-0^18 
-  4g-)  +  ab,. 

d.eillfl 
dv 
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0  =  A„il  -  (2?  -2  +  2fn)')  +  o6„ 
0  =  ̂ „(l-4m»)  +  a6„ 
0  =  Aa(\-(ig-cy)-ab„ 
0  =  J{,  (1  -  (2  -  2m  -2g  +  c)')  -  aft,. 

0  =  ̂ „(l-Cl-tn)')  +  ab„ 
0  =  a6» 

0  =:^>(l-(3-3m)*). 
719.  The  secular  inequalities  in  the  form  of  the  lunar  oibitare 

derived  fiota  the  three  &nt  of  these  equations ;  Ironi  the  rest  are 

obtained  values  of  the  indeterminate  coefficients  jt„  Ai,  Stc  Sec. 
It  is  evident  that  these  coefficients  will  be  more  correct,  the  farther 

the  approximation  is  carried  in  the  developement  of  equation  (809). 

SeaUar  Ineqtudititt  in  the  Lmutr  Orbit. 

720.  When  the  action  of  the  sun  is  omitted,  by  article  685, 

_—  =  -—;   and  C,  being  of  the  fborth  order,  may  be  omitled : 

hence  l  +  «*  +  l7*—  <i&,  =  0  becomes 
1  _  1 

-^BtT*.  (230) 

Since  a  is  the  mean  distance  of  the  moon  from  the  earth,  or  half  the 

greater  axis  of  the  lunar  orbit,  the  constant  part  of  the  moon's 

parallax  is  proportional  to  —  But  the  action  of  the  planets  pro- 

duces a  secular  variation  in  e',  the  eccentricity  of  the  terrestrial  orbit, 

without  affecting  2a',  the  greater  axis.  The  preceding  value  of 

_  must  therefore  be  subject  to  a  secular  inequality,  in  consequence 

of  the  variation  of  the  term  —  —^~  e"  ;  but  this  variation  will  alvays 

be  insensible. 

721.  The  motion  of  the  perigee  may  be  obtained  from  the  second 

of  equations  (229),  put  under  the  form 

>-C'-$T-?->'''-=»^ 
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pressnl  byp+  p'e™. 

If  _  be  omitted,  c  =  tfl^-p  —  p'.  e^,  to  that  c  vaiiea  in dp 

cotuequenee  of  e*. 

Now,  ^  =  c-Vl-p  +  - dv 

p'a« 

the  integral  of  which  i> 

(7  ̂   CD  —  V  Vl  —  P  +  "  ftf*io  +«  J 

for  e"  is  Twiable,  and  p,  p*  may  be  rq;«rded  aa  constant,  without 
sensible  error,  as  appears  from  the  value  of  &i,  and  e  is  a  constant 
qoanttty,  introduced  by  integration ;  hence 

cos(c»-ra)  =  coi{rVl  -p  -  — ^=^f'^dv-t}.  (281) 2V1-P 

TSi).  Tiaa,  fteisa  theory,  we  team  that  the  perigee  has  a  motion 

e()ual  to       (1  —  Vl  —  p)  r  +  - 
^S^dt,, 

which  is  confirmed  by  observation ;  but  this  motion  ia  subject  to  a 

secular  inequality,  expressed  by 

X—f^dv,  (232) 2'/\-~p 

on  account  of  the  Tariation  in  ̂ ,  the  eccentiidQr  of  the  earth's 
orbit. 

In  consequence  of  the  preceding  value  of  c,  ta  is  equal  to  the 

constant  quantity  £,  together  with  the  secular  equation  of  tlie  motion 
of  the  perigee. 

723.  The  eccentricity  of  the  moon's  orbit  is  affected  by  a  secular 

variation  similar  to  that  in  the  parallax,   and  proportional  to  — , 

but  as  tiic  variations  of  the  latter  are  only  sensible  in  the  integral 

/  — - —  dv,  the  eccentricity  of  the  lunar  orbit  may  be  regarded  aa 

constant. 
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Latitude  of  the  Moon. 

724.  Tlie  developcment  of  the  parallax  will  greatly  assist  in  that 

of  the  latitude,  as  most  of  tlie  terms  diiler  only  ia  being  multiplieU 

by  ;  its  variaUon,  or  its  differcnliaU ;  and  by  subs^tutton  of  the  requi- 
site quanlitteB  in  equation  (210),  it  will  readily  be  found,  when  all 

the  powers  of  the  eccentricities  and  inclination  above  the  cubes  are 

omitted,  that 

0--^  +  '  (2M) 

+  a,  f  am  igv  ~  0) 
—  Oi  Y  UD  (Sf  —  2mn  —  gt  +  S) 

+  a,  7  sin  (2t)  —  2mv  +  gv  —  0) 

+  a,e7Bin(ffc  +  «'-«—  ») 
+  a, ey  sin  (gv  -co  —  0  +  to) 
+  <h  «7  Bin  (Sv  —  Smv  —  pi  +  c»  +  e  —  «) 

+  a,  «7 sin  (8»  —  2mt»  +  go  —  cv-  6  + fa) 
4-  Or nr >iu (flu  —  2««  —  gv^n  +  ̂  +  a} 

+  Oi  e'7  sin  (gv  +  cfnw  -  fl  —  c*) 

4-  «(  ̂T  ̂   fe^  ~  "'"•"  —  9  +  o* ) 

+  "„  e'y  sin  (2v  —  2mtj  —  jr  +  c'mv  +  ff  —  ro') 
+  a,,  e'y  uo  (3«  —  Stow  t-  jt>  -  c'mo  +  P  +  w") 
+  du  e^T  un  (2cv  —  ̂   —  20  +  ra) 

+  Ob  e^Y  ■">  (21)  —  8im>  — »CT  +  p)+  Sv-e) 

+  fl„  e«T  «n  (2(»  +  ff"  —  2b  +  2mp  —  2w  —  #) 

+  flu  ̂   7  sin  (g»  -  »  +  fflr  -  fi) 

+  a,,  ̂   7  Mn  (ffp  +  t)  —  mt>  -  e). 

a' 

725.  The  coeffidents  in  consequence  of  ̂   =  ̂   being 

-Kl- jO(''~"',''^"'^°''i'.+  4^J 
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a,=  -qL  {(l+g)(l+2e«  -i(2+m)Y«-^0 4 

+  ̂lli!>  -  AAo  +  10A,(^  -  2B,} 1  -  m 

«,=^.    {B,-2  +  (l  -m)(3-2m-ff)B,} 

a*  = 

2 

3m« 
2 

8m» 
2 

{(l+g)(l-m)-2Bo+Bj 

{(gr-l)(l+m)  +B,-2JJ 

^  =-^  •  {(l  +  g)(l  +  m)  +  B.  +  2^»-2Bo} 

fls  =^.  {3  +  2^7  + J(3-2m-g)JBo-(3-8m-^)B»,} 4 

fl.  =^      {3  +  2B,-|(3-2OT-g)B.-(3-m-^)B,} 

«..  =  -^      m^  +  2B,  +  3B,  -  (1  +  ff  -  m)  B,} 

4 

«i«  =  -^      {2B„  -  5 -  10^,  +  4A:,  -  (3-2m -  2c  +  2g)  B^, 

+  (10  -f-  19m  + 
V        4  2(2c+2m-2)yj 

^.  =  -j-      {2B„+(1  -ff).i(10  +  19m  +8m«)+10J| 

3m 8 
-  4A»  -  2i?.,} 

«i4  =  —T-      {i  (10  +  19  m  +8m*)+2Bu+10Ai—AA„-bB,} 

a„  =  if5l      {3  +  2B,,} 4 

a,.  =  i^      {^  +  2/?.,}. 
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726.  The  intefj;ral  of  the  differential  equation  of  the  latitude  is 

»  =  7  Bin  (gn  —  tf)  +  S» ;  8*  ia  given  in  (221).  (234) 
If  tluB  quantity  be  Bubstitnled  in  equation  (233)  instead  of  (,  a 

comparison  of  the  coefficients  of  like  sines  and  cosines  will  furnish  a 

sufficient  number  of  equations ;  whence  the  indeterminate  coeffi-' 
cienta  B„  fi„  &c.  will  be  known,  but  in  order  to  find  a  value  of  the 

unknown  quantity  $,  both  9  and  7  must  vary  in  thetermsr  un(^-S) 
in  taking  the  differentials  of*.  Attendbg  to  these  ciicumBlances,  it 
yiiii  readily  be  found  that, 

fl,  Cl-(«-2m+f)')  +  o,=  0 

B.  (1  -  (S  -  0")  +  «.  =  0 
B,  (1  -  (2  -  2m  +  o  -  J)')  +  o.  =  0 

B,  (1  -  (2  -  2m  -  t  +  ()■)  +  o,  =  0 

B,  (1  -  (2  -  2m  -  c  -»)•)  +  o,  =  0 

B,  (l-(j  +  >ii)")  +  o,  =  0 

ft  (l-Cj-m)')  +  o.  =  0 

B,  (l-(2-m-j)')  +»,,  =  0 

B,.  (1  -  (2  -  8m  -  g)')  +  o,,  =  0 

B„(l-(2»-g)')  +  o„  =  0 

B„  (I  -  (2  -  2m  -  2c  +  j)')  +  o„  =  0 

B.  (I  -  (2c  +  g  -  2  +  2m)')  +  a,.  =  0 

BuCI-Cj-I  +  m)')  +o„  =  0 

B..Cl-(j  +  l-m)')  +  o„  =  0. 
The  two  first  of  tbcBe  etjuationB  wiu  give  the  secular  varialionB  in 
the  nodes  ami  inclination  of  the  orbit,  the  rest  serve  for  tlie  (leter- 
mination  of  tlic  coetiicieota  B„  B„  &c. 
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Secular  lHefUdlitie$  in  the  Po&Uion  fiffkt  LUnar  OrhiL 

727.  iTie  coefficient  ao  may  be  represented  by  g  +  q'e'*,  then  the 
second  of  the  equations  in  the  last  article  becomes 

q'  i&B,  function  of  Ao  and  B^ ;  and  as  these  are  functions  of  1  — f^, 

therefore  q'ef*  may  be  omitted,  as  well  as  — L^  wkich  is  insensiUe^ 
dtr 

ftttd  neglecting  —  in  the  first  instance, dv 

so  that  g  varies  with  e^. 

But        ̂ =  g-  jr+^ ^    X— ̂^; 

and  as  q  and  9^  may  be  regarded  as  constant,  the  integral  is 

0  ;=:  gv  ̂   V  Vl  +g  —   — ^         fe^do  +  ex, 
2Vl  +  g 

0  being  a  constant  quantity  introduced  by  integration ;  hence. 

sin  (grr  -  (?)  =s  sm  {t>  Vl  +  g  +  — $=S^  dv  -  «},    (285) 
2  VTT^ 

which  shows  the  nodes  of  the  lunar  orbit  to  have  a  retrograde  mo- 
tion on  the  true  ecliptic  equal  to 

(  ̂ /TTq  -  1)  t?  +        /         /c^cfp, 
2^/r+q 

which  accords  with  observation.     This  motion  is  not  uniform,  but 

is  affected  by  a  secular  inequality  expressed  by 

ft^dvy  (236) 

9'
 

2  Vl  +  g 

corresponding  to  the  secular  variation  of  e\  the  eccentricity  of  the 
terrestrial  orbit. 

728.  Tlie  first  of  the  equations  (234)  determines  the  incli- 
nation of  the  lunar  orbit  on  the  plane  of  the  ecliptic.  Its  in- 

tegral is 

T  bemg  an  arbitrary  constant  quantity. 
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Hence  it  appears  tlial  the  inclination  is  subject  to  a  secular  Inequa- 
lity ;  but  as  it  is  quite  insensible,  the  inclination  7  may  be  regarded 

as  coDstaDl,  wUieh  is  the  reason  wliy  the  most  ancient  observations 
do  not  indicate  any  change  in  the  inclination  of  the  lunar  orbit  on 

the  plane  of  the  ecliptic,  although  the  ])osition  of  the  ecliptic  has 

varied  sensibly  during  that  interval. 

TV  Mean  LongiluiU  o/tke  Moon. 

729.  When  the  square  toot  is  extracted,  equation  (211)  becomes 

A'(»'  +  iuiu  +  Su")  '  A*   J     u* 

+  ̂   (J'}^  .to  (2.  -  ».•))■  -  te. ) , and,  making  the  necessary  substitutions,  there  will  result 

dt  =  i^  {av  +  *,  e  cos  (<w  -  w) 

+  j:,  e"  cos  (2ce  -  So)  (237) 
+  *,  ̂   cos  (8cb    —  80) 

+  j«  7*cos(2p.  -  28) 
■f-  X.  V  «»  (2ffti  -  CT  -  29  +  to) 

+  X,  ey*  cos  (2gt»  +  cv  —20  —  a} 
+  Xj  an  (2i)  -  2»i»)  . 
+  X,  e  cos  (2r  —  2mp  —  cv  +  a) 
+  X.  e  COB  (Zo  -  Smv  +  co  —  n) 

+  x„  e*  cos  (2v  —  2mv  +  ̂ mv  —  «»0 

+  x,i  e"  cos  (2t  —  2mv  —  <fmv  +  to^ 

+  Xu  e"  cos  (c'nw  —  si') 
+  *„  «■  cos  (8r  -  2ma  —  c»  +  c'mu'  +  w  —  «') 
+  Xi,  (*«'  COB  (2t)  —  2»nt>  —  cr  —  cmo  +  w  +  o") 
+  Xu  ee'  cos  («  +  c'wie  —  bt  —  w') 
+  x„  ee*  cos  (or  —  tfmv  —  ra  +  taO 
•f  x„  e*  cos  (Sep  -  2p  4-  2mp  —  2w) 

+  x„  7*  cos  (2gn  -  2p  +  Smp  -  2$) 

+  xu  e"  COS  (2c'mtt  -  8fl»0 
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+  j?^ ._  cos  (v  —  mv) a 

+  ar^i  _?L  ̂  cos  (c  —  mu  +  c'mv  —  cr'). } 

730.  The  coefficients  of  which  are 

64(1 -«»)•        4(1  - 1»)      »i    '^     •    ̂ 

*.  =  -  2(1  -  i/)  +  ttJ^^^.  +  3J.  .  ̂  4(1  —  w») 

'4  =  J(l  +  i«'-47"-2^it+  3J„«? 
*»  =  —  i  -  2Jw 
iT.  =  -  i 

_  8>n'(l+26'+f^)_,^.^f     1+m     ̂       1-m    ) 
4(l-m)  |2-2ot-c      2-2m+c| 

-  2J.  (1  +  J^-i7')+3e»J,  +  3«'^, 

_  8w'(l+26'-i7'-i«'')  +  3m'(H-m)  (14.fe«-^Y»-|«'«) 
'  4(1— m)  2-2W-C 

-  «'"'^g;+^^^^+«^')  -  2^.(1 +ie'-i/)  +  S^+8e«J„ 

JTa     = 3m«        ̂   3^>'(l-^)-2J,  +  8Jo-3Ae' 4(1  -  m)         2  -  2m  +  c 

4(2  — w) 

^„  =   21m>_  _  2^    ̂   3^    , 4(2 -3m) 

a?t,  =  -  3ot  {  4^0  +  ̂ 8  -  A  -  lOJi  e«  +  f  (-4,  -  ̂.)  e»} 

j  3mMo  27m*     \  J      7         _    1_^1 
I      4  32(l-m))    l2-3m         2  -ml 

+  3  (^8  +  A,)  e«  +  3Ai  iJe  +  A,)  e« 

+  5^'{lICe+  2C,  -2C,o} 4 



■11. 1.]  HKAN  I<0N01TUDE  OF  THE  MOON. 

4(2-m_c)         4(2- m)  *  ' 

•*         4C2-3m-c)  ̂   4(2- 3m)       ̂ ^'  +  ̂'^^ 
*«  =  -  ij,  +  3^, 
*»  =  —  2J.  +  3^, 

^   _8in*(lO+t9m+Bm')  _  3wi*(l  +m)  <>"' 
8(2c-2+2bi)  2-2fM-c  16(l-m) 

-  8^.  +  8^,  -  2vf..  -  3'"
'^>«+r'"'^>' 
2c-2+2m 

_^      8»^2+m)      _        3«t*      _,^j    _.  .         Sm*Ju 

8(8*-2  +  2in)  ~  l«(l-m)~      ""'   •~2ff-2+2m 

+  ̂!^^^A„-2A„il+h<^~ly*) 8(1 -m)  4(l-m) 
+  8J.  .  ̂ „ 

f„  =  -  2^,r 

731,  Now  if  quftutitiea  of  the  order  m*  be  omitted, 

but  in  tbii  cue  equation  (230)  is  reduced  to 

a  a   '  2    ~      4 
because  m*  diflen  very  little  front  m', 

whence  (^~  1  +  m'  +  }  «'«", 

and  ^  =(#{(!  +  «•) +  ifflV'}<te,         (288) 

so  that   varies  with  e',  the  eccentricity  of  the  terrestrial  orbit ; 

but  if  that  variation  be  omitted,  the  part  that  is  not  periodic  of 

^=Ci)*(l  +  m.)*. 

If  the  action  of  the  sun  be  omitled  a  —  □,  and  if  —  be  put  for  a', 

then  the  part  that  is  not  periodic  becomes 

a*dv     dv       4/1,     rt      . 
— =^  t=  —  =;  a<  (I  -I-  m*)  .  at, 
>J  a         " 2  a 
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lad  eqoatioD  (238)  is  transfonned  to 

^^  =  *  +  i^  e'*dc, 

VT         «  2- 
and  d(  =  — i^  x, 

Vd 
becom

es  
nd/  =  dn  +  ̂   ni?^*ih, 

the  integral  of  which  is 

n(  +  «  =  r  +  i  n^/C*"  "  ̂   ''''> 
i*  being  a  constant  quantity  equal  to  the  eccentricitjr  of  the  earth's 
orbit  at  the  epoch. 

782.  Thus  the  mean  longitude  of  the  moon  is  alTected  by  a  aecu- 
lar  inequality,  occasioned  by  the  variation  of  the  eccentricity  of  the 

earth's  orbit,  and  the  true  longitude  of  the  moon  in  fimcHons  of  her 
mean  longitude  contains  the  secular  inequality 

-  *  *"'/(«"  -  «*)  dv,  or  -  im'/(t™  -g^ndt, 
called  the  acceleration  ;  hence  the  secular  inequalitiefi  in  the  mean 

longitude  of  the  moon,  in  the  longitude  of  her  perigee  and  nodes, 

are  as  the  three  quantities 

ssc.    -_£.'-,       g'    . 

It  is  true  that  the  terms  depending  on  the  squares  of  the  disturbing 
force  alter  the  value  of  the  secular  equations  in  the  mean  longitude 
a  little  )  but  the  terms  of  this  order  that  have  a  considerable  inSu- 

ence  on  the  secular  equation  of  the  perigee  have  but  little  effect  on 
that  of  the  mean  motion. 

733.  TliuB  the  integral  of  equation  (237)  is 

n(  +  €  =  v  +  im'/Ce-*  -  e*)  dv  (239) 
+  r,e8in(ci.-c) 

+  C,  <■  sin  (2cu  -  2ra) 
+  C,  es  sin  (3cu  -  3oj> 

+  Ci  7*  sin  (2y»  —  2fl) 
+  C,  e/  sin  (2gt>  ~  cv  —  20  +tB) 

+  Ct  ey*  sin  (2gp  +  eo  —  29  —  to) 
+  C  ain  (2p  —  2mv) 
+  C,  e  sin  (2o  —  2mv  —  ct)  +  cr) 

+  C,e  sin  (2d  —  2mv  +  en  —  cr) 

+  C,e'  aa  (2v  —  «mo  +  c'ma  +  to') 
+  C„  e*  sin  (20  —  Smv  —  &mv  +  w*) 
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+  C|i  e'  Bin  (erne  —  tn') 

+  CuW'sitt  (jiD-2mt)  — ci)  +  c'mo  +  CI  —  «•) 
+  Cu  «'  sin  (2p  —  2fflD  —  cp  —  c'mc  +  ra  +  c/) 

+  C„  «'  Bin  (cp  +  cmv  —  ra  —  to') 
+  Cu  ee'  sin  (eu  —  anv  —  o  +  to') 
+  C„  e"  Bin  (2ct>  —  2p  +  Zmp  —  2o) 

+  Cv  7*  tin  (Sfv  —  S»  +  Smv  —  30) 

+  C„  e™  sin  (ic'mo  —  2a') 

+  Ca  —  sin  (t>  —  mv) 

+  C^  —  e"  dn  (»  —  mo  +  c'mo  —  ct"). 

734,  irtlie  diflerential  of  thiB  equation  be  compared  with  equatioo 

(337),  the  followiDg  values  mil  be  obtained  foi  the  indeterminate 
coeflicients^ 

«'•  =  £ 

''-^ 

c   -  * 
r-                 •- 

c  -  '• 
r-    -         »« ■       2(r 
''"        2-S™-o 

^'-^. 
^•-^, 
<^-^^ 

/7,    _         '» 
^'       2c-2+8». 

f J  - 

«,_          ». ^         S-2..-C 

"^-2j-2+l!- 

^    _         ». 
n^~    '' 

^ .     s-te+c 

#1   _     *» 

''-T^ 

c,=  -«^. 
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785.  Thb  following  data  are  obtained  by  obaerration. 
m  =  0.0748013 
«  =  0.05486281 

7  =  0.0900807 
■  c  s=  0.9dl54801 

g  =  1.00402175 
e*  =  0.016614,  «t  the  epoch  17S0, 

75 

e  and  y  result  from  the  compariaon  of  the  coefficienta  of  the  ames  of 

the  angles  cv  -a  and  gv  -  0,  computed  from  observation  with  those 
from  theory.     With  these  data  equation  (330)  gires 

J-  =  i.  .  0.9973020  ;     -^  = 
«  "i  'fax 

whence    

_L  _      '/«' (1.0003084)'. «  'V  o.fl 

With  these  the  fbnnulse  of  articles  718  and  736  and  734  give 
A,  :=     0.00709262 

A,  =     0.201816 

At  =-  0.00372958 
At  =  -  0.00300427 
At  =     0.0284957 

At  =-0.00571628 
A,^-  0.IJ698498 
Aj  =     0.516751 

A,  =-0.20751 
At  =     0.274122 
A„  ̂      0.0008107 

Aa  =  0.349187 
Aa  =  0.0026507 
A„  =  0.0077734 

A,,  =  -  0.012989 
^,,  =  -0.742373 
.^„=;- 0.041378 

.,<„  = -0.113197 

Aa  =  1.08469 

A,t  =  0.001601 
fi.  =  0.0282636 
B,   s:  -  0.0000024 
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B,  =  -  0.0O&5O75  C,  =    0.728823 

Bt  =     0.019&5S  Ct  =-0.250034 
B^  =     0.00«3661  C,  =  -  0.0091988 
B,  =  -  0.0013668  CV  J=  -  0.414046 
fl,  =-0.021272  Ct  =  0.0129966 

Bj  as  0.07824  C,  =  0.00392&5 

fi,  =;  -  0.0833684  C„  =  ~  0.038785S 
Bt  =-0.0327678  C„  =  0.196755 
B«=  0.0720448  C„=  0.12765 

Ba=  0.491954  C„  =  - 1.081734 
Bu  =  0.00610S3  Cu  =:  0.373115 

Bm<k  0.0920621  C„s -0.616738 
B„  =  -  0.0125619  Cm  =  0.272377 

B„=  0.0038668  C„=  0.03S82& 

C;  =  -8.003974                    Cu  =     0.173647 
C,  =      0.752886  C^  =  -  0.286616 
C;  =:  -  0.836175                   C^=  -  2.16938 

C  ss     0.243118 

736.  If  these  coeffidenta  be  lednced  to  aexageBinuJ  seccndB,  the 

meui  longitude  of  the  moon  will  beccHne 

nl  +  .  =  t.  +  |m»/(««  -  ̂   do 
— 2S677".5  .  tin(ev  -  o) 

+     467.42  .  rinS  (ev  —  d) 

—  11.45  .  linSCev  — o) 
+     400.92  .  un  (2^  —  29) 
-f-      66 .  37  .  sin  (2gv  —  ct  +  a  —30) 

—  22.  96  .  tin  (2gv  +  cv  ~  n  —  29} 
—  1906.  93  .  ain  (2i)  -  2iiie)  (240) 
—  4685.  46  .  un  (2ii  —  2mv  —  cr  +  s) 

+  147.68  .  Bin  (2t>  -  2tRi>  +  co  — (v) 

+       13.  61  .  un  (2i)  —  2iRc  -f-  cmo  —  ts') 
—  134.  51  .  un  (2d  —  2nit)  —  cmv  +  oQ 

+     682.  37  .  Mn  ((/mn  -  e»0    " 
+       24 .  29  .  Bin  (2ii  —  2mv  —  cr  +■  ifmv  +  ro  -  o') 
—  205.  82  .  Bin  (2r  -  2fnc  -co  —  c'tno  +  0  +  toQ 

+       70.  99  .  Bin  (irc  +  e'mv  -  w  —  to') 
—  117.  85  .  Bin  (cp  —  c'nw  —  w  +  w^ 
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+     169.  09  .  sin  (2cv  -  9v  *+  imv  -^  2|Bf) 
+       56.  69  .  sin  (2^  -  4©  +  9mt?  -  2«) 

+       10.  13  .  sin  (2&mv  —  '2tj'^ 

+     122.  014.  (1  +  0  sin  (v  -  mi?) 

—       18.  81  .  (1  +  0  sin  (p  —  mo  +  c/wii?.—  tsj'). 
737.  The  two  last  terms  have  been  determined  in  supposing 

±  =  (^  +  *) a'  400     '  , 
This  fraction  ia  the  ratio  of  the  parallax  of  the  sun  to  that  of  the 

moon ;  it  differs  very  little  from   ,  but  for  greater  generality  it  b 

multiplied  by  the  indeteviainate  coefficient  1  +  t ;  and  by  comparing 

the  coefficient  of  sin  (v  —  mv)  with  the  result  of  observations  the 
solar  parallax  is  obtained,  as  will  be  shown  afterwards. 

738.  It  has  been  shown  that  the  action  of  the  moon  produces  the 

inequality  ft  \  —  sin  (v  —  tnv) 

in  the  earth's  longitude.  This  action  of  the  moon  changes  the 

earth's  place,  and,  consequently,  the  moon^s  place  with  regard  to  the 
sun,  so  that  the  moon  indirectly  troubles  her  own  motion^  j^oducing 
in  her  mean  longitude  the  inequality 

0.54139  .  fi  *  —  .  sin  (t?  —  Tit?). 

a' 

Thus  the  direct  action  of  the  moon  is  weakened  by  reflection  in  the 
ratio  of  0.54139  to  unity. 

739.  Equation  (233)  gives  the  tangent  of  the  latitude,  but  the 

expression  of  the  arc  by  the  tangent  *  is 

«  -  K  +  i«*  —  &c. 
Tlius  the  latitude  is  nearly 

7  (1  -  i  7*)  sin  (gv  -  e)  +  h  X 

{  1  -  iy*  +  i  7*  cos  (2§^i?  ~  2d)  +  t1^7»  sin  (3^  -  30) }. 
And  from  the  preceding  data  the  latitude  of  the  moon  is  easily  found 
to  be 

s  =   18542''.0     .  sin  (gv  —  0)  (241) 
+   12.  57  .  sin  (3^t?  -30) 
+  525.  23  .  sin  (2i?  —  2mi?  -  gv  +  6) 
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n  (2f  —  2mv  +  gt>  -  ff) 

a  (ff  +  cr  —  *  —  o) 
n  (gr  —  CO  —  e  +  «) 
(1  (2o  —  2»ip  -^  +  cii  +  S-ro) 

D  (2ti  —  2mv  +  fo  —  ctJ  —  e  +  «) 
.  sin  (2p  —  2mp  —  gv  —  co  +  0  +  fa) 

.  lin  (fv  +  c'mti  —  e  —  w*) 

.  un  (^  —  e'mv  —  fl  +  w*) 

.  flifi  (So  —  2mv  —  gt  +  e'mv  +  8  —  wO 

.  «n  (Sr  —  2mt)  —  fr  -  cmc  +  *+©') 
D  (aco  —  ffp  —  80  +  fl) 

D  (2cr  +  ju  —  2»  +  £tno  —  »«»  -  fl). 

740.  The  Bine  of  the  horizmiUl  puallut  of  the  moon  is 

_ a 53 

+ 
19 

65 

+ 6 4fi 
— I 

30 _ 21 6 

+ 24 34  . 

— 25 94 
_ 10 2  . 

+ 2i 48 

+ 87 41  . 

+ 5 29  . 

It  being  the  teirestriol  ndius,  but  u  thig  arc  is  extremely  Bmall,  it 
may  be  taken  for  its  una  ;  hence,  if 

be  put  foi  u,  and  (juanlitieB  of  the  order   e*  rejected,  the  parallax 

il(l+e'){l+e[l-lt»-4yco8(8^-W)lcoe(«-«)+Biu-t8.}. 

In  the  untroubled  orbit  of  the  moon  the  radiua  rector,  and,  conse- 

quently, the  parallax,  varies  according  to  a  fixed  law  through  every 
point  of  the  ellipse.  Its  mean  value,  or  the  constant  part  of  the 

horizontal  parallax,  is  — ,  to  which  the  rest  of  the  series  is  apphed 

ai  corrections  arising  both  from  the  ellipticity  of  the  orbit  and  the 
periodic  inequalities  to  which  it  u  aubject. 

741.  In  order  to  compute  theconstantpartof  the  parallax,  let  0  be 

the  space  described  by  foiling  bodies  in  a  second  in  the  latitude,  the 
square  of  whose  sine  is  ̂ ,  I  and  If  the  corresponding  lengtlis  of  the 

pendulum  and  leimtml  radius,  r  the  ratio  of  the  semicircumfcrence 
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to  the  radius,  E  and  m  the  masses  of  the  earth  and  moon ;  Aen,  sup- 
posing £  +  m  =  1, 

^        =2<r  =»•/,  alson=?5. 

T  heing  the  number  of  seconds  in  a  sidereal  revolution  ot  the  moon ; 

and  by  article  735 

1=      /^ .0003084)* 
0.9973020 

therefore 

^  -s      y    E        Jg     4(1.0003084y, 

«         ̂   £  +  m  '   /   '  r«  0.9973020  ' 
Now  the  length  of  the  pendulum,  independent  of  the  centrifugal  foroct 
is  /    =:  32.648  feet, 

also  A'  =  20898500  feet, 

T  =  2360591''.8 ; 

and  if  m  =   
58.6 

it  will  be  found  that 

—  =  0.01655101,  and  therefore  —  (l+e*)  =  3424'M6; a  a 

this  value  augmented  by  3''.74,  to  reduce  it  to  the  equator,  is  S427".9 ; 
hence  the  equatorial  parallax  of  the  moon  in  functions  of  its  true 

longitude  is 

i-  s  3427''.9 r 

+  187.  48  cos  (cr  —  w) 

+  24 .  68  COS  (2v  —  2mv) 

+  47.  92  cos  (2v  —  2mv  —  ci?  +  w) 

—  0.  7     cos  (2r  —  2fnv  +  cr  —  cr) 

—  0.  17  cos  (2r  -  2mv  +  c'mv  —  to')  (242) 

+  1 .  64  cos  (2v  —  2mv  —  c'mi?  +  ̂ ^0 

—  0.  33  cos  (c'mr  —  cjO 

—  0.  22  cos  (2v  —  2mv  —  ci?  +  c'mr  +  w  —  tsr') 

+  1 .  63  cos  (2^?  —  2mv  —  cv  —  cmv  +  w  +  «j'> 
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—  0''.45  cw  (cc  +  c'mv  —  «  —  ■>') 

+  0,  96  cos  («  —  c'mv  —  w  +  «aO 

+  0.  01  coa  (2cv  —  2ra) 

4-  8.  6    cot  (Zee  -  2t>  +  2tM  —  2si) 

+  0.  07  COB  (1^  -  20) 

—  0.  18  coi  (8ffr  —  2ti  +  2mtt  —  29) 

—  0.  01  co«  (ac'tnc  —  2o0 

—  0.  95  cos  C2p)  —  «  —  2«  +  to) 

—  0.  06  coa  (2ti  —  2m\  -  2fv  +  cv  +  2^  —  ■>} 

—  0.  97  (1  +  O  COB  (i)  —  "") 

+  0.  16  (1  +  i)  COB  (b  —  me  +  c'mr  -  «0 

—  0.  04  GOB  (iiv  —  2mti  +  cu  —  c'fiio  —  «r  +  «*) 

—  0. 1&  COB  (4b  —  4mo  —«)+■») 

+  0.  05  COS  (4e  -  4ine  —  8cv  +  Ss) 

-I-  0.  IS  COB  (2ci>  -  2o  -f  2tRt)  +  e'mo  —  2a  —  oO 

-f-  0.  02  COB  (2cti  -f-  2v  —  2ne  —  2a) 

—  0. 12  (1  +  O  <:(»  ̂   -  o  +  flie  —  a). 

The  greatest  tbIob  of  the  parallu  ib  1°  1'  29".S2,  which  happens 
when  the  moon  is  in  peiigee  and  opposition ;  the  least,  58'  29".98, 
hai^ens  when  the  moon  is  in  apogee  and  conjunction. 

74 

equatorial  parallax  equal  to  8431''.73. 
743.  The  lunar  parallax  being  known,  that  of  the  Bun  may  be 

determined  by  comparing  the  coeffidents  of  the  inequality 

122".014  (t  +  I)  Bin  (e  -  mo) 

in  the  moon's  mean  longitude  with  the  same  derived  from  observa- 
tion.    In  the  tables  of  Burg,  reduced  from  the  true  to  the  mean 

longitude,  this  coefficient  is  122".876 ;  hence 

i  +  l=:  1221?!5^l« 00298,  and -^  =  H^^^. 
^  122".0I4  a,  400 

742.  With  m  =  .£,  Mr.  Damoiseau  finds  the  constant  part  of  the 
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But  the  solar  parallax  is 

a'         a   'a'         a    '       400 

but  —  =  0.01©55101, a 

hence  E  =  l-^OQgl^Bx  0.01655101   ̂   ̂ ,  j^^| fl'  400 

which  is  the  mean  parallax  of  the  sun  m  the  parallel  of  latitude,  the 

square  of  whose  sine  is  •)-. 
Burckhardfs  tables  gire  122^97  for  the  value  of  the  coefficent, 

whence  the  solar  parallax  it  8'^6S7,  differing  yerj  little  from  the  value 
deduced  from  the  transit  of  Venus.  This  remarkable  coincidence 

proves  that  the  action  of  the  sun  upon  the  moon  is  very  nearly  equal 
to  his  action  on  the  earth,  not  differing  more  than  the  three  millionth 

part. 
744.  The  constant  part  of  the  lunar  paraUax  is  3432^.04,  by  the 

observations  of  Dr.  Maskelyne,  consequently  the  equation 

3432'. 04  =     Xm       /?      4  (L0003084y 
^  E  +  m  *    /   *  r«(0.9973020) 

gives  the  mass  of  the  moon  equal  to 
1 

74.2 

of  that  of  the  earth. 

TV 
Since  by  article  646,  —  =  0.0 1655 101,  in  the  latitude  the  square a 

of  whose  sine  is  j- ;  if  R\  the  mean  radius  of  the  earth,  be  assumed  aa 
unity,  the  mean  distance  of  the  moon  from  the  earth  is  60.4193 
terrestrial  radii,  or  about  247583  English  miles. 

745.  As  theory  combined  with  observations  with  the  pendulum, 
and  the  mensuration  of  the  degrees  of  the  meridian,  give  a  value  of 
the  lunar  parallax  nearly  corresponding  with  that  derived  from 
astronomical  observations,  we  may  reciprocally  determine  the  mag- 

nitude of  the  earth  from  these  observations  ;  for  if  the  radius  of  the 
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earth  be  tMumed  u  the  unknown  quantity  in  the  expretsian  in 

Hticle  646,  it  will  give  ha  value  equal  to  20S97500  Engliah  feet- 

'  Thua,*  saya  La  Place,  '  an  astronomer,  without  going  out  of  hi* 
obaervalory,  can  now  detennine  with  precision  the  magnitude  and 

dbtance  of  the  earth  lioro  tlie  aun  and  moon,  by  a  compariaon  of 
observations  with  analysis  alone;  which  in  fonner  times  it  require)) 

long  voyagca  m  both  hemispheres  to  accomidtBh.'' 
746.  The  apparent  diameter  of  the  moon  varies  with  its  parallax, 

for  if  P  be  the  horitontal  parallax,  S*  the  terrestrial  radius,  r  the 
radius  vector  of  the  moon,  D  her  real,  and  A  her  apparent  dia- 

meters j  then 
„      JT       .  D  ,  P  R 
P^  — ,   A    :=    — ;      whence  —  ^  — 
r  r  AD 

a  ratio  that  b  constant  if  the  earth  be  a  sphere.     It  is  also  constant 

at  the  same  point  of  the  earth's  suriace,  whatever  the  figure  of  the 
earth  may  be. 

If  P  =  ST'i'.lSS      and  ̂ A  =  81'  7". 73 : 

then  ^  =  0.27293  =  -ft  nearly; 

thus  if  y  be  multiplied  by  the  moon's  apparent  semidiameter,  the 
corresponding  horizontal  parallax  will  be  obtained. 

Seodar  Tnequalitia  in  the  Moon't  Motion*. 

747.  It  haa  been  shown,  that  the  action  of  the  planets  ia  the  canw 

of  a  secular  variation  in  the  eccentricity  of  the  earth's  orbit,  which 
variation  produces  analogous  inequalities  in  the  mean  motion  of  the 
moon,  in  the  motion  of  her  perigee  and  in  that  of  her  nodes. 

The  Acetleraiiori. 

748.  The  secular  variation  in  the  mean  motion  of  the  moon  de- 

nominated tlie  Acceleration,  was  discovered  by  H alley;  but  La 
Place  first  showed  that  it  was  occasioned  by  the  variation  in  the 

eccentricity  in  the  earth's  orbit.    The  acceleration  in  tiie  mean  mo- 
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tion  of  the  moon  is  ascertained  by  oompazing  ancient  vnA  modem 
observations ;  for  if  the  ancient  obsenrations  be  assmned  as  obaenred 

kmgitodes  of  the  moon,  a  calculation  of  her  [dace  for  the  same  epoch 
firom  the  Imiar  tables  will  render  the  acceleration  manifest,  since 

these  tables  may  be  regarded  as  data  derived  firom  modem  observa* 
tions. 

An  eclipse  of  the  moon  observed  by  the  Chaldeans  at  Babylon, 
on  the  19th  of  March,  721  years  before  the  Christian  era,  whkh 

began  about  an  hour  after  the  rising  of  the  moon,  as  recorded 

by  Ptolemy,  has  been  employed.  As  an  edipoe  can  only  happen 

when  the  moon  is  m  opposition,  the  instant  of  opposition  may  be 

computed  firom  the  solar  tables,  whidi  will  give  die  true  longitude  of 

the  moon  at  the  tone,  and  the  mean  longitude  may  be  ascertained 

from  the  tables.  Now,  if  we  compare  this  result  with  another  mean 

longitude  of  the  moon  computed  firom  modem  observations,  the  dif- 

ference of  the  longitudes  augmented  by  the  requbite  number  of  cir- 

cumferences will  give  the  arc  described  by  tiie  moon  parallel  to  the 

ecliptic  during  the  interval  between  the  observations,  and  the  mean 

motion  of  the  moon  during  100  Julian  years  may  be  ascertained  by 

dividing  this  arc  by  the  number  of  centuries  elapsed.  But  the  mean 

motion  thus  computed  by  Delambre,  Bouvard,  .and  Burg,  is  more  than 

200''  less  than  that  which  is  derived  firom  a  comparison  of  modem 
observations  with  one  another.  The  same  results  are  obtained  firom 

two  eclipses  observed  by  the  Chaldeans  in  the  years  719  and  720 

before  the  Christian  era.  This  acceleration  was  confirmed  by  com- 
paring less  ancient  eclipses  with  those  that  happened  recently ;  for 

the  epoch  of  intermediate  observations  being  nearer  modem  times,  the 

differences  of  the  mean  longitudes  ought  to  be  less  than  in  the  first 

case,  which  is  perfectly  confirmed,  by  the  eclipses  observed  by 

Ibn-Junis,  an  Arabian  astronomer  of  the  eleventh  century.  It  is 
therefore  proved  beyond  a  doubt,  that  the  mean  motion  of  the  moon 

is  accelerated,  and  her  periodic  time  consequently  diminished  firom 
the  time  of  the  Chaldeans. 

Were  the  eccentricity  of  the  terrestrial  orbit  constant,  the  term 

|m«/(e'«  -  e«)  dv 

would  be  united  with  the  mean  angular  velocity  of  the  moon; 
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but  the  vaiiation  of  the  eccentricity,  though  satail,  haa  in  the 

coune  of  time  &  very  grekt  influence  on  the  lunar  motions.  The 

mean  motion  of  the  moon  is  accelerated,  when  the  eccentricity  of  the 

earth's  orbit  diminishes,  which  it  has  continued  to  do  from  the  moat 
ancient  obeerrations  down  to  our  times ;  and  it  will  continue  to  be 

accelerated  until  the  eccentricity  begins  to  increase,  when  it  will  be 
retarded.  In  the  interval  between  1750  and  1850,  the  square  of  the 
eccentricity  of  the  terrestrial  orbit  has  diminiahed  by  0.00000 14059  5. 

The  corresponding  increment  in  the  angular  velocity  of  the  moon  is 

the  0.0000000117821tb  part  of  this  velocity.  As  this  increment 

takes  place  gradually  and  proportionally  to  the  time,  its  ifkct  on  the 

motion  of  the  moon  is  less  by  one  half  tlian  if  it  had  been  uniformly 
the  same  m  the  whole  course  of  the  century  as  at  the  end  of  it  In 

order,  therefore,  to  determine  the  secular  equation  of  the  moon  at  the 

end  of  a  century  estimated  from  1801,  we  must  multiply  the  secular 

motion  of  the  moon  by  half  the  very  small  increment  of  the  Bngular.r' 

velocity ;  but  in  a  century  the  motion  of  the  moon  is  1783559351".  544,  * 
whichgives  10".  S065508  for  her  secular  equation.  Assuming  that  for 
2000  years  before  and  after  the  epoch  1750,  the  square  of  the  eccen- 

tricity of  the  earth's  orbit  diminishes  as  the  tone,  the  secular  equi^ 
tion  of  the  mean  motion  will  increase  as  the  square  of  the  time :  it 

is  sufficient  then  during  that  period  to  multiply  10'. 2065508  by  the 
square  of  the  Dumber  of  centuries  elapsed  between  the  time  for  which 

we  compute  and  the  beginning  of  the  nineteenth  century ;  hot  in  com- 
puting back  to  the  time  of  the  Chaldeans,  it  is  necessary  to  carry  the 

approximation  to  the  cube  of  the  time.  The  numerical  formula  for 
thb  acceleration  is  easily  found,  for  since 

|«/(e~  -  g^dv 

is  the  acceleration  in  the  mean  longitude  of  the  moon,  the  true  lon- 

gitude of  the  moon  in  functions  of  her  mean  longitude  will  contain 
the  term 

-  itK'fie-  -  i»)ndt, 

I  being  the  eccentricity  of  the  terrestrial  orbit  at  the  epoch  1750.    If 

then,  I  be  any  number  of  Julian  years  from  1750,  by  article  480, 

2e'  =  2f  -  0". 1717932  -  0".000068194f 
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is  the  eccentaricity  of  the  earth's  orbit  at  any  time  ̂   whence  the  acce* 
leration  is 

10."1816213  .  T*  +  0". 018538444  .  T', 
7  being  any  number  of  centuries  before  or  after  1801. 

In  consequence  of  the  acceleration,  the  mean  motion  of  the  moon 

is  1'  30''  greater  in  a  century  now  than  it  was  d548  yean  ago. 

Motion  of  the  Moan's  Perigee. 

749.  In  the  first  determination  of  the  motion  of  the  lunar  perigee, 

the  approximation  had  not  been  carried  far  enough,  by  which  the 

motion  deduced  from  theory  was  only  one  lialf  of  that  obtained  by  ob« 
servation;  this  led  Clairaut  to  suppose  that  the  law  of  gravitation  was 

more  complicated  than  the  inverse  ratio  of  the  squares  of  the  dis- 
tance ;  but  Buffon  opposed  him  on  the  principle  that,  the  primordial 

laws  of  nature  being  the  most  simple,  could  only  depend  on  one  jHin- 

ciple,  and  therefore  th^ir  expression  could  only  consist  of  one  term. 
Although  such  reasoning  is  not  always  conclusive,  Buffon  was  right 

in  this  instance,  for,  upon  carrying  the  approximation  to  the  squares 

of  the  disturbing  force,  the  law  of  gravitation  gives  the  motion  of 

the  lunar  perigee  exactly  conformable  to  observation,  for  6'  being 
the  eccentricity  of  the  terrestrial  orbit  at  the  epoch,  the  equation 

c  =  tjl^p-p'e^  when  reduced  to  numbers  b  c  =s  0.991567,  con- 
sequently (1  —  c)v  the  motion  of  the  lunar  perigee  is  0.008433  .  v  \ 

and  with  the  value  of  c  in  article  735  given  by  observation,  it  is 

0.008452  .  v,  which  only  differs  from  the  preceding  by  0.000019. 

In  Damoiseau's  theory  it  is  0.008453.  v,  which  does  not  differ  much 
from  that  of  La  Place.  The  terms  depending  on  the  squares  of  the 

disturbing  force  have  a  very  great  influence  on  the  secular  variation 

in  the  motion  of  the  lunar  perigee ;  they  make  its  value  three  times 

as  great  as  that  of  the  acceleration  :  for  the  secular  inequality  in  the 

lunar  perigee  is 

or,  when  the  coefficient  is  computed,  it  is 

3.00052  f  m«/(e'«  -  e*)ndt, 
and  has  a  contrary  sign  to  the  secular  equation  in  the  mean  motion. 



Oaf.  n.]    MOTION  OF  NODES  OF  TBK  LUNAR  ORBIT.  4Sa 

The  motion  of  the  perigee  becomes  Hlower  from  century  to  cen- 

tury, «nd  !■  now  S'.S  slower  than  in  the  time  of  Hipparcbua. 

Motion  of  the  Noda  of  the  Lunar  Orbit. 

IbO.  The  flidereal  moUon  of  the  node  on  the  true  ecliptic  u  detcr- 
mined  by  theory,  does  not  differ  from  that  given  by  observation  by  a 
SSOthpart;  for  the  expTMBion  in  article  727  give>  die  retrograde 

motion  of  the  node  equal  to  0.004010(tc,  and  by  observation 

(ff-l)f  =  O.OOiOaiTSe, 
the  difference  being  0.00001125.     Mr.  Damoisean  makes  ft 

g  -  1  =  0.0040215. 
The  secular  inequality  in  the  motion  of  the  node  depends  on  the 

variation  in  the  eccentricity  of  die  (errestrial  orbit,  and  has  a  con- 
trary sign  to  the  acceleration.    Its  analytical  e^tpreision  gives 

— ^   A^ -e^dv  =  0.785459  Jm"  Ae* -e^dv. 

As  the  motion  of  the  nodes  i*  retrograde,  Ihii  inequality  tenda'to 
augment  their  longitudes  posterior  to  the  epoch. 

751.  It  appears  from  llie  ugns  of  these  three  secular  inequalities, 
as  well  as  from  observation,  tiiat  the  motion  of  the  perigee  and  nodes 
become  slower,  whilst  that  of  the  moon  is  accelerated  ;  and  that  their 

inequalities  are  always  in  the  ratio  of  the  number*  0.735452,  S.00052, 
and  I. 

752.  The  mean  longitude  of  the  moon  estimated  from  the  Hist 

point  of  Aries  is  only  affected  by  its  own  secular  inequality ;  but  the 
mean  anomaly  estimated  from  the  perigee  is  affected  botli  by  the  secu* 
lar  variation  of  tlie  mean  longitude,  and  by  that  of  the  perigee  ;  it  is 

therefore  subject  to  Uie  secular  inequality  -  4 .  00058  ̂ m'/Ce*  -  P)  do 
more  than  four  times  that  of  the  mean  longitude.  Vtam  the  pre- 

ceding values  it  is  evident  that  the  secular  motion  of  the  noon  with 

regard  to  the  sun,  her  nodes,  and  her  perigee,  are  as  the  numbers 
1;  0.265  1  and  4  ;  nearly. 

753.  At  some  future  time,  these  inequalities  will  produce  variations 

equal  to  a  fortieth  part  of  the  circumference  in  the  secular  motion 

of  the  moon ;  and  in  the  motion  of  the  perigee,  they  will  amount  to 
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no  less  than  a  thirteenth  part  of  the  circumference.  They  will  not 

always  increase :  depending  on  the  variation  of  the  eccentricity  of 

the  terrestrial  orbit  they  are  periodic,  but  they  will  not  run  through 

their  periods  for  millions  of  years.  In  process  of  time,  they  will 

alter  all  those  periods  which  depend  on  the  position  of  the  moon 

with  regard  to  the  sun,  to  her  perigee,  and  nodes ;  hence  the  tro- 

pical, synodic,  and  sidereal  revolutions  of  the  moon  will  differ  in  dif- 
ferent centuries^  which  renders  it  vain  to  attempt  to  attain  correct 

values  of  them  for  any  length  of  time. 

Imperfect  as  the  early  observations  of  the  moon  may  be,  they 

serve  to  confirm  the  results  that  have  been  detailed,  which  is  surpris- 
ing, when  it  is  considered  that  the  variation  of  the  eccentricity  of  the 

earth's  orbit  is  still  in  some  degree  uncertain,  because  the  values  of 
the  masses  of  Venus  and  Mars  are  not  ascertained  with  precision ;  and 

it  is  worthy  of  remark,  that  in  process  of  time  the  developement  of 

the  secular  inequalities  of  the  moon  will  furnish  the  most  accurate 

data  for  the  determination  of  the  masses  of  these  two  planets'. 
754.  The  duninution  of  the  eccentricity  of  the  earth's  orbit  has  a 

greater  effect  on  the  moon's  motions  than  on  those  of  the  earth. 
This  diminution,  which  has  not  altered  the  equation  of  the  centre  of 

the  sun  by  more  than  8'.  1  from  the  time  of  the  most  ancient  eclipse 

on  record,  has  produced  a  variation  of  1°  8'  in  the  longitude  of  the 

moon,  and  of  7^.2  in  her  mean  anomaly. 
Thus  the  action  of  the  sun,  by  transmitting  to  the  moon  the 

inequalities  produced  by  the  planets  on  the  earth's  orbit,  renders  this 
indirect  action  of  the  planets  on  the  moon  more  considerable  than 
their  direct  action. 

755.  The  mean  action  of  the  sun  on  the  moon  contains  the  incli- 

nation of  the  lunar  orbit  on  the  plane  of  the  ecliptic ;  and  as  the 

position  of  the  ecliptic  is  subject  to  a  secular  variation,  from  the 

action  of  the  planets,  it  might  be  expected  to  produce  a  secular 

variation  in  the  inclination  of  the  moon's  orbit.  This,  however, 
is  not  the  case,  for  the  action  of  the  sun  retams  the  lunar  orbit  at 

the  same  inclination  on  the  orbit  of  the  earth ;  and  thus  in  the  secu- 

lar motion  of  the  ecliptic,  the  orbit  of  the  earth  carries  the  orbit  of 

the  moon  along  with  it,  as  it  will  be  demonstrated,  the  change  in  the 

ecliptic  affecting  only  the  declination  of  the  moon.     No  perceptible 
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change  hu  been  observed  in  the  inclination  of  the  lunar  orbit  unco 

the  time  of  Ptolemy,  which  confinm  the  result  of  theory. 
756.  Although  the  inclination  of  the  orbit  does  not  vary  from  the 

change  in  the  plane  of  the  ecliptic ;  yet,  as  the  expressions  which 
detennine  the  inclination  and  eccentricity  of  the  lunar  orbit,  the 

parallax  of  the  moon,  and  generally  the  coefficients  of  all  the  moon's 
inequalities,  contain  the  eccentricity  of  the  terrestrial  orbit,  they  are 

all  subject  to  seculai  inequalities  corresponding  to  the  secular  varia- 
tion of  that  quantity.  Hitlierto  they  have  been  insensible,  but  in 

the  coune  of  time  wilt  increase  to  an  estimable  quantity.  Even 
now,  it  is  necessary  to  include  the  effects  of  this  variation  in  tbs 

inequality  called  the  annual  equation,  when  computing  ancient 

eclipsea. 
757.  Ute  three  co-ordinates  of  the  moon  have  been  determined  in 

functions  of  the  tnie  longitudes,  because  the  series  converge  better, 

but  these  quantities  may  be  found  in  functions  of  the  mean  longi> 
tudes  by  reversion  of  series.  For  if  nt,  a,  9,  and  e,  represent  the 
mean  motion  of  the  moon,  the  longitudes  of  her  perigee,  ascending 

node  and  epoch,  at  the  origin  of  the  time,  together  with  their  secular 
equations  for  any  time  f,  equation  (240)  becomes 

»-  (n(  +«)=:— {C,.e.  sinCco  —  o)  +  C,.e'wnB(ctJ  — ra) 

+  C, .  e»  .  sin  S(ci>  —  o)  -f  fee.  } 

or  lo  abridge  «  —  (n(  +  «)  =  S. 
The  general  term  of  the  series  is 

Q.sinCfo+V)- 

And  if  Q'  be  the  sum  of  the  coefficients  arising  from  the  square 
of  Uie  series  S,  and  depending  on  the  angle  Cd  -|-  y  ;  Q'  the  sum 
of  the  coefficients  arising  from  tlie  cube  of  S,  and  depending  on  the 

angle  Cv  4-  y,  &c.  &C.,  the  general  term  of  tlic  new  series,  which 
gives  the  true  longitude  of  the  moon  in  functions  of  her  mean  lon- 

gitude, is 

-  {Q  +  K-C-l  f  ■  Q"  -  1^  ̂.Q"'+8M:.}  .  sin  {C{}ii  +  «)  +  V) 
La  Place  does  not  give  this  transformation,  but  Damoiseau  has 

computed  the  coefficients  for  the  epoch  of  January  Ist,  1801,  and 

has  found  that  the  true  longitude  of  the  moon  in  functions  of  its 

mean  longitude  nt  +  <  =  ̂   >> 
2  H 
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v^  fd  +  •  +  22689".  7  .  tin  {cX  -  m) 

+  768". 72  sin  (2cX  -  2w) 

+     36''. 94  Bin  (8cX  -  So) 
-  411". 67  sin(2^X  — 20) 

+     39". 51  sin  (cX  —  2gX  —  «  +  20) 

-  45'M2  sin  (cX  +  2gX  -  «  -  20) 
+2370". 00  sin  (2X  -  2mX) 

+4589". 61  sin  (2X  -  2mX  ̂   cK  +  w) 

+  192". 22  sin  (2X  —  2mX  +  cX  -  fir) 

-  24". 82  sin  (2X  -  2mX  +  &mK  -  fs/) 
+  165". 56  sin  (2X  —  2mX  —  &mK  +  w^ 

-  673". 70  sin  (c/mX  -  «/) 
-  28". 67  sin  (2X  -  2mX  —  cX  +  &mK  +  w  —  wO 

+  207". 09  sin  (2X  -  2mX  ̂   cX  -  &mK  +  tsr  +  wO 

-  109". 27  sin  (cX  +  cmX  -  «  —  f»0 

+  147". 74  sin  (cX  ̂   cmX  —  w  +  wO 

+  211".  57  sin  (2X  -  2mX  -  2cX  +  2w) 

+     54" .  83  sin  (2X  -  2mX  ̂   2gX  +  20) 

-  7". 34  sin  (2c'mX  —  2tsr0 
-  122". 48  sin  (X  -  mX) 

-  17".  56  sin  (X  -  mX  +  c'mK  -  tsrO- 

This  is  only  the  transformation  of  La  Place's  equation  (240),  but 
Damoiscau  carries  the  approximation  much  fisurther. 

758.  Tlic  first  term  of  this  series  b  the  mean  longitude  of  the 

moon,  including  its  secular  variation. 
The  second  term 

22639". 7  sin  {cX-  cj) 

is  the  equation  of  the  centre,  which  is  a  maximum  when 

sin  (cA  —  tj  )  =  ±  1» 

that  is,  when  the  mean  anomaly  of  the  moon  is  either  90^  or  270°. 
Thus,  when  the  moon  is  in  quadrature,  the  equation  of  the  centre  is 

±  6®  17'  19".7.  double  the  eccentricity  of  the  orbit    In  syzigies  it is  zero. 

759.  The  most  remarkable  of  the  periodic  inequalities  next  to  the 
equation  of  tlie  centre,  is  the  evection 

4589". 61  sin  {2a  -  2mA  —  cA  +  ta), 
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which  ia  at  its muummn  and  =  ±  4589". 61,  when  2X-2mX-cX+n 

is  ciiher  90°  or  270^,  am]  it  is  rero  when  that  angle  is  cither  0°  or 
180°.  Its  period  is  found  by  computing  the  value  of  its  argument 
in  a  given  time,  and  then  finding  by  proportion  the  time  required 

to  describe  860°,  or  a  whole  circumference.  The  synodic  motion 
of  the  moon  in  100  Julian  years  is 

44SS67°.1167992  s  \  -  m\ 

and  8905S4°.2335984  =:  2  {X  -  mX} 

is  double  the  distance  of  the  sun  from  the  moon  in  100  Julian  years. 
If  477196^.839799  the  anomalistic  motion  of  the  moon  in  the  same 

period  he  subtracted,  the  difference  4 13535°. 39 3799 4  will  be  the 
angle  2X  —  2mX  ~  c\  +  o,  or  the  argument  of  the  evection  in  100 
Julian  years :  whence 

413335° 3987994  :  860°  ::  365''.25  ;  31*.81I93B  = 

the  period  of  the  erection.     If  t  be  any  time  elapsed  ftom  a  given 

period,  as  for  example,  when  the  evection  ii  seiOi  the  erection  nujr 
be  represented  for  a  short  time  by 

«B9«.61.«.|-2551J.}. 131.811939) 

Tills  inequality  is  a  variation  in  the  equation  of  the  centre,  de- 
pending on  the  position  of  the  apsides  of  the  lunar  orbit.     When  the 

jtg.  101,  apsides  are  in  syzigies,  as 
in  figure  101,  the  action 
of  the  sun  increases  the 

.'  eccentricity  of  the  moon's 
orbit  or  the  equation  of 
tlie  centre.  For  if  the 

moon  be  in  conjunction  at  m,  the  sun  draws  her  from  the  earth ; 

and  if  she  be  in  opposition  in  m',  the  sun  draws  the  earth  from  Iier ; 
in  both  cases  increasing  ttie  moon's  distance  from  the  earth,  and 
thereby  the  eccentricity  or  equation  of  the  centre.  When  the  moon 

is  in  any  other  point  of  her  orbit,  the  action  of  the  sun  may  be  re- 
solved iiito  two,  one  in  the  direction  of  the  tangent,  and  the  other 

according  to  the  radius  vector.  The  latter  increases  the  moon'a 
gravitation  to  the  earth,  and  is  at  its  maximum  when  the  moon  is  tn 

quadraturea;  as  it  tends  to  diminish  the  diitance  QE,  it  makes  llw 
8  Ht 
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ellipse  still  more  eccentric,  which  increases  the  equation  of  the  centre. 

This  increase  is  the  evection.    Again,  if  the  line  of  apsides  he   at 

fig,  102.  f^g^t  angles  to  S£,  the  line 
joining  the  centres  of  the  sun 
and  the  earth,  the  action  of 
the  sun  on  the  moon  at  m  or 

m\  figure  102,  by  increasing 
the  distance  from  the  earthy 

augments  the  breadth  of  the 

orbit,  thereby  making  it  approach  the  circular  form,  which  diminishes 

the  eccentricity.  If  the  moon  be  in  quadratures,  the  increase  in  the 

moon's  gravitation  diminishes  her  distance  from  the  earth,  which  also 
diminishes  the  eccentricity,  and  consequently  the  equation  of  the 

centre.  This  diminution  is  the  evection.  Were  the  changes  in 

the  evection  always  the  same,  it  would  depend  on  the  angular 
distances  of  the  sun  and  moon,  but  its  true  value  varies  with  the 

distance  of  the  moon  from  the  perigee  of  her  orbit.  The  evection 

was  discovered  by  Ptolemy,  in  the  first  century  after  Christ,  but 

Newton  showed  on  what  it  depends. 

760.  The  variation  is  an  inequality  in  the  moon's  longitude,  which 
increases  her  velocity  before  conjunction,  and  retards  her  velocity 

after  it.  For  the 
sun's  force,  acting 

on  the  moon  ac- 
cording to  Sm,  fig. 

S—  -•   -r^-  """"'    3^1   ^   j^  1 03,  may  be  resolv- ed into  two  other 

forces,  one  in  the 

direction  of  m£,  which  produces  the  evection,  and  the  other  in  the 

direction  of  mT,  tangent  to  the  lunar  orbit.  The  latter  produces  the 

variation  which  is  expressed  by 

2370"  sin  2  {  X  -  mX  }. 

This  inequality  depends  on  the  angular  distance  of  the  sun  from  tlie 

moon,  and  as  she  runs  through  her  period  whilst  that  distance  in- 

creases 90°,  it  must  be  proportional  to  the  sine  of  twice  the  angular 

distance.  Its  maximum  happens  in  the  octants  when  X  -  mK  =r  45°, 
it  is  zero  when  the  angular  distance  of  the  moon  from  the  sun  is 

either  zero,  or  when  the  moon  is  in  quadratures.    Thus  the  van- 
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«tion  vwiiihes  in  Bysigies  and  quadratures,  and  ii  a  maxhuam  in 
the  octaotf. 

The  angulu  distance  of  the  moon  from  the  aun  depends  on  its 

synodic  motion :  it  varies  - 

hence  its  period  is 

=  14*.  765294. 

Thus  the  period  of  the  variation  is  equal  to  half  the  moon's  synodic 
revolution.  Hie  variation  was  discovered  by  Tycho  Brahe,  and  wu 
first  determined  b^  Newton. 

761.  The  annual  equation 

67S".70Mn  {c'mA  -  ta'} 

is  another  remarkable  periodic  inequality  in  the  moon's  longitoie. 
The  action  of  the  sun  which  produces  this  inequality  is  similar  to  that 

which  causes  the  acceleration  of  the  moon's  mean  motion.  Hie 

annual  equation  is  occasioned  by  a  variation  in  the  sun's  distance  from 
the  earth,  it  consequently  arises  from  the  eccentricity  of  the  terrestrial 
orbit  When  the  sun  is  in  perigee  his  action  is  greatest,  and  h« 
dilates  the  lunar  oibit,  so  that  the  angular  motion  of  the  moon  is 

diminished  ;  but  as  the  sun  approaches  the  apogee  the  orbit  contracts, 

and  the  moon's  angular  motion  is  accelerated.  This  change  in  the 

moon's  angular  velocity  is  the  annual  equation.  It  is  a  periodic  in- 
equality similar  to  the  equation  of  the  centre  in  the  sun's  orbit, 

which  retards  the  motion  of  the  moon  when  that  of  the  sun  in- 

creases, and  accelerates  the  motion  of  the  moon  when  the  motion 

of  llie  sun  diminishes,  so  that  the  two  inequalities  have  contrary 

signs. 
The  period  of  the  annual  equation  is  an  aDomslistic  year.  It  was 

diBCovered  by  Tyclio  Brahe  by  computing  the  places  of  the  moon 

for  various  seasons  of  the  year,  and  comparing  them  vrilh  observa- 
tion. He  found  the  observed  motion  to  be  slower  than  the  mean  mo- 

tion in  the  six  months  employed  by  the  sun  in  gomg  from  perigee  to 

apogee,  and  the  contrary  in  the  other  six  months.  It  is  evident  that 

as  the  action  of  the  sun  on  the  moon  varies  with  his  distance,  and 
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therefore  depends  on  the  eccentricity  of  the  earth's  orbit,  whatever 
affects  the  eccentricity  must  influence  all  the  motions  of  the  moon. 

762.  The  variation  has  been  ascribed  to  the  effect  of  that  part  of 

the  sun's  force  that  acts  in  the  direction  of  the  tangent ;  and  the 
evection  to  the  effect  of  the  part  which  acts  in  the  direction  of  the 

radius  vector,  and  alters  the  ratio  of  the  perigean  and  apogean 

gravities  of  the  moon  from  that  of  the  inverse  squares  of  the  dis- 
tance. The  annual  equation  does  not  arise  from  the  direct  effect  of 

either,  but  from  an  alteration  in  the  mean  effect  of  the  sun's  disturb- 
ing force  in  the  direction  of  the  radius  vector  which  lessens  the 

gravity  of  the  moon  to  the  earth. 
763.  Although  the  causes  of  the  lesser  inequalities  are  not  so 

easily  traced  as  those  of  the  four  that  have  been  analysed,  yet  some 

idea  of  the  sources  from  whence  they  arise  may  be  formed  by  con- 
sidering that  when  the  moon  is  in  her  nodes,  she  is  in  the  plane  of  the 

ecliptic,  and  the  action  of  the  sun  being  in  that  plane  is  resolved  into 

two  forces  only ;  one  in  the  direction  of  the  moon's  radius  vector, 
and  the  other  in  that  of  the  tangent  to  her  orbit  When  the  moon 

b  in  any  other  part  of  her  orbit,  she  is  either  above  or  below  the 

plane  of  the  ecliptic,  and  the  line  joining  the  sun  and  moon,  which 

b  the  direction  of  the  sun's  disturbing  force,  being  out  of  that  plane, 
ike  sun's  force  s  resolved  into  three  component  forces ;  one  in  the 

direction  of  the  moon's  radius  vector,  another  in  the  tangent  to  her 
orbit,  and  the  third  perpendicular  to  the  plane  of  her  orbit,  which 
affiscts  her  latitude.  If  then  the  absolute  action  of  the  sun  be  the 

same  in  these  two  positions  of  the  moon,  the  component  forces  in 

the  radius  vector  and  tangent  must  be  less  than  when  the  moon  is  in 

her  nodes  by  the  whole  action  in  latitude.  Hence  any  inequality 

like  the  evection,  whose  argument  does  not  depend  on  the  place  of 

the  nodes,  will  be  different  in  these  two  positions  of  the  moon,  and 

will  require  a  correction,  the  argument  of  which  should  depend  on 

the  position  of  the  nodes.  This  circumstance  introduces  the  in- 
equality 

54''.83  .  sin  (2gX  —  2a  +  2mX  -  20) 

in  the  moon's  longitude.  The  same  cause  introduces  other  inequa- 
lities in  the  moon's  longitude,  which  are  the  corrections  of  the  varia- 

tion and  annual  equation.     But  the  annual  equation  requires  a  cor« 
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rection  from  uiothei  CMue  which  will  introduce  other  terms  in  th« 

perturbationB  of  the  moon  in  longitude ;  for  since  it  ariBes  from  a 

eluuige  in  the  mean  effect  of  the  sun's  diituibing  force,  which 
diminisheB  the  moon's  gravity,  its  coefficient  is  computed  for  a 
certain  value  of  the  moon's  gravity,  consequently  for  a  given  dis- 

tance of  the  moon  from  the  earth ;  hence,  when  she  lias  a  different 

distance,  the  annual  equation  must  be  corrected  to  suit  that  distance. 

764.  In  general,  the  numerical  coefficients  of  the  principal  in- 

equalities are  computed  for  particular  values  of  the  sun's  disturbing 

force,  and  of  the  moon's  gravitation ;  as  these  are  perpetually 
changing,  new  inequalities  are  introduced,  which  are  corrections  to 

the  inequalities  computed  in  the  first  hypothesis.  Thus  the  pertui- 
batimw  are  a  series  of  corrections.  How  far  that  system  is  to  be 

carried,  depends  on  the  perfection  of  astroDomical  instruments,  since 

it  is  needless  to  compute  quantities  that  fall  within  the  limits  of  the 
errors  of  oliserva^on. 

765.  When  La  Place  had  determined  all  the  inequalities  in  the 

moon's  longitude  of  any  magnitude  arising  from  every  source  of 
disturbance,  he  was  surprised  to  find  that  the  mean  longitude  com- 

puted from  the  tables  in  Lalande's  astronomy  for  different  epocha  , 
did  not  correspond  with  the  mean  longitudes  computed  for  the  same 

epochs  frum  the  tables  of  Laherc  and  Bradley,  the  difference  being 
as  follows : — 

Epochs.  Bifon. 

1766   -S" 

1779   9".S 

1769   17".6 

1801   88"  5 

Whence  it  was  to  be  presumed  that  some  inequality  of  a  very  long 

period  affected  the  moon's  mean  motion,  which  induced  him  to  revise 
the  whole  theory  of  the  moon.  At  last  he  (bund  that  the  series 
which  determines  the  mean  longitude  contains  the  term 

,j-       a        sin  {SoSmv+3t/mv—2gv—cv+ie+a~Sa'\ 
"^        "^'  '  {3-3m+3c'm— 2g-cJ' 

—    -J,  a  sin  \2e+a-Sat'} 
"  '  ' '  a*  '  {a-Sm+ac'm-ag-cy 
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depending  on  the  disturbing  action  of  the  8un,  that  appeared  to  he 
the  cause  of  these  errors. 

The  coefficient  of  tliis  inequality  is  so  small  that  its  effect  only 
becomes  sensible  in  consequence  of  the  divisor 

{8  —  8m  +  3c'm  -  2^  -  c}" 
acquired  from  the  double  integration.  Its  maximum,  deduced  from 

the  observations  of  more  than  a  century,  is  15^'. 4.  Its  argument  is 
twice  the  longitude  of  the  ascending  node  of  the  lunar  orbit,  plus  the 

longitude  of  the  perigree,  minus  three  times  the  longitude  of  the  sun's 
perigee,  whence  its  period  may  be  found  to  be  about  184  years. 

The  discovery  of  this  inequality  made  it  necessary  to  correct  the 
whole  lunar  tables. 

766.  By  reversion  of  series  the  moon's  latitude  in  functions  of  her 
mean  motion  is  found  to  be 

*=  18539".  8  sm  {g\  -  6} 
+  12". 6  sin{3gA— Se} 

+  527". 7  sin  {2^  -  2mA  —  gx  +  ©) 
+     1".0  sin  {2\  -  2mA  +  gx  -  ©) 
—  V.3  sin  {gx  +  ex  —  CT  —  e) 
—  14". 4. sin  {ex  -  gx  -  tj  +  e) 
+     1".  8  sin  {2x  —  2mx  —  gx  +  ex  —  w  +  e) 
—  0".3  sin  {2x  —  2mx  +  gx  —  cx  +  tj  —  ©) 
—  15". 8  sm  {2x  —  2mx  —  gx  —  ex  +  tj  +  ̂ ) 

+  23", 8  sin  {gx  +  e'mx  —  w'  —  e) 
—  25'M  sin  {gx  —  e'mx  +  «?'  —  ̂ ) 
—  10". 3  sin  {2x  —  2mx  — gx  +  e'mx  —  ©'  +  ©) 

4-  22'^0  sin  {2x  -  2mx  —  gx  —  emx  +  rxf'  +  0) 
+  25". 7  sin  {2eX  —  gx  -  2ct  +  0) 
—  5". 4. sin  {2x  —  2mx  —  2ex  -  gx  +  2tar  +  ̂ ) 

767.  The  only  inequality  in  the  moon's  latitude  that  was  disco- 
vered by  observation  is 

527". 7  sin  (2X  -  2wiX  -  gX  +  6). 

Tycho  Brahe  observed,  in  comparing  the  greatest  latitude  of  the 
moon  in  different  positions  with  regard  to  her  nodes,  that  it  was  not 
always  the  same,  but  oscillated  about  its  mean  value  of  5°  9',  and  as 
the  greatest  latitude  is  the  measure  of  tlie  inclination  of  the  orbit,  i% 
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was  evident  tliat  the  inclinittion  varied  periodically.     Ita  period  ii 

a  semi- revolution  of  the  sun  with  regard  to  the  moon's  nodes. 
768.  By  reversion  of  series  it  will  be  found  that  ibe  lunar  parallax 

at  the  equator  in  terms  of  the  mean  motions  is 

—     =  3420".  89 

+  186". 48  cob{cX  —  m] 

+  38'. 54  cos  {2\  -  2nA] 
+  84".43  cos  {2\  —  imX  —  cX  +  o) 

+     3". 05  cos  {2X  -  ZmX  +  cX  —  w) 

—  0".26  cos  {2X  —  2mK  +  t/tn\  —  a'] 
+     1".1>2  cos  {2X  —  2m\  -  c'mK  +  o*} 
—  ©".Sa  cos  {e'mX  —  «'} 
—  0".24  COB  {2X  —  2mX  -  <A  +  e'mX  +  ta  -  w'} 

+  1".45  COB  {2X  -  2mX  -  c\  —  </m\  +  xa  +  ia'} 

+     X".20  COS  {cX  —  e'mX  —  ra  +  «»'} 
—  0".93  COB  {cX  +  tfmX  —  w  -  to'} 
+   10". 24  COS  {2cX  -  2ra} 
—  0".41  COS  {2cX  -  2X  +  SmX  -  Sro} 

+     0".OS  COB  {2gX  -  29) 
—  0".  15. COS  {2X  -  2mX  -  2;X  +  29} 
—  0". 70. COB  {c\  —  2gX  -  TO  +  20} 
—  0".06  COB  {«X  —  SmX  -  2jX  +  cX  +  28  -  to} 
—  0".98  cos  {X  —  mK) 

+     0".14  cosjx  —  mX  +  e'mX-  ra'} 

+     0".18  COB  {2X  —  2mX  +  cX  —  e'mX  —  w  +  «'} 
+     0".57  coa{4X  —  4mX  -  cX  +  o} 

+     0".4     COS  {4X  —  4mX  _  2cx  +  2ra} 
—  0", 03. cos  {2X  —  2mX-  2cX  — c'mX  +  2w  +  w'} 

+     0".  14  COB  {2cX  +  2X  —  8mx  -  Sro}. 
769.  The  planets  are  at  so  greafa  distance  from  the  sun,  and  from 

one  another,  that  their  fonn  has  no  perceptible  effect  on  their 
mutual  motions ;  and,  considered  as  apbeiea,  their  action  is  the  same 

■■  if  their  mass  were  united  in  their  centre  of  gravity :  but  the  aatcl- 
lites  arc  so  near  tlieir  respective  planets  that  the  eUipticity  of  the 
latter  has  a  considerable  influence  on  the  motions  of  the  former. 

This  is  particularly  evident  in  the  moon,  whose  motions  are  troubled 

by  Uie  spheroidal  form  of  the  earth. 
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CHAPTER  III, 

INEQUALITIES  FROM  THB  FORM  OF  THB  BARTH. 

770.  The  attraction  of  the  disturbing  matter  is  equal  to  the  sum  of 

all  the  molecules  in  the  excess  of  the  terrestrial  spheroid  above  a 

sphere  whose  radius  is  half  the  axis  of  rotation,  each  molecule  being 

divided  by  its  distance  from  the  moon  ;  and  the  finite  values  of  this 

action,  after  it  has  been  resolved  in  the  direction  of  the  three  co- 

ordinates of  the  moon,  are  the  perturbations  in  longitude,  latitude, 

and  distance,  caused  by  the  non-sphericity  of  the  earth.  In  the  de- 

termination of  these  inequalities,  therefore,  results  must  be  antici- 
pated that  can  only  be  obtained  from  the  tiieory  of  the  attraction  of 

spheroids.  By  that  theory  it  is  found  that  if  ̂   be  the  ellipticity  of 
die  earth,  R  its  mean  radius,  0  the  ratio  of  the  centrifugal  force  at 

the  equator  to  gravity,  and  p  the  sine  of  the  moon's  declination,  the 
attraction  of  the  redundant  matter  at  the  terrestrial  equator  is 

(40  -f)  ̂   (V  -  i) 
the  sum  of  the  masses  of  the  earth  and  moon  being  equal  to  unity. 

Hence  the  quantity  R  which  expresses  the  disturbing  forces  of  the 

moon  in  equation  (208)  must  be  augmented  by  the  preceding  ex- 

pression. 

771.  By  spherical  trigonometry  v,  the  sine  of  the  moon's  decli- 
nation in  functions  of  her  latitude  and  longitude,  is 

V  =  sin  ii>  yl  — ? hinjv  -H  s  cos  «w, 

in  which  t»  is  the  obliquity  of  the  ecliptic,  a  the  tangent  of  the  moon's 
latitude,  and  Jv  her  true  longitude,  estimated  from  the  equinox  of 

spring.  The  part  of  the  disturbing  force  R  that  depends  on  the 

action  of  the  sun,  has  the  form  Qf^  when  the  terms  depending  on 
the  solar  parallax  are  rejected.     H^nco 
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B  =  Qr"  -  (;>  —  4^)  .  ?!!  (sin*  <■> .  B\n*fv+2*  sin  «>  .  cos  «• .  sln/p) 

very  nearly ;  but »  =  y  sin  (go  —  0)  by  article  696,  and  if 

—  be  put  far  — 

=  «H-  if-m- .  y<xM(gx>—fv  —  ey; 

when  all  terms  an  rejected  except  those  depending  on  the  angle 

gv  -  fo  —6,  which  alone  ha?e  a  seneible  cQect  in  troubling  the 
motion  of  the  moon. 

772.  If  this  force  bo  resolved  in  the  diTcction  of  the  three  co- 

ordinates of  the  moon,  and  the  residing  values  of 
dR    dR    dR 
da     do      dt 

substituted  in  the  equations  in  article  695,  Uiey  wiJ]  determine  the 
effect  wluch  the  form  of  the  earth  has  in  troubhng  the  motions  of 

ttiat  body.     But  the  same  inequalities  are  obtained  directly  and  with 

more  simplicity  from  the  differential  of  tlie  periodic  variation  of  the 
epoch  in  article  439,  which,  In  neglecting  the  eccentricity  of  the 
lunar  orbit,  becomes 

d.  =  -  2a"  f^\  ndl. 

Now 

2«Y^^=  ̂'"'*?  +  6(i'  -  i^)-  —  .■in".coBa'.TCO«(ffii— /e-fl). 

But  by  article  436  the  variation  of  dR  is  zero,  consequently  the  co- 

cfiicicnt  of  cos  {go  — /v  —  6)  must  be  zero  in  R-  Thenif  d.r'Qbe 
the  part  of  t'Q  that  depends  on  the  compression  of  the  earth, 

0  =  S  .  r«0-  (ap  —  ifofP).  ̂   .  sin  w  .  cos  ■"  .  7  cos (50-/0-8), 

and  eliminating  SHQ, 

2So«fl!^')  =  10(»-i^)^.«n«.  co8<«.TCOs(«p-/i>-e). \da  J  <f 

And  if  do  be  put  for  ndt, 

dt  =z  -10  ij>  —  10).  ̂   .  sinw  ,  cobw  .tdv.  co«  (gv  -jv  -  9). 
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This  equation  is  referred  to  the  plane  of  ihe  lunar  orbit,  but  in 

order  to  reduce  it  to  the  plane  of  the  ecliptic  the  equation  (154) 
must  be  resumed,  which  is 

dr,=  dr(l+J*•-J^^ 

dvj  being  the  arc  dv  projected  on  the  plane  of  the  ecliptic,  or  fixed 

plane.     By  article  436 
«  =  g  sin  fo  —  p  cos/r, 

whence 

*L=  (/^  •  ̂^coBfv  +ijp  +  ̂\sinfv  +  &c. do  dv/  dv/ 

and  neglecting  periodic  quantities  depending  onyv, 

dv,  sz  dv  +  V  P  **  P°V^  Y^  nearly. 

Hence,  in  order  to  have  d  •  iv,  it  is  only  necessary  to  add 
2^Z£^tod.Sr. 

2 

For  the  same  reason  the  angle  de  will  be  projected  on  the  plane  of 

the  ecliptic  if  ̂  P^P<m  ̂   added  to  it,  so  that 

de,  =  d.  +  ̂dp'-p
dq 2 

Now  «  =  Y  sin  (gv  —  6)  may  be  put  under  the  form 

8:=y  COS  (gv  —fv  —  0)  ilnfv+y  sm  (gv  -^  fi  ̂  0)  cob  fi, 
and  comparing  it  with 

»  =  g  sinyb  —  p  cosfv, 
the  result  is 

p  sz  -  7  sm  (gr  — /r  —  ̂ )       ̂   s=  7  cos  igv  ̂   fv  —  d), 
whence  ^P  ̂   '-  (g  ̂   f)  qdv 

^9=        (g'-f^pdv 

R  =  t^Q  —  (y>  — ^^0)  —  sin  (u  cos  w,q, 

and 
-;—  =  —  (p  -  i0)  —  sm  ft;  cos  ft; ; 
aq  a* 

in  consequence  of  this  the  values  of  dp,  dq,  in  article  439,  become 

dp  ̂   ̂   (jg  ̂  f)  qdv  +  ( p  —  i^)  —  sin  ft;  cos  ft; .  dp 

a" 

dq=z  (g  ̂ /)pdv\ 
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dierefore  dp  contains  the  tenn 

^^ — =^  .  ---  sin  «  cos  •>, w ; 

and  asdfsdEg.an/v  —  dp  cos/o,  tbe  latitude  of  the  moon  is 
subject  to  the  inequality 

—  ̂^  ""  ̂ ^  •  —  sin  ft)  cos  tit  y  sin/o.  (d4S) 

773.  The  constant  part  of  q  produces  in  W'P^  ̂ ^  ̂ nn 

i  .  (  p  —  i0)  —  .  sin  «  cos  «  y  cos  (^  -  /b  -  ̂ ) » 

whence  de^,  which  is  the  value  of  dc  when  referred  to  the  plane  of 
the  ecliptic,  becomes 

cf«=:  —  —  •  (/  -  i0)   sin  w  cos  lu  .  y  cos  (gu  -/b  —  0)  .do, 

which  gives  in  e,  and  consequently  in  the  true  longitude  of  the 
moon  the  inequality 

_  lg(/>-^0)^  JR;^     3j„  ̂   ̂ .Qg^     gi^  Q^  - /b  -0).   (244) 

774.  Now,       —  =  0.0165695,        «u  =  28°  28',  &c. a 

0  =  -i.,     7  =  0.0900684,     g  =  1.00402175, 
289        '  »     e  f 

and  the  argument  gt?  —  yb  —  d  is  the  mean  longitude  of  the  moon. 
Thus  every  quantity  is  known,  except  j>,  the  compression,  which 
may  therefore  be  determined  by  comparing  the  coefficient,  computed 
with  these  data,  with  the  coefficient  of  the  same  inequality  given  by 

observation.  By  Burg's  Tables,  it  is  *  6'^8,  and  by  Burckhardt'i, 
—  7''.0.    The  mean  of  these  -  6''. 9  gives  the  compression 

_       1 
^       303.22* By  the  theory  of  the  rotation  of  spheroids,  it  is  found  that  if  the 

earth  be  homogeneous,  the  compression  is   Consequently  the 

earth  is  of  variable  density. 
That  the  inequalities  of  the  moon  should  disclose  the  interior 

structure  of  the  earth,  is  a  singular  instance  of  the  power  of  analysis. 
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775.  The  inequality  in  the  moon's  latitude,  depending  on  the  same 
cause,  confinns  these  results.  Its  coefficient,  determined  by  Burg 

and  Burckhardt  from  the  combined  observations  of  Maskelyne  and 

Bradley,  is  —  8".0,  which,  compared  with  the  coefficient  of 

—  vr — 3J1/  .  —  sm  w  cos  to  y  sm^, 

computed  with  the  preceding  data,  gives  -  .    for  the  compres- 

sion,  which  also  proves  that  the  earth  is  not  homogeneous. 

776.  Since  the  coefficients  of  both  inequalities  are  greater  in  sup- 
posing the  earth  to  be  homogeneous,  it  affords  another  proof  that 

the  gravitation  of  the  moon  to  the  earth  is  composed  of  the  attrac- 

tion of  all  its  particles.  Thus  the  eclipses  of  the  moon  in  the  early 

ages  of  astronomy  showed  the  earth  to  be  spherical,  and  her  mo- 
tions, when  perfectly  known,  determine  its  deviation  from  that  figure. 

The  ellipticity  of  the  earth,  obtained  from  the  motions  of  the  moon, 

being  independent  of  the  irregularities  of  its  form,  has  an  advantage 

over  that  deduced  from  observations  with  the  pendulum,  and  from  the 
arcs  of  the  meridian. 

777.  The  inequality  in  the  moon's  latitude,  arising  from  the  ellip- 
ticity of  the  earth,  may  be  represented  by  supposing  that  the  orbit  of 

the  moon,  in  place  of  moving  with  the  earth 

on  the  plane  of  the  ecliptic,  and  preserving  the 

same  inclination  of  5°  9'  to  that  plane,  moves 
with  a  constant  inclination  of  8''  on  a  plane 
NMn  passing  between  tlie  ecliptic  and  the 

equator,  and  through  7iN,  the  line  of  the  equinoxes.  The  inequality 

in  question  diminishes  the  inclination  of  the  lunar  orbit  to  the  eclip- 
tic, when  its  ascending  node  coincides  with  the  equinox  of  spring ; 

it  augments  it  when  this  node  coincides  with  the  autumnal  equinox. 

778.  This  inequality  is  the  re-action  of  the  nutation  in  the  terrestrial 
axis,  discovered  by  Bradley ;  hence  there  would  be  equilibrium  round 

the  centre  of  gravity  of  the  earth,  in  consequence  of  tlie  forces  which 

produce  the  terrestrial  nutation  and  this  inequality  in  the  moon's 
latitude,  if  all  the  molecules  of  the  earth  and  moon  were  fixedly 

united  by  means  of  a  lever  ;  the  moon  compensating  the  smallness 

of  tlie  force  which  acts  on  her  by  the  length  of  the  lever  to  which 

she  is  attached,  for  the  distance  of  the  common  centre  of  gravity  of 
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fig.  105. 

CUp.II1.] 

the  earth  and  moon  from  the  centre  of  the  earth  ib  Icsa  than  the 

earth's  semidiameter. 

The  proof  of  this  depende  on  the  rota- 
tion of  the  earth  ;  but  Bome  idea  may  be 

formed  of  this  re-action  from  the  an- 

nexed diagram.  Let  EC  be  the  |^ana 

of  the  ecliptic,  seen  edgewise;  Q  the 

earth's  equator ;  £  its  centre,  and  M  the 
moon.  Then  QEC  is  the  obliquity  of 

the' ecliptic  and  MEC  the  latitude  of  the moon. 

Hie  moon,  by  her  action  on  the  redundant  matter  at  Q,  draws  the 

equator  to  some  point  n  nearer  to  the  ecliptic,  producing  the  nuta- 

tion QEn ;  but  as  re-action  is  equal  and  contrary  to  action,  the  mat- 
ter at  Q  draws  the  moon  from  M  to  some  point  r,  thereby  produdng 

the  inequality  HEr  in  her  latitude,  that  has  been  determined. 
La  Place  finds  the  analytical  expresuons  of  the  areas  M£r  and  QEn, 

and  thence  their  moments ;  the  one  from  the  preceding  inequality  in 

the  moon's  latitude,  the  other  from  the  foimulse  of  nutation  in  the 
axis  of  the  earth's  rotation  from  the  direct  action  of  the  moon. 
These  two  expressions  are  identical,  but  with  contrary  signs,  proving 

them,  as  he  supposed,  to  be  the  effects  of  the  direct  and  reflected 
action  of  the  moon. 

779.  The  form  of  the  earth  increases  the  motion  of  the  lunar 

nodes  and  perigee  by  0.00000008&484r,  an  insenuble  quantity. 
The  cUipticity  of  the  lunai  spheroid  has  no  perceptible  effect  on  her 

motion.  * 
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CHAPTER  IV. 

INEQUALITIES  FROM  THE  ACTION  OF  THE  PLANETS. 

fig.  106. 

tSO.  The  action  of  the  planets  produces  three  different  kinds  of 

inequalities  in  the  motions  of  the  moon.  The  first,  and  by  far  the 

greatest,  is  that  arising  from  their  influence  on  the  eccentricity  of  the 

earth's  orbit^  which  is  the  cause  of  the  secular  inequalities  in  the  mean 

motion,  in  the  perigee,  and*rii|M^j|pf  the  lunar  orbit.  The  other  two 

are  periodic  inequalities  in  the  moon's  longitude ;  one  from  the  direct 
action  of  the  planets  on  the  moon,  the  other  from  the  perturbations 

they  occasion  in  the  longitude  and  radhis  vector  of  the  earth,  which 

are  reflected  back  to  the  moon  by  means  of  the  sun. 

For,  let  S  be  the  sun, 
E  and  m  the  earth  and 

moon,  P  a  planet,  and 

7  the  first  point  of 
Aries:  then,  if  P  be  the 

mass  of  the  planet,  its 
direct    action    on    the 

P 
moon  is    ,  which 

alters  the  position  of  the 

moon  with  regard  to  tlie  earth.     Again,  the  disturbing  action  of  the 
P 

planet  on  the  earth  is 

(PE)« 

wliich   changes  the  position   of  the 

earth  with  regard  to  the  moon,  in  each  case  producing  inequalities 
of  the  same  order.  The  latter  become  sensible  from  the  very  small 
divisors  they  acquire  by  integration. 

The  direct  action  will  be  determined  first. 

liX"^  F,  Z*,  J?,  y,  ̂ ,  be  the  co-ordinates  of  the  planet  and  moon, 
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referred  to  the  centre  of  the  earth,  and/  the  distance  of  the  planet 
from  this  centre,  then 

/=  V(jr  -  *)•  +  (F -  y)«+  (Z^  -  2)«. 
But  if  JT,  y,  Z\  y,  y*,  z',  he  the  co-ordinates  of  the  planet  and  the 
earth  referred  to  the  centre  of  the  sun, 

and  /=  4/(Jf'-(x'+j:))«+(r'-(y'+y))-+(Z'-(z'+z))-; 
ttid  the  attraction  of  the  planet  on  the  moon  is 

f    r  r 
The  ecliptic  being  the  fixed  plane. 

Then,  if  A^  =  SP,  IT  =  ySP,  4^db-9,  be  the  radius  vector,  longi« 
tode,  and  heliocentric  latitude  of  the  planet,  it  is  evident  that 

cos  xf  sin  t/  Vl  +  ̂  

JT  =  A,  cos  ir,     F'  =  A,  sin  IT,    Z'  =  H.S ; 

hence  /=  a/R^I  +S0  +  r'*  -  2irr'  cos  (l7-r')  ; 
therefore  the  action  of  the  planet  on  the  moon  is 

^_h^  (1  +  O    .  a p (/g/Cos(r-rO>roos(p-t>0+Jl^5)«^ ^ 

f  tt'/^  ̂   «•/•  "^      ' 
or,  omitting  ;$*,  it  is 

P         P(l>2^    +&C.&C. 

The  first  term  does  not  contain  the  co-ordmates  of  the  moon,  and 

therefore  does  not  afiect  her  motion  ;  and  the  only  term  of  the  re- 
P 

mainder  of  the  series  tliat  has  a  sensible  influence  is  — ——.,  which, 

4i«*/» 
therefore,  forms  a  part  of  R  in  (208) ;  and,  with  regard  to  the 

p 
action  of  the  planets  alone,  H = — — -      But,  by  article  446,  the 

developement  of /"is 
J^w  +  ̂<»>  cos  (ir-rO  +  A^  cos  2(rr-t?')  +  &c. 

If  i  be  the  ratio  of  the  mean  motion  of  the  planet  to  that  of  the 

moon,  by  equation  (212) 
17  =  f ©  -  2t>  sin  (c©  —  fs>)  +  Ac. 81 
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(SMkin Hence,  if  to  be  put  for  U,  and  mv  finr  oS  il  b  evidoit  dial 

R  =  -L-  {iJW+^«  cos  (t— m)r+^<«  coB2(l-m)©  +  &c} 

The  only  t»m  of  Uie  pandlaJ^  in  which  this  value  of  R  is  aenaible  is 

h\  du  J 
which  becomet 

£^  +  -^  {A^^  COS  ii^m)v  +  4«  ooa  2(i-in)i>+*c}  i 

or,  if  ̂   and  <y*  be  neglected,  m**  s  «^,  and  the  periodic  pa|t  of 

Pa» 
2A 

-  {^«  COB  (t-m)o  +  il»  cos  2(f  -  m>  +  &c.} 

containa  the But,  by  the  second  of  equatbiis  (209), 

Tariation  of    which  is 
2AV 

—  — - —  5  n  ss  — .     ^    ,  Jll. 
2AV  2 

Let 

Su  =  Oi  cos  (t-  m)©  +  G»t  cos  2(t— fii)v-|-  G,  cos  S(t— i9i)r+  8?c. 
Therefore  the  direct  disturbance  of  the  planets  gives 

d^ 
+  u  = 

Pa> 
—  —  {Ax  cos  (t  —  m)v  +  -/<,  cos  2(t  —  m)v  +  &c.  }    + 

Sm* 
{Gj  cos  (t  —  fn)v  +  G,  cos  2(t  —  w)r  +  &c.  }   =: 

Gj  (l-(t-m)«)  co8  0-m)t?+G,(l-4(t-m)«)co8  2(£-m)r+&c. 
And  comparing  similar  cosines, 

Gj  ==  -        \P^Ax.(
^ 

1— fm*— (t— m)* 

G*  =  —  j^P.^g.g* 

/3  —  «_  JJP.^j.a* 
l-fm«-9(e -.!»)• 
*c  &c. 
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and  thus  the  integral  u  or  (298)  acquires  the  term 

-XP^f  ̂ iC08(t— m)t?      ,      J t  con  2(i-fn)v      .   ̂   i 

consequently,  the  mean  longitude  nt  +  €  contains  the  term 

Pg*    f  Ai  sin  (i  —  m)p     ,    j^^,  sfa  2(<— m)p         «^^ 

t-m|l-|m«-   (i-m)«         l-}m«-4(i-m)«  "^^        ̂  

or  If  o^be  elimfaiated  by  =  m* 

.^ 
p 

m 
I  ̂,  sin  (f-^)t>      .     i^iBin2(>-m>     .  «     .     .^.^ 

in'  being  the  hum  of  the  nin. 
If£i,  ̂ ,  &C.,  bepatfor  J„  J„  &c.,  it  beoomea  , 

7-ir;r  {l-|m'-(i-»,)«  *  l-}m«-4(
,-m)«  ■»•  "^  '  ̂      ̂ 

which  is  the  inequality  in  the  moon'p  mean  longilade,  arising  from 
the  action  of  a  planet  infcarior  to  the  earth* 

And  if  or  be  the  ratio  of  the  mean  distance  of  the  planet  from  the 
sun  to  that  of  the  aun  from  the  earth,  the  substitutioB  of  i^£|i  tfBf, 
&c.,  for  Aij  Aty  &c.,  in  equation  (245),  gives 

!^   \  Bi  Bin  {i^m)v      .      j^g,8m(t-m)r      ^^  1  .^^^^ 
t-m       [l-jm»-(<-m)«      l-.|m«-4(i-m)«         J 

for  the  .action  of  a  superior  planet  on  the  mean  longitude  of  lh« 
moon. 

781.  Besides  these  disturbances,  which  are  occasioned  by  the 
direct  action  of  the  planets  on  the  moon,  there  are  others  of  the  same 
order  caused  by  the  perturbations  in  the  radius  vector  of  the  earth. 

The  variation  of  u'  was  omitted  in  the  developement  (^  the  co- 
ordinates of  the  moon,  but 

». m'li*        am'M'* 2AV         2AV 

and  when  the  eccentricities  are  omitted, 

or  sz  a,  and  — :r-  s:  •fNT, 

a'*
 

212 

h^ 
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So  i"!^  =5?:!!!lsu'; 2AV  2a 

since  Su'  =  _  are  the  periodic  inequalities  in  the  radius  vector  of 

of the  earth  produced  by  the  action  of  a  planet,  they  are  given  in 

(158),  and  may  be  represented  by 

a^iu'  =  -  £.  {JTi  cos  (t  -  m)v  +  JT,  cos  2(t  -  m)v  +  &c.} 

where  the  coefficients  Ki  K^y  &c.  are  known,  and  (i  «  m)o  b  the 
mean  longitude  of  the  planet  minus  that  of  the  earth.    Thus 

?^  iu':=^~.—  {Ki  cos  (t*-m>  +  JT,  cos  2(t -m)t)+  &c. } 2a  2a     tnf 

By  the  method  of  indeterminate  coefficients,  it  will  be  found  that  oSu 
contains  the  function 

8m*     P^  f  JTiCOsQ'— m)t?      .    JT,  cos2(t—  m)v  i   a.^.  i 

2    'm'  |l-im«-(l-fn)«         l-Jfn«-4(t-m)*  '^ and  the  mean  longitude  of  the  moon  is  subject  to  the  inequality 

_   9nf       P  f  ir>sin(i-m)t?  JT.  sin  2  (i^m>       ̂ ^  .   .^^q. 

t-m    m' |l-ffn«-(«^»»)"        l-|fii'-4(i-m)«  ^ 

Numerical  Falues  of  the  Lunar  TmquaUHes  occasioned  by  the 

Action  of  the  Planets. 

782.  With  regard  to  the  action  of  Venus,  the  data  in  articles  611 

and  610  give        a=  0.7233325  ;  t-m  ==  0.04679 
P  1 

and  —  =    ;  hence  because 
mf        356632 

a^^i  =  8.872894, 
a^fi,  =  7 .  386580, 
a'^B^  =  5.953940, 

function  (246)  becomes 

+0". 62015  Bin(i-w)u+0''. 25990 sin2(i-m)t?+0".  14125 8in3(t-m)t7 lu 

which  is  the  direct  action  of  Venus  on  the  moon.     Now  ir'  =  — -, 

and  when  the  eccentricity  is  omitted,  t^^s   ;   hence  —  =  -a^iu'. a'*  a' 

But  if  the  action  of  Venus  on  the  radius  vector  of  the  earth  be  com* 

puted  by  the  formula  (158),  it  will  be  found  that 
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a'iu'  =  0.0000064475  cos  (t  -  m)v 
-*  0.0000184164    co8  2(t-fn)o 

4-  0 .  000002908      cos  S(t  -  m) v. 
This  ̂ ves  the  numerical  values  of  the  coefficients  Pf  iTS  &c. ; 

hence  fonnula  (248)  becomes 

+  0". 482200  sinO-m)© 
—  O''. 69336  .  sin  2(t-  m)t7 
—  0". 07380  .  sin  8(t  -  m)©, 

which  is  the  indirect  action  of  the  planets  on  the  moon's  longitude. 
Added  to  the  preoedmg  the  sum  is 

+  1".  10235  .  sin  (•  -  fn)v 
—  0'^  43336  .  sin2(t-m)o 
+  0^.06745  •  sin  3(t  -  m)t>. 

the  whole  action  of  Venus  on  the  moon's  mean  longitude. 
783.  Relative  to  Mars : 

a    =  0.65630030 

o^B,   =  5.727803 

af^Bt  =  4.404530  .  i  -  m  =  -  0.0350306 
a^^B,  s=  3.255964 

P  _  1 

m  1846082  ' 
and  by  formula  (158)  with  regard  to  Mars, 

afiu'  =  +  0". 00000017778  cos  (•  -  m)v 
+  0  .  0000026121    cos  2(t  -  fn)v 
+  0.000000111      cos3(t-m)v; 

whence  the  action  of  Mars  on  the  moon's  mean  longitude,  both 
direct  and  indirect,  is 

+  0"'. 025583  sin(t-m)o 

+  0'^  389283  sin2(t-m)o 
—  0'\  027337  Bin3(t-m)t7. 

784.  With  regard  to  Jupiter, 
a    =r  0.192205 

a^Bj  =  0.618817 
a'^B,  =  0.147980 

a^^B^  =  0.0331045 
t-.m=: -0.06849523 

—  =  1 m  1067.09 
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And  formula  (158)  gives  for  the  actum  of  Jupiter  on  flie  radhia  vec- 
tor of  the  earth, 

a'iu'  ss  ̂   0.0000159055  cos  (i  -  m)v 
-0.0000090791  cos2(i-m)o 
-0.00000064764  oos8(l--m)v. 

Whence  it  is  easy  to  see  that  the  whole  action  of  Jupiter  on  the  mean 
longitude  of  the  moon,  both  direct  and  indirect,  is 

0''.744d5  sm  (i-m)v 
-  0^^  24440  nn2(t-m> 
-0'. 01282  rin8(t-m)t;. 

If  all  these  inequalities,  resulting  from  the  action  of  the  pla- 
nets on  the  moon,  be  taken  with  a  contrary  sign,  we  shall  have  the 

inequalities  that  this  action  produces  in  the  expression  of  the  true 

longitude  of  the  moon,  (i  -  m)r  being  supposed  equal  to  the  mean 
motion  of  the  planet  minus  that  of  the  earth. 

785.  The  secular  action  of  the  planets  on  the  mo<m,  and  the  ele- 

ments  of  her  orbit,  may  be  determined  from  the  term  — — ;  but  as 4AV 

it  is  insensible,  the  investigation  may  be  omitted. 
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CHAPTER  V. 

liners  Ot  the  ocular  VARIATtON  tN  THS  PLANE  Of 
THE  ECLIPno. 

786.  Haying  developed  all  the  inequalities  to  which  the  moon  is 

subject)  we  shall  now  show  that  the  seeular  vi^tion  in  the  plane  of 
the  ecliptic  has  no  effect  on  the  inclination  of  the  lunar  orbit 

The  latitude  of  the  earth  /,  being  extremely  small,  was  omitted  in 
the  values  of  H,  No.  (208)  :  it  can  only  arise  from  disturbances  either 
secular  or  periodic :  both  oscillate  between  fixed  limits ;  but  we  shall 

suppose  if  to  relate  only  to  the  secular  variations  in  the  plane  of  the 
ecliptic,  and  according  to  equations  (138)  shall  only  assume  it  to  be 
equal  to  a  series  of  terms  of  the  fonir» 

2K.Bm(v'  +  it  +  €), 
i  bebg  H  Very  M^l  coefficient.    Then  omitting  quiinttties  of  ilie 

order  iP,  the  tangent  of  the  moon's  latitude  is 
•  1=  7  shi  (^  -  e)  -|-  2x:sm  (t)  +  f<  +  c)  -f  S«  i 

equation  (205),  which  determines  the  latitude,  is 

d?^       ̂ 1?S^        2/kV  AV  ̂ ^"^^^Wi? 

Now  .--- —  Bi  — «  •  -^  aK  sm  («  +  ><  +  c). 2AV  2        a 

The  following  term  gives  the  same  quantity  with  a  contrary  sign^ 
And  if  }«  s  S^iTsin  {v  +  U  +  c), 
the  last  term  gives 

2     a 

so  that  the  differential  equation  of  the  moon's  latitude  becomes 

'  o  =  *L+  #+?!!!-.  3!.2bKBm(v+ii  +  e) dt^  2         a 

and  if  SilT  sin  (v  +  t^  +  e)  be  put  for  —  +  «,  the  equation 
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+  ?^*  f!  24 J:  sin  (t)  +  iv  +  e) 2      a 

for  tv  may  be  put  for  it,  whence 

j_   l-(l+ty  _  2i+f 

i-d+f).  +  2!2!  .  ̂      In' .  ̂  _  2.-  -  f ' 2         a  2       a 

Hence  the  variation  of  «,  the  moon's  latitude,  with  regard  to^the 
secular  motion  of  the  ecliptic  is 

2  (2i  +  t«)  g  sm  (t?  +  it?  4-  Q 
?!!!!  .  ̂  -  2»  -  i2 
2  a 

This  quantity  is  insensible,  for  iv  is  only  about  16"  a  year,  and 

2     *    a 
being  nearly  40^  37',  the  value  of  the  factor 

2i  +  t« 2  a 

isonly(y'.00022. 
So  that  the  ecliptic  in  its  motion  carries  the  orbit  of  the  moon 

along  with  it 
787.  The  coincidence  of  theory  with  observation,  in  explaining  the 

inequalities  in  the  motions  of  the  moon,  affords  the  most  conclusive 

proof  of  the  universality  of  the  law  of  gravitation.  Having  deduced 
all  these  inequalities  from  that  one  cause.  La  Place  established  the 
correctness  of  the  results  obtained  by  analysis  by  comparing  them 
with  the  lunar  tables  computed  by  Mason  from  1 137  observations 
made  by  Bradley  between  the  years  1750  and  1760,  and  corrected  by 

Burg  by  means  of  upwards  of  3000  observations  made  by  Maske- 
lyne  between  the  years  1765  and  1793.  He  had  the  satisfaction  to 

find  that  the  greatest  difference  did  not  exceed  8''  in  the  longitude, 
while  the  difference  in  latitude  was  only  1'^.94,  a  degree  of  accuracy 
sufficient  to  warrant  the  tables  of  latitude  being  regarded  as  equiva- 

lent to  the  result  of  theory :  the  approximations  in  latitude,  indeed, 
are  more  simple  and  convergent  than  those  in  longitude.  The  in- 

equalities in  the  lunar  parallax  are  so  small,  that  theory  will  deter- 
mine them  more  correctly  than  observation.  Accurate  as  these  re- 

sults are,  it  is  still  possible  that  the  motions  of  the  moon  may  be 
affected  by  the  resistance  of  an  ethereid  m^iun  surrounding  the  sun. 



CHAPTER  VI. 

BFFBCTS  OF  AN  ETHEREAL  BUDIUH  ON  THS  MOnONS  07 
THE  MOON. 

78B.  In  order  to  deternuae  ita  effects  in  the  bjrpodiesiB  of  ita  exist- 

ence,  let  x,  y,  x  be  the  co-ordiiwteB  of  the  moon  refinred  to  the 

centre  of  gravity  of  the  eaith,  aod  y,  y*.  ̂  those  of  the  earth  r^ 
femd  to  the  centre  of  the  sun.  Hie  «hMliite  velocity  of  the  moon 
round  the  urn  will  be 

V(d«  +  J«0'  +  (dy  +  dyO'  +  (rf«  +  di*)'. 
dt 

If  AT  be  a  coeffident  dependmg  on  the  density  of  the  ether,  on  the 
Bur&ce  of  the  moon,  and  on  her  deosity ;  and  if  the  resistance  of  the 

ether  be  asnuned  propoidonal  to  the  square  of  the  velocity,  it  will  be 

g  { (di  +  dxQ'  +  (.»  +  dyO'  +  (.fa  +  d»*)}. 
dr 

In  the  same  manner 

g  (dJ*  +  dy"  +  d>^ 

d(* 

is  the  resistance  the  eaith  experiences  from  the  ether,  S  being  a 
coefficient  for  the  earth  similar  to,  but  different  from  K.     In  the 
theory  of  the  moon  the  earth  is  assumed  to  be  at  rest,  therefore  this 

resistance  must  be  in  a  contiaiy  direction  from  that  acting  on  Uie 

moon,  consequently  the  whole  action  of  the  ether  in  dtsturbing  the 
moon  will  be  the  difference  of  these  forces :  so  with  regard  to  the 
action  of  the  ether  alone,  (208)  becomes 

R  =  g'(dy+dy^+d«")  _  K\  (dlf +<faO'+(dy+dyO*+  (d«4  i^f} 
dp  ~  dP 

and  because  the  resistance  is  in  the  plane  of  the  orbit,  its  component 

forces  are  parallel  to  the  axes  s  and  y  only ;  hence 

:  K'~  .    -Jdj^  +  dy"  +  di™ 
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_  jjr(dr-M«2  .    V(«to+«fa')'+(dy+d»')*+(dz+«teO* 

ay  o^ 

-  JC  ('^y+y)    .    V(«i«+«ir')'  +  idy+dj/y  +  (dz  +  da')« 

But  in  the  theory  of  the  mooti 
  cos  V    ..  ̂   sin  t7     .  ̂   «       #  _  cos  t/      *      sin  t/ 

»  =   •   y=   •   «  =  — I  or  = — 7-1  y  =  — r-» t£  u  u  v!  u' 

and  if  the  ecliptic  of  1750  be  assumed  as  the  fixed  plane  a'  =  0 : 
t/  is  the  heliooentric  longitude  of  the  eartL 

Let    ̂ da/*  +  d^  +  da^  the  little  aio  described  by  the  earth  in 
the  time  dt  be  represented  by  rW.     This  arc  is  to  that  described  by 

the  moon  in  h^  rektiye  motion  round  die  earth  as  ̂   to  unity,  con^ 

sequently  at  least  thirty  times  as  great.  If  the  eccentricity  of  the 
terrestrial  orbit  be  omitted,  dsf  =  mdJt,  If  these  quantities  be  sub- 

stituted for  the  co-ordinates 

(249) 

V(d»-f  d«')«+(dy+dy')»+(iit+cfa7  =£ 
ma'dt  —  dr  •  sin  t/  +  dy  •  cos  1/ ; 

and  if  quantities  depending  on  the  arc  2t/  be  rejected, 

dB.  _  (g-JgQm*     sin^^?^      dx^ 
dx  u^         '  "*    2u'     '  d« 

dR  ̂   CK'-K)m*     ̂ ^    .      SKm      dy 
dy  tt'«  2tt'        d* 

But         d  i.  =r  -.  2dH  2=  -  2d*  ̂ \  -  2<ty  (^^.        (250) 

and  d  —  =  —  — _-  .  {dx  •  sin  t/  -  dy  •  cos  t/}         (251) 
a  u'* 

+ gm»       f  da*  +  dy'^X 
u*     I    dt    y 

The  different  quantities  contained  m  this  equation  must  now  be 
determined. 

789.  The  distance  of  the  moon  from  the  earth  is  Em  =:  J-,  that  of u 
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the  eaitb  from  Ihe  •un  i>  ES  =  — ,  and  thai  of  Ibe  moon  from  Ibe 

BUD  u  mSa  vf  Vi+'C-2J^«tt(r-e') 

but  ̂   ii  ft  very  unall  friction  that  may  he  omitted  ;  coniequentlyi 

when  the  square  root  is  extracted,  the  distance  of  the  moon  from  tha 
sun  is 

mS=  u'  -  —  .  cot  (v  —  v'). u 

If  ffe  assume  the  density  of  the  e&er  to  be  propoftional  to  I  ftinc* 
tion  of  the  distance  from  the  sun,  and  represent  that  function  by 

0  («'),  whb  regard  to  the  moon,  it  will  be 

0  (H-)  -  ̂   .  ̂ 'W  .  COS  (e  -  P-) 

0'  (u')  being  the  diffeiential  of  0  (u')  divided  by  du'.  As  IT  is  a 
quantity  depending  on  the  densibf  of  the  ethei  it  is  variable,  lience  it 

may  be  asstuned  that 

K  =  B  ,^(u')  -  ̂.0'<it').Goa  («-«'}. 

Butaa*B£2if,  v«!ilf,  <•  b  i.  (1  -t- a  coa  (e.  -  «», 

Iberefoie 

d»=  -a*(i«h)  .smo  +  ilu.cose)  .  (I  —  2e cos (co - o)), 
dy  =  a'  {udo  .  cos  e  —  (h  *  sin  v)  >  (1  —  2e  cos  (ctr  —  e)), 
also  dl  =  du  (1  —  2e  .  cos  (cti  —  w)). 

790.  By  the  substitution  (tf  ibeae  quantities  in  equation  (241)  it 
will  be  found,  afier  Tejecting  periodic  quantities,  and  integrating, 

i-=  -  Htruf 1 3000 

+  Bmif\ •  _i».0'(«O}.eMn((»  —  o), 

which  is  the  teoular  nriation  in  the  mean  parallax  of  the  moon  b 

flonaeqaence  of  the  resistance  of  the  ether. 
In  Older  to  abridge,  let 
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The  value  of  —  in  equation  (225)  will  be  augmented  by  av,  therc- a 

fore  a  will  be  diminished  by  ctv. 

Since  rf  J_  =  -  2dB. a 

therefore  dR  =  —  it>-  —  do. e. cos  (cb— to). 2a  2o 

Consequently,  when  periodic  tju&nlities  are  omiUed,  £=:  —  3/ctdc .  iR 

gives  t  =  —  _|  <ro» 

or,  omitting  the  action  of  the  sun, 

Tlius  the  mean  motion  is  affected  by  a  secular  variation  from  the  re- 
sistance of  the  etiicreat  medium ;  but  il  may  easily  be  shown,  from  the 

value  of  R  in  article  789,  that  this  medimn  haa  no  effect  whatever  on 

the  motion  of  the  lunar  nodes  or  perig'ce.  However,  in  consequence 
of  that  action  the  second  of  equations  (224),  which  is  the  coeffi- 

cient of  sin  (ct?  —  1^),  ought  to  be  augmented  by  C  .  e  i  hence, 

rejecting  c*,  da,  and  making  c  =  1  it  gives 

f  .  edp  5=  3  .  d  -1 , 

or  —  =  constant  (1  +  i  fc) ; 

bill  a 
-  must  be  augmented  by  uv,  if  the  square  of  o  be  omitted. 

e  =  constant  (l  _  («  -  Jf)  ̂  >. 

Thus  the  eccentricity  of  the  lunar  orbit  is  affected  by  a  secular  in- 
equality from  the  resistance  of  ether,  but  it  ia  insensible  when  com- 

pared with  the  corresponding  inequality  in  tiic  mean  motion. 
Il  appears  ihcn  that  the  mean  motion  of  the  moon  is  subject  to  a 

■ecutar  variation  in  consequence  of  the  resistance  of  ether,  which 
ler  affects  the  motiou  of  the  perigee  nor  ihe  position  of  the  orbit; 
•«  the  secular  ineq;ualities  of  the  juoon  deduced  theoretically 
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from  the  variation  of  the  eccentricity  of  the  earth's  orbit  are  perfectly 
confirmed  by  the  coaconence  of  ancient  and  modem  obserrationB, 
they  cannot  be  aKribed  to  the  resistance  of  an  ethereal  medium. 

791.  Hie  action  of  the  ether  on  the  motions  of  the  earth  may  be 

foond  by  the  preceding  formula  to  be 

dR_ 

•  K'mfa 

when  the  eccentricity  of  the  earth's  orbit  is  omitted,  so  that 

Conaeqaently  the  general  equadon  (S&O)  gives 

dA  =  —  ir'.a".ii^.(U.  and  therefore 

fe  =  -  ̂  . //.tt.dfl  =  i^::^^. 
tii  being  the  mass  of  the  sun. 

If^(u')  be  a  function  of  the  diatauce  of  the  earth  from  the  moon, 

then  must  K'  <=  H' .  <t>  (.W),  H'  being  a  constant  quantity  depend- 
ing on  the  masa  and  surface  of  the  earth.  Whence  it  may  he  fomid 

by  the  same  method  with  that  employed,  that  the  resistance  of  elber 
in  the  mean  motion  of  the  earth  would  he 

£■— a  H'g"mf  .»(u') 

Whence  it  appean  that  the  acceleration  in  the  mean  motion  of 

the  moon  is  to  that  in  the  mean  motion  of  the  earth  as  unity  to 
gg'  .  w  .  »  (u') 

H{3fli(«')  -  11  «'(u')} 

or  as  unity  to  |  m  .  5!!,  if  _  ̂   ̂  («') 

be  omitted,  and  because  _ „"•'«•  . 

Now  IP  and  H  depend  on  the  maases  and  surfitcea  of  the  earth 

and  moon ;  and  as  the  resistance  is  directly  as  the  sur&ce,  and  in* 
Tersely  as  the  masB,  therefore 

„  _  surface 
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But  by  article  652,  if  the  radiui  of  the  earth  be  unity,  the  moon's 
^e  diameter  a 

i  moon's  apparent  diameter . 
moon's  honzontai  parallax 

hence  surface  of  moon  = 

(apparent  diameter)*  ■ 
(lunar  parallax)' 

nd  H  ̂      { j^  apparent  diameter  of  moon  }* 

mass  of  moon  {  lunar  parallax  }*' 
But  as  the  terrestrial  radius  is  assumed  =  1,  the  earths  surface  is 

unity ;  so  H'  =    u-   ;  hence mass  of  earth 

H'  ̂   mass  of  moon        square  horizontal  parallax  of  moon 

H         mass  of  earth       square  of  ̂   moon's  apparent  diameter 

From  observation  half  the  moon's  apparent  diameter  is  943'M64, 
her  horizontal  parallax  is  3454 .  16,  and  her  mass  is  ̂t^  of  that  of  the 

earth,  so  ̂   s:  0.17888  ;  and  as  m  s  — L.,  it  follows  that  the H  13,3 

acceleration  in  the  mean  motion  of  the  earth  from  the  resistance  of 

ether  is  equal  to  the  corresponding  acceleration  in  the  mean  motion 

of  the  moon  multiplied  by  0.00894^^  or  about  a  hundred  times  less 
than  the  acceleration  of  the  moon  bom  the  resistance  of  ether.  No 

such  acceleration  has  been  detected  in  the  earth's  motion,  nor  could 
it  be  expected,  since  it  is  insensible  with  regard  to  the  moon. 

In  the  preceding  investigation,  the  resistance  was  assumed  to  be 
as  the  square  of  the  velocity,  but  Mr.  Lubbock  has  obtained  general 

formulae,  which  will  give  the  variations  in  the  elements,  whatever  the 
law  of  this  resistance  may  be. 

792.  Although  we  have  no  reason  to  conclude  that  the  sun  is 

surrounded  by  ether,  from  any  effects  that  can  be  ascribed  to  it  in  the 

motions  of  the  moon  and  planets,  the  question  of  the  existence  of 
such  a  fluid  has  lately  derived  additional  interest  from  the  retardation 

that  has  been  observed  in  the  returns  of  Bnke's  comet  at  each  revo- 
lution, which  it  is  difficult  to  account  for  by  any  other  supposition 

than  this  existence  of  such  a  medium. 

Mr.  £nke  has  proved  that  this  retardation  does  not  arise 

from  the  disturbmg  action  of  the  planets.      But  on  computing 
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Uio  cRectfl  of  tlie  resisUnce  of  an  etlier  diiTuscU  ihrougli  space,  lie 

fuunJ  that  the  diminution  in  tlie  periodic  time,  and  on  tlie  occen* 
tricity  arising  from  the  ether,  Buppoiipg  it  to  exiat,  corrcEponds 
exactly  with  oliBCTvation.  This  coincidence  ii  very  Tcmorkable, 
because  i)^oranee  of  the  nature  of  the  medium  in  question  imposes 

the  necessity  of  forming  an  hypothesis  of  the  law  of  its  resistance. 

Future  leturns  of  this  comet  will  furnish  the  best  proof  of  the  e^iit> 
ence  of  an  ether,  which,  by  the  computation  of  Mazotti,  must  be 
360,000  millions  of  times  more  rare  than  atmospheric  air,  in  order 

to  produce  the  observed  retardation.  The  existence  of  an  ethereal 

medium,  if  established,  would  not  only  be  highly  important  in  astro- 
nomy, but  also  from  tlie  conGrmatiun  it  would  afford  of  the  undu- 
lating theory  of  light ;  among  whose  chief  supporters  we  have  to 

number  Huygens,  Descartes,  Hooke,  Eulcr,  and,  in  later  times,  the 
illustrious  names  of  Young  and  Fresnel,  who  have  applied  it  with 

singular  success  and  ingenuity  to  the  explanation  of  those  classes  of 
phenomena  which  present  the  greatest  difficulties  to  the  corpuscular 
doctrine. 

793.  La  Place  employs  the  same  analysis  to  determine  the  edicts 
that  the  resistance  of  light  has  on  the  motions  of  the  bodies  of  the 
solar  system,  whether  considered  as  propagated  by  the  unduialions 
of  a  very  rare  medium  as  ether,  or  emanating  from  the  sun.  He 
tinils  that  it  has  no  cfiect  whatever  on  tlie  motion  of  the  perigee, 
eillier  of  the  sun  or  moon  ;  that  iU  action  on  llie  mean  motion*  of 

tlie  earth  and  moon  is  quite  insensible  ;  but  that  the  action  of  light, 
on  tlic  mean  motion  of  the  moon,  in  the  corpuscular  hypothesis,  is  to 

that  in  tlic  undulating  system  as  —  I  to  0.01345. 
794.  If  gravitation  be  produced  by  the  impulse  of  a  fluid  towards 

the  centre  of  the  attracting  body,  the  same  analysis  will  give  the 

secular  equation  due  to  tlic  successive  transmission  of  the  attractive 
force.  The  rcsiUt  is,  that  if  g  be  the  attraction  of  any  body  as  the 

earth  ;  G  the  ratio  of  the  velocity  of  the  fluid  which  causes  gravita- 
tion to  that  of  the  moon,  at  her  mca^  distance,  and  t  any  finite  time, 

the  secular  equation  of  the  mean  motion  of  ttie  moon  ftom  the  trans- 

mission of  the  attractive  force  is  i  - — 

'  aG 

The  gravity  of  a  body  moving  in  ita  orbit  is  equal  to  its  centri- 

fugal foice  i  md  Utc  latter  ia  ̂ ual  tg  the  aijuaic  of  the  velocity i 
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divided  by  the  radius  vector ;  and  as  the  square  of  the  moon's  velo- 
city is  a'(27. 32166)'  its  ecntrifiigal  force  is  (27.32166)*, 

whence  g  =  (27.32166)>  ; 
and  the  secular  equation  beconieB 

Since  G  is  the  ratio  of  the  velocity  of  the  fluid  in  question  to  t 

velocity  of  tl>e  moon    G  =      ''"''•  ""'"^     ; ff(27. 32166) 

hence  the  velocity  of  the  fluid  is  (27.32I66)aG. 
.,  ,  _  velocity  of  the  fluid 

velocity  of  light 

then  the  velocity  of  the  gravibtting  fluid  is  equal  to  L  velodty  of 

light;  whence  L.  vel.  light  =  (27.32166)aff ;  but    by  Bradley's 
tlieory,  the  velocity  of  liglit  is 

(365.B5)a 

tan  20". 25    ' 
a'  being  the  mean  distance  of  the  earth  fi'om  the  sun  ;  whence 

^_(365,25)«^^  3 
tan  20". 25 

G  = 
1,(365. 25)ffl' (27.S2166)a. 

And  the  secular  equation  of  the  moon  from  the  succeBsive  trans* 

mission  of  gravity  becomes 

|.  (£1:12166)^.  ̂   P.  Un20".25. 
365.25  a' 

Now,  if  the  acceleration  in  the  moon's  mean  motion  arises  from  Ih 

successive  transmission  of  gravit;-,  and  not  from  the  secular  variatio 

in  tlie  earth's  eccentricity,  the  preceding  oxpression  would  be  equal 
to  10". 1816213,  the  acceleration  in  100  Julian  years.  Therefoie, 
making  I  =  100, 

(27.32166)'     10000 
10", 1816213 

_J_;  whence  i  =  42145000; I 
thus  the  velocity  with  which  gravity  is  transmitted  roust  be  more 

forty-two  million  ̂ mes  greater  than  the  veloci^  of  ligfat; 
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ihflTolacity  of  light :  hence  we  mutt  iuppoie  the  velocity  of  the  moon'^  ̂ ** 
to  be  many  a  hundred  million  tintes  greater  than  that  of  light  to 
preierve  her  from  being  drawn  to  the  earth,  if  her  acceleration  be 

oiving  to  the  succeuive  transmiBaion  of  gravity.     The   action  of 
gravity  may  therefore  be  regarded  as  inatantaneous. 

79&.  Thete  investigations  are  genera],  though  they  have  only 
been  appUed  to  the  earth  and  moon ;  and,  as  the  influence  of  the 

ethereal  media  and  of  Iha  trasimisiion  of  gravity  on  the  moon  is 

quite  inteiuible,  though  greater  than  on  the  earth,  it  may  be 
concluded,  that  they  have  no  sensible  effect  on  the  motions  of  the 
solar  system ;  but  as  tliey  do  not  affect  the  motions  of  the  lunar 

perigee  and  the  perihelia  of  the  earth  and  planets  at  4II,  these  motions 

afford  a  more  conclusive  proof  of  tha  law  of  gravitation,  than  any 
other  circumstance  In  the  system  of  the  world.  Hie  length  of  the 
day  is  proved  to  be  constant  by  the  secular  equation  of  the  moon. 

For  if  the  day  were  longer  row  than  in  the  time  of  Hipparchus  by 

the  0.00324th  of  a  second,  the  century  would  be  US". 341  longer 
than  at  that  period.  In  this  interval,  the  moon  would  describe  an  arc 

of  173".  2,  and  her  actual  mean  secular  motion  would  appear  to  be 
augmented  by  that  quantity ;  so  that  hei  acceleration,  which  is 

10". 206  for  the  first  c^tury,  beginning  from  1801,  would  be  in- 

creased by  4". 377  ;  but  observations  do  not  admit  of  so  great  an 
increase.  It  is  therefore  certain,  that  the  length  of  the  day  has  not 
varied  the  0.00824th  of  a  second  since  the  time  of  Hipparchus. 

796.  It  is  evident  then,  that  the  lunar  motions  can  be  attributed 

to  no  other  cause  thao  the  gravitation  of  matter:  of  which  the 

concurring  proofs  are  the  motion  of  the  lunar  perigee  and  nodes  ; 
the  mass  of  the  moon ;  the  magnitude  and  compression  of  the  earth ; 

the  parallax  of  the  sun  and  moon,  and  consequently  the  magnitude 

of  the  system  ;  the  ratio  of  the  sun's  action  to  that  of  the  moon,  and 

the  various  secular  and  periodic  inequalities  in  the  moon's  motions, 
every  one  of  which  is  determined  by  analyus  on  the  hypothesis  of 
matter  attracting  inversely  as  the  square  of  the  disUnce ;  and  the 
results  tiius  obtained,  corroborated  by  observation,  leave  not  a  doubt 

that  the  whole  obey  the  law  of  gravitation.  Thus  the  moon  is,  of 
all  the  heavenly  bodies,  the  best  adapted  to  establish  the  univeiwl 

influence  of  this  law  of  nature ;  and,  liom  the  intricacy  of  her  mo- 

tiona,  we  may  form  some  idea  of  the  powers  of  analysis,  that  mar- 
•  2  K 
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vellouB  matrument,  by  the  aid  of  which  so  complicsMd  a  llieoiy  has'  i 
Lecn  unravelled. 

797.  Before  we  leave  the  subject,  it  may  be  tnteresling  to  slioW    I 

ihnt  llic  diffcrcDtial  equatioDi  of  the  lunar  co-ordinstee,  given  in 

(207),  may  be  derived  from  Newton's  theory. 
If  the  inclination  of  the  lunar  orbit  be  omitted,  the  whole  force 

H'hicli  dialuTliB  tlic  inoon  may  be  resolved  into  two ;  one  pcr- 
])cndicular  to  tlic  radius  vector,  anil  another,  according  lo  tlie 
railius  vector,  and  directed  towards  the  centre  of  the  earth.     Kow, 

—  f   1  ia  the  first  of  these  forces,  and  —  f   )    is    the    other. 

The  force  —  ( — \  multiplied  by  dt,  gives  the  increment  of  the r  \doJ 

velocity  of  tlic  moon  perpendicular  to  the  radius  during  tJie  instant 

dl ;  and  when  mulLipliod  by  1  rdt,  it  becomee  i  (  — )  dt  =  Uie  in- 
\dvj 

crcmcnt  of  the  area  described  by  the  radius  vector  in  the  time  dt_-  i 

It  must  tiierefore  be  equal  to  i  .  ̂  '  ''^'' ; 

hence  i^J^  =  (^A\dl. dt  \do  J 

If  this  e<iuaUon  be  multiplied  by  — Z  and  integrated,  the  result 

ivill  be  (rVr)'  =  h'dP  (1  +  -^     Cf^^i'dv)  ; 

which  is  the  first  of  eijuations  (207). 
Again,  if  ds  be  the  element  of  the  curve  described  by  the  moon, 

—  will  be  the  square  of  her  velocity ;  and,  aubstiluling  the  preceding 

value  of  cf(,  the  square  of  the  moon's  velocity  wilt  he 
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dv-      ̂     ̂    h'J\dv)     t.'j 
If  r'  be  the  osculating  radius  of  the  orbit,  the  expression  of  the 
radius  of  curvature,  in  article  83,  will  -give,  when  substitution  is 

made  for  x,  y,  z,  in  supposing  dv  constant. 

Hence  the  Hjuare  of  the  moon's  velocity,  divided  by  the  radius  of 
curvature,  is 

By  the  theorems  of  Huygens,  this  expression  must  be  equal 
to  the  lunar  force  resolved  tn  the  radius  of  curvature,  and  di- 

rected tovruds  the  centre  of  curvature.  Now,  if  the  force 

~  I  -—  j  be  resolved  into  two,  one  parallel  to  the  element  of  the 

curve,  and  the  other  directed  to  the  centre  of  curvature,  the  latter 

wiU  be  u  (~'\  .  — .     Mm  the  force  i-  (^\  resolved  accord- \dn  /     d*  r  \dvj 

ing  to  the  radius  of  curvature,  will  be   It  (   Y     The  sum  of ud»  \dj>  / 

these  two  forces  directed  towards  the  centre  of  curvature  is 

dp  /dRS  _    du_  /dR\ 

^'ds\da)         udt\dv)' 
If  the  square  of  this  expression  be  made  equal  to  that  of  (353), 

then 

n       /''*«.     %fi_L2    r/dR\dv]        1  /dR\  ,     da     /dR\ 

'='{i?-^''^^'-'tJ  {d^)l?\-Ti-di)+-^^.W 
,    which  is  the  same  with  the  second  of  equations  (202),  when  the 

inclination  of  the  orbit  is  omitted. 

Tlie  equation  in  latitude  is  not  so  easily  found  as  the  other  two ;  but 
the  method  followed  by  Newton  was  to  resolve  the  action  of  the  sun  on 
the  moon  into  two,  one  in  the  direction  of  the  radius  vector  of  the  lunar 

orbit,  the  other  parallel  to  a  line  joining  the  centres  of  the  sun  and 
earth.  The  difference  between  the  last  force  and  the  action  of  the 

sun  on  the  earth,  he  saw  to  be  the  only  force  that  could  change  the •  3K3 
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position  of  llie  lunar  orbit,  since  it  is  nol  in  that  plane.     He  deter- 
fig.  107.  niiueil  tlie  effect  of  this  force,  by  supposing 

AB,  (ig.  107.  to  be  the  arc  described  by  the 
moon  in  an  instant ;  then  ACB  is  the  plane 

of  tlie  orbit  during  that  tone ;  in  the  next  in- 
Btant,  the  diflerence  of  the  two  forces  causes 
the  moon  to  dcBcribe  the  small  arc  BD  in  a 

^D  different  plane ;  then  if  BD  represent  the  dif- 
ference of  the  forces,  and  if  AB  be  the  velo^ 

city  of  the  moon  in  tlic  first  instant,  the  dia- 
gonal BD  will  be  tlie  direction  of  the  velocity  in  the  second  instant ; 

and  AC  D  will  he  the  position  of  the  orbit.  Newton  deduced  the 
horary  and  mean  motion  of  the  nodes,  their  principal  variation,  and 

the  inequalities  in  latitude,  from  these  considerations.  La  Place  con- 
sidered llie  theory  of  the  moon  as  the  most  profound  and  ingenious 

pari  of  the  Principia. 

I 
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CHAPTER  !;■ 

THBORT  OF  Jtn>lTEK*S  SATEtLlTES. 

T96.  JuptTKK  ia  attended  hj  four  utellttea,  which  were  discofeied 

by  Galileo  on  the  Ist  of  June,  1610;. thdr  orbits  are  neariy  In  tba 

plane  of  Jupiter's  equator,  and  they  exhibit  all  the  phenomena  of 
the  solar  system,  oil  a  small  scale  and  in  short  periods.  Hie  eclipses 

of  these  satellites  afford  the  easiest  method  of  ascertaining  teire** 
trial  longitudefl ;  and  the  freqnency  of  the  occurrence  of  aa  eclipse 

renders  the  theory  of  their  tnotions  neariy  as  important  to  the  geo- 
grapher  as  that  of  the  moon. 

799.  The  Orbits  of  the  two  first  satellites  are  drcuUr,  sabject  only 
to  such  eccentricities  aa  ariK  from  the  disturbing  forces ;  the  third 
and  fourth  satellites  hare  elliptical  orbits ;  the  eccentricity  however  is 
BO  small,  that  their  elliptical  motion  ii  determined  along  with  thostf 

perturbations  that  depend  on  the  eccentriciticB  of  the  orbits. 

800.  Although  Jupiter's  satellites  might  be  regarded  as  an 
epitome  of  the  solar  system,  they  nevertheless  require  a  new  inves- 

tigation, on  account  of  the  nearly  commensurable  ratios  in  the  mean 

motions  of  the  three  first  satellites,  the  action  of  the  sun,  the  etlipti- 

city  of  Jupiter's  spheroid,  and  the  displacement  of  his  orbit  by  the 
action  of  the  planets. 

801.  It  appears,  fiomobsemtion,  that  thejneaa  motion  of  the  first 
satellite  is  nearly  equal  to  twice  that  of  the  second ;  and  that  the 

mean  motion  of  the  second  is  nearly  equal  to  twice  that  of  the  third ; 
whence  the  mean  motion  of  the  first,  minus  three  tunes  that  of  the 

second,  plus  twice  that  of  the  thud,  is  zero ;  but  the  last  ratio  is  so 

eztct,  that  fimo  the  esdieat  obserratioiu  it  !»■  always  bem  zero. 
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also  found  that,  from  the  time  of  the  (Uscovery  of  the  saleUites, 
llie  mean  longitude  of  the  first,  miuuB  three  times  that  of  the  second, 

plus  twice  that  of  the  thinl,  is  equal  to  180" ;  and  it  will  be  sbo^-n,  in 
the  theory  of  tliegc  bodies,  that  even  if  these  ratios  had  not  been 
exact  in  tlic  origin  of  their  motions,  their  mutual  attractions  would 

have  made  thcni  so.  They  are  the  cause  of  the  principal  ine<]ualilje< 
in  the  longitude  of  the  satellites;  and  as  they  exiat  also  in  theJr 

Bynodic  motions,  they  have  a  great  influence  on  the  times  of  their 

eclipses,  and  indeed  on  their  whole  theory. 

802.  The  prominent  matter  at  Jupitci's  equator,  together  with  thn 
action  of  the  satellites  themselves,  causes  a  direct  motion  in  the 

apsides,  which  changes  the  relative  position  of  the  orbits,  and  altcrv 
the  attractive  force  of  the  satelUtes ;  consequently  each  satellite  has 

virtually  four  equations  of  the  centre,  or  rather,  that  part  of  tho 
longitude  of  each  satellite  ihat  depends  on  the  eccentricity,  consists 

of  four  principal  terms ;  one  that  arises  from  the  tnie  ellipticity  of  its 

own  orbit,  and  three  others,  depending  on  the  positions  of  the  apsides 

of  the  other  three  orbits.  Inequalities  perfectly  similar  to  these  are 
produced  in  the  radii  vectores  hy  the  same  cause,  consisting  of  the 

same  number  of  terms,  and  depending  on  the  same  quantities. 
803.  Astronomers  imagined  that  the  orbits  of  the  satellites  had  a 

constant  inclination  to  tlie  plane  of  Jupiter's  equator  ;  however,  they 
have  not  always  the  same  inclination,  either  to  the  plane  of  his  equa< 
tor  or  orbit,  but  to  certain  imaginary  fixed  planes  passing  between 

these,  and  also  through  their  intersection. 

J!g.  108. Let  N.IN'  be  tiie  orhil  of  Jnpiter, 

NQN'  the  pbne  of  his  equator  ex- 
tended BO  as  to  cut  liis  orbit  in  NN' ; 

then,  if  NMN'  be  the  orbit  of  «  satel- 
lite, it  will  always  preserro  very  nearly 

the  same  inclination  to  a  fixeil  plane 

NFN',  passing  between  the  planes 
NQN'  and  NJN',  and  tlirough  the  line 
of  their  nodes.  But  although  the  orbit 

of  llie  satellite  preserves  nearly  the 
I  its  nodes  have  a  retrograde  motion 
FN  itself  is  not  absolutely  fixed,   but 

equator   and  orbit  of  Jujatcr.     Each  satel- 

I 
1 
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lite  has  «  different  fixed  plane,  which  is  less  inclined  to  the  plane  o( 

Jupiler'i  equator  the  nearer  the  BatelUte  ia  to  the  planet,  eridently 
arising  from  the  attraction  of  tlie  protuberance  at  Jupitei'i  equator, 
which  retains  the  aatellites  nearly  in  the  plane  of  the  equator ;  fur- 

nishing aootiier  proof  of  the  mutual  attraction  of  the  particles  of 
matter. 

804.  The  equatorial  matter  of  Jufnter's  spheroid  causes  a  retro- 
grade motion  In  the  nodes  of  the  orbits  of  the  satellhes ;  which 

alters  their  mutual  attraction,  by  changing  the  relative  position  of 
their  planes,  so  tliat  the  latitude  of  any  one  satellite  not  only 
depends  on  the  position  of  the  node  of  its  own  orbit,  but  on  the 

nodes  of  the  other  three ;  and  aa  the  position  of  Ju|»tet's  equator 
Is  perpetually  varying,  in  consequence  of  the  action  of  the  sun  and 
satellites,  the  Udtude  of  these  bodies  varies  also  with  the  inclination 

of  Jupiter's  equator  on  hts  orbit,  and  the  posidon  of  its  nodes.  Thus, 
the  principal  inequalities  of  the  satellites  arise  from  the  compression 

of  Jui^tei's  spheroid,  asd  tnm  the  direct  and  hidhrect  action  of  the 
son  and  satellilea  themselves. 

805.  The  secular  variation  in  the  form  and  poution  of  Jupiter's 
orbh  is  the  cause  also  of  secular  variations  in  the  motions  of  the  satel- 

lites, dmilar  to  those  in  the  motions  of  ibe  moon  occasioned  by  the 

variation  in  the  eccentricity  and  position  of  the  earth's  orbit, 
flOfl.  lie  position  of  the  orbit  of  «  satellite  may  be  known  by 

supposing  five  planes,  of  which  fy.l09. 
FN,  passing  between  JN  and 

QN,  the  planes  of  Jupiter's  orbit 
and  equator,  always  rctdns  very 
nearly  the  same  inclination  to 

them.  The  second  plane  An  moves 

uniformly  on  FN,  retaining  nearly 
the  Baffle  inclination  on  It  The 

third  Bn'  moves  In  the  same  manner  on  An  ;  the  fourth  Cn"  moves 

umilarly  on  Bn' ;  and  the  fifth  Mn"',  which  has  the  same  kind  of 
motion  on  Cn",  is  the  orbit  of  the  satellite.  The  motion  of  the 
nodea  are  retrograde,  and  each  satellite  has  a  set  of  planes  peculiar 
to  itself.  In  conformity  with  this,  the  latitude  of  a  satellite  above 
the  variable  orbit  of  Jupiter,  is  expressed  by  five  terms ;  the  first  of 

which  is  relative  to  the  dispUoemaU  of  the  orbit  and  equator  of 
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Jupiter ;  tbe  wconil  is  relative  tg  the  inctination  of  the  orbit  of  tbe 
saleUite  on  tta  6xed  plane ;  and  the  otiiei  three  terms  depend  on  tbe 
position  and  inution  of  the  nodes  of  the  other  three  orbits.  The 
iDequalitiea  nhich  have  small  divisions,  aiiatng  from  the  configuratioo 
of  the  hodics,  are  insenaible  in  latitude,  with  the  esception  of  thosa 
produced  by  tlic  sun,  whicli  modily  the  preceding  quantitiei. 

$07.  For  the  solution  of  the  problem  of  the  Batellites,  the  dats 

tliat  must  be  determined  by  observation  for  a  given  epoch,  are, 

the  compression  of  Jupiter's  spheroid,  the  inclination  of  his  equator 
on  hia  orbit,  the  longitude  of  its  nodes,  the  eccentricity  of  bis  orbit, 

its  position,  and  its  secular  variations;  the  masses  of  the  four 
aatellitcB,  their  mean  distances,  periodic  times,  the  eccentricities  and 

inclinations  of  their  orbits,  together  with  the  longitude  of  their  apsidea 

and  nodes.  The  masses  of  the  sateUites  and  the  compression  of 

Jupiter  are  determined  from  the  inequalities  of  the  satellites  them- 
selves. 

SOS.  The  orbits  of  the  four  satellites  may  be  regarded  as  circular, 
because  the  eccentricity  of  the  thinl,  and  even  the  fourth,  is  so  small, 

that  their  equations  of  the  centre  will  be  detennined  with  the  pertur- 
bations dcj>ending  on  the  eccentricities  and  inclinations.  Thus, 

with  regard  to  the  two  first,  and  nearly  for  the  other  two,  the 
true  longitude  is  the  sum  of  tlie  mean  longitude  and  perturbations  ; 

and  the  radius  vector  will  be  found  by  adding  the  perturbations  to 
the  mean  distance. 

809.  A  satellite  m  is  troubled  by  the  other  three,  by  the  sun,  and 

by  the  excess  of  matter  at  Jupiter's  equator.  Tlie  problem  however 
will  be  limited  to  the  action  of  the  sun,  of  Jupiter's  spheroid,  and  of 
one  satellite  )  the  resulting  equations  will  be  general,  from  whence 

the  action  of  each  body  may  be  computed  separately,  and  the  sum 
will  be  the  effect  of  the  whole. 

810.  Let  m  and  m,  he  the  masses  of  any  two  satellites,  x,  y, 

x',  y',  z',  their  rectangular  co-ordinates  referred  lo  the  centre  of  gra- 
vity of  Jujiiter,  supposcii  to  be  at  rest ;  r,  r'  their  radii  vectorea 

then  the  disturbing  action  of  m,  on  m  is 

W,(jJ'  +  yy'  +  aa')  _     m^   
'■'"  V(y-x)'+  iy'-yy  +  iz'-ny 

consequentiy  tlie  sign  of  fl  must  be  changed  in  equations  (155)  and  I 
(156),  since  it  is  assumed  to  be  negative  in  this  case. 

I 
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IV  Mtellhes  move  neuly  in  the  plane  of  Jujnter'a  equator,  which 

in  1750  WMiDclined  to  the  plane  of  hi>  orbit  atan  angle  ofS^VSO"; 

and  as  the  fixed  planea  pass  be- 
tween these  two,  the  inclinatkma 

of  the  orbits  of  the  satellites 

to  them  are  very  small ;  con- 

sequently *  =  nP,  ;  ==  m,P', 
fig.  110,  the  tangents  of  the 
latitude  of  the  two  satellites  on 

PJF,  the  fixed  plane  of  m,  are 

rery  imsU. 
If  7  be  the  venal  equinox  of  Jupiter,  the  longitudes  of  the  two 

satellites  are  iJP  =  v,  iJP'  =s  v„  and  theiefbie 

r  cos  g  _     r  sin  p  r» 

~  VTT>'        V1+  •■'        /rT> 
If  y,  y*,  I*,  the  co-ordmates  of  m„  be  equal  to  the  same  quantities 

accented,  the  action  of  m,  on  m,  expreeaed  in  polar  co-ordinates, 
will  be 

g  =  ̂ {i..4-fl-]K-V.ncosff.-t>^H  "' V  V  »•-  2rr,  cos  (o^-t.)+r/ 

-   «.•"■.•  {".-K*'  +  '/')cos  (c,-p)} 
{r*-«rT,.cos(e,-r)+r/}4 

when  f*,  V  are  neglected. 
811.  If  8'  be  the  mass  of  the  sun,  and  X",  T,  Z',  bis  co-ordinates, 

bis  action  upon  m  will  be  expressed  by 

R  =  S'jX'x+Tjf+Z't)  _  g 

i^  V(x-*>»+(r-,)'-i-(Z'-s)«' 
D  being  his  distance  from  the  centre  of  Jupter. 

Let  Ju{uter  and  his  orbit  be  assumed  (o  be  at  rest,  and  let  his 
motion  be  referred  to  the  sun,  which  is  the  same  as  supposing  the 
sun  to  more  in  the  orbit  of  Ju{»ter  with  the  velocity  of  that  |daiiet; 

if  S  be  the  tangent  of  the  sun's  latitude  above  the  fixed  plane  PJP; 
and  U=  T&I,  hia  longitude  seen  from  the  centre  of  Jupiter  when  at 
rest,  then 

„    „  D  cos  17    VI—    "  "in  ̂      y—     ̂   •  * 
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R=  -  |l--^{l-3i»-3S'+12*S(cos(t;-r)+8cM2(f;-r)J, 

which  is  tlie  aclioo  of  tlie  Bun  on  the  salelUw  when  l«nn« 

by  ly  lire  omitted,  for  the  ilistance  of  the  tatellita  fmin  Jupitn  li  } 
incomparably  less  than  the  distance  of  Jupiter  from  the  sun. 

812.  The  aUraction  of  the  excess  of  matter  at  Jupiter's  equator  H   I 

expre««d  by        it  =  -  (/>  -  4 0)<i  -  -')  -  i^, 

in  which  v  is  tlie  sine  of  the  declination  of  the  gatclUte  on  the  plaBfl  | 

of  Jupiter's  equator;  J  the  mass  of  Jupiter;  2R  his  equatorial 
diameter ;  p  his  elUptlcity,  and  0  the  ratio  of  the  centrifiigal  force  to  ' 
gravity  at  his  equator.  Now  it  may  be  assumed  that  J=  1,  VP  = 

and  if  j'  be  the  tangent  of  the  latitude  thai  tlie  satelhte  would  have 

above  the  fixed  plime  if  it  moved  in  the  plane  of  Jupiter's  equator, 
ODd  as  «  is  its  latitude  above  that  plane,  when  moving  in  its  own 

orbit,  V  :=  I  —  ('  nearly  ;  hence 

813.  Thus  the  wlioU  force  that  troubles  the  motion  of  m  is 

i!=^j»,  +(1  -  J,- -I,,-)  eo.  (.,-.)! 

V''-ilrr,co.(»,-.)  +  r/ 
'»,>r,|..,-i(.'  +  ..-)co.(..-»)) 

(,'-2rr,co>(.-,-..)+r,-))", 
{l-3.*-3S»+l2«Scos(t;-B)+3coB2(t;  — f)} 

.  <f-W {i-i-'-n 
814.  If  the  squnrcB  of  8, «,  nod  ('  be  omitted,  tlie  only  foree  that 

tioubles  the  sntellitea  in  longitude  and  dlBtftnCO  ia 

■Jr---2,r.m(v,-„)  +  r,- 

j^|l  +  3ee.2(U-,.,) 
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When  the  eccentricities  are  omitted,  tbe  radii  vectorea,  r  and  r', 
become  a,  a„  half  the  greater  btcb  of  the  orbit*,  and  that  part  of 
R  that  depends  on  the  mlitiu)  attractiDn  of  the  satellites,  ii 

fl'  =:  ̂   C08  (ii,t-nl+t,  -  €)   *"' 
"*  'Ja'-2aa,cw(nJL'  „/+,,-.)+«,• 

n(+«,  R,<+'„  being  the  tneati  longitudes  of  fR  and  m,.  This  ex- 
pression may  be  developed  into  the  series 

B'=:(ii,{4-*,+J,.co«(n,i-n(+<,-0+-^i«»2(B^-nJ+«'-«)+4c} 
This  is  the  part  of  A  that  is  independent  of  the  eccentricities,  and  is 
identical  with  the  Boriei  in  article  446 ;  therefore  the  coefficients  A^ 

Ax,  inc.,  and  theli diflerencei,  maj  he  computed  by  the  same  formulce 

as  for  the  planets,  observing  to  substitute  A,-  ~  for  Ap 

But,  by  article  445, 

rK«(l+u)  r,c=a,(l+«,) 

»  =  trf  +  .  +  o'  c,  =  n,(  + «,  + 1/^ 

where  u,  u„  «',  tf^  are  the  elliptical  ports  of  the  radii  vectores,  and 
of  the  longitudes  of  m  and  m,.  By  the  same  article,  the  general  for- 

mula for  the  developement  of  R,  according  to  the  powers  aod  pro- 
ducts of  these  minute  quantities,  is 

JI=  ft' -I- «.,.^ +  <!,«,  .  -^-KV-t.-).^  +  4c. da  da,  ndt 

From  the  preceding  valua  of  R'  the  quantities   ,   ,  be.,  may 
da       da, 

be  found  ;  and,  when  substituted,  it  will  be  seen  afterwards  that  the 

only  requisite  part  of  A  is 

R=mi{}fAf¥A,coi{n.t-ni+e,-t)-\-AtC<a2{n/t~nt+f,-i)Jr&c] 

-I-  ̂ '  _  ««  .    ̂o  -l-«. ^  .  cos  2(ji,(  -  nt  +  «,-.) 

-|-  m,o,w'  -^^^  .  cos  {njl  —  nt  +  t,  —  «) ^,dA, 

da, 

—  m,v,'  A,  .  sin  (t'A  -  n'  -f-  •,  —  «) 
+  2my  At .  wn  2(n/  —  nt  +  t,  —  e). 

Because  the  satellites  move  in  nearly  circular  orbits,  u,  u„  v',  and  v,', 
may  be  regarded  as  variations  arising  either  entirely  from  the  dis- 

turbing forces,  aa  in  the  first  and  second  satellites,  or  from  that  force 

coiyomtly  with  a  real  but  very  small  ellipUcity,  as  in  the  third  and 
fourth;  tbeiefore 
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r  s=  o  (I  +  iw),  r,  =  o,  (1  +  Ju,) 
v  =  tU  +  "+  io,  v,  =  n,l  +  e,+  iv, 

Now,  r=  a(l+u)give8r^=a*(l+2u}  ;  for  u  is  ao  Bmall,  that  its  ] 

square  may  be  omilted  ;  hence  Su  ̂   — :  cansequently  iu,  ̂   —i—L  ■   i 

and  when  A  =  0,  equation  (156)  gives,  for  the  ellipdcal  part  of  r^  J >nly, 

a*  .  ndl  d,'  .  n,dt 

when  the  squares  of  the  eccentricities  are  omitted. 

815.  If  tiiese  quantities  be  aubsUtuled  in  R  instead  of  ti,  i/,,  r*, 
and  v/,  it  becomes 

Jl  =  m,{4J,+^.coB(M-n'+',-0+A<;os2Cn,(-»'+»,-0  +  &c.} 
,  m,       rjr  /  d-i,  \ 

+  «,.  -^.  a  (-^y  cos  2CV-  "/  +  *,- 0 

+  ff.,  .  I;*^  .  n,  (^\  .  COS  («,(  -  7,1  +  ̂   -  0  (i 

+  4m,  .  A5^  .  A,  .  sin  2(n,(  -  lU  +  ̂ ,~t) 

+   &c. 
816.     If  —  and  llic  eccentricity  be  omitted,  the  action  of  the  sun  J 

rU- 

>s  2  (Aff-n( +  £-«)}; 

where  D'  is  the  mean  dislance  of  Jupiter  from  the  sun,  and  Mt  +  1 
his  mean  longitude  referred  to  the  sun.  In  the  troubled  orbit  a, 

nt  +  e,  and  D'  become 

«(i  +  :i!:\  „,  +  .  _!£Mr),  and cd -^V 
«V  a',  ndt  ly*  J 

«nd  as,  by  artide  3S3,  I!L  =  Jlp,    when   the  mass   of  Jupitci   ia 
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omitted  in   comparisoD  of  that  of  the  iim,   the  whole  distuibiDg 
action  of  the  sun  ia 

-iifa'  .^  ~M'.2!:^.cm2(nt-Mt-i-^-E)    (254) 

d (fir) 
Q  2(nl  -  Mt  +  t-  E) 

when  the  squares  of  the  eccentricities  are  omitted. 

817.  In  the  same  manner  it  is  easy  to  see  that  the  effect  of  Jupi- 

ter's compression  is 

fl=-(f-W  +  (f-W.,),. 
3a'  a* 

Tlie  three  last  ralues  of  R  contain  all  the  forces  that  trouble  the 

longitude  and  radius  vectoi  of  in. 

FIRST  APPROXIMATION. 

Perturbationt  in  the  Radiut  Fectcr  and  Longitude  ofm  that  are 
indepttident  of  the  Bccentricitit$, 

818.  Since  R  ha*  been  taken  with  a  negative  sign,  equation  (15&) 
becomes 

He  mass  of  each  satellite  is  about  ten  thousand  times  less  than  the 

mass  of  Jupiter,  and  may  therefore  be  omitted  in  the  comparison, 

and  if  Jupiter  be  taken  as  the  unit  of  mass  /t  =:  1. 

When  the  eccentricity  is  omitted  r  =  a ;  but  by  article  556  the 
action  of  the  disturbing  forces  produces  a  permanent  increase  in  a, 

which  may  be  expressed  by  So,  therefore  if  (a  4-  ia)'*  be  put  for 

819.  When  tlie  eccentricities  are  omitted, 

R=m,{  IfJ,  +  ̂ 1  cos  in,t  -  vt  +  *,~t) 
+  J.cos  2(n,f  -  nt  +  ;  -  4)  +  &c.} 
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(857) 

m 

"5 

'a.'^      /dA 

gives 

moreover  the  same  term  gives 

With  regard  to  Jupiter's  compression 

consequently 

Attending  to  these  circumstances,  and  observing  that 

it  will  be  found,  when  the  eccentricities  are  omitted  and  the  whole 

divided  by  a*,  that 
(258) 

a^dt*  a«  ^  So" 

2  \daj 
2n  ̂   M 
2/i  -  2i^/ .  C0S2(7l<-M+e— ^) 

+  2.m,n*  .  {««  f  ̂̂   +  -i!L  .  a^j  }  .  cos  (w^  -  w^  +  6,  -  c) 
\da  J        n-iif 

+  2.m,n'  {a«  /"^^  +  -^  •  aJ,  }  .  C082(7i,<-  7i<  +  e,  -  e) \  da  /        U'-n, da 

+  &c.  &c.  =  0. 
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Where  to  abridge 

a  quantity  thai  differa  little  from  n*,  ftnr  the  laat  tenii  is  extremely 
Bniall  in  coniequencs  of  the  factor  m, :  the  variation  of  the  meaa 
(liBtance  a  is  very  small,  and  to  are  the  other  two  parte  depending  on 

the  compreuion  of  Jupiter  and  the  action  of  the  lun.  Indeed  K 

and  N  "  n  may  be  omitted,  in  compariaon  of  n  m  the  teims  aris- 
ing from  the  action  of  the  Bun  after  integration,  for  the  motion  of 

Jupiter  b  much  alower  than  the  motion  of  hi*  lateUirta. 
820.  lite  preceding  equation  may  be  integrated  by  tbe  method  of 

indeterminala  coefficient!,  if  it  be  aaaioned  that 

^  =  B+m,b  cos(ii^-»t/+.,-.)+m,6(„co»2(ti^-ni+i,-«)+&c. 

+  Gm,  cot  a  (iU  —  Mt  +  a  "  E). 

For  a  compariaon  of  tbe  coefficients  of  limilwr  coiinM  after  the  aub- 
Btitution  of  tbii  quantity  and  its  differential  gives 

-T-m} 

\  da  J        w^B,   

'"           4  (»  - «,: 

!■- 

W 

.j-m^ 
St) 

aA, 

i)"'
 

»(»-», 

)■- 

N- 

.=--, 
uidUiei integnl  of  (358)  li 
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a*  N"^^  3a«  h*  2       \  da  Jj 

-  ̂*  COB  2  (n<  -  Jlf<  +  e  —  E) 

  ^   {a»  fJi^\  +  J!L  aA,}coB(n,t'nt+e,'-B) 
(n-n.y-N*^     \  da  J      n-n,       *^       ̂   ' 

+  Sfii'' n,)*-N*        \  da  /      n~n, 

«/-«) 

4(n-n 

l9(n-/i,)«-Ar« 
 
^     V  da  y      n-/i,       ̂  

 
J 

+  &C.  &c. 

The  first  tenn  of  this  equation  is  what  was  expressed  by  —  ,  for a 

if  all  the  periodic  quantities  be  omitted  r  ̂ ^  a^  and  this  equation 
becomes 

a  So^ 7?    ̂ '^Kji^y 
for  JY  differs  so  little  from  n  that  ̂   =  1,  without  sensible  error : 

IP 

this  is  the  permanent  change  in  the  radius  vector  from  the  disturb- 
ing influence. 

These  are  the  principal  perturbations  in  tlie  radii  vectores  of  the 
satellites. 

821.  Since  the  squares  of  the  eccentricity  are  omitted  Vl-^*  =  If 
and  as  /K  =  1,  equation  (156)  of  the  longitude  becomes 

^^^2d(rlT)_dr^       ^ff^^^^j^  ̂   ̂ afndt .  t( ̂\  (259) a^.ndt      a\ndt  '''^  -^  \dr ) 
since  the  sign  of  R  is  changed. 

If  the  preceding  value  of   be  put  in  this  equation,  and  also  if 

<*■
 

substitution  be  made  for  dVi  and  r  [   ]   derived  from    equation 

(257),  observing  that  i-t^  =  —  =  n*,  and  that  M  and  2V  differ 
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but  little  iirom  n,  the  result  will  be 

il  .   ̂  .  Bin  3(nt  -  Jtf/  +  €  -  E> 

o^,+  - 

2N' 

a^.)} 

U-n,    ""'  ■  (n- 
X   sin  in,t  —  w(  +  e,  —  «) 

X   sin  2  (n,(  -  n(  +  e,  -  «) 

n  3  (n,t  - •  nt +  ,,-*) 

+     &c.  +     &c. 

By  article  MO  Jn  ought  not  to  contain  the  mean  motion  nt,  bo  the 
first  term  islst  be  zero,  by  which  the  arbitrary  constant  quantity  is 
detenuined  to  be 

3a*  "    n*  \  <*«  / 
whence 

and 

The  preceding  value  orSvi  deprived  of  its  first  term,  contains  all 

the  perturbations  in  longitude  tliat  are  independent  of  the  ecceo- 
tncitieB ;  and  as  the  square  of  t,  the  tangent  of  the  latitude,  is  omitted, 
by  aiticiA  548  the  very  small  angle  iv  may  either  he  estimated  an 
the  orbit  of  the  satellite,  or  on  the  fixed  plane,  since  it  coincides  with 

its  projection.  The  term  depending  on  the  action  of  the  suu  corre- 
sponds with  the  Variation  in  the  motion  of  the  moo&. 

823.  If  the  masses  of  the  four  satellites  be  m,  m,,  tOt,  tn„  the  per- 
turbations that  m  «xpeiiences  by  the  action  of  the  other  two  will  bo 

found  by  changing  successively  the  quantities  relative  to  tn,  into 

those  belonging  to  m^  and  m„  and  the  sum  of  these  will  be  the  action 
of  the  three  satellites  nti,  in„  and  nii  on  m.  The  pertuibatiotu  of  the 

others  are  fotitid  by  making  similar  changes. 
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823.  Hereafter  the  four  satellites  will  he  repcsent^  m,  m„  f»„  m^ 

Wlicre  m  ii  Uw  Bret,  or  that  nearest  Jupiter,  and  m,  is  the  fourth 

and  the  moit  distanl,  all  quantities  relating  to  tbetn  will  be  a 
in  the  same  manni^r,  except  it  be  stated  to  the  contrary. 

824.  Because  2n,  =  n  =  N  nearly, 

2m,n  .  N' 

=  m,r?. 

and  the  perturbaliona  expressed  by 

'JL  =  "'f  (a-  (J!^)  +  J!L.aA,).,„(n/-.,+,,-') a        (n-n,)'-Jtf'        \  da  /      n-n, 

  my   ,^  / d^\  ̂   Jn^ aA,).ci» 2  (V-"'+''-) 

(n-  n,)'  -  JV'        \da  )       n-n, 

+   ^!^:^:   {«•  ('iii')  +  -^<^.).Bina(n,(-»*+.,-.) 4(H-n,)-iV"^      V  da  /       »-«/ 
are  the  (neatest  to  which  the  three  first  satellites  are  liable,  on 

account  of  the  very  small  divisors  arising  from  the  nearly  commeu- 
snrable  ratios  in  the  mean  motions  of  these  three  bodies. 

825.  The  p^Tcatest  inequality  in  the  first  satellite  ia  occasioned  by 
the  action  of  the  second,  and  o?[prcsBcd  by 

»>'  =  4(.-:;).'-y.  '"■  (^)  +  ̂,  «-<.l-"W-'+.^). Because  the  mean  motion  of  the  first  satellite  is  nearly  double  that  of 

tlie  second,  n  =  2«„  and  as  iV  =  n  =  %n,  nearly,  llie  divisor 

4  («-«,)•  -  JV'-  {(2«  -2«,)  -  «■}  {(2«  -2«,)  +  JVJ  = 
2»  .  (2tt  —  2n,  -  iV)  i 

and  if  to  abridge 

1^  </a  )         n-  n, 

the  greatest  inequalities  in  the  motion  of  the  first  satellite  are 

.  cos  2  Cn,i  -  vt  +«,-«)      (260) 

a* 
Iv  : 

2(2/1 -2»,-iV) 

m,n.F -  .  Bin  2  (w^  -  nt  +  «'  -  0- 
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8S6.  He  principal  inequaUties  in  the  BCcoDd  Miellite  uiw  &om 
the  action  of  the  fint  and  thiid.  ThoM  occanooed  by  the  fint 

depend  on  the  terms  that  have  the  divisor  (n  —  n,)*  •-  JV,* ;  the 
quantities  having  one  accent  belong  to  m„  the  second  satellite,  t^ 

Ji'-^  be  the  value  of  ̂ ,  when  the  second  satellite  is  doubled  by  the 
first;  then  if 

\  da,  J        n  —  n, 
the  principal  inequalitiei  is  the  second  Bttellit«  occaitoned  by  tba 
first  are 

So,  =       *""'  °  ̂̂   .  sin  (ni  -  n^  +  .  -  .,) n~  n,  —  Iff 

fat  n  =  2n„     JV,  =  n„     and  (n  -  m,)'  -  ̂   = 

The  action  of  the  third  siUellite  on  the  second  is  perfectly  similar 
to  the  action  of  the  second  on  the  first,  on  account  of  the  ratios 

n  =  2n,  and  n,  =  Zn,  in  their  mean  modoua ;  therefore,  the  in- 
equalities in  the  motion  of  the  second,  occasioned  by  the  action  of 

the  third,  will  be  obtained  from  equations  (260),  by  changing  wturt 
relates  to  the  first  and  second  into  the  quautities  relative  to  the 

second  and  third.    In  this  case  let  A^*^  be  the  value  of  A„  and  let 

F  =  -  o,«  (^^^)  -  Jul.  «^  »» 
K,   da,  /         n,~Tit 

be  the  value  of  F,  then 

r,ir,  _  _  ntt'n.F' 
~^~        8(2n,-2n.-J 

"■= ii^!^.- '"''•"' -'■'■'■■-'^ 
By  observation, 

Ti(  -  3n^  +  2fi^  +  1  —  S.,  +  2t,  =  180", 
consequently, 

2(nt,  -  n^  +  c,  -  .0  =  n'  -  ",'  +  «  -  •/  -  ISO*; 
for  n  =  in,      n,  =  fint  nearly, 
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the  two  last  inequalities  may  be  added  to  the  preceding,  since 

they  depend  on  the  same  angle ;  the  principal  inequalities  in  the 
motion  of  the  second  satellite  from  the  action  of  the  first  and  third 
are  therefore 

!l^=   Vl   {mG-m,P}.(cosn<-n,<+€-e,)  (263) 

iv,  =   2i   {fnG— mjF'}  .  sm  (nt^n^i+e^eX 

In  consequence  of  the  ratios  in  the  mean  motions  these  inequalities 

will  never  be  separated. 

827.  The  action  of  the  second  satellite  produces  inequalities  in 

the  theory  of  the  third,  analogous  to  those  occasioned  by  the  action  of 
the  first  on  the  second  ;  hence,  if  all  the  quantities  in  equations 

(261)  relating  to  the  second  and  first  be  changed  into  those  belong- 

ing to  the  third  and  second,  and  if  J/*'^  and  Cy  be  the  values  of  il/^*^ 
and  Cr  in  this  case,  so  that 

and  Cy=z^  fl«Y^fli^'\  +  _2wj_  ̂   ̂ ^ \  da^  J        Til  -  v^ 

the  resulting  equations  for  m,  will  be 

■V^  =  ""  or  Ar^   '  ̂^^  (^-^,+  €,-6.)  (264) 

Iv^  =   !-2 — —-  .  sm  {iij.  —  njL  +  €i  —  €j). 
Til  —  7»,   —    iVg 

These  inequalities  have  only  been  detected  by  observation  in  the 
motion  of  the  first  satellite. 

828.  Cr,  which  is  a  function  of  ̂/^•'*,  may  be  expressed  by  a  func- 
tion  of  ̂ ^,  for 

whence  on  account  of 

a" 

1 
w;  =  — ; 

< 

and  that  n  =:  2n^  it  may  be  found  that 



SECOND  APPROXIMATION. 

Inequaliliet  depending  on  the  Finl  Powen  of  ihe 
EccenlricUiei. 

829.  If  a  +  IiT  be  put  for  r,  equafiou  (2&&)  becomes 

or  as  —  =  n'  =:  ff',  very  neuly, 

0  =  £:*!:  +  JVrSr  {1  -  ̂ \  +  2/dR  +  r(^\      (265) 

If  the  action  of  the  lun  be  omitted,  the  only  part  of  the  preceding 
value  of  R,  that  bas  a  senaible  eflect  on  the  radius  vector  is 

R=:m,  {A^  cos  (n/-n<+ «,-.)+  1 .  a,  __L  cos(r/-r<+Cj-c) 

-  2^,11:;*^  sin  inj  -nt  +  ;~<y}i 

but  these  terms  are  very  important,  because  they  serve  for  the  deter- 
mination of  the  secular  inequalities  in  the  eccentricities  and  motions 

of  the  apsides.  With  regard  to  the  terms  depending  on  n/,y(liZ=  A, 
substituting  for  R,  and  dividing  the  whole  equaUon  (265)  by  a\  it 

becomes,  when  (  ̂̂  )  >>  omitted, 

0  =  ̂   +  w 
rjr 

■■"•t'--(^)-»-«'G^;)j-w-"'-' 

830.  In  order  to  integrate  this  equation,  it  may  be  assumed  that 

!^=;ftcos(n(+*-^-r);    !i^'=  A,co8(n,(+«,-y(-r),  &c. 

A  and  h,  are  indeterminate  coefficients,  and  ̂   +  r  is  the  motioa 

of  the  apsides  of  the  orbits  of  the  sateUites. 
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When  these  quantities  and  their  differentials  are  substitiited,  the 

square  of  g  neglected,  and  those  terms  alone  retained  that  depend 

on  the  angle  n<  +  «  —  g^  —  F,  a  comparison  of  the  coefficients  of 
sunilar  cosines  gives 

0  =  A  {JV»+2iv-n»}+2-^  h, . 
; 

but  by  article  458, 

\da )+«'(^)— ^- 
and  if  the  value  oiN^  in  article  819  be  substituted,  this  coefficient 
becomes 

And  as  in  article  474,  if 

and  if  (0)  =  k:ii^n;       [0)  =  } or n 

this  equation  becomes 

0  =  A{g-(0)-     o]-(0.1)}+    lOTTI  A; 

with  regard  to  the  first  satellite  troubled  by  the  second ;  but  the 
action  of  97?,  and  m^  produces  terms  similar  to  those  caused  by  m^ ; 
and  if  the  same  notation  be  used  that  was  employed  for  the  planets, 
this  equation,  when  m  is  troubled  by  the  other  three  satellites,  by 

the  Sim,  and  by  the  compression  of  Jupiter,  becomes 
(266) 

o=A{g-(o)-  [o|  -.(o.i)-(o.2)-(o.3)}+roT|  ^i+[o^  ̂ g+CoTsI^ 

A  similar  equation  exists  for  each  satellite,  and  may  be  determined 
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from  this  by  changing  the  quantities  relative  to  m  into  those  relating 

to  m,  m,  fflj,  and  reciprocally ;  hence,  for  the  others, 
(267) 

0=A,{«-(1)-  |T|-(1.0Hl-2H»-8)}+  rro]A+|T5lA.+  \TJ\h„ 

0=A,{gr-(2)-  [|]-(2.0)-<2.1)-(2.3)  }  +  {MJh+  [2TfA,+  [2j\h„ 

0=A,{ff-(3)-[5]-(8.0)-(8.lH8-2)}+IMlA+liiU*«+[MI*» 
By  (484)  (0.1)  m  ̂   =  (1.0)  m,  JH^  &c. 

and  also  |0.1|  m  V^  =  |1>0!  m^  V^  &c. 

for  any  two  iatellites,  bo  these  fiinctiona  are  easily  deduced  from  one 

another,  which  saves  computation« 

These  results  are  perfectly  similar  to  those  obtained  for  the  planets, 

h  hjj  &c.,  correspond  to  N  N'y  &c. 
831.  It  has  already  been  mentioned  that  the  part  of  the  longitude 

of  each  satellite  depending  on  the  eccentricity  consists  of  four  terms, 
of  one  that  is  really  the  equation  of  the  centre,  and  of  three  others 

arising  from  the  variations  in  the  orbits,  chiefly  induced  by  the  action 

of  the  excess  of  matter  at  Jupiter's  equator.    The  coefficients  of 
these  sixteen  terms  are  obtained  by  the  aid  of  the  preceding  equa- 

tions, and  also  of  the  annual  and  sidereal  motions  of  the  apsides  of 

the  orbits.    The  variations  in  the  radii  vectores  depend  on  the  same 
cause,  contain  the  same  values  of  g,  and  have  the  same  coefficients. 

^1  ̂i«  ̂ 9  ̂   are  the  real  eccentricities  of  the  four  orbits,  and  if  they 
be  eliminated  there  will  result  an  equation  of  the  fourth  degree  in  g. 

These  four  values  of  ̂,  which  will  be  represented  by  gj  g^,  g^,  g„  are 
the  annual  and  sidereal  motions  of  the  apsides  of  the  orbits  of  the 
four  satellites. 

832.  Let  g,  the  annual  and  sidereal  motion  of  the  first  satellite, 

belong  to  the  first  of  the  preceding  equations,  and  assume  ̂ i  =:  dh ; 

ht^CJi;  h^sn  CJi;  then  the  substitution  of  these  in  equation 

(266)  will  make  h  vanish,  and  Ci,  Ca*  Ct,  will  be  given  in  functions 

of  g.  Thus  ht  which  may  be  regarded  as  the  real  eccentricity  of  the 

orbit  of  m,  is  an  arbitrary  quantity,  known  by  observation.  Again, 

if  g^  be  the  value  of  g  in  the  second  of  the  preceding  equations,  and  if 

by  the  substitution  of  these,  hi  will  vanish  from  the  equation  in  ques- 

tion, fi^*\  f,^\  f,^\  will  be  given  in  functions  ofg, ;  and  h^  the 
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real  eccentricity  of  ihe  orbit  of  ni/,  is  determined  by  observation.  In 

the  same  manner,  if  fx«,  ?/*>,  C^^*\  C^^'\  ?/*>,  f•^"^  be  the  quantities 
corresponding  to  gt  and  g^j  h^  and  As  will  be  arbitrary  constant 
quantities,  which  vanish  from  the  two  last  of  equations  (267)  ; 

whence  f  ̂w,  f^w,  f,w,  and  f x^,  f,«,  f,«,  will  be  given  in  functions 
of  g^  and  ̂ 8- 

Thus  the  coefficients  of  the  sixteen  terms  of  the  equations  of  the 
centre,  corresponding  to  the  four  values  of  gy  are  h,  Ai,  h„  A,,  CiAi, 

CAf  CJhi  Ci^^^Ai,  &c.  &c.,  of  which  A,  Ai,  A„  A,,  are  the  real  eccen- 
tricities of  the  orbits  of  the  four  satellites,  and  are  determined  by  ob- 

servation :  by  means  of  these,  and  the  equations  (266)  and  (267), 
values  of  C,  Ci,  &c.  will  be  obtained ;  and  also  the  four  roots  of  g» 
Observation  shows,  however,  that  h  and  hi  are  insensible. 

833.  It  was  assumed,  that 

!:^  =  A  cos  (n<  +  e  ̂   gt  -  r)  ; 

and  as  g  has  four  roots,  to  each  of  which  there  are  four  correspond- 
ing values  of  A,  this  expression  becomes 
fjtii*    

—  =  h cos  (w<  +  e  —  §•<  —  r)  +  Ai  cos  (n/  +  «  —  gj^r{) 

a* 
+  ht  cos  (nt  +  e  —  g^^  —  r,)  +  h^  cos  (nt  +  •-^gJL  +  F,)  : 

thus  the  whole  variation  in  the  radius  Vector  of  the  first  satellite 

depends  on  A,  the  eccentricity  of  its  own  orbit,  on  g  the  motion  of 

its  own  nodes,  and  on  those  of  the  other  three.  The  corresponding 
inequalities  in  the  radii  vectores  of  the  other  three  satellites  are, 

lih.  =  C;.A.co8(wi<+€i-^«-r)+fiCi)^i.co8(7ii<+6j-g,<-ri), 

+  fi^A, .  co8(ni< + €,  -^gj,  -  r,)  +  f  x^A, .  cos  (n^t +€,^g^^  r.) 

^•^  =  W.  co8(w,«  +  6,-ff<-r)  +  f/»)Ai  cos  (n^+  6a-gi<-.ro 

+  e,(*>A,co8  (w,<+e,-g',«-ro+f,^»>A8.cos(w,<+€,-gr,<-r,) 

Il!i  =  Qji.  co8(w,<+€,-g<-r)+f,(^)Ax  cos  (7i,<+6,-g,<+ri) 

+  f.(«A,  cos  (7i,<+€3-g,<-r,)+f,^'^A8  COS  (w,<+c,-g,<-r,). 
These  equations  contain  the  perturbations  in  the  radii  vectores  of 

the  four  satellites,  depending  on  the  first  powers  of  the  eccentricities, 
and  are  the  complete  integrals  of  the  differential  equation  (265), 
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when  applied  to  eacli  satellite,  since  tliey  contain  llic  eight  arbitrarjr 
constant  quantities  A,  A„  A,,  A,,  T,  r„  T,,  r„  all  of  which  arc  known 
by  observation.  The  four  last  arc  the  mean  longitudes  of  the  lower 
Bpsiiles  of  tbc  orbits  of  the  satellites  at  the  epoch. 

834.  If  the  orbits  be  coniiileied  as  variable  elliiiscs,  ae  being  the 

eccentricity  of  tlie  orbit  of  the  first  satellite,  and  ra  the  longitude  of  , 
its  lower  apsis,  estimated  from  the  origin  of  the  angles, 

~=-  ecOB(n/  + t-ia); 

cuniparing  this  with  the  preceding  value  of  LZ,  the  result  is 

e  cos  B»  =  —  A  co<  (gt  +  r)  -  ft,  cos  (g,t  +  r,)  —  &e. 

(  sin  CI  =  —  A  sin  (g (  +  T)  —  A,  sin  {g,t  +  T.)  -  Sec. 
whence  e  and  ta  may  be  obtained  ;  and  for  the  same  rcasoni,  c„  tv,, 

835.  Wlien  the  squares  of  the  eccentricity  arc  omitted,  t)ic  ellip- 

tical part  of  the  longitude  is  c  =:  2e  sin  (n(  -(-  <  —  ra)  by  392 ;  or 
representing  it  by  3r  for  the  satellites,  where  it  cluefly  arises  from 

the  disturbing  forces,  it  gives 

!c  =  2e  COB  o  sin  (n(  -{■«)-  2*  *in  »  cos  (nt  +  f)  ; 
and  substituting  for  e  cos  cr,  and  e  sin  it, 

it)  =  -  2A  sin  (n(  +  .  -  gi-r)—2h,  sin  (nt  +  t  -  ̂ .(-F,) 
-  aA,  sin  (/i(+,-g^-r,)-2A,  sin  („(+.-f,(-r.), 

which  is  the  equation  of  the  centre  of  the  first  satellite.  It  appears, 
that  the  first  term  depends  on  the  eccentricity  and  apsis  of  its  own 
orbit,  the  second  term  arises  from  the  action  of  the  second  satellite, 

and  depends  on  the  eccentricity  and  apsis  of  the  orbit  of  that  body  ; 
the  other  two  inequalities  arise  from  the  attraction  of  the  third  and 

fourth  satellites,  and  depend  on  the  eccentricities  and  apsides  of  their 
orbits. 

The  corresponding  inequalities  in  the  longitude  of  the  otlier  three 
satellites  are, 

iv,  =  -  2f,A  sin  (n.'+(,-g(  -r)-2C,"'  A,Hin(n.f+e.-fr/-r,) 
-  2C'"A,  8in(n,(+.,-g,(-r,)-2C/"A.sin(n.i+^-g^-r.) 

Jr.  =  -  Sf^  sin  (»,(  +  r,-g(-r)-2f,<"A.8in(»,(+*,-j,(-r,) 
-  af,>'>A,sin(n,/  +  f,-g,/-r,)-2f,'"A,8in(n,(+c,-^,(-r.) 

iv,=  -2f^sin(ff.(+*,-g(-r)-2C.<"A.sinK(  +  '.-ff,(-r,) 
-  2C,*A.im  (n.(+s-?^-ro-2fi"*'A,8iDCn,(-£,-J,(-rO. 
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These  inequalitieB  are  very  considerable  in  the  motions  of  the  satel- 
lites in  longitude. 

The  whole  then  depends  on  the  resolution  of  the  equations  (266) 
and  (267) ;  these,  however,  are  not  complete,  as  several  terms  arise 
from  the  perturbations  depending  on  the  squares  and  products  of  the 

disturbing  forces. 

Action  of  the  Sun  depending  on  the  Eccentricities. 

836.  The  part  of  A  depending  on  the  action  of  the  sun  in  the 

elliptical  hypothesis  is 

R  =  '-iM'a*.  ̂   -  Hil^M*  cos  (2ne  -  2Mt  +  2«  -  2£) 

A  ndi  ̂   ^ 
rir 

But    s=  A  cos  (?i^  -f-  e  —  g^  —  r)  ;  and 

5*^  =  Hcos  (Jlf^  +  E  -  n), 

H  being  the  eccentricity  of  Jupiter's  orbit,  and  11  the  longitude  of 
the  perihelion ;  hence 

/?  =  -  |M*a«.H.  cos  (Mi  +  E  -  H), 

-  ̂ M*.a*.h  cos  (nt  -  2Mt  +  9 -- 2E  +  gt  +  F); 
and  therefore,  equation  (265)  becomes 

0  =  ̂!^  +iV*.—  {I  -  Sh  cos  (nt  +  e  ̂   gt^  r)} 
a^dt  «• 

-  f M* .  /T  .  co8(M/  +  E  -  n) 

-  9M«  .  A  .  cos  (nt  -  2Mt  +  e  ̂   2E  +  gt  +  T). 

By  article  820,  it  appears  that —  contains  the  terms 

-  :^  .  cos  (2nt  -  2Mt  +  2«  -  2E) ; 

n* 

hence  -  SN^ .—  .  h  .  cos  (nt+  6  -^  gt  +  F) 

contains        fitP. A.  cos  (ni  -  2Mt  +  «  —  2E  +  g^  +  T), 
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-  }M».  H .  co«  (3fi  +  E  -  n), 
wlience  by  the  method  of  indetenntnate  co«fficientB,  the  integral  is 

rir  _  15Jf*.A 

+  5*li£.co«(jtf(  +  B-n), 

which  ii  the  effect  of  the  suii'i  action  on  the  ndiin  vector ;  and  if  it 
be  Bubstituted  in  equation  (259),  the  perturbationi  in  longitude  de- 

pending on  the  game  cause  will  be 

>'  =  -,  „"*'•*   -.mCnt-iUl  +  .-lB  +  sl  +  n 2n(2M+  N~n-g} 

~^  .  H.  Bin(Mi  +  B-n). 

837.  The  first  term  of  the  second  number  of  this  expression  cot' 
responds  to  the  evection  in  the  lunar  theory,  and  is  only  sensible  in 
the  motions  of  the  third  and  fourth  aatellites ;  but  it  is  not  the  only 

inequality  of  this  kind,  for  each  of  the  roots  gi,  g^t  gn  fumishei 
another.  The  perturbations  corresponding  to  these  for  the  other 

satellites  are  found,  by  reciprocally  changing  the  quantities  relatire 
to  one  into  those  relating  to  the  others. 

InequalUie*  depending  on  the  EccentricUitt  ichich  become  teruible 

in  coMtequence  of  ihe  Divuorw  tAey  acquire  6y  double  integra- 
tion. 

638.  It  is  found  by  observation,  that  the  mean  modon  of  the  first 
satellite  is  nearly  equal  to  twice  that  of  the  second  ;  and  that  tha 
mean  motion  of  the  second  is  nearly  equal  to  twice  that  of  the  third ; 

or  n  =  in,,   n,  =  Sn*. 

In  consequence  of  the  squares  of  these  nearly  commensurable  quan- 
tities becoming  divisors  to  the  inequalities  by  a  double  int^ratioo, 

they  have  a  very  sensible  effect  on  the  preceding  equations  in  Iongt> 
tude. 
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839.  The  only  part  of  equation  (259)  that  has  a  double  mtegral 

is  SaffndtAR\  and  as  the  divisors  in  question  arise  from  the 

angles  nt  -  27ii<,  n^t  -  2njL  alone,  it  is  easy  to  see  that  the  part  of  R 
contuning  these  angles  is, 

B,=i  nil  -i — -  .  ffi  (  — \  J  .  cos  (riit  -  nt  +  ̂i  -  e) a,*  \daij 

—  2m\.    '^^*        .  Ai  .  sin  (n^t  -  n<  +  c^-  «) ai*,nidt 

+  m,  .  I-^  a  .  ( — !  )  .  cos  2(ny<  -  ni  +  «y  -  c) «•  \da  J 

-f.  4m/.     '^^  ̂^   .J,  .  sm  e{n/t  -  7i<  +  6^  -  €). 

With  regard  to  the  action  of  m^  on  m, 

if  hi  cos  (n^<  +  6/  —  g<  —  r),  be  put  instead  of   -i— ',    and 

ft  cos  (n^+e  '  ̂ ^  -  r)  instead  of  — ;  and  as  by  articles  828  and  826 

o' 

'  \da, ) 

observing  that  n  =  2n,  nearly,  the  result  will  be 

11  =  -^.  {Fh-^t—Ghi)  .  cos  (n/-2n,<  +  €-26, +g<  +  r), 2a  0/ 

which  substituted  in  Saffndt  .  c/H,  and  integrated,  gives  for  the 
first  satellite, 

St?  =      "  ̂̂ ^  '  '^'^   {FA  +  ̂GA,}.sin(n<-2/ii+6-2€,+ff<+r). 2(n  -  2nf  +  g^)*  a^ 

Again,  since  Wi  =  2wg  nearly,  the  action  of  m,  on  m^  produces  in 
iv,  an  inequality  similar  to  the  preceding,  which  is 

*^'  =  ofr^9^'l\^  {^'^'  +  -^t?'A.}8in(7z,<-27,,<+c,.2^+^<+r). 
An  inequality  of  the  same  kind,  and  from  the  same  cause,  is  produced 
also  in  the  equation  of  the  centre  of  m,  by  the  action  of  m,  for  with 
regard  to  the  inequalities  we  are  now  considering,  article  574  shows 

that  Iv,  =  -<    m'fa    i^ 
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whence  the  ineqiulity  produced  by  the  action  of  m  on  m,  is 

Sp,  =  3w.w'  ̂          {Fh^—  GA,)Mn(n^-2n/+.-2«,+g(+^). 

This  inequality  may  be  added  to  the  preceding,  for 

nt  -  2n,(  +  <  -  2e,  =  n,t  -  2n,(  +  «,  —  2»,  +  180*. 

and  ai  n  =  2n,  nearly,  and  (  —  J  =  (  ̂  J ;  thefefore 

and  thus  the  two  terms  become 

„  _  ,'sin(iU-2n,(+«-2.,-i<i+r). 

Lastly,  the  action  of  fiij  on  n,  produces  an  inequality  in  ma,  analo- 
gous to  that  produced  by  the  action  of  m  on  m„  which  is  therefore 

3^.=  -,^"*'"*'   „  {G'A,+  ̂ J?'A,}Bin(ni-2n^+.-2.,+y(+r). {ni-2jtt^y  a. 

We  shall  represent  the  preceding  inequalities  by 

Jd   =  -  <?  sin  (ni  —  2n.t  +  .  -  2.,  +  y(  -f  T)  (268) 
3r,  =  +  <?,  sin  (ni  -  2n^  +  «  -  2«,  +  j<  -f  r)  (2fi9) 
Sti.=:  -  0.sin(ni-2M  +  «- 2«/  +  «'+r)  (270) 

These  inequalities  are  relative  to  the  root  g,  but  each  of  the  roots 

g\i  8i  S»  ?>v«  similar  mequaUtiea  m  the  motions  of  the  three  first 
satellites. 

No  such  inequality  exists  in  the  motion  of  the  fourth  satellite,  since 

its  mean  motion  is  not  nearly  commensurable  with  that  of  any  of 
the  others. 

IiuqwiIUiet  depending  on  t&e  Square  of  the  Duturbing  Force, 

840.  On  account  of  the  nearly  commensurable  ratios  in  the  mean 
motions  of  the  three  first  satellites  the  preceding  equations  must  be 
added  as  periodic  variations  to  the  mean  motions,  as  in  the  case  of 

Jupiter  and  Saturn,  by  means  of  them  several  terms  are  added 
to  equations  (266)  and  (267),  which  determine  the  secular  vaiiatitHU 

in  the  ecceutridties  and  longttudea  of  the  apsides.     For  if  the  eccen- 
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triciticB  be  omitted,  and  /i  =  1,  the  equaUons  df,  df  in  article  4SS 

relative  to  the  planets,  become 

rf(eC09Cj)=   -   <7II<«{2c06t)C^")+(Illint>   (^\\ 

d{fi  Bin  w)  =  —  andl  {2  an  o  [—  )  - 
ydrj The  secular  vuiatdona  with  regard  to  the  fitst  satellite  will  be 

found  by  substituting 

R=-  (£ri^  +  „,  .*.co9  2(1,,  -  r> 

in  the  first  of  the  preceding  equations,  and  putting  ti^  -(-  ■  -(■  So  for  v, 

and  of  +  2rSr  for  7*  ;  whence 
d{t  coa  <n)  =:  Aandt  .  in,/it  an  (25  —  Zt,)  cos  o 

—  n'nd(  .  m/i^^  coa  (2D-2o,)sin  v 

-nd(.i£_:J^.aia  («(  +  .) 

-  „di  .  ilJLMl  8e  cos  (ni  +  .) 

+  4n A.  <£JlJ*5  .  r^  >;„  („,  ̂   ,j_ 

Then  only  attending  to  the  terms  depending  on  nt  -  2n,t  +  c~  2(,, 

if  the  Taluea  of  ̂   aud  3d  given  by  (360)  be  substituted ;  aDd  aa 

F  =  —  iaA^ 

the  result  will  be 

<^)' d(«  cos  si)  =  — 

in  which 

n.F.ndt 

{1- 

CO) 
(0)=C£rM„. 

.BinC«(-2fl^  +  «-2«,) 

Since  the  mean  longitudes  w(  +  *  and  7i,(  +  e,  are  variable,  these 
angles  must  be  augmentedbythevalueaofJv,JD„  in  equations  (868) 
and  (269),  so  that 

ni  +  «  +  Q8in(»ii-2n,(  +  fi-2«,  +gi  +  T) 
1,'  +  0/+  Q,8in  (ri(-2H^  +  e-2e,  +  j*  +  r) 

must  bo  Bubstituted  in  the  sine  of  the  preceding  equation,  which 
becomes,  in  consequence, 



Cb^  VI.]  THS  DISTUaBlNQ  FORCK.  5Z7 

j(.co.,)  =  2£;:^.(.-_J2_} .(»«,-«) .  d.u'  +  r) 

when  the  periodic  put  is  omitted. 

But  by  article  834,        e  cos  si  =  -  A  coa  (^  +  T) ; 

hence  d(e  cot  a)  =  hg  .  df .  ein  ̂   +  r),  and  thua 

muHt  be  snbtrKcted  from  equation  (266), 

841.  The  Nune  analysis  applied  to  d{e,  cos  e,)  will  determine  the 

increment  of  the  fint  of  equations  (267),  with  regard  to  the  seooDd 
satellite.     Buti  in  this  case, 

B  =  -  <£ri*>  +  m^,('«coe  Ce-e,)+»Mi"  cos  »(t,-»0, 

and  equations  (869)  and  (270)  must  be  employed.    The  remit  is, 
that 

^{1   (l>--.lp'.(Bft-«0-^.{l--i-^^.Ut«e,-«) 4  n— n,— JV,|  4  n— %— JV,  I 

must  be  added  to  the  first  of  equations  (267). 
For  the  same  reason 

^■.G'.C2«,-«J.{1   W__l 

muBt  be  Mlded  to  the  Kcond  of  equation  (267). 

Aa  tbeBe  qiumtities  only  aiiBe  Trom  the  ratio,  smong^  tlie  meui  no- 
tion, of  tlie  tlnee  fint  Mtellitea,  tlie  Mcukr  variation,  of  the  fourth 

are  not  aifected  by  them.  In  conMquence  of  theM  addition.,  equa- 
tion. (206)  and  (267)  become 

0=»{g-(0)-[0|-(0.I)-(0.2)-(0.8))+2ni*.+IOl*.+El*. 

0=»,{,-(l)-[T|-(1.0)-C1.2)-(1.3))+|T3»+|r3I*,+[O|J, 

-  .^  {1  -  -_-i!L_|  a  (2«,-«) 
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o=A.{^-(«)-r?]-(f.o).(2.i)-(f.i)}+fg*-^gnpi.+3; 

0=A.fc-(5)-|T-(S.0)-(8.1).(S.2)}+g34+|fnpi.+gjJI, 
642.  An  inequafitj  wluck  k  oolf  aoMiUe  in  the  tiKOij  cf  the 

•econd  tatellile  my  i^nr  be  deCenmned ;  for,  bj  (260), 

2ji-2ji,— /¥ 

2ra y^^    {«»  (Hi  -  2ii^  +•  -  «^)  .  .in  (■!  +  0 2ii-2ii,-JV, 

+  iin(ii£— 2iii  +f~2<)  .  cot  («/+«)}  ; 

biilasrs2«tb(ii/  +  c  —  9)f  uxi  for  die  rariable  idfipie  n 
we  are  now  consaderingy 

iv=:2i.(eaMo)  •  sin  (ii/+c)~2}.(eni9).co8  (iil+<). 
Bj  compuing  these  two  values. 

2j(e  sin  o)  =  — 

22(eco8t9)  = 

m,nF 
2n-2n,-JVi 
mnF 

iin  («/-2a^+c— 2«^ 

cos  (ii/— 2ii,f+c— 2«^). 2/1 -2n,— a; 

But  the  elliptical  expression  of  v  contains  the  term 

f  c^  sin  i2nt  +  2c  -  29), 

or  J  («•  cos*  tff  —  e"sinH9).sin  2(nt  -f  c) 

—  J  •  c*  sin  tff  •  cos  cj  .  cos  2(71/  +  e). 
If  ̂   sm  17  -f  }(e  sm  t^),  and  e  cos  ts  +  i(£  cos  cr)  be  put  for 

e  sin  CT,  and  e  cos  9,  it  becomes 

ip  =  J  {  i  .  e  cos  tj)*  —  (J  .  e  sin  cj)4  sin  2(w/  +  e) 
—  ̂   i  .  e  cos  t7  .  S  .  e  sin  o  .  cos  2(nt  +  c)  ; 

and  in  consequence  of  the  preceding  values  of  ̂ (e  cos  cr),  }(«8in  cr), 
there  is  the  following  inequality  in  the  longitude  of  the  first  satellite, 

*"  =  -^^  (2n-T.!'-y)'  "^  4(ni-n/+e-0. By  the  same  process  the  corresponding  inequalities  in  the  second 
and  third  satellites  are  found  to  be 

^^'  =  -fa  7   ^'  ̂rx.  {fnG^m^Py  sin  2(w< -;/,<+€- ej 
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Libratioiu  of  iha  Ihree  finl  Sattllilet. 

843.  Some  very  inteiesting  beqaalitieB  arising  froin  the  equation 

vt  -  Sn^t  +  2R,f  +  •  —  S«,  +  S*.  =:  180°, 
aie  found  among  the  Ucms  depending  on  the  xpiareB  of  the  diatuib- 
bg  forces,  that  affect  the  whole  theory  of  the  satellites,  in  conse- 

quence of  the  very  small  divisor  (n-3ni  +  2n0*  which  they  acquire 
by  double  integration.  If  the  orbita  be  conaidered  aa  variable 

ellipses,  and  if  £*>  £*■>  tn  be  the  mean  longitudes  of  the  three  first 
satellites,  it  is  clear  that  the  tenns  having  the  square  of  x  -  3n,  +  2nt 
for  ̂ visor,  can  only  be  found  from 

(ft  =  Sandl .  AR 

(Ttr.  -  Sa,n,dt  .  dA, 

(f  {:■  =  Sa^n^  .  dR, 

which  are  thevariadona  in  the  mean  modona  by  article  439. 

844.  With  regard  to  the  action  of  m,  on  m,  the  series  R  in  article 

815  only  contains  the  angle  n,(  —  n/ +  ay  -  ■  and  its  multiplea,  it  ia 

evident  therefore,  that  the  angle  nt  -  Sitil  -i-  Sn,(  can  only  arise  fiom 
the  substitutioD  of  the  peiturbationa  (263)  which  depend  on  the  angle 

2ff,f  -  2n^.  By  article  814,  Sc,  contains  both  the  elliptical  part  of 
the  longitude  and  the  perturbations,  and  if  the  latter  be  expressed  by 

7d,  then 

aj*,n,dt 

and  when  the  square  of  the  eccentricity  is  omitted  J^  becomes  -T'. 

If  then  Sr!  and  ̂' be  put  for  .H^^^  and  Zf^  the  part  of  A  required 
a,  a*.n/U  a,* 

■„  Jl  =  m, .  (^\  .  ir, .  cos  (fl^  -  ni  +  .,-  .) 

-  m,  .iv,.J,.  sin  Oi,(-n( +  •,-«), 

8H 

m-'^- 
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for  in  this  case  dir,  and  dSr]  are  zero,  since  equations  (262),  or 

'  2(2ni-2w,-iV,) 

^=  .o    "^o^^  ̂^    >»in(2n,<>2fM+2^>-2€j (2ii,-2n.-2V,) 

do  not  contam  the  arc  nt.    If  these  quantities  be  substituted  in  dR, 

it  will  be  found,  in  consequence  of 

O  =  2a,il»-  a;f^\  and  n  cb  «n„ 
that 

dt*  8(n— 71/— iVy)    Oj 

for  as  2n/  —  2^,  ?::  n  —  n^  nearly, 
the  divisor  271,  —  2na  —  iV/  =  n  —  n,  —  iV^. 

The  variation  in  the  mean  motion  of  the  second  satellite  consists 

of  two  parts ;  one  arising  from  the  action  of  m,  and  the  other  from 
that  of  lilt. 

The  value  of  R  for  the  first  is 

E  s=  m  .  A^^'^  .  iv,  •  sin  (ti^  —  n,<  +  «  -  ej) 

— - —  j .  ir^ .  cos  (lU  —  n;<  +  •  —  «/). 

If  the  differential  of  il  be  taken  with  regard  to  n^,  making  iv^  and 

^ry  vary,  by  the  substitution  of  the  preceding  values  of  iv,y  Sr^,  and 
their  differentials,  it  will  be  found,  in  consequence  of 

G=  2a,il/^«)-a/±L«, 

and  Wt  =  J  Wi,  that  the  variation  in  the  mean  motion  of  the  second 
satellite  from  the  action  of  the  first  must  be 

— —   ! — ---  sm  (nt-3n,t'i'2nti+e^3e.  -  2€^). 
16(/i— fi/— iVy) 

Again,  if 

—  =  -  -:   rr-x  COS  (w<-n,<+€-.f,), 
ttj  .  2(/i— Wy  — iVJ 

and  ivj=:  —   C   sin  int-^yiJ+e^Cj), n  —  Uf—N, 
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from  article  BS6,  be  substituted  in  the  difTerentikl  of 

H  =  m,  {C^^")  ̂r,  cos  (2/1^  -  2n/+2t,  -  O 

.    -  2^.t")  .  jp^  Bin  (2n,i  -  2n^  +  2»,  -  2.^}, 

which  is  the  value  of  R  with  regard  to  m,  and  m„  obteiring  that 

n  =  2n, ;  and,  by  article  S26, 

the  part  of  — ^,  ariains  ̂ m  the  action  of  m,  on  m.,  will  l)e  found dp 

equal  to 

and  the  whole  variation  in  the  mean  motion  of  m„  from  tlie  combined 

acdon  of  m  and  fft„  is 

With  regard  to  the  action  of  m,  on  m, 

H  =  m,  {— 2^,*".  Iv,  Bin2(n,i-ii,<+f,-*J 
{"i-\ 

.  COB  2(H,(  -  n^  +  £,  _  e^}. 

If  the  same  values  of  ir]  and  tr,  be  substituted  in  the  differential  of 

thu  with  regard  to  n^,  it  will  be  found  that  tbc  action  of  m,  and  tn, 
produces  tbc  inequality 

dp  64(n-n,-Jtf,)     a        ̂   -  t  "*x         ,x    »/ 

S45.  Aa  _^=3<indi.dfi; 

-^  =  8<i,n,(U  dB^       ̂   =  Sff^^  .  dB, ; 

by  comparing  the  values  of  these  three  quantities  in  the  last  article 
the  result  u 

mdR+  m,dR,  =  0,         and  m.dR,  +  m/IA,  =  0, 

wliich  is  confonnable  witli  wbat  was  tbown  in  article  &7S,  with  ra- 

gard  to  the  planets. 
2H3 
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846.  As  the  three  first  satellites  move  in  orUta  Uiat  aie  neailf 

circular,  the  error  would  be  very  small,  in  assuming 

nt  +  c,  n^t  +  €„  nit  -{•  H» 
to  be  their  true  longitudes. 

Tlie  preceding  inequalities  in  the  mean  motions  of  the  ihiee  fint 
satellites  are  therefore 

S-  =  -  -^7   ^^krT-  8in(i»-8r,+2tv) d(^  8(«-n,— iV,) 

d^  _   9n»  .  mmtPO  ̂   (^.3„^+  2c.)  (272) 

ctt«  64  (n-n,-iV;)  a, 

847.  In  order  to  abridge,  let  0  =  t?  —  3ri  +  2t^  ;  whence 

(i^  d^  d^  d/* 

If  the  preceding  values  be  put  in  this,  and  if  to  abridge, 

K  =  ̂ —M:£—1±  fn,m,  +  ifnm,+  -?1  mm.}, 
8(n-7f,-iNr,)\fl;  4a^ 

the  result  will  be 

^rzK.n^  .  sin?). 

dr» 

X  and  7i>  may  be  assumed  to  be  constant  quantities,  tlieir  variations 
are  so  small ;  hence  the  integral  of  this  equation  is 

Vc  —  2Kn*  cos  0 
c  is  a  constant  quantity  introduced  by  integration,  the  difTerent  values 

of  which  give  rise  to  the  three  following  cases. 
848.  1st.  If  c  be  greater  than  2^n%  without  regard  to  the  sign, 

it  must  be  positive ;  and  the  angle  ±  0  will  increase  indefinitely, 
and  will  become  equal  to  one,  two,  three,  &c.,  circumferences. 

2d.  If  A"  be  positive,  and  c  less  than  2ii^K^  abstracting  from  the 
sign,  the  radical  will  be  imaginary  when  ±  0  is  equal  to  zero,  or  to 
one,  two,  three,  &c.  circumferences.  The  angle  0  must  therefore 
oscillate  about  the  semicircumference,  since  it  never  can  be  zero,  or 

equal  to  a  whole  circumference,  which  would  make  the  time  an  ima« 

ginary  quantity.     Its  mean  value  must  consequently  be  180^ 



Cbtf.  VL]  inSOBT  OF  JUFITBB'B  8ATSU.ITBS.  533 

3d.  If  c  be  less  than  HKh',  and  K  negative,  the  radical  wouU  be 
imaginary  when  the  angle  ±  0  it  equal  to  any  odd  number  of  senu- 
circumferences ;  the  angle  0  must  tlierefore  oscillate  about  lero,  ita 
mean  value,  since  the  time  cannot  be  imaginary.  However,  as  it 

will  be  shown  that  X^  is  a  positive  quantity,  the  latter  case  does  not 
exist,  so  that  0  must  eiUier  increase  indefinitely,  or  oscillate  about 

180°.     In  order  to  ascertain  which  of  theae  u  the  hiw  of  nature,  let 
0  =  r  db  ̂) 

T  bdng  160°  and  vj  any  an^  whatever ;  hence 

dt  =  '^"'  (278) 
v'c  +  2Kn'  cos  o 

If  the  angles  :t  0  and  o  increase  indefinitely,  c  is  positive,  and 

greater  than  2Kn' ;  hence,  in  the  interval  between  m  =  0,  and  ita 
e  to  90°,  dt  is  less  than 

_2^i      and(<_^_. 
n  '/ik  n  Sk 

Thus  the  time  t  that  the  angle  s  employs  in  increawng  till  it  be 

equal  to  90°,  will  be  less  than  — ^_ . 2(1  Vm: 

Tins  time  is  less  tlian  two  yean;  but  from  the  diacovery  of  the 

satellites  the  libiation  oi  angle  ra  has  always  been  zero,  or  ex- 

tremely  small;  therefore  this  angle  does  not  increase  Indefinitely, 
it  can  only  oscillate  about  its  mean  value  of  zero. 

The  second  cose,  then,  is  what  really  eusts,  and  the  angle 
e  -  S,p.  +  2r, 

must  oscillate  about  180°,  which  is  its  mean  value. 
849.  Several  important  results  are  given  by  the  equation 

ti  —  SP|  +  80,  =  T  +  w. 
If  the  insensible  part  cr  be  omitted, 

n(  —  Snjt  +  Sfitf  -I-  •  -  3<,  +  Sc,  =  t. 
Whence 

n  -  Sn,  +  2n,  :=  0 

£  _  3<,   +2^   —  180°. 
These  two  equations  are  perfectly  coafirmed  by  observation,  for 

Delanibre  found,  from  the  comparison  of  a  great  number  of  eclipses 
of  U>e  three  first  satdtites,  that  tfadr  mean  motknia  in  a  himdied 

Julian  yean,  with  regard  to  the  equinox,  are 
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1ft  lateUite  7432485''.  40989 

2d    .    .   .  8702713^.281498 
8d  .  .  .  1837852°.  118588 

whence  h  appears,  that  the  mean  motion  of  the  fini,  minna  three  timet 

that  of  the  second,  plus  twice  that  of  the  third,  ia  equal  to  9'^0072,  so 
small  a  quantity,  that  it  affords  an  astonishiag  proof  of  the  aceii* 
racy  hoth  of  the  theory  and  observation.  Delambre  determined 

also,  from  a  great  number  of  eclipses,  that  the  epochs  of  the  mean 
motions  of  the  three  first  satellites,  at  midnight,  on  the  first  of 

January  1750,  were 

'  «    =     15''.02626 
•'  ss  31 1"". 44689 
•"  ss     10°.27219, 

whence  «  -  Scj  +  26,  =  180®  1'  3^, 
a  result  that  is  less  accurate  than  the  preceding ;  but  it  will  be  shown, 
in  treating  of  the  eclipses  of  the  satellites,  that  it  probably  arises  from 

errors  of  observation,  depending  on  the  discs  of  the  satelUtea,  which 
vanish  to  us  before  they  are  quite  immersed  in  the  shadow. 

850.  The  same  laws  exist  in  the  synodic  motions  of  the  satellites ; 

for  in  the  equation 

nt  -  Sn^t  +  2n^  +  6  -  Sc^  +  2cg  =:  180**, 
the  angles  may  be  estimated  from  a  moveable  aus,  since  the  poaw 
tion  of  the  axis  would  vanish  in  this  equation :  we  may  therefore 

suppose  that 
nt  +  6,    Tilt  +  €|,     n^  +  cj, 

arc  the  mean  synodic  longitudes.    This  has  a  great  influence  on  the 

eclipses  of  the  three  first  satellites,  as  will  appear  afterwards. 
851.  On  account  of  these  laws  the  actions  of  the  first  and  third 

satellites  on  the  second  arc  united  in  one  term,  given  in  article  826^ 
which  is  the  great  inequality  in  that  body  indicated  by  observations. 
These  inequalities  will  never  be  separated. 

852.  Without  the  mutual  attraction  of  the  satellites  the  two  equa- 
tions n  —  3/Zi  +  2wa  =  0 

e  —  36,  +  26,  =  0 

would  be  unconnected.  It  would  have  been  necessary  in  the  begin- 
ning of  their  motions  that  their  epochs  and  mean  motions  had  been 

so  arranged  as  to  suit  these  equations,  which  is  most  improbable ; 
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and  in  this  case  the  slightest  action  from  any  foreign  cause,  as  the 

attraction  of  the  planets  and  comets,  would  have  changed  the  ratios. 
But  the  mutual  action  of  the  satellites  gives  perfect  stability  to  these 
relations,  for,  at  the  origin  of  the  motion,  when  <  :=  0, 

JSi "  ̂  mT  ■*■  *  7;;S  -  *  >/^-2i:co.(.-2..  +  s«.) 

c  being  less  than  2Kn*.  It  would  be  sufficient  for  the  aoouiaoy  of 
the  preceding  results  that  the  first  member  of  this  equation  had  been 
comprised  between  the  limits 

+  2K  sin  (i€  -  ̂ ,  +  «0 
—  2K  sin  Q^  —  }«!  +  «t) 

at  the  origin  of  their  ihotions,  and  it  is  sufficient  for  their  stability 
that  no  foreign  force  disturbs  it 

853.  It  appears  then,  that  if  the  preceding  laws  among  the  mean 

motions  of  the  three  first  satellitea  had  only  been  approximate  at 
their  origin,  their  mutual  attraction  would  ultimately  have  rendered 
them  exact 

854.  The  angle  cr  is  so  small,  that  we  may  make 
cos  fj  =3  1  »  \fla^ ; 

and  if  to  abridge  C«  =  ̂  "t?5^» vrK 

C  being  arbitrary,  on  account  of  the  arbitrary  constant  quantity  o 
that  it  contains,  equation  (273)  becomes 

«T  =  Csin(iil  JK+  A), 

A  being  a  new  arbitrary  quantity. 
855.  As  the  motions  of  the  four  satellites  in  longitude,  latitude, 

and  distance,  are  determined  by  twelve  difTerential  equations  of  the 

second  order,  their  integrals  must  contain  twenty-four  arbitrary 

quantities,  which  are  the  data  of  the  problem,  and  are  given  by  ob- 
servation.   Two  of  these  are  determined  by  the  equations 

n  —  3ni  +  2iit  =:  0 

e  -  3€,  +  2c,  =180°; 
they  are,  however,  replaced  by  ?  and  A^  the  first  determinea 
the  extent  of  the  libration,  and  A  marks  the  time  when  it  is 

zero :  neither  are  determinedi  since  the  inequality  o  has  as  yet 

been  insensible.  *  -  ' 
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856.  The  integrab  of  the  three  etjualkms  (272)  may  Dowbefcand, 

for^ 

«-SVi  +  2«,=  T  +  tSF  =  T+C8ill(fU    V^+  -4), 

■in  .  (9  -  8i?|+  2v0^^{^  +  CmCm  ^fK  +  A)  } 

hence  the  first  of  equations  (272)  becomes 

d^      8(ii-ii|-2yri)  oi 

the  integral  of  which  is 

_   C  sin  (rU  VF+  ii) 

1  +  ?5[!!!i  +     '^ 
In  the  same  way 

4aini 4aiiit 

r.   = 

C  sin  (n<  JT-k-A)  .  ?5^ 

  
4aift^ 

I     ,     9aiiit     .      Ofiii 
4afiti  4afiif 

^^    e  sin  (nt  /K+A) Sania 

1   +    ̂̂ i^    +     ̂f*** 4af7ii  4afiig 

which  are  the  three  equations  of  the  libration.    They  have  hitherto 

been  insensible,  but  they  modify  all  the  inequalities  of  long  })eriods 
in  the  theory  of  the  three  first  satellites, 

857.  For  example,  the  inequality 

SAf 

gives 

r  =  -  ̂ —  fl-  sin  (M<  +  JB  -  D), n 

^=1  +  ̂   HHin  iMt  +  J^-  n) ; a^  n 

But  the  differential  of  the  first  of  the  equations  of  libration  is 

c?o  _        K7i*  sin  (v  -  3ri  +  2r,)  . -— ■  -  *—  -^  ■  _   I 

1     ,     Qa.m   ,     atTfi 
I    +    ■:    + 

or,  if  to  abridge, 

6=1+  ̂ «t^ 

4ami        4am, 

iam^         ianif 
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wn  (o  -  Snj  +  io^, 

utd  adding  the  tvo  values  of  _ 
(274) 

(t»-  8p,  +  2«0  +  —  .  Hun  (m+E  -  D). 

To  iategnte  this  equation  let 

v  =  kuniMl  +  E~ n),    Vi  =  \ua(Mt  +  E  -  D) 
t^  =  ;>(  Bio  (JA  +  fi  -  n), 

hence, 

V  -  So,  +  St^  =  (X  -  SAi  +  SX^  .  no  (M<  4-  £  -  n), 
and 

or         I      n  6 

and  if  X  lin  (Mt  +  £  -  H)  be  (Hit  for  d, 

X  =  -J      .    _ 

bM* 

In  tbe  tame  nuoner  it  may  be  found  that 

X  =  —  ̂ ^'^   _    8fl|tn       Jfn* 
tt  4afn|      AM' 

AM»'
^ 

9ir.
H 

80  that  equation  (274)  becomes 

and 

te  =  -5 
_}H.»iii(Jtf(  +  ̂ -n). fr(if'»*-M')' 

'fhe  inequalitiei  in  the  lon^tude  of  fn,  and  m,  are  found  by  the 
ume  analyaia,  consequently 
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fr. 

,r.=  -f*{l- 

I 

Wi  meqnafitj  repbcci  the  lenn  <lf|riftig  on  Ae 

lide  836.     It  eoffrcspottdi  widi  the  aaBOid  •qaaiiii  is  the 

Aeorr,  and  its  period  u  Terr  great. 

858.  The  lariatioD  in  the  fbnn  and  podtkMi  of  Jngka^Bodkk 

the  csM  of  aecokr  ineiioafiliea  k  theBenniolioM  of  An  Midit^ 

■nOar  to  ihoae  fgotogrf  bf  the  taualiun  of  Iho  enthli  ortit  oo  the 

moon ;  hitherto,  hoveTer,  they  hare  been  Jnanwible,  nndwiD  icBHia 

lo  te  a  long  tfue,  with  tibe  aeeftign  of  one  ̂ ependfaig  an  the  &- 

of  Jopiter^s  eqjoator,  and  diat  u  only  prffcqilible  in  the 
of  thefMoth  melMte;  hot  lliir  minrt  In  iliHiimMiiil  Iffl 

the  equations  in  latitude  hare  been  foond. 



CHAPTER  VU. 

PERTURBATIONS  OF  THE  SAISLUTES  IN  LATITUDK. 

659.  Thi  perttttl>«ttonB  io  Utimda  we  fband  wtUt  moat  facility  from 

^   b'u*\duj  AV     \dij 

which  wu  employed  ibi  the  moon,  but  in  that  case  R  wu  a  fiutc- 

tion  of  u,  V,  and  a,  and  the  difTereotial  -—-  was  taken  in  that  hyjNV 

theuB,  which  we  shall  represent  by  — — ,  bat  now  A  is  a  AmctioD  of 

r,  V,  and  *,  hence 

and  as 

u  »*  r  1/1+? 

and  oomparing  the  coefficienla  of  di  In  theoe  two  equatloiiB 

l+j-V  At  )         dt         \di  y 

BO  the  precedmg  eijuation  of  latitude,  wiien  '<n+^  is  put  br  m,  and 

).  He  only  part  of  the  dutuiUng  force  tIut«A«ts  the  lalttuda 
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18 jl  «  _  fn.r^r  {w,  —  y  cos  fa  —  p)} {r*  -  2rr,  co8  fa- v)+r/}f 

+  ?^  {«;  +  «»co8  (2»  -  2ii)  -  4it,  co8(o  -  »)} 

4n< 
+  (XHM  (.  _  O'- 

If  the  eccentricities  be  omitted, 

rssa^   r^  =  a^,  and 
(ri  —  2rr/  cos  fa  —  r)  +  rr")|- 

{a**-2fla^co8fa— ©)+<!;•}  '  =  i^«  + J'l cos  fa  —  v)  +  &c 
as  for  the  planets;  hence 

H  =  —  2m/»'a^  (m^  -  Jj*  cos  fa  -  r)  }  B|  cos  fa  —  v) 

+  ?E^{^-4«Scos(p-  U)} +k^lML  Cm  ̂   M^. 
4n'  a^ 

Whence 

d^ 

2     7** -  £^£ZLMy-.£^'sco8(l7-r)-2m/»«.a,BAC08fa-p). a*  71* 

861.  In  order  to  integrate  this  equation,  let 

«  =  /  .  sin  (c  +  /?<  +  A) ;    */  =  i^  sin  (ri  4-  p<  +  A) 
«,=  /,,  sin  fa  +  /)/  +  A)  ;    «t  =  4  sin  fa  +  pt  +  A) 

S:^L'.  sin  {U  +  pt  +  A);     tf  =r  Xsin  (©  +p«  +  A), 

h  Ut  Uy  ̂9  -^^  and  -^  being  the  inclination  of  the  orbits  of  the  four 

satellites,  of  Jupiter's  orbit  and  equator  on  the  fixed  plane,  p  and 
A,  quantities  on  which  the  sidereal  motions  and  longitudes  of  the 

nodes  depend. 

If  the  motion  of  only  one  satellite  be  considered  at  a  time,  then 

substituting  for  «,  b^  and  S,  also  putting  —  for  ̂   and  omittmg  p\ n 

the  comparison  of  the  coefficients  of  sin  (t?  +  /?<  +  A)  gives 

iJfi  4     7J 
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If  ^  =  «,  andr,  -v  =  n,t  -  nt +»,-'  =  fi 

{ I  -  2«  cos  iS  +  «"  J"i  =  a/ CJB.  +  B,  COB /S  +  B,  CM  2i8  +  fcc.) 
which  »  identical  with  tie  series  in  article  446,  and  therefore  the 

formulee  fat  the  planets  give  by  article 

consequently  equation  (275)  becomes 

0  =  np-(»)-  15]  -  (0.1)1 +t(0)  +  L'(«l  + (0.1)/,, 
but  the  action  of  the  satellites  m,  and  m,  produce  tenns  inalt^ous  to 

those  produced  by  m, ;  so  the  preceding  equation,  including  the  dis- 
tuibing  action  of  all  the  bodies,  and  the  compression  of  Jupiter,  is 

0  =  /{p-(0)-  [g  -(0.l)-(0.2)-(0.S)}    (276) 

+(0) L+     \0\L'+  (O.l)  I,  +  (0.2) (,  +  (0.3)  i.. 

By  the  same  process  the  cwTeeponding  equations  for  the  other  satel- 
liles  are 

0  =  l,{p  -  (I)  -  CD  -  (l.O)  -  (1.2)  -  (1.3)} 

+  (1)  L  +  jT]  L'  +  (1.0)  I +  (1.2)1,+  (1.3)  /,; 

0  =  /,{p-(8)  -  S  -  (2.0)  -  (2.1)  -  (2.3)}        (277) 

+  i2)L  +  \2\  L'+  (2.0)  /  +  (2.1)  I,  +  (2.3)  /,; 

0  =  ;.{;>- (3) -[3]  -(8.0)-  (S.1)-(S.2)} 

+  (3)  L  +  [Sj  l' +  (3.0)  i+  (3.1)(, +  (3.2)t. 

862.   These  four    equations  determine   the    coefRcients  of    the 

latitude ;  they  include  the  reciprocal  action  of   the  aatelliteB,  to- 

gether with  that  of  the  sun,  and  the  direct  action  of  Jupiter  con* 
aidered  as  a  spheroid,  but  in  the  hypothecs  tliat  the  plane  of  his 

equator  retains  a  permanent  inclination  on  the  fixed  plane :  that, 
however,  is  not  the  case,  for  as  neither  the  sun  nor  the  orbits  of  all 

the  satellitca  arc  in  the  plane  of  Jupiter's  equator,  their  action  on  the 
protuberant  matter  causes  a  nutation  in  tlie  equator,  and  a  precession 
of  its  equinoxes,  in  all  respects  similar  to  those  occasioned  by  the  action 

of  the  moon  on  the  cartli,  which  produce  sensible  inequalitie*  inlbe 
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864.  Now,  in  order  to  have  some  idea  of  the  positions  of  the  dif-  ' 
ferent  planes,  let  JN  be  the  orbit  of  Jupiter,  •  QN  the  plane  of  his 

equator,  FN  the  fixed  plane,  and  mN  the 
orbit  of  a  satellite.  Then  the  integrals  of 

these  equations  may  be  found  by  considering 
that  as  0  =:  QNF  is  the  inclination  of  Jupi- 

ter's equator  on  the  fixed  plane, —  0  sin  (p  +  f) 

would  be  the  latitude  of  a  satellite  if  it  moved  on  the  plane  of  Jupl* 

ter^B  equator,  for  the  latitudes  are  all  referred  to  the  fixed  plane  FN ; 
and  if  they  are  positive  on  the  side  FJ,  they  must  be  negative  on  the 

side  FQ  ;  but  by  the  value  assumed  for  «,  in  article  861,  that  lati- 
tude is  equal  to  a  series  of  terms  of  the  form 

L  sin  (v  +  pi  +  A), 

hence  6  sin  y  =  -  S'.L  sin  (p<  +  A)  (280) 

e  cos  V^  as  -  2'.  i  cos  (jp<  +  A). 

865.  Likewise,  y  ;=  JNF,  being  the  inclination  of  Jupiter's  orbil; 
on  the  fixed  plane,  y  sin  (CT  —  7)  is  the  latitude  of  the  sun  above 
the  fixed  plane,  by  article  868;  but  by  the  value  assumed  for  £f,  jn 
article  861,  it  is  easy  to  see  that 

Y  sin7  ■=  -  2M/  sm  (p<  +  A)  (281) 

7  cos7  c:  -  2'.  L'  cos  (p<  +  A). 

In  the  same  manner  y'  =  mNF  being  the  inclination  of  the  orbit  of 
a  satellite  on  the  fixed  plane,  its  latitude  is  y'  sm  (p  +  2^),  and  by 
article  861 

y  sin  7'  s=  -  27  .  sin  (pi  +  A)  (282) 

y'  cos  1'  =  Tl .  cos  (p<  +  A). 

2'  denotes  the  sum  of  a  series,  but  2  is  the  sum  of  the  terms  relating 
to  the  different  satellites. 

When  these  quantities  are  put  in  equations  (279)  and  (278),  a 
comparison  of  the  coefficients  of  similar  sines  and  cosines  gives 

0  =  pi  +  3  (g^-^-^)  {ijf •  (L'  -  L)  +  2  tnn^  (l  -  L)}, 

which  equation  determines  the  effect  of  the  displacement  of  Jupiter's 
equator. 
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866.  If  Jupiter  be  an  elliptical  spheroid,  theory  gives 

^  fPR^.dR 

As  the  celestial  bodies  decrease  in  density  from  tlie  centre  to  the  sur- 

face, P  represents  the  density  of  a  shell  or  layer  of  Jupiter's  spheroid 
at  the  distance  of  R  from  his  centre,  the  integral  being  between 

]S  =r  0,  the  value  of  the  radius  at  the  centre  to  A  =  1,  its  value  at 
the  surface. 

867.  The  equations  in  article  277  may  be  put  under  the  form 

0={p-(0)-|T|-  (0.1)-(0.2)-(0.3)}(L-0 

+  (0.1)(L-O  +  (0.2)(L-«+(0.3)(L-i;)+  \J}  {L-L^ypL^ 

0  =  b-(l)-|T)-(1.0)-.(1.2)-(1.8)}(L-A) 

+  (1.0)(L-0+(1.2)(l'-«  +  (1.8)(L-«+  111  (L-LO-pI>; 

0  =  {p-(2)  -  1T|— (2.0)-(2.1)-(2.3)}(L-4)  (283) 

+(2.0)(L-0+(2.1)(i^-O  +  (2.3)(L-Z,)+  lAl  (L-T^^V^X 

0=:{p-(3)  -  |3]  -(3.0)-(3.1)-.(3.2)}(L-/;) 
* 

+  (3.0)(L-0+(3.1)(L-/0+(3.2)(I-O+  [3J  (L-LO-pt; 

which  determine  the  positions  of  the  orbits  of  the  satellites,  including 

the  effects  of  Jupitei^s  nutation  and  precession. 

Inequalilies  occasioned  by  the  Displacement  of  Jupiter  s  Orbit. 

869.  The  position  of  Jupiter's  orbit  is  perpetually  changing  by 
very  slow  degrees  with  regard  to  the  ecliptic,  from  the  action  of  the 
planets.  In  consequence  of  this  displacement  the  inclination  of  the 

plane  of  Jupiter's  equator  on  Iiis  orbit  is  changed,  and  a  correspond- 
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ing  chuge  taket  place  in  the  preceuioD  of  Ute  nodes  of  the  equator 

j(j,  112.  on  the  orbit,  which  may  be  repreBented 
by  considering  J  N  to  be  the  orbit  of 

Jupiter,  and  yA.  the  plane  of  his  equa- 

''  tor  at  the  epoch,  7  being  the  ascend* 
ing  node  of  his  equator  at  that  period. 
After  a  time  the  action  of  the  planeta 

brings  the  orbit  into  the  position  J'N,  which  increases  the  inclination 
by  JNJ',  and  the  node,  which  by  its  retrograde  motion  alone  would 

come  to  B,  is  brought  to  7',  so  that  the  motion  of  the  node  is  lessened 

by  BC.  Thus  the  inclination  of  the  plane  of  Jupiter's  equator  on  his 
orbit  is  affected  by  two  totally  different  and  unconnected  causes,  the 

one  arising  from  the  direct  action  of  the  sun  and  satellites  on  the  pro- 
tuberant matter  at  the  equator  producing  nutation  and  precession,  and 

the  other  from  the  displacement  of  his  orbit  by  tlie  action  of  the  planets, 

which  diminishes  the  precession :  both  disturb  the  motions  of  the  satel- 
lites ;  but  in  order  to  determine  the  effects  of  the  displacement  of  the 

oibit,  it  must  be  observed  that  if  the  inclinations  of  the  orbits  were 

eliminated  from  the  equations  (263)  the  result  would  be  an  equation 
in  p,  the  roots  of  which  f,  ;>„  p„  p^,  would  be  the  annual  and  sidereal 
motions  of  the  nodes  of  the  satellites  depending  on  their  mutual  attrac- 

tion and  thatof  tlie  sun,  but  there  would  also  be  very  small  values  of  p 
of  the  order  BC,  fig.  1 12,  depending  on  the  displacement  of  the  orbit 

and  equator  of  Jupiter.  Now  if  we  regard  the  equations  (283)  aa 
relative  to  the  displacement  of  the  orbit  and  equator  of  Jupiter  alone, 

omitting,  for  the  present,  the  mutual  action  of  the  sun  and  satellites, 
these  very  small  values  of  p  may  be  omitted  in  comparison  of  (0), 

(0.1),  8(C. ;  and  if  it  be  assumed  that 
h-l  =  \  {L-  V) 

L-U=\^(h  -V)  (284) 

I,  -  /,=  X,fL  -  L') 

L  -  /,=  X,  (I.  -  L% 

the  four  first  of  equations  (263)  become 

0  =  {(0)  +   10]  +  (0.1)  -t-  (0.2)  -f  (0.3)}  \       . 

-  (0.1)  X,  -  (0.2)  X,  -  (0.3)  X,  -  |0| 



niB  nr  lathvuk.  '  M7 

le  puMi  thnugk  JVP,  Uw  line  of  tba 

L")  :^  1 : 1-x  ::  qyj  :  FiTJ, 
UM  the  ume  inclination  to  the  equator 

I  &  coDitant  quantity :  each  of  the  other 

nt  pUoe  depending  on  X„  X^  V  I*  ■■ 
aei  could  have  been  diMovered  by  ob- 

—  ̂   be  the  inclinadon  of  Jupiter** 
'- y  ̂   pt  +  K  the  longitude  of  iti  de- 
-  letimated  from  the  vernal  equinox  of 

'  ma,  with  regard  to  that  part  of  the 
1  f  Jupiter  which  is  reladre  to  the  dis- 
i  ̂ ior,  is 

i^i  of  the  conitant  plane  FN  on  Jupi- 

K  9*  c  FN  J, 

r^Wataut  {Jane  on  Jupiter's  orlrit,  and 

ijS.  •111(1'  + IK) 
.v^lild  hare  if  it  mored  on  ita  conitant 

Wma' Di^buemeHlt  of  the  Equator  and 
^itilim  0  ss  QNF,  6'  =  QN3,  f ,  f. 

if  the  equator  and  orbit  of  Jupiter  alTect 
nd  A.  The  general  equalioni  which  de- 
dly  be  founds  but  if  tlie  values  or  these 
dioni  of  the  thne,  it  will  be  sufficiently 
irpoeea  for  several  centuries,  before  or 

aauimed  as  the  opoch. 

e  purpose,  and  facilitate  the  dctermi- 

f  Jupiter's  orbit  be  assumed  lo  coincide 
r  the  whole  cflcct  ofits  displacement  will 

Uichwill  dien  vary  both  from  nutation 
S  N  3 
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t* 

806.  If  Jupiter  be  an  elliptical  Bpheroid,  theory  gi?et 

^  fPjt'.dR 

As  the  celestial  bodies  decrease  in  density  from  the  centre  to  the 

face,  P  represents  the  density  of  a  shell  or  layer  of  JujHtex^s  ipb 
at  the  dist£uicc  of  R  from  liis  centre,  the  integral  being  beta 

K  =  0,  the  value  of  tlie  radius  at  tlie  centre  to  A  =  1,  its  Til 
the  surface. 

667.  The  equations  in  article  277  may  be  put  under  the  fimn 

0={;i.(0)-|0]-  (0.1)-(0.2)-(0.3)}(L-0 

+  (0.1)(L-O  +  (0.2)(L-t)+(0.3)(L-t)+  [0|  {L-V) 

0  =  {p-(l)-|T|-(1.0)-.(1.2)-(l.3)}(L-O 

+  (1.0)(L-0+(1.2)(L-y  +  (1.3)(L-/0+  II]  (i-iO- 

0  =  {;i-(2)  -  |T|-(2.0)-(2.1)-(2.3)}(L^4)  < 

+  (2.0)(L-0  +  (2.1)(L-O  +  (2.3)(L-t)+  ID  C^-'^' 

0={;i-(3)  -  \S\  -(3.0)-(3.1)-(S.2)}(L-4) 

+  (3.0)(L-0  +  (3.1)(L-O+(3.2)(I-W+  a  (i--'^')- 

which  determine  the  positions  of  the  orbits  of  th®  •iWu*0' 
the  effects  of  Jupiter's  nutation  and  precessioD* 

IneqiialUies  occasioned  hy  ** 

86S.  Tlic  position 
very  slow  degrees  v 

planets.    In  eoa 
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0  =  {(1)  +   (3  +  (1.0)  +  (1.2)  +  (l.S)}\ 

-  (1.0)  X  -  (1.2)  \  -  (1.3)  X,  —  [T|  (285) 

0  =:  {(2)  +  (2]  +  (2.0)  +  (2.1)  +  (2.3)}  X, 

—  (2.0)  X  -  (2.1)  \  -^  (2.3)  X,  -  [2] 

0  s  {(3)  +[81  +  (8.0)  +  (8.1)  +  (3.2)}X, 

-  (8.0)  X  -  (3.1)  \  -  (3.2)  \  -  [5]  , 
which  are  relative  to  the  displacement  of  the  orbit  and  equator  of 

Jupiter ;  by  these,  X,  X|,  X.,  X,,  may  be  computed,  whence  the  lela- 
tions  among  the  inclinations  will  be  known. 

On  the  Constant  Planet. 

869.  The  preceding  equations  afford  the  means  of  finding  the  per- 

manent planes  mentioned  in  article  803,  for  I  =:  mNF  and  L'^zJNF, 
fig.  Ill,  are  the  inclinations  of  the  satellite  and  Jupiter  on  the  fixed 

plane ;  I  ̂  L'r=  mNJ  is  the  inclination  of  the  orbit  of  the  satellite 
on  that  of  Jupiter,  by  article  864  ;  hence,  the  latitude  of  the  satellite 
m  above  the  orbit  of  Jupiter  is  equal  to  a  series  of  terms  of  the  form 

(/  -  L)  sin  iv  +  pt  +  A). 
But  the  first  of  equations  (284)  gives 

/  -  L'  =  (1  —  X)  (L  -  10  ; 

thus,  with  regard  to  the  displacement  of  Jupiter's  orbit  and  equator^ 
2'(/-L')  8in(t?+p<+A)=(l-X)  2'(L-L08in(t?+p^+A). 

Again,  L  =  QNF^  L,  =  JNF  being  the  inclinations  of  Jupiter's 
equator  and  orbit  on  the  fixed  plane  \  L  —  U  =:  QNJ  is  the  inclina- 

tion of  his  equator  on  his  orbit,  for  L  =  QNF  is  a  negative  quantity 
by  article  864,  therefore 

2'  (L  -  LO  sin  ̂ v  +  pt  +  A) 
would  be  the  latitude  of  the  satellite  m  above  the  orbit  of  Jupiter,  if 
it  moved  on  the  plane  of  liis  equator.  But  the  inclination  ( 1  —  \)  x 

(L  —  L')  is  less  than  L  -  U  z=i  QNJ,  both  being  referred  to  the 
plane  of  Jupiter's  orbit ;  hence,  (1  —  X)  (L—L')=:l-U  <L--L'\ 
therefore  the  plane  having  the  inclination  /  —  L\  or  (1  -  X)  {L-L') 
must  come  between  the  equator  and  orbit  of  Jupiter ;  and  as  A  and  p, 

'»e  longitude  of  the  node  and  its  annual  and  sidereal  precession,  are 
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the  tame  in  both,  thii  plana  puaei  Uurougli  NP,  tlw  line  of  the 
nodes.     But 

L-un\~\){L-L')y.  1  :i-x::  QNj-.rNJ, 
end  the  plane  FN  alfrajs  retains  the  same  inclination  to  the  equator 

end  orbit  of  Jupiter,  since  X  is  a  constant  quantity :  each  of  the  other 
satellites  has  its  own  permanent  plane  depending  on  \,  \,\.  It  li 
baldly  possible  that  these  planes  could  have  been  discovered  by  ob- 

servation alone. 

870.  If  9*  =  qVJ  s  £  —  1/  be  the  inclination  of  Jupiter's 
equator  on  his  orbit,  and  ~  ifi'  =s  pt  +  A  Hie  longitude  of  its  do- 
icending  node  on  the  orbit  estimated  from  the  vernal  equinox  of 

Jupiter,  the  preceding  expression,  vrkh  regard  to  that  part  of  the 

latitude  of  tn  above  the  orbit  of  Jupiter  which  is  relative  to  the  dis- 
placement of  his  orbit  and  equator,  is 

O  -  1)  fl'  sin  (p  +  Y). 

for  Xd'  e=  FNQ,  the  inclination  of  the  constant  plane  FN  on  Jupi- 

ter's equator,  therefore 
(V  -  1)  y  =  FNJ, 

is  tlK  inclination  of  the  same  constant  [dane  on  Jupiter's  orbit,  and 

(X  _  1)  e* .  sin  (t.  -^  to 
is  the  latitade  the  satellite  would  have  if  h  moved  on  iu  constant 

plane. 

To  detennine  Hu  Bfftd*  of  Qu  DitplaeanenU  of  Vu  Equator  and 

Orbit  ofJupUer  on  Uu  quantUiet  6  =  QNF,  9'  =s  QIVJ,  y,  f , 

871.  The  displacements  of  the  equator  and  orbit  of  Jupiter  affect 

the  quantities  0,  y,  9',  if'',  and  A.  The  general  equations  which  de- 
termine this  effect  may  easily  be  found  )  but  if  the  values  of  these 

quantities  be  obtained  In  functions  of  the  time,  it  will  be  sufficiently 
correct  for  astronomical  purposes  for  several  centuries,  before  or 

after  any  period  that  may  be  sBSumed  as  the  epoch. 

It  will  answer  the  same  purpose,  and  facilitate  the  determi- 

nation of  these  quantities,  if  Jupiter's  orbit  be  assumed  to  coincide 
with  the  6Ked  plane  FN;  forthewhole  effect  of  its  displacement  will 
be  referred  to  the  equator,  which  will  then  vary  both  from  nutatio  b 

3N  3 
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and  the  variation  in  the  orbit  of  Jupiter.  In  this  case  U  £=  0,  and 

equations  (284)  give 

Z  =  (1-^)L;  /»=:(l-\Oi^;  /,  =  (l-^Oi^;  t-(l-X.)^. 
In  consequence  of  these,  the  four  first  of  equations  (283)  vanish,  and 

L  remains  indeterminate,  and  may  be  represented  by  -  'L,  and  the 
last  of  the  same  equation  becomes 

which  may  be  expressed  by  ̂p,  and  relates  to  the  displacement  of  the 
equator  of  Jupiter. 

•  872.  Since  JN  comcides  with  FJ^T,  fig.  Ill,  -  'L  =  Q/iJ  is  the 
inclination  of  the  equator  on  the  fixed  orbit  of  Jupiter  and 

-  *L  sin  (t?  +  y  +  *A) 
would  be  the  latitude  of  the  satellite  if  it  were  moving  on  the  equator 

of  Jupiter,  ̂ A  being  an  arbitrary  quantity,  or  the  longitude  of  the 

node  of  the  equator  corresponding  to  'p.  But  this  latitude  has  also 
been  expressed  by  —  0  sin  (d  +  V)* 

Whence  0  sin  Y'  =  ̂ L  sin  (p*<  +  'A),  (286) 

e  cos  Y^  =  *JL  cos  (p*<  +  *A), 

^pi  being  the  mean  precession  of  the  equinoxes  of  Jupiter.  Again, 
since  Q  =  ̂ NF^  y  =  JNF  are  the  inclinations  of  the  equator  and 
orbit  of  Jupiter  on  the  fixed  plane  ; 

—  ̂   sin  (t;  +  Y^)  -  7  sin  (i?  -  7) 

is  the  latitude  the  satellite  would  have  above  the  orbit  of  Jupiter,  if  it 

moved  on  the  plane  of  his  equator,  but  -  0'  sin  {v  +  Y^')  is  the  same  ; 

so  d  sin  (»  +  Y^)  +  7  sin  (r  -7)  =  0'  sin  (v  +  Y^), 

17  being  indeterminate.  If  it  be  successively  made  equal  to  -  ̂pt  and 
to  90°  -  *p<,  the  preceding  equation  gives 

0'  sin  (f  -  pO  =  ̂   sin  (Y^  -  'pt)  -  7  sin  (7  +  >0        (287) 

e'  cos  (f  -  ̂pt)  =  e  cos  (f ->0  +  7  cos  (7  +  y). 

The  sum  of  the  squares  of  equations  (286)  gives  e  =  *L,  and  as  by 

this  sin  Y'  =  sin  Qpt  +  *A)  ;  therefore  f  -  ̂ pt  :=z  *A. 
In  consequence  of  this,  the  first  of  equations  (287)  becomes 

d'  sin  (f  -  >0  =  L  sin  *A  -  7  sin  (7  +  >0» 

or  0'  sin  Y^  cos  ><  -  e,  cos  f,  sin*p<  -  *£  sin  *A 

+  7  sin  7  cos  ̂ pt  +  7  cos  7  sin  *p<  =  0. 
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Tliis  expreuion  mual  be  zero,  whatever  tbe  lime  may  be,  which 

can  only  happen  when  sin  'A  :=  0,  for  'L  =:  6;  cMjnaequently, 
"A  =  0,  and  therefore  ̂   =  'p(. 

873.  In  ordertodelermincO'and^'.let  ihcorbilof  Jupiterin  the 
b^inning  of  1750  be  the  fixed  plane,  let  that  period  be  the  epoch, 

and  the  line  of  the  vernal  equinox  of  Jupiter  the  origin  of  the  anglea. 

Tlwn  at  the  epoch  t  =  0,  whence  equations  (267)  become 

C  lin  Y  =  eun-ii  —  J  sin  7 
9'  cos  V'  =  8  cos  y  +  7  cos  7. 

Now  f  and  ifi  are  so  small,  that  the  arc  may  be  put  for  the  Nne, 

and  unity  for  the  cosine  ;  also  f  cos  7,  v  «»  7  may  be  expressed  by 
Htiea  increasing  as  the  powers  of  the  tune  for  many  centuries  to 
come ;  therefore  let 

y  ain'}  =!  at         y  cos  7  =  6f 

then,  because         e  =  'L,     yr  =  'pt,         'a  =  0,  (288) 

ey  =  'i  .'pt  ~  at;        S'si'L  +  bt 

whence  -i^'  =^pt  -  __, 

when  the  square  of  the  time  is  neglected. 

674.  Since  y  sin  7,  y  cos  7.  relate  to  the  change  in  the  position  of 

Jupiter's  orbit  from  the  action  of  the  planets,  they  are  determined  by 

equations  (1S7) ;  but  as  Jupibir's  orbit  is  principally  disturbed  by  the 
action  of  Saturn  and  Uranus,  if  0,  ̂   be  the  inclinations  of  the 

orbits  of  Saturn  and  Uranus  on  the  orbit  of  Jupiter  in  the  beginning 

of  17&0,  and  Si^  j}^',  the  longitudes  of  the  ascending  nodes  of  the 
two  orbits  on  that  of  Jupiter  at  the  same  epoch,  estimated  from  the 

equinox  of  spring  of  Jupiter;  then  will 

a  =  (4.6)  0  cos  A  +  (4.6)  ̂   •  cos  Si' 

b=  -  (4.5)0  8in  A-(4-6)*'-  «"  SL'> 
where  (4.&),  (4.6),  are  given  by  equations  (203). 

87&.  It  only  remains  to  determine  the  effects  of  the  displacement 

on  i'  sin  f,  V  cos  7',  the  inclination  and  node  of  a  satellite  m  with 
regard  to  its  fixed  plane. 

By  equations  (248) 
I  =  (I  -  X)  t  +  \l: 

If  this  value  of  I  be  put  in  the  equations  (282)  they  become 

y'vafss  -2'.(l-X).L.8in(p(  +  A>-2'.XI/.  sin(p(  +  A) 

ycot  r  =  £'.  (1  -  X) .  £.  cot  (pf -t- A)  +  Z'.XZ/.  cos  Orf -f  A), 
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ud  m  copicqiOTire  of  eqortioiM  (S80)  and  (181) 
ynnr  =  (1  -X)  .Buai^  +  x  .  rsmf 

but        Iss-L,      t='/^    7™'  =  <7a»^=*<; 
and  patdng  *pi  for  the  sine  and  unitj  for  the  ccmoMt ; 
to  the  dispUcement  of  Jupiter^s  orbit  and  eqoator, 

y  rin?  =  (1  -  xyjL  .  ><  +  X  .  of 
yco«r=  (x-iyL  +  x.  M  (28i) 

That  the  quantities  rehoing  to  the  displacgiiient  of  ths  oriiil  mL 
equator  are  comi^etely  detenained. 

876.  With  regard  to  the  Talues  of  p,  whidi  depend  on  tie 

mutual  action  of  the  satellites,  L'  is  zero,  since  the  action  of  As 
satellites  has  no  sensible  effect  on  the  displaoement  of  JufitB/% 
orbit  The  values  of  L  may  be  omitted  rdatiTelj  to  I,  l^,  4i  4i 
and  since  by  the  last  of  equations  (283),  pL  ia  multiplied  hf 

— H — I-^  it  is  of  the  order  of  the  product  of  the  ellipticity  of  Jopiter 

by  the  masses  of  the  satellites ;  and  therefore  it  may  be  omitted  alio, 
which  reduces  equations  (283)  to 

0=/  {p-(0)-[g-(0.1)-(0.2)-(O.S}+Io7g/,+]022|^l£34 

0  =/.  {p^(i)-ig-(i.o)-(L2)Kii>)}+iT^/ +II34+iEg4 

(»0) 0 ̂ k  {p-(2)-M-(2-^)-(21M2.3);+l2^/  +l27T|l,+[523)4 

0  =/,  {;?-(3)-[3[-(3.0)-(3.1H3.2)}+[3^+[37T}/.+[S^4 
877.  These  equations  determine  the  annual  and  sidereal  motion 

of  the  nodes  and  iDcIinations  of  the  orbits,  and  are  precisely  similar  to 

those  which  determine  the  eccentricities  and  motions  of  the  apsides, 

for  if  the  terms  depending  on  the  displacement  of  the  orbit  of  Jupi- 
ter be  omitted,  each  satellite  has  four  terms  in  latitude  similar  to 

the  four  equations  of  the  centre,  and  arising  like  them  from  the 
changes  in  the  positions  of  the  orbits  by  the  action  of  the  matter  at 

Jupiter*8  equator  and  their  mutual  attraction,  they  therefore  depend 
on  the  inclinations  and  motions  of  the  nodes  of  their  own  orbits,  and 

nn  those  of  the  other  three.     Hence,  with  the  values  of  /,  /^,  /,,  4, 
I  by  observation,  these  equations  will  give  the  four  roots  of  p» 
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the  uiniul  knd  ndemU  motion  of  the  DodM  and  the  coefficient*  of 

the  sixteen  tenns  in  the  latitudes ;  for  if  it  be  auumed,  tbet 

these  quantities  will  make  t  vanish  from  the  preceding  equetiou  ;  the 

muJt  will  be  four  equatioDi  between  Cu  tn  tx  «i>d  Pt  whence  p  will 
be  obtained  by  an  equation  of  the  founh  d^ree. 

Let  }>,  f,,  j>ii  pn  be  the  roota  of  that  equation,  and  let 

fi**'   Ci''*   W  i       tl*   ItJ^t  tt'-"  '        ti"''   C»"   £•"  i 
be  the  values  of  {f,,  f„  Ci,  when  p  ia  successively  changed  to  pi,pt,  a, 
thej  will  give  the  coafficienla  required. 

878.  In  article  861,  it  was  assumed,  that  the  latitudea  of  the  saleU 

lites  above  tbe  fixed  plane  were 

»:s  lan{o  +  pt  +  A)  i,  =  /, sin  (n,  +  pt  +  A) 
«,=  i,Bin(B,+  pi  +  A)  li  =  i;  sin  (i^  +  j»(  +  *) ; 

but  if  we  refer  tbem  to  the  orbit  of  Jupiter,  tbe  term  arising  from  the 
displacement  of  that  orbit  must  be  added  to  each,  and  if  the  different 

values  ofp  be  substituted,  and  the  corresponding  coefficients,  the  lati- 
tudes  of  the  satellites  above  JN,  the  oibit  of  Jupiter  at  any  time  (, 
will  be 

.  =(>.-l)e'sin(e  +  y) 
+  /sin(t.  +  pi+A) 
+  /,  sin  (e  +  p,t  +  A,) 
+  4Bin(e+p^  +  Aj 
+  tNn(i.  +  p^  +  Aj 

*,  r=  (X,  -  1)8'  sin  (e,  +  f) 
+  i,l  sin  (vi  +  pt  +  A) 

+  fi'"/.  sm  Cp.  +  pj  +  AJ  (»1) 
+  r."'^ein(p,  +  p^  +  AO 
+  f  «4  sin  (r,  +  p^  +  A.) 

*,  =  (X»  -  1)S'  sin  (p,  +  y-) 
+  W  sin  («,  +  pi  +  A) 
+  C.f>/,  sin  iv,  +  p,t  +  A.) 
+  r."^  sm  K  +  p^  +  A^ 
+  r."'4«n(o,  +  p,(  +  AO 

^  «  (X,  -  DO-  sin  (ts  +  If/) 
+  r.l»in(«^+pi+ A) 

+  E'."*'i«n(i',+p,(  + Aj 
+  f.«'*i«n(ts+prf+AO 

+  C,»l,dn(t^ +!>**+ A,). 
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879   Hie  fini  tenn  of  etch  depends  on  the  displacement  of  Jiqii- 

ter's  orbit,  and  the  eight  quantities 

'i  ̂i»  4»  4»  ̂ f  A|,  A„  A^ 

are  determined  by  observation  ;  the  first  are  the  respectiy^  mdina- 

tions  of  the  four  satellites  on  Jupiter's  orbit,  and  the  last  four  are 
the  longitudes  of  the  nodes  at  the  epoch.  If  it  be  required  to  find 

the  latitude  of  the  satellites  above  the  fixed  plane,  it  will  be  neces- 

sary to  add  to  these  the  values  of  the  latitudes,  supposing  the  satel- 
lites to  move  on  the  orbit  of  Jupiter. 

880.  The  inequalities  in  latitude  which  depend  on  the  configura- 

tion of  the  bodies  that  acquire  small  divisors  by  integration  are  in- 
sensible, with  the  exception  of  those  arising  from  the  action  of  the 

sun  depending  on  the  angle  2v  —  2  (71  The  part  of  the  disturbing 
force  whence  these  come  is 

R  =  —  {«»  c(m2(v^V)'-A»Scob(V'^U)'^cob2{v^  U)} 
An*  * 

omitting  the  squares  and  products  of  S  and  t, 

dR  _    SAP    .    o.       y^ 
—    =   Bin  2(r  -  Jj) 
A^  0..t  ^  ' dv 

2n* 

ds 

SM 
=r  ZIJ  {s  COS  2(»  -  C7)  -  2Scos  (cos  (r  —  U)} 2/1 

but 

and 

=  L'  sin  (v  +  pi  +  A);    i  =lsm(v  +  pt  +  A) 
-—^  I  C06  (v  +pt  +  A), dv 

and  if  —  be  put  for  t,  observing  that n 

n 

the  equation  in  article  859  becomes 

d*i 3M 
2M 

0  =  ll+N;s+^(iU^i)sin(v^J^v^P.v^A), dv^  2/1*  n  n 

dv' 
in  whic

h 

or  vr 

but,  without  sensible  error, 
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In  order  to  iotegnte  this  equation,  let 

.  =  r.>iii(r-i^t.-^i.-A), 

K  being  an  indeteraunate  coeflScient 

If  that  value  of*  be  put  in  the  equation,  it  will  give 

„_  SAP  L'-t 
t,         nj 

But  in  Ibe  divisor, 

2-  it  very  ainall,  and  H,  diflen  but  little  from  unity ;  hence 

1-2^  -£.+  «;  =  2,  nearly  ; 

Ikerefore 
8Jf'(£'-0 -«in(t.-2^p-  P-e-A); 

B        n 

a  similar  inequality  exists  for  each  root  of  p,  including  'p,  which  is 
the  value  of  p  depending  on  the  displacement  of  the  equator  and 

orbit  of  Jupiter. 

Now,  £.  +  JV,  =s  I,  nearly ; 

consequently,  *=—  J^  (L'-Q  ■  «ii(v-2[7-frf-A).      (292) 

Seadar  InequalUiet  of  the  SaltUita,  deptnding  on  the  VariaUont 

in  the  ElemaiU  oflupie^t  Orbit. 

S81.  The  secular  inequalities  in  the  elements  of  Jufoter's  orbit, 
occasioned  by  the  action  of  the  jdanets,  produce  corresponding  va- 

riations in  the  mean  motions  of  the  satellites,  which,  in  the  course  of 

ages,  will  have  a  considerable  effect  on  the  theory  of  these  bodies. 
Iliese  are  obtained  from 

-<i^  (»-(.- 
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But,  by  articles  864  and  865, 

f  =  7'8in(c-70,     S  =  7  sin  (17-7),      •  =  —  6  am  (i>  +  f) ; 
and  as  the  periodic  inequalities  are  to  be  rejected, 

=  jf-  (1  +  i  ipy 
For  the  same  reason, 

r»  =  «•(!  +  J««  -  «  cos  (lU  +  €  —  tsT))«  =  a^(l  +  f  O; 
and  if  it  be  observed  that 

4  .  o" 
the  value  of  aitR  is 

-  i  (0)  {0«  +  287,  cos  (7'  +  Y')  +  y/  -  «»}. 
If  this  quantity  be  put  in  equation  (259),  the  result  will  be 

d  .it/ 
dt =  -2[0]  {«»+H*-7«+277'co8(y-7)-y«} 

+  3  (0)  {0*  +  20Y  cos  (7  +  y)  +  7'»— €*}. 
This,  however,  only  gives  the  inequalities  on  the  orbit ;  but  its 

projection  on  the  fixed  plane,  by  article  548,  is 

Now,    f  =  7'  sin  (t>-7')  =  7'  sin  t>  cos  7'  —  7'  cos  t>  sin  y. 
The  substitution  of  this  quantity,  and  of  its  differentia],  gives 

J/      J    •  If   /   -:«  0/ ^^  (y' COS  7')         /          nfd(y'  •  sm7')l dtj'=  ar-f  i{7  •  sm  7  —-^   ^  —  7  •  cos  T.-li   LZL 

the  value  of  dt/  projected  on  the  fixed  plane ;  therefore 

dt  dt  dt  I 

-  2  [0]  {«•  +  in  -  7«  +  277'  cos  (r  -  7)  -  y^} 

+  i  (0)  {e«  -  a«  -  2^7'  cos  (7'  +  V)  —  y''}- 

Since  all  the  quantities  7  sin  7,  7  cos  7, 7/  sin  7y,  7,  cos  7'  Y^  and  0, 
are  given  in  the  preceding  articles,  it  may  be  found  that 

d.  iv 

"dT 

=  4   .  [£]  .  (1  -  X)« .  'Lbt  -  6  .  (0)  .  X«  .  *!..  6/ 
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+  (1-X).X.{C0)  +  (51  +  (0.1)  +  C0.2)  +  (0.8)}.'L,M 

-iX(0).'L»t-iCl-X).  [o)  ;  'L  .  6( 

+  i  {0. 1)  .  {(X  -  1)  V  +  (X,  -  1)  X}  .  'L  .  M 

+  i  (0.2)  {(X-1)  X,  +  (K-  1)  X}  .  "L  .  M 

+  i(0-S){CX-l)X,+  (X,-1)X}*L.  6i  -  2  (3  fl". 
But  u  consequence  of  dw  reUtlonB  between  X,  X,,  X^  \,  in 

^  S9  4(1  -  X)* .  [g  .  'ZAi  -  fl  (0)W'LM-«H* .  [5]  . 

In  conBideiing  the  acdos  of  B>tum  only,  equations  (204)  gire 

d»  numericml  Ttlue  of  H ;  to  ebiii^  if  «  be  llie  value  of  tf  »t  the 

epoch,  then  H=g  +  d  +  &c; 
and  omittiag  the  sqoare  of  the  time, 

jf>=  2Sct, 

and  the  integral  beconet 

>.B«(l-X)«[5i  .'LW-8C0)X"2,W-«rfrffTr].       (294) 

TIiIb  inequality  in  the  mean  motion  of  m  varies  with  the  eccentri- 
city of  the  orbit  of  Jupiter,  and  is  similar  to  the  acceleration  in  the 

mean  motion  of  the  moon,  but  it  wilt  not  be  perceptible  for  many 
yean,  nor  has  it  hitherto  been  peiceived. 

882.  If  then  was  bat  one  aatellite,  the  firet  of  aquatioiu  (288) 

would  give  r^ 

X  =s  • 

151 +  (0) 
In  the  theory  of  the  mooa,  [^  ii  vastly  greater  than  (0),  so  that 

X  s  1  — .^  ',  diOfen  but  little  freon  unity,  which  reduces  the  equa- a 
tion  (294)  to^vs  —  2[o]«.cf,  where  i  is  tiie  eeecntriraty  of 

,  ft 
becomes  itas  —  ̂ ^  4fft 

wUcIt  is  Oa  Nma  wlA  Oe  MOTlentioB  of  the  mooa. 
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883.  One  secular  variation  alone  is  aenaible  at  present,  and  that 

only  in  the  mean  motion  of  the  fourth  satellite  ;  it  is  derived  from 

equation  (293),  each  term  of  which  must  be  determined  separately. 
When  ̂   and  W  are  omitted,  its  second  term 

i  {7"  -  277«  cos  (7'  -  7)  +  7*} 
is  the  square  of  that  part  of  the  latitude  of  the  satellite  m  above  the 

orbit  of  Jupiter,  which  is  independent  of  v ;  therefore  the  expression 
is  equal  to  the  square  of  « in  article  861,  where  v  is  omitted ;  but  as 

/,  In  &c.,  are  very  small,  their  squares  and  products  may  be  neg- 
lected, so  that  the  quantity  required,  after  the  reduction  of  the  pro- 

ducts of  the  sines  to  the  cosines  of  the  differences  of  the  arcs,  is 

7«  -  277'  cos(7'  -  7)  +  y«  = 

(1-X)«.  d«+2(X-0^{^  .  cos  (pl+A-y')H  COS(p,/+A'-YrO  +  &c} hence 

^  =  4(X-1)0' [0]  {/.cos(/><+ A  -  Y^)  +  &c.}. at 

Again,  ©•  +  2^7'  cos  (7'  +  y)  +  y*, 
the  third  term  of  equation  (293),  is  the  square  of  the  latitude  of  m 
above  the  equator  of  Jupiter,  when  v  is  omitted,  and  is  therefore 

equal  to  the  square  of 

\e'  sm  y  +  /  sin  (p<  +  A)  +  /,  sin  (p,<  +  A,)  +  &c. 
which  is  given  by  the  first  of  equation  (291). 

Whence  ll^  =  -  6(0)  Xd'  {/  cos  (p<  +  A  -  Y^)  +  &c.}. dt 

In  the  tliird  place  the  same  expression  of  s  gives 

7'  sin  7'  =  (X  -  \)&  cos  f'  +  /  cos  {pt  +  A)  +  &c.  -  7  cos  7 
7'  COS?'  =  -  (X  -  1)  ̂   sin  Y^'  -  /  sin  {pt  +  a)  -  &c.  -  7  sin  7. 

By  means  of  these  values  the  first  term  of  equation  (293)  becomes 

^^  =  -  i  (X  -  1)  .  e'{pl  cos  (p<  +  A  -  yrO  +  &c.} dt 

When  these  three  parts  are  added,  they  constitute  the  whole  of 
equation  (293)«  the  integral  of  which  is 

ir=  -  {6(0)X  +  4(1-X)  (T  }.  e'\L  sin(p<  + A-y';  + 

\p 

Jl  sin  (p,<  +  A^  -  yO  +  &c-} 

Pi +  i(l-X)e'{/.  Bin(p<+A-yO  +^/8in(P;/+A;-Y'')  +  &c.} 
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The  only  put  that  hu  a  senuble  effect  it 

{4(I-\)[l]-4(l-X),)p.+,6(S)X,} 

Bra(p.(+A,-  yO.  (»*) 
and  that  in  the  motiooB  of  the  fooith  uteltite  only. 

884.  With  regard  to  the  moon,  X  =  1   -i?L  diffen  but  little 

from  uoity,  and  }>  =  [^  nearly ;  hence,  for  that  body. 
2  p 

iriuch  coincidea  vith  equation  (244),  auppoaing  the  obliqtiity  of  the 

ecliptic  to  be  very  smalL 



CHAPTER  VIII. 

NUMKRICAL  VALUES  OF  THE  FERTURBATIOKS. 

885.  It  b  known  by  obtenration  that  the  sidereml  revolntioiii  of  k 

Mtellites  are  aooomplithed  in  the  folknring  periods:—* 

Itt  satellite  in   1.709137787 

2d   8.551 181017 

8d   7.154552808 

4th   16.689019896 

The  values  of  n,  ni,  n,,  n,  being  reciprocally  as  these  periods, 

n  =  7t,  .  9.433419 

Yii  =  n.  .  4.699569 

n^i=  n^  .  2.832643. 

And  as  the  sidereal  revolution  of  Jupiter  is 
D«7«. 

4332.602208, 

M  =  71,  .  0.00385196. 

886.  The  mean  distances  of  the  satellites  from  Jupiter  are  known 
from  observation ;  with  them,  by  a  method  to  be  shown  afterwards,  the 

equations  (271)  and  (290)  give  the  following  approximate  values  of 

the  masses  of  the  satellites,  and  of  the  compression  of  Jupiter 
m  =  0.0000184113 

fill  =  0 .  0000258325 

fw,  =  0.0000865185 

III,  =  0.00005590808 

f)  -i0  =  0.0217794, 

the  moss  of  Jupiter  being  the  unit 
887.  The  mean  distances  of  the  three  first  satellites  cannot  be 

measured  with  sufficient  accuracy  for  computing  the  inequalities  ;  it 
is  therefore  necessary  to  determine  them  from  the  value  of  a^  by 

Kcpler*s  law. 
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At  the  meut  diitanoe  of  Jupiter  from  the  Ban,  hia  equatorikl 

diametei  la  aeen  under  mn  angle  of  a8".Q9  ;  taking  thii  diameter  as 
the  unit,  the  mean  diitance  of  the  fourth  utdlite  in  fimctiona  of  the 

dfabBrteiia  a,  =  85.43590. 

By  article  818  the  mean  dittance  of  a  KOelUte  is  a  +  ̂^i  in  con- 

'  Mquence  of  the  action  of  tiie  disturbing  forces ;  but  as  the  vuiation 
ia  it  principally  owing  to  the  compreuion  of  Jupiter,  the  only  part 
of  da  in  article  Bfi  1  that  has  a  aensible  effect  on  the  mean  diftances 

ia  a  ̂  ■'~'ri,  hence  a  =  n~*  becomes 

"  =  "-*'— (^)> 

and  thus,  by  Kepler's  law, 

.  =  (i  +  lC,-l*)(ii-ii,)}^^ 

■'-v^S)'' 
wfaence,  with  the  preceding  values,  it  is  easy  to  find  that 

a  =    &. 698491 

a,  =    9.066548 

a,  =  14.461693 

0,=:  25.43590; 

with  these  the  series  S  and  S  in  article  453  may  be  computed,  and 
liom  them  all  the  coefficients  A„  A„  &c. ;  B^  B„  tic. ;  and  theii 

difieiences  may  be  found  by  the  same  method  of  computation,  and 
from  the  same  fbrmuls,  aa  for  the  planets  ;  and  thence 

«"=«,.  9.4269167 

N,  =  n,  .  4.6979499 

a;  =  N,  .  S.332309 

JV,  =  ».  .  0.9999070. 

888.  With  these  quantities  the  perturbations  in  longitude  and  dis- 

tance computed  from  the  expressions  in  articles  820  and  821  are 
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poAH. 

dr  =  fill  < 

+  fm 

7M065 
-  e".0005 
-  0".6l62 
-  0".ll56 

60^7338  .sin    {»,<  —  xC  •«-  «t  —  •} 

-  7042''.63  .  sm  2[n^  —  «|  +  •,  —  »} 

-  22''.949    .  Bin  S{iii£  -  iii  +  «,  —  «} 

-  5^.2464    .  Bin  4{njl  4-  »<  +  c,  —  «} 

-  1".7519    .  sin  5{if,£  —  «/+«,—  c} 

I  -  ̂ '.69443  .  sin  6{fi,f  -  fi<  +  «.  —  c} 

sin    {n^  —  ft/  +  «s  —  «} 
sin  2{if«C  ̂   ii<  4-  «,  —  c} 

sin  S{iraf  —  ni  +  ««  —  c} 

sin  4(fiaf  —  Hi  +  ̂   —  «} 

+  0''.04731  .  sin  {2fi<  -  Af<  4-  2«  —  «£} 

Tlie  inequalities  depending  on  m.  are  insenaiblc. 
+  0.000094865 

+  0.00046652  .  cos    {n^t  -  nl+«i  - 

-  0.09764199  .  cos  2{nit  -  fi<+«i  — 

-  0.00040917  .  cos  3{iii<  -  ni+m^  - 

-  0.00010761  .  cos  4[nit  -  n£+«,  - 

-  0.00003824  .  cos  5fiij/  -  n£+«i  — 

-  0.00001642  •  cos  6{nj<  -  nt+e^  -  e} 
0.00000703 

.  cos    {nj-  nt+  e,  —  c} 

.  cos2{ii^-n<+€,-«} 

.  C08  3{Wt^-W<+«,  —  e} 

•  COS  4{nti-n< +€,  —  €} 

(»6) 

Sr  =  nil 

} 
} 
} 
} 
} 

+  »»i 

+ »». 

it),  =  m  < 

+  »»• 

{- 

+  0.00007780 

-  0.00010631 

-  0.00001310 

*  0.00000269 

0.00000113 

+  0.00001478 
-  0.00000968 

-  0.00000078 

+  0.00000095 
-  0.00000095 

-2252".28 

-  17' .053  . 

-  3''.4102  . 
-  r'.0837  . 

-  0".4202  . 
59".784  . 

3923".3 

.  cos   {«,<-«<  +  €,-€} 

.  C0b2[7I,^-7I/  +  c,-6} 

.  cos3[w,<-n<+6,-6} 

cos  {2M<-«<+2E-2«} 
.  sin  {7i<  -  iii<  +  e  -  6j } 

.  sin  2{nt  -  w^^  +  «  -  ̂ i} 

.  sin  S[nt  -  7ii<  +  e—  ej} 

.  sin  4[nit  -  w<  +  ej  -  c} 

.  sin  b{nt  -  riit  +  «  -  Cj} 

.  sin  {  n,<  -  lilt  +  «*-€,} 

.  sin  2{n^  -  ni<  +  €j  -  c,} 

(297) 
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+  m. 

+  »ii 

■  22".818     Bin  3(n,(  -  Ti,t  +  «,  -  "J 
-  5".1076  «n  A  («,(  -  n,(  +  «,  -  «,) 
-  l".704t  Bin  5  (n^  -  n,t  +  «,  -  <,) 

I  -    0".6744  sin  6  (n^  -  «,(  +  «,  -  «,) 

+  in,  J  -  S".5108  Mn  2  (n,i  -  n,*  +  ■,  -  « J 
I  —  0".3449  wn  8  (11,1  -  n,i  +  .,  -  «,) 

+  0".)906  un  (2n,«  -  ZAfl  +  2<,  -  S£) 

I
-
 
 

0.0
004

460
5 

+  0.0
506

931
8  

coi
  

(nl 
 
-  n,t 

 
+  t  -  c,) 

+  0.0
005

919
7  

COB 
 
2  (ni 

 
-  n,i 

 
+  «  -  •,) 

+  0.0
001

400
2  

COS 
 
8  (Mi 

 
-  n,i 

 
+  «  -  «,) 

+  0.0
000

478
4  

COB 
 
4  (nt 

 
-  n^t 

 
+  t  ~  <,) 

+  OJ)
000

192
8  

COB 
 
5  (n( 

 
-«,

(  
+  •- 

 
«,) 

r 
 
0.0

000
649

7 

] 
 
+  0.0

007
325

5  

cob  
    

(«,i
  
-  n,< 

 
+  S  -  «>) 

-  0.08670960  cos  2  (njl  -  n,(  +  *,  -  •,) 
-  0.00063398  coa  3  (».<  -  tt,l  -f  •.  -  e,} 

I  -  0.00016685  cos  4  (n^  -  n,t  +  «,  -  «i) 

I  —  0.00006067  cos  5  (V  -  'n,(  +•.-<,) 
0.00000799 

+  0.00007)46  COB    (ti^-n^t  +  t,-ii) 

-  0.00010133  COB  2(V  -  «i'  +  «.  ~  •!> 
-  0.00001189  cos3(n,(-it,(  +  s-«.) 
4-  0.OO0O0609 

-  0.00000609  COB  i2Mt  ~  2nJ.  +  2£  -  2<,) 

■        7".862     Bin     (ni  -  n,(  +  « -  .J  (298) 
-  0".228  sin  2Cn(  -  w,i  +  •  -  *,) 

I  -  0".0414  sin  %int-nj,  +  €  -  c.) 

f  -  1126".96       sin     (n,(  -  n,(  +  «,  -  ej 
-  16".504  sin  ?(«,(  -  «,(  +  «i  -  '0 

I  —  9".2995  sin  3(«,(  -  w,i  +  ̂   -  s) 

J  —  1".0467  sin  4(n,/ -  n,t  +  e.  -  *0 
I  -  O".4067  sin  5(n,(  -  n^  +  «,  -  ,,) 
I  -  0".1T67  sin  6(»,(  -  n,*  +  •,  -  «.) 
r         84".396  wn     (M  -  ».(  +  *.  -  «.) 

+  "«\_117".32     wn  20'.'-''.'  +  'i-"J 
it  O 

+  m.  < 

+  m. 
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1 -  6".-251     (in  a  {fl.(  -  tt,*  +  «.  -  <0 1 _  1",919     sin  4  (">'  -«.'  +  •.-  "^ ■                      +". 
-  0".609     Bin  &  {n,t  -  ti,t  +  «,  -  <0 *               - -  0".22T     Bin  8  (i.:^  -  n^  +  -,  -  «J 

^K 
+  0".7784  sin  (3/i,t  -  2Af(  +  2e,  -  SB) ^P -  0-00054798 

^^      >,-™ 
+  0.00059147  cos     (nt  -  n^  +  »  -  h) 

f                "•-"
 +  0.00001906  cos  2{nt-ti^  +  «-«.) L   +  0.00000348  COB  3{n(  -  M  +  «-  «0 

^K -  0.00070942 

^B +  0.04137743  cos     O'lt  -«/  +  '.—  O 

^V +  0.00091726  cos  2(n.(  -  n^  +  «.  —  *.) 

^^     +-. 

+  0.00021712  COB  3(H.(—  »^  +  c.  —  «.) 
+  0.00007409  COB  4(»,(  -  W^  +  e,  —  ej L   +  0.000029SO  COB  5(H.(  -  n^  +  «,  —  e.) 

^K 
+  O.OOOOlSle  cos  6(w,e  —  n,l!  +  e,  —  O 

^P 0.00006850 

^■
^ 

+  0.00075I9I    COB     (V  -!>,(  +  f,  —  ̂  J 
-  0.00449G1      cos  2(n,i  -  n,(  +  f.  -  «,) 

f            +^. -  0.00039801    cos  3{n,i  —  n,(  +  «,  —  «J 
-  0,00010474    COB  4(n^  -  «^  +  *,  -  cj 

-  0.00003569    COB  5(n.e  -  t(^  +  e,  -  «,) 
—  0.00001379    COB  6(n,(  -«,(  +  *,-  t.) 
+  0.00003944 

—  0.00003944  COB  {2Mt  -  ZnJ  +  2E  —  2e,} 

j».  =  «i. \  +  4".6156.Biu    (»(  -  n.(  +  e  -  O 
I  -  0".0067.Biii  2(nt  -»,(  +  *-  c.)                (299 

+  7".2745  .Bill    (H,t  -  jp.i  +  e,  -  O 

+   »!.. —  0".09995.sin  2(rt,i  -  V  +  *.  -  -O 
-  0".0175   .sin  3(n.(  -  „,t  +  .,  -  O 
-11".4S2  .Bin    («^  -  w.i  +  .,  -  .,> 
-     5".1701.si.i2(n^-n.(  +  c.-«.) 

+  m.. -     l".0787.8in  3Cn^  ~  v^  +  u  -  '») 
-    0".3304.Bin4(«^_»,,(  +  e.-r.) 

L_     0".1210.ain5(V-7i.(  +  «,  -  «.) 

fc 

+    4".808g.Bm  2(n,(  -  Ml  +  «,-£) 



Cb^.VlII] THS  PSBTUBBATIONS. 

{-
  O.ft

 

+  O.O
i 

+  0.01
 

+  Ml. 

+  m,. 

-  0.00086152 

0.000570 18.«M    (ai  -  V  +  '  —  O 
O.OOOOOnS.Cos  2(n(  —n^t+e-*;) 

-  0.0009398 1 

1  +  0.0009lT»8.coe  (n.(  -  n.f  +  «,  -  O 
+  0.00OO1095.co«  2(n.(  -  n/  +  «,  -  ..) 
+  0.00000166. COB  Z(.nJ  -  n^  +  «,  -  <^ 
—  0.00114443 

+  0.00326071. cot  (»M  -  "tf  +  «i  -  S) 
+  0.00057836. CO*  2(n,(  —  n^  +  «,  -  O 

+  0.00013B!4.co»  8(ih(  _  n/  +  •,  -  .J 
+  0.00087741 

-  0.00037741. cos  2(Ml  -  n/  +  £  -  O- 
lliese  iiie<](uditiei  in  the  ciiculai  oTbitt  we  indepeadent  of  ibeir 

posidona. 

Determination  of  the  Mat$m  of  the  SatelUJet  and  tAe  Con^ettion 

of  Jupiter. 

889.  Approximate  values  of  the  massea  of  the  satellites,  and  of  the 

compreuion  of  Jupiter,  are  lufficientiy  accurate  for  cslcalating  the 
periodic  inequalities  in  the  circular  orbit ;  but  it  is  necessary  to  have 
more  correct  values  of  these  quantitiei  for  computing  the  secular 

variations.  The  periodic  and  secular  inequalities  determined  by 

theory,  wben  compMied  vith  their  observed  values,  furnish  the  means 

of  finding  the  true  values  of  these  very  minute  quantities.  Tie  prin< 
cipal  periodic  inequality  in  the  longitude  of  the  tn\  satellite  is,  by 

observation,  1636".4  at  its  maximum ;  but  by  article  886  this 

inequality  is,  by  theory,  7042",6mi,  whence 
m^  =0.232355. 

The  greatest  periodic  inequality  in  the  longitude  of  the  second 

sateUite  is,  by  observation,  HCSf.Z  at  its  maximum ;  the  same,  by 

(298),  is 
m  .  2252".26  +  fflt  •  3923".S, 

which  arises  from  the  combined  action  of  the  fir«t  aad  third  satel- 

lites, hence 

m  =:  1.714848  -  m. .  1.741984.  (300) 
302 
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The  other  unknown  quantities  must  be  computed  from  equations 

(271)  and  (290).     For  that  purpose  let 

J,  ̂   ̂ ==fi  .  0.0217794, 

^  being  an  indeterminate  quantity  depending  on  the  compresftion  of 

Jupiter^s  spheroid.     Then  from  the  expressions 

and  the  formulae  in  article  474,  it  will  be  found  that 

(0)  s=  179457".      ̂   [0]  =    33".47 

(I)  =    35317".      /*  Q]  =    67'M6 

(2)  =      6889".6    fi 

(3)  =        954".82  fi 

2|  =:  135^31 

(3)  =  315".64 

(0.1)  =  mi    12903".6  [QJLl  =  m^ .  95W.g    (301) 

(0.2)  =  »!,.     1686".44 0.2    =  m,.    81S''.69 

(0.3)  =  fWt .      248".57  |0T3l  =  fw,  .      69'M6 

(1.0)  =  m  .  10229' '.9 1.0    r=  m  .  7581".6 

(1.2)  =  mg  .  6339".61  [T^  =  tw,  .  4688''.2 

(1.3)  =  fw,  .      584^554  [O]  =  m, .     256".12 

(2.0)  =  m  .  1058".61  [2^  =  m  .    510".77 

(2.1)  =  m, .  5019".6  [271]  =  m^ .  3712'M 

(2.3)  =  Tw,.     1907".3i 2.3 
=  ma  .  1294".4 

(3.0)  =  m  .      117".64  fW^  =  m  .      32".74 

(3.1)  =  m,  .      848".99 3.1|  =  Wi  .     152".93 

(3.2)  =  m. .    1438".2  |3^  =  m, .    976".0I 
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The  numerical  values  of  F,  G;   I",  C,  aie   determined  from 
articles  S2b,  826,  and  827,  to  be 

F  =  1.463732  G  =  -  0.857159 

F'  =  1.466380  G'  =  -  0.855370 

and  with  the  same  quantities  the  coefficients  Q,  Q„  Q(,  of  the  equa* 
tions  in  article  839  are  found  to  be 

fl6.65O804.A-6.118274.A,] 
"■     (1+    g    Y      } l  972421" y  ' 

r4. 133080. A,-  1. 511476. A,) 

I       '^  972421"/  ' -4 .83 1907.  A,^ 

i_Y 
!421"  J  ' 

fl3.307450.A- 4. 831907. A,l 

Q.  -  m  J 

972421" f  3.248934.A,  -  1.188133A,) 

(»+■ 
_i_Y 
r242l"  J 

972421" Not  only  these  quantities,  but  several  data  from  obserration  are 

requisite  for  die  determination  of  the  unknown  quantities  from  equa- 
tions (271)  and  (290). 

890.  The  eclipses  of  the  third  satellite  show  it  to  have  two  distinct 

equations  of  the  centre  ;  the  one  depending  on  the  apsides  of  the  fourth 

satellite  is  2A,  =:  245".14.  The  other  datum  is  the  equation  of  the 
centre  of  the  fourth  satellite,  which  is,  by  observation,  equal  to 

300S".04  =  2A».  Agwn,  observation  gives  the  annual  and  sidereal 

motion  of  the  apsides  of  the  fourth  satellite  equal  to  3578''.75, 
which,  by  article  R31,  is  one  of  the  four  roots  of  fin  equation  (271), 

so  that  g,  =  2578".75.  And,  laatiy,  observation  gives  43374"  for 
the  annual  and  sidereal  motion  of  the  nodes  of  the  orbit  of  the  second 

satellite  on  the  fixed  plane,  which  is  one  of  the  roots  of  p  in  equation 

(290),  BO  that 

p,  =  43374". 891.  If  the  values  of  (n,  and  m,  as  well  as  all  die  quantities  that 

precede,  be  substituted  in  equations  (271)  and  (290),  tbey  become, 

when  the  first  an  divided  by  An  and  the  last  by  /„ 



S66 NUHEXICAL  VILUXS  OF 

[Bookl?. 

0  =  2182^'.  — 954".81  ̂   —  117^64  m  +  32".73.m.  ̂      (30S) 

-  185S'.&sn,  +  35".533  .  ̂  

0  =  -  A  {8040"^  +  179457  fk  .  +  51^1^5  m  +  1686".44  m. 

+  248".55  m,} (304) 

h^ 

{     25ll".6-3531'; 

\— 26505^7  m«  + 

+  {4977^22  +  1872^'.  m  -  16020''^  in,}  I!! 

+  544".86  m,  +  69M6  m^ 

0=  { 18SW.3  m+72999".2  m* - 68180'U  mm,}  A        (305) 

251 1".6  -  35317".  ̂   - 14128  m— 13455".  m,-  584".554  m,!*, 

45344^^8  trww,  -  19393^.4  m,«  1^ 

+  594".41  m".  +  256'M2m,  -  677".04  mm^  +  592".6  fif^«. 

0=4831".9m  .  A  +{1352".8  -  1569".iii+1342".iw,}A      (306) K  A, 

+  89  '.7  -  562".6^  -  86".44  m  -  40".  m,  +  1138".7iw,. 

0=4S306".9  -  35817".  /•  —  10229".9  m  (1  —  A^  (307) 

-6339  '.6m,  (1  -  A^  —  584".554  m,  (1  —  A^ ; 

(306) 

Oa=2998".23+ (40342".S-179457". /»- 1686''.44m,-248''.57fn,)  A 

•I 

+  1686".44  fn,  .  A  +  248".57  iw, .  A 

0=  1166".5  +  1058".6  m  .  A  +  1907".34  m,  .  A  (309) 

+  {42072".4  —  6889".6  /i  -  1058-'.6  m—  1907".35  m,}  A 

0  =  8r'.09  +  117".64  m  .  A  +  1438".2  m,  .  A       (310) 

+  {42976".8  — 954".82^—  lir'.64m  -  1438".2fW8} A. 

892.  These  are  the  particular  values  of  equations  (271)  and  (290) 
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eorresponding  to  the  roots  g^  s  9578'^82,  and  pi  s  48874''  alone. 
By  the  following  method  of  approximation,  nine  of  the  unknown 
quantities  are  obtained  from  these  eight  equations,  together  with 
equation  (300). 

The  inclinations  of  the  satellites  are  very  small,  and  the  two  &rsl 

move  nearly  in  circuUr  orbits,  therefore  the  quantities 

A    *i    ±    A     ̂  
A,'    h.'    I,'    //    T 

are  so  minute  that  they  may  be  made  zero  in  the  equations  (808), 

(806),  (307),  in  the  first  instance ;  and  if  m  be  eliminated  by  equa* 
tion  (300),  these  three  equations  will  give  approximate  values  of  the 

masses  fi|„  tn^,  and  of  /i,  and  then  m  will  be  obtained  from  equation 
(800).  But,  in  order  to  have  these  four  quantities  more  accurately , 
their  approximate  values  must  be  substituted  in  equations  (804)9 

(805),  (808),  (309),  and  (310),  whence  approximate  vahies  of 

h        hi      J        It        h_ 

will  be  found.    Again,  if  these  approximate  values  of 

h    hi    L    L    h. 
X      A.'      /.'      /.'      /,' 

be  substituted  in  equations  (808),  (806),  and  (807),  and  if  m  be 
eliminated  by  means  of  equation  (800),  new  and  more  accurate 
values  of  the  masses  and  of  ̂   will  be  obtained.  If  with  the  last 

values  of  the  masses  and  of  ̂   the  same  process  be  repeated,  the 
mknown  quantities  will  be  determined  with  stni  more  precision. 
This  process  must  be  continued  till  two  consecutive  values  of  each 

unknown  quantity  are  nearly  the  same.  In  this  manner  it  is  found 
that  /t  =  1.0055974; 

m  =  0.1782S1 ;  mi=  0.282355 ; 

fii«=  0.884972  ;  fii,=:  0.426591 ; 

h  =  0.00206221  A, ;         /  s  0.0207938  If ; 

A,  =  0.0178850  .  A, ;       /i  =  -  0.0342580  /^  j 
h^  =  0.0816578  .  A, ;        i;  =  -  0.000931164  /,. 

898.  n  determines  the  compressioB  of  Jupiter's  spheroid,  for 
p  -  J0  =  A4.0.0217794, 

whence  ;i  —  J0  =  0.0219012. 
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If  <  be  the  time  of  Jupiter's  rotatioii^  T  the  tme  of  the  ndeieal  vero- 
lution  of  the  fourth  satellite,  then 

is  the  ratio  of  the  centrifugal  force  to  gravity  at  Jupiter^s  equator. 
But  a,  =  25.4359,       T  s=  16.689019  days  ; 

and,  according  to  the  observations  of  Cassini  t  =:  0.413889  of  a  day, 

hence  0  =  0.0987990,     and  p  s  0.0713008. 

As  the  equatorial  radius  of  Jupiter's  spheroid  has  been  taken  for 
unity,  half  his  polar  axis  will  be 

1  -  p  =  0.9286992. 

The  ratio  of  the  axis  of  the  pole  to  that  of  his  equator  has  oRen  been 
measured :  the  mean  of  these  is  0.929,  which  differs  but  little  from 

the  preceding  value ;  but  on  account  of  the  great  influence  of  the 

matter  at  Jupiter's  equator  on  the  motions  of  the  nodes  and  apsides 
of  the  orbits  of  the  satellites,  this  ratio  is  determined  with  more  pre- 

cision by  observation  of  the  eclipses  than  by  direct  measurement, 
however  accurate. 

The  agreement  of  theory  with  observation  in  the  compression  of 

Jupiter  shows  that  his  gravitation  is  composed  of  the  gravitation  of 
all  his  particles,  since  the  variation  in  his  attractive  force,  arising 
from  his  observed  compression,  exactly  represents  the  motions  of  the 
nodes  and  apsides  of  his  satellites. 

894.  If  the  preceding  values  of  the  masses  of  the  satellites  be 

divided  by  10,000,  the  ratios  of  these  bodies  to  that  of  Jupiter,  taken 
as  the  unit,  are 

Ist  .  .  .  0.0000173281 
2d  .  .  ,  0.0000232355 
3d  .  .  .  0.0000884972 

4th    .     .     .     0.0000426591. 

895.  Assuming  the  values  of  the  masses  of  the  earth  and  Jupiter 
in  article  606,  the  mass  of  the  third  satellite  will  be  0.027337  of  that 
of  the  earth,  taken  as  a  unit.  But  it  was  shown  that  the  mass  of  the 
moon  is 

—  =  0.013333,  &c. 
75 

of  that  of  the  earth.     Thus  the  mass  of  the  third  satellite  is  more 
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thin  twice  u  great  u  that  of  the  moon,  to  which  the  nuM  of  the 
Fourth  IB  nearly  equal. 

696.  la  the  aystem  of  quantities, 

ff,=  2579".S2 h  ̂   0.00206221  A,  =:  C,<^  A, 

k,  =  0.0173350    A,  =  C.'"  A. 

A,  =  0.0816579  A,  =  f ."  A, 

A,  may  be  regarded  as  the  trae  eccentricity  of  the  orbit  of  the  fourth 

utellite,  arising  Arom  the  elliptical  fonn  of  the  orbit,  and  given  by 

obtervaUoB.  And  thevalueaof  A,  A,,  A,  are  thoae  pans  of  the  eccen- 
tricities of  the  other  three  orbits,  which  arise  from  the  indirect  action 

of  the  matter  at  Jupiter's  equator ;  for  the  attraction  of  thM  matter, 
by  altering  the  position  of  the  apsides  of  the  fourth  satellite,  changes 

the  relative  position  of  the  four  orbits,  and  canBcqtiently  alters  the 

mutual  attraction  of  the  satellites,  and  is  the  cause  of  the  changes  in 

Uw  form  of  the  orbits  expressed  by  the  preceding  values  of  A,  A,,  A*. 
This  is  the  reason  why  these  quantities  depend  on  ibe  annual  and 
sidereal  motion  of  the  apsides  of  the  fourth  satellite. 

897.  A  similar  syatem  exists  for  each  root  of  g,  arising  from  the 

same  cauae,  and  depending  on  the  annual  and  sidereal  motions  of 
the  apsides  of  the  other  three  satellites.  These  are  readily  obtained 

from  the  general  equations  (271),  which  become,  when  the  values  of 
the  masses  and  of  the  quantities  in  equations  (301)  are  substituted, 

o.i,-i85wi-.3-   "°"'""   Wam-.i — ''"'"■'     W 
(i+__S   YJ  (1+-- «   yl 
^       972421"/  972421'7 

+  {270".1  +  - 

  7/ 
972421'7 

(311) 

*,  +  88".6»,; 

0={131S".7- (1+— S— Y 
972421"/ 

»+ig-43214"- 

+  {4149".9  +  - 

r2421'7 
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7»^ 

0={89^5  + 

(1  + 972421 

0  + 
97M21 

0  =  b".!  h  +  Sy.SSAt +  8Gr.74A,  +  fe^  —  2«5<r.l)*p.      (314) 
8M.  As  the  motion  of  tlieapndn  of  dM 

alnMMl  e^irel  J  owing  to  tlie  couniifion  of  Ji 

ptDXiBiation  tiie  ooefficieBt  of  A,  naj  be 

(811);  wfaeoce 

619^.4 
^  =  9227".!  + 

^       972421"/ 

or,  onitttng  ̂   m  the  difisor, 

g  =  9848^.5  =  lOOOCK' neslj  ; 

hence,  if  lOOOC'  be  pot  for  f  m  eqations  (811),  (SIS).  (S14).  Ikj 

will  give  valaet  of  _^  — ,  — ; 
A,     A,     At 

and,  bj  the  substitution  of  these  in  equation  (Sll),  m  stfll  more  q»- 
proximate  value  of  g  will  be  foond.  This  prooett  msut  be  coiitinaed 

till  two  consecutive  values  of  g  are  neailj  the  sane.  In  this  man- 

ner it  may  be  found  that 

g.  =  9399^.  17 
h   =  0.0238111  A,  a:  Ci^A, 

h,  =  0.2152920  A,  =  C.^A, 

A,  =  0. 129U64  A,  =  C.^A, 

A,  may  be  regarded  as  the  true  eccentricity  of  the  orbit  of  the  third 
satellite,  and  A,  Ai,  A,  are  those  parts  of  the  eccentricities  of  the 

other  three  orbits,  arising  from  the  action  of  Jupiter's  equator  on 

the  apsides  of  the  thirds  and  depending  on  g,  =  9399'^.  17,  their 
annual  and  sidereal  motion. 

899.  Again,  if  h  and  Ai  be  made  zero  in  equations  (311)  and 
(312),  and  g  omitted  in  the  divisor,  then  will 

g  =  S5114''.7,  g,  =  59152''.3, 
fay  the  same  method  it  will  be  foond  that 
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g  =  196605',  J,  =  0.57718" 
A,  =  0. 0185238.  A=CiA;  A,  :=  -  O.OS75392.A,z=C,<"A, 

A,  s:  -  0. 0034337. Ais:^^;  A,  =  - 0.0436686. A,=:(.<'>  A, 
A.  =  -  0.0000 1735. A=C^i ;  A,  =  0. 00004357.  A,ssC.<'> A, 

Id  these  A  and  A|  ure  the  real  ecceatricUiea  of  the  orbits  of  the  first 

antl  second  Batcllitca,  and  the  other  values.  A,  A„  h„  Ai,  &c.,  arise 

from  tlie  action  of  the  other  Bitollitea  corrcspoDding  to  the  roots  g 
saig,. 

900.  With  regard  to  the  inclinations  of  the  orbits  and  the  longi- 
tudes of  their  nodes,  it  appears,  from  article  892,  that  the  system  of 

inclinations  for  the  rootp,  is 

p,  =  43374".  01 
I    =0.0207938.1,  =  C,"'./, 
?,  =  -  0.0342530  .  /  as  f,">.  I, 

I,  =  -  0.00093116  .  /,  =  f/'».  I, 
I,  is  tlie  real  inclination  of  the  orbit  of  the  second  satellite  on  its  fixed 

plane,  passing  between  the  equator  and  orbit  of  Jupiter ;  and  /,  /„  4, 
are  those  parts  of  tlic  inclination  of  tlic  other  three  orbits  depending 

on  the  root  p„  and  arising  principally  from  the  action  of  Jupiter's 
equator ;  for  the  attraction  of  that  protuberant  matter,  by  changing 
the  place  of  the  nodes  of  the  second  satellite,  alter*  the  relative 

position  of  the  orbits,  which  cfaangea  the  mutual  attraction  of  the 

bodies,  and  producra  the  Tariationg  in  the  inclinations  expressed  by 
/,  It,  /, ;  and  it  is  for  this  reason  that  these  quantities  depend  on  the 
annual  and  sidereal  motion  of  the  nodes  of  the  second  satellite. 

901.  A  timilor  system  depends  on  each  root  of  71,  that  is,  on  the 
annual  and  sidereal  motions  of  the  nodes  of  the  orbits  of  the  other 

three  satellites.  These  arc  obtained  from  equations  (307),  &c. ;  for 

when  the  values  of  the  masses  and  of  /i  are  substituted,  they  become 

0=(p- 183091") /+2998".23/,+ 1492 '.5?,+ 106". 08/, 

0=  1772". 6/+0)— 432140^+5610". 4^+249". 4/, 

0=   183".44/+lld6".8/,+(p-9227".2);,+813".7;,        (315) 

0=     20". 4  i+8r'.09  Ii+1272".9/,+(p— 2650")/r 
902.  The  Itrst  approximate  value  of  p  is  found  by  making  the  coeffi- 

cient of  I  zero  in  the  fir«t  of  equations  (315)  ;  whence  p=  186091" ; 
and  if  this  value  of  p  be  put  in  the  three  last  of  these  equations  divided 
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br  I,  Tillies  of  A,  A,   A,  win  be  foond  ;  and  wfaen  ftese  M 
y*   -p   y-t 

^pantkiet  are  put  in  the  fint  of  eqiaatkma  (315),  a  new  asd  i»8e 
ccrrect  Talae  of  p  will  be  foond :  by  repeating  the  process  till  \m 

cottsecotiTe  Tihies  of  p  nearly  coincide,  it  will  be  foond  that 

p  ==  1851S0'M4 /,  =  -  0.0124527  ./  =  (:./ 

4=  -  0.0009597./=  C,/ 
4=  -  0.0000995./=  t»^ 

/  is  the  inclination  of  the  first  satellite  on  ita  fixed  plane,  anuB 

chiefly  from  the  attraction  of  Juptter^s  eqnatoTt  and  giren  by  chm 
Tstion  ;    and  A,  /^  ̂   are  the  parts  of  the  inclination  of  the  oUm 

three  orbits  depending  on  p,  the  annual  and  sidereal  motion  of  ti 
nodes  of  the  first  satellite. 

90S.  The  third  and  fourth  roots  of  p  will  be  obtained  by  makm 

the  coefficients  of  4  *^^  ̂   respectively  seio  in  the  third  and  fomt 

of  the  preceding  equations ;  and,  by  the  same  method  of  approxinu 

tion,  it  will  be  found  that 

p.  =  9193  ".56,  p,  =  2489''.2 
/    =  0.0111626.4  =  fi^/„      /=  0.0019856  .  /,  =  f  «4 

/j  =  0.164053  .4    =  r,^ '«      /i=  0.0234108  .  4  =  f,«*^/; 

4  =-0.196565  .  4=  r.^'^4*      4=  0.1248622  .  4  =  f,«4. 
where  4  >u)d  4  u*e  the  real  inclinations  of  the  third  and  fourth  sate] 
lites  on  their  fixed  planes,  given  by  observation. 

904.  It  now  remains  to  compute  the  quantities  depending  on  th 

displacement  of  Jupiter's  equator  and  orbit,  namely,  the  four  value 

of  X,  0'  =  *L  +  64  and  y  =  'pt  —  —.      The  first  are  found  b^ 

the  substitution  of  the  numerical  values  of  the  masses  and  off  -  tk  0. 
in  equations  (285).     WTience 

X  =  0.00057879 

\  =  0.0058.5888 

X,  =  0.02708801 

X,=  0.13235804. 
Again, 



Cbtf.  VIII.]  THE  PERTURBATIONS.  o74 

Aa  A,  B,  C,  are  the  moments  of  inertu  of  JafiUft  Bpheroid,  ■■• 
■umed  to  be  elliptical,  the  theory  of  spheroids  gires 

'"-^-"^  0.14735, 

and  by  observation,  it  is  known  that  JufHter's  rotation  is  performed 
in0.4IS77  of  »  day;  and  that  his  sidereal  revolution  it  4333.6 

days:  therefore  «    =  e^*lH; '  i  4832.6 

Iben,  by  the  substitution  of  the  aumericat  valuea  of  the  other  quan- 
tities, all  of  which  are  given,  it  will  appear  that 

'p  =3". 2007. 

By  observation,  the  inclination  of  Jujutei's  eqtutor  on  his  oifok 
mi,  in  1750,  'L  ~  3°. 09996,  and  sa 

dt  dt 

are  given  by  the  theory  of  Jupiter  ti  that  epoch, 

fL  =  3", 93814,  b  =  0". 02279  ; 

whence     fl's  S°.09996  +  0''.02279  .  (;       y  =:  0".a676, 

which  ia  nearly  the  annual  precession  of  Jupiter's  equinoxes  on  his 
ortut.     -  ̂   expicEses  the  longitude   of  tbe   descending   node  of 

Juptei's  equator  on  his  orbit,  190°  —  ifi'  =  H  will  be  the  longitude 
of  his  ascending  node  ;  consequently 

Bin  (v  +  ̂ ')  =  wn  (o  -  n). 
By  observation,  it  is  known  that,  in  the  beginning  of  1750, 

n  =  313**.7592; 

whence  f  =  46°. 241  +  0".267fl  .  t; 
and,  with  the  preceding  value  of  (K,  it  will  be  found  that 

(I  —  \)  6'  =  3'.0899 

(I  _  X.)e'  =  S''.0736 
(I  —  X,)9'  =  3*. 0079 
(I  _  X,).e'=  2».6825. 

905.  It  appears,  from  observation,  that  the  two  first  satellites 
move  in  circular  orbits,  and  that  the  first  moves  sensibly  on  its  fixed 

plane,  from  the  powerful  attraction  of  Jupiter's  equator;   conse- 
quentiy  h  and  A,,  corresponding  to  the  roots  g  and  g„  are  sero,  as 

well  as  the  inclinatbn  /,  depending  on  the  root  p.    Henoe  the  ays- 
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terns  of  qmntitiet  m  nfides  809  and  INMi  are  weto;  and  u,  Vj 

observation,  the  real  equatioiis  of  the  centre  of  the  third  aod  famtk 
satellites  are 

2^  =  245".l4,     2A,  =  558".  78,     S^  =  SOO2''.04 ; 
and  the  real  inclinations  of  the  second,  third,  and  fbozth  on  tkk 

Sxed  planes,  are 

/,=  -1669".31,        ^=—789".  98,  4= -897". 998. 
By  the  substitution  of  these  qoantitiea  in  the  diflerent  systems, 

it  will  be  found  that  the  equations  in  articles  835  and  878, 

5c  =    13'M8  .  sm  (n«   +  «  —  gjt  ̂   r,) 

-  6". 19  .  sm  (/i<  +  e    -^  gjt  —  T.) 

Ivi  =  119". 22  .  sm  InJL  +  e^  —  g^  —  rj 
-  52". 04  .  sm  (jij.  +  ej  -  gj,  —  r.)  (316) 

Jr.  =  -  552  ".02  .  sin  (»!,«  +  «,  —  gr«<.  —  TJ 
—  244". 38  .  sin  (M  +  «!  -  g^  —  F.) 

Iv^  =  —  3002". 04  .  sin  {njt  +  «,  —  g^,<  —  T,) 
-  71". 52  .  sin  (7i,<  +  •,  -  ̂ ^  -  rj. 

«  =  3^.0899  .  sin  {v  +  46^.241—  49".8  0 
-  34".  03  .  sin  (r  +pi<  +  Aj) 
+    8". 26  .  sin  (r  +  p,<  +  A,) 

*j  =  S''. 0736  .  sin  (i^  +  46°. 241  -  49",  8  0  (317) 
-  1669".  3 .  sin  (v,  +  pjt  +  A.) 

121 '.4  .sin  {i\  +  pj,  +  Aj) 
21  ".02.  sin  (ri  +  Pa^  +  A,). 

sin  (r,  +  46^.241  -  49".  8  /) 
sin  (r,  +  V%t  +  A,) 

sin  (I'j  +  7^3^  +  A3) 
sin  (I'j  +  ;7i<  +  Ai). 

sin  (1-3+  46°. 241 -49". 80 
-  897". 998  .  sin  (173  +  pjt  +  A3) 
+  145". 45  .  sin  (rg  +  p^t  +  A3) 
-|-      1".6       .  sin  (t'a  +  pj,  +  Aj). 

906.  The  following  data  are  requisite  for  the  complete  determi- 

nation of  the  motions  of  the  satellites,  all  of  them  heing  estimated 
from  the  vernal  equinox  of  the  earth ;  the  epoch  being  the  instant 

of  midnight,  December  31st,  1749,  mean  time  at  Paris. 

5,  =  3°.  0079 
-  739". 98 

112'M3 
57". 18 

«,  =  2°.  6825 



t 
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The  secular  mean  motions  of  tlw  four  salellites. 

n  =  7432435".  47 

n,=  8702713". 2215 
n,  =  1837653°. 112 

Ths  longitudw  of  Ae  epodi*  of  tba  MttelUwi,  eitiiintftd  from  the 

vtnui  equinox,  were 
•  =3    15O.01S8 

■,  =  131^.8404 
<,  =     10°. 26063 
.,=    72°.  5518. 

liOngitudefl  of  the  lower  aptidea  of  the  third  and  fourth  Hteilitet. 

r,  =  180°.  843. 
Longitudes  of  aacending  nodes, 

A,  =  273^.2869 
A,=  197°.4981 
A,=     74°.9687. 

Ute  values  of  g„  g„  Sec,  p,  p„  Bra.,  are  refened  to  the  Tcrn^ 

equinox  of  Jupiter ;  but  in  order  to  refer  them  to  the  vemal  equinox 

of  the  earth,  the  precession  of  the  equinoxes,  =  50",  must  be  added 
to  the  first  and  subtracted  from  the  second  ;  and  as  al)  the  quantities 

in  question  bare  already  been  given,  it  will  be  found  that  the  annual 
and  sidereal  motions  of  the  apudes  were 

g,  =  S028".g 

ff,  =  9449".28. The  annul  and  sidereal  motions  of  the  nodes  were 

p,  =s  438S4".01 

p,=    9148''.  56 
p.  =s    2439". 08. 

Also  the  annual  and  sidereal  motion  of  Jnj^ler's  equinox,  with 
ngaid  to  the  vernal  equinox  of  the  earth,  ia 

49".  9. 

Thelongitudeof  Jupiter's  vernal  equinox  at  the  epoch  was  46°.  25, 

consequently  y  =  46°.25  +  *.49".9, 

and  the  eccentricity  of  Jupiter's  orbit  at  Uic  epoch  was 
e  =  19831". 47. 

In  order  toatnidge  gJl  +  Tt,  gj+  r„  pt  +  A,  Ac.,  will  be  xe- 
d  by  (^  Vm  A>  Au  Ai>  A» 
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Theory  of  the  Fint  SaieUUe. 

Longitude. 

907.  Since  h  and  h,  are  zero,  equations  (302)  giwe  only  the  tvo 

following  values  of  Q  ; 

Q  =  0.208780  .  A,  ==  57". 8 

Q  =  0.016482  .  A,  =  24'^7  ; 

consequently  equation  (268)  becomes 

Jc  =  —  57". 8  .  sin  {ni  —  2nJL  +  c  —  2^^  +  cr,) 

—  24". 7  .  sin  {nt  —  2n,i  +  €  —  2%,  +  tsrj 

If  equation  (296)  and  the  first  of  equations  (316)  be  added  to 

this,  observing  that 

2n/  +  26  -  2nJL  -  26,  =  180*^  +  Znt  +  Sc  —  3«i^  —  3c,, 
it  will  be  found  that  the  true  longitude  of  the  first  satellite  in  its 

eclipses,  is 

r  =  ni  +  €  +      13".18  .  sin  (n<  +  c  —  tj,) 

+        6".19  .  sin  (71^  +  6  -  tsT,) 

—  14".ll  .  sin  (nt  —  7i,<  +  e  —  c,) 
—  6".29  .  sin  |  {nt  —  7i,<  +  c  —  €,)  (318) 
+  1636".39  .  sin  2  (jit  —  n,<  +  «  —  6,) 
+  1".22  .  sin  4  (jtt  —  n,<  +  e  —  cj 
+  0".512.  sin  5  (nt  —  n,t  +  e  --  e,) 
—  57".8    .  sin  (nt  -  2n,<  +  «  —  26,  +  cr^ 
—  24".  7     .  sin  (nt  —  2n,<  +  t  —  2€,  +  cr,) 

for  in  the  eclipses  of  the  satellites  by  Jupiter,  or  of  Jupiter  by  the 
satellites,  the  longitudes  of  both  bodies  are  the  same ;  the  Earth, 

Jupiter,  and  the  satellites  being  then  in  the  same  straight  line,  con- 

sequently Mt  +  E  =1  nt  +  e,  U  z=  Vj 

consequently  the  term  depending  on  the  argument  2  (n/—3f <+€—£) 
vanishes. 

Latitude. 

908.  By  article  880  the  action  of  the  sun  occasions  the  inequality 
SM 

«  =  —  -—-  (L'  —  /)  sin  (i?—  2U^pt  --•  A) 
8/1  ^  ^ 
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but  in  the  eclipses  U=v,  tbeiefoie 

.=  ̂   il/ -  l)  tin  (p  +  pt  + A); 

uid  OS  ;  -  L'  =  {I  -  X)  (L  —  L'), 
mnd  that  (I  -  X)  (L  -  L')  un  {o  +  pt  +  A) 
is  tlie  latitude  of  the  first  satellite  above  its  fixed  plane,  wbicb  was 
shown  to  be 

3°.0899  sin  (V  +  46°. 241  -  49".B  Q, 
therefore  the  preceding  inequality  ia 

-  (  =  1".7  .  Bin  (t.  +  46".841  -  49".8  Q. 
When  this  quantity,  niiich  arises  from  the  action  of  the  sun,  is  added 

to  the  first  of  equations  (310),  it  give* 

(=    3". 0694.  un(i>  4- 46^.341 -49".8  0 
-  S4".0S      .  wn  Co  +  ill) 
-  8^.26     .  sin  (e  +  ̂  

for  the  latitude  of  the  first  satellite  in  its  eclipses. 

The  inclination  of  the  fixed  plane  on  the  equator  of  Jupiter  is 

fl".48,  which  is  insenuble ;  and  as  the  orbit  has  no  perceptible  inclina- 
tion on  the  fixed  plane,  the  first  satellite  moves  neariy  in  a  circular 

orbit  in  the  plane  of  Jupiter's  equator. 

Theory  of  the  Second  SateltiU. 

909.  Because  k  and  A,  are  insensible,  equations  (295)  give 

Q,=  —  0.66-2615  .A,  Q,=  —  0.055035  A, ; 
therefore  equation  (260)  becomes 

So,  =  183".46  .  wn  (n/  -  2w,i  +  «  -  2c,  +  roj 
+    83''.6    .  tin  (nt~  2n,t  +  »~2e,+  ts^. 

Again,  equations 

ip,  =  A  .    ^   {mG-m,Pl'.sin2(ni-n,i+«-«,) 

in  articles  766  and  752,  have  a  sensible  cITect  on  the  motions  of  the 

second  satellite,  and  in  consequence  of 

n(  +  .  =  180°  -  2n,t  +  3n,t  -  2*.  +  S.„ 
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they  become,  by  the  substitutioa  of  the  numerical  values  of  the 

quantities, 

ivj  =  22".61  •  sin  4  (riit  —  ?t,<  +  Cj  —  c,) 
-  36".07  .  sin  (Mt  +  E --  U), 

If  to  these  the  second  of  equations  (309)  be  added,  together  with 

equation  (290),  it  will  be  found,  in  consequence  of  the  relation, 

n«  —  w,«  +  e  -  6^  =  180°  +  2ni<  —  2n,<  +  2ci  —  2e, 
that  the  true  longitude  of  the  second  satellite  is,  in  its  eclipses, 

iv,  =  Tift  +  6/  +    119".22  sin  (n^  +  Ci  ̂   Wi) 
+      52",04  .  sin  (mi<  +  c^  —  o,) 
—  52''.91  .  sm  (7H<  —  Wt^  +  ej  —  €,) 

sin  2(«i<  —  ̂ 1^  +  €j  —  6j) 

sin  S(nit  —  w^  +  c,  —  cj)  (319) 

sb  i(nit  —  M  +  6^  —  cj 

sin  5(fii^  —  «8<  +  €i  —  e^ 
•in  6(nii  —  n,^  +  «!  —  Ct) 

sin  (ntf  —  ngt  +  «|  —  •,) 

sm  2(nie  -  n,^  +  ei  -  «.) 

sin  (n<  -^  2n|<  4- «  —  2e|  +  «t,) 
sin  (fiji  -  2n^  +  Ci  —  26,  +  C7,) 
sin  (M<  +  JB  -  n), 

for  the  last  term  of  equation  (290)  vanishes. 

The  Latitude, 

910.  The  equation  (284), 

«/  =  —  — —  {Ir'  -  //}  sm  (v,  -  2r7  -  ̂ <  -  A) 

has  a  different  value  for  each  root  of  j»,  including  *p  the  root,  that  de- 
pends on  the  displacement  of  Jupiter's  orbit  and  equator ;  but  because 

V,  =  U,    (J,  —  L')  =  (1  -  \)  (L  -  L% and  that 

(1  _  \^)  (£,  _  2./)  gin  (^^  +  ̂ <  +  A) 
is  the  latitude  of  the  second  satellite  above  its  fixed  plane,  which  is 

3°0786  .  sin  {v,  +  46°. 241  —  49".8  t) 
the  equation  in  question  becomes 

5,  =  3''.4  sin  (t?^  +  46°.241  -  49''.8  i). 

+  S862".8 + 19".75 
+ 24''.18 

+ l".51 

+ 1".19 

— F.71 

+ 1".5 

+ 183".46 
+ 82".6 
_ 36".07 



Ch^  Vm.]  THS  PERTURBATIONS.  579 

The  only  remaining  root  of  p  that  gives  the  preceding  equation  a 

sensible  value  in  the  theory  of  this  satellite  is  p^  =:  43324'''9 ;  and 
by  the  substitution  of  the  corresponding  values 

i,  =  0".B12  •  sin  (t>y  +  SI). 
In  consequence  of  these  two  inequalities  the  second  of  equations 

(810)  becomes 

$,  =  8^.07262  .  sin  (v,  +  46^.241  -  4^.8  0 
-  Id69".3    .  sin  (r,  +  ̂   (820) 
-  121".4    .  sm  (t^,  +  Six) 
-  21".04  .  sm  (r^  +  SU)' 

The  inclination  of  the  fixed  plane  on  the  equator  of  Jupiter 

is  6S'M24.  The  orbit  of  the  satellite  revolves  on  this  plane,  to 
which  it  is  inclined  at  an  angle  of  27'  48''.8,  its  nodes  completing 
a  revolution  in  29^^.  914. 

Theory  of  the  Third  Satettik. 

911*  The  inequalities  represented  by 

Jr.  =  -  Qt .  sin  (n/  —  2n,t  +  «  —  2«/  +  g<  +  T) 
have  a  very  sensible  influence  on  the  motions  of  the  third  satellite, 

because  observation  proves  that  body  to  have  two  distinct  equations 

of  the  centre,  one  depending  on  the  lower  apsis  of  the  orbit  of  the 
second  satellite,  and  the  other  on  that  of  the  fourth.  Consequently 
Ai  and  At  in  the  coefficient 

(8.248934  hi  -  1.188188  AO 
Qi  =  -  IHi 

(1  + g 

^
)
'
 

972421' have  respectively  two  values,  namely, 

Ai  =  0.2152920  A„  and  A.  =  -  276^^865 ; 
corresponding  to  gt  and  Ft,  also 

A,  s  0.0178350  A.,  and  A«  =:  b.0816578  A., 

corresponding  to  g^  and  r, ;  therefore  the  preceding  inequality^  in 

consequence  of  the  relations  among  the  mean  longitudes  of  the  three 
first  satellites,  gives 

^r.  rs  —  30".84  .  sin  (wi<  -  2njt  +  «,  -  2€,+  tsrj 
+  14M2  .  sin  (»,<  -  2if,«  +  «,  -  2«t  +  tv,) 

2P2 
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By  articles  766  and  747  Ae  action  of  the  sun  oocwons  the  in- 

equalities 

J^=-M^{1  + 
3a,m 

^^^^  sin  (n^  —  2M<  +  €  —  2£  +  gr<  +  T) 
4n. 

In  consequence  
of  the  two  values  of  Att  ̂ ^^  because 
^Mt  +  2E  ==  2njt  +  2€„  in  the  eclipses 

these  give  Xr,  =    1".71  .  sin  (w,^  +  e,  —  cr,) 
+    0''.76  .  sin  (n,e  +  e,  —  fsr.) 
-  47".76  .  sin  (M<  +  E  —  D). 

Adding  the  preceding  inequalities  to  those  in  (291),  and  to  &e  third 

of  (309),  it  Will  be  found  that  the  longitude  of  the  third  satellite,  in 

its  eclipses,  is 

r,  =  7it<  +  e,  +  552".031  .  sin  (njL  +  H^  ̂ *) 

+  244".38  .sin    (w,<  +  e,  -  cr.) 
—  261".86  .  sin    (n,t  -  n^  +  c,  -  cj 

—  3".84  .  sin  2in,t  -  w,<  +  ̂i  —  t,) 

—  2".  13  .  sin  3(ii|<  —  n,^  +  «!  —  €^  (821) 

sin    (jijt  —  7i,<  +  €,  —  €,) 

sin  2(n^  ̂   Wi<  +  «!  ""  s) 

sin  3(fig<  —  if,<  +  €«  —  €t) 

sin  4(w,<  —  7?g<  +  €t  —  «») 

30".84  .  sin    (n,t  -  2njt  +  ci  -  26,  +  tsr,) 

+    14'M2  .  sin    (w^^  -  2n,<  +  €»  -  26,  +  o^ 

-    47".76  .  sin    (Mt  +  E  -  U). 

912.  The  double  equation  of  the  centre  occasions  some  peculiarities 

in  the  motion  of  the  third  satellite.     By  a  comparison  of 

CT,  =  9449".28  t  +  3090.438603 

tsT,  =  2628".9  t  +  180^.343, 

it  appears  that  the  lower  apsides  of  the  third  and  fourth  satellites  coin- 
cided in  1682,  and  then  the  coefficient  of  the  equation  of  the  centre 

was  equal  to  the  sum  of  the  coefficients  of  the  two  partial  equa- 

tions. In  1777  the  lower  apsis  of  the  third  satellite  was  180^  before 
that  of  the  fourth,  and  the  coefficient  of  the  equation  of  the  centre  was 

equal  to  the  difference  of  the  coefficients  of  the  partial  equations ; 

results  that  were  confirmed  by  observation. 

+ 
+ 
+ 
+ 

14".65 
50".06 
3".52 
0".82 
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913.  The  only  part  of  the  equation 

^  =  -  ̂   (L'  -  W  "in  ("■  -  217-  p(  -  A) 

that  is  sensible  in  tlie  motiona  of  tbe  third  saldllte  is  that  ivlating 
to  the  equator  of  Jupiter,  whence  it  is  eaay  to  we  that 

^  =  -  6".7068  .  sin  (r,  +  46^.241  -  49".8  0  ; 
die  same  expresaion  with  r^aid  to  the  third  satellite,  gives 

0".46.Mn(o,  +  SU)i 

the  first  subtntcted  firom  ̂ e  third  of  eqaUions  (810),  gires  the  latitude 
of  the  third  eatellite  equal  to 

J,  =  S°.O061  .  sin  (r,  +  4tf'.251  -  49".8  0 
-  739".53.  sin  (e,  +  flj  (322) 
—  I12".I3.8in(i-,  +  SU) 
+    57".l8  .  Sin  (e,  +  A.) 

in  its  eclipses. 

The  inclination  of  tbe  fixed  plane  of  the  third  satellite  on  tbe  equa* 

tor  of  Jupiter  is  S01".49  =  X^,.  Its  orbit  revolves  on  this  plane,  to 
which  it  is  inclined  at  an  angle  of  12'  20",  the  nodes  accompUsbing 

thur  retrograde  revolution  in  141'".  739. 

Theory  of  the  Fourth  SatdtiU. 

914.  ByaTtk:le746tbeactionof  the  sun  occauona  (he  inequalities 

SM 
e  .  sin  {Mi-\-E-  D), 

and  the  secular  variation  in  tbe  inclination  of  the  equator  and  orbit 

of  Jupiter,  by  article  793,  occasions  tbe  inequality 

{4(1  -\)  [3|  -iCl-\)p.+6(3)V 
Jc.=   =   .fl'i..sin(p^+Ar-fO 

It  is  easy  to  see  tbat  the  two  first  inequalities  are, 

Sp.  =  21". 69.  sin  (n,(  +  «.  +  ©,-  2M  -  2E) 
—  133". 33  sin  {Mi  +  £  -  D) ; 

but  in  tbe  eclipses  Ml  +  £  =  n*'  +  ̂  
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So  St?,  =  —  21". 69  8in  (w,t  +  e,  —  tsr,) 

-  133". 33  sin  (M<  +  /i  —  H), 

and  the  third  inequality  is 

St?,  =  -  16.04.  sin  (28^.812  +  2488". 91/). 

If  these  be  added  to  equation  (292),  and  the  last  of  equations 

(809),  the  longitude  of  the  fourth  satellite  in  its  eclipses  is, 

t?i  =  7f,<  +  e,  +  2980^.35  sin  (n^t  +  e,  —  tsr,) 

+  18". 65.  sin  2(7?,/  +  ̂   —  «^«) 

+  0".09.  sin  3(71,/  +  €,  —  tsr^ 

—  71". 28.  sin  (w,/  +  e,  —  tsr^ 

—  10^.16.  sin  (w,<  -  »i,e  +  s  -  %)         (828) 
—  4". 58  sin  2(n^  -  ti,/  +  e.  -  •«) 

—  0".96  sin  3(n,/  -  tii/  +  «.  —  c^ 

—  0".29  sin  4(njt  -  tM  +  e,  —  c.) 

—  0".  11  sin  5(n,/  —  fM  +  e,  —  €,) 

—  113". 33.  sin  (M<  +  E  -  n) 

—  16". 04.  sin  (2488". 91<  +  28^.73). 

The  terms  having  the  coefficients  13"  .65  and  0'^09  belong  to  the 
equation  of  the  centre,  which  in  this  satellite  extends  to  the  squares 
and  cubes  of  the  eccentricity. 

Latitude, 

915.  The  inequality  of  article  789 

«3  =  riZ  (/g  -  L')  sin  (r,  '^2U^  pt  ̂   A), 

871, 

arising  from  the  action  of  the  sun,  has  two  sensible  values,  one  aris- 

ing from  the  displacement  of  Jupiter's  orbit,  and  the  other  depending 
on  the  inclination  of  the  orbit  of  the  fourth  satellite  on  its  £xed 

plane.     Because 

/,  -  L'  =  (1  -  X,)  (L  -  L')  =  2^6825, 
the  first  of  these  inequalities  is 

«3  =  13". 98  sin  (r,  +  46\241  -  49". 80, 

in  the  eclipses  when  U  =  t*,,  and  the  other  depending  on 

;?,  =  2439".  08 
is  in  the  eclipses        «,  =  1".3  sm  (rg  +  Sid- 
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Adding  tbeae  to  the  loat  of  equations  (310)  the  hUitade  of  the  fotuth 
satellite  in  its  eclipMa  it 

t,  s:  2°.6766  .  sin  (r.  +  46*'.241  -  49". 80 
—  896".  70a  .  sm(t!i  +  H) 
+  145".46.  ■m(r,+  SO  (324) 
+  1"8  .  sin  (i^  +  SI)- 

916.  He  ittdination  of  the  fixed  plane  of  the  fourth  satellite  on 

Jupiter's  equator  is 
\6'  =  147S".14, 

The  orbit  of  the  satellite  revolves  on  that  plane  to  which  it  is  inclined 

at  an  angle  of  14'.  58"  ;  its  nodes  accomplish  a  revolution  in  531 

917.  The  preceding  expression  for  the  latitude  explains  a  un- 
gular  phenomenon  observed  in  the  motions  of  the  fourth  satellite. 
The  inclination  of  its  orbit  on  the  orbit  of  Jupiter  appeared  to  be 

constant,  and  equal  to  2°. 43  from  the  year  1680  to  1760)  dur* 
ing  that  time  the  nodes  had  a  direct  motion  of  about  4'. 32  an- 
nually.  From  1760  the  mclination  has  increased.  The  latitude 

may  be  put  under  the  form 
A  tia  Vt  —  B  cos  Vt  i 

A  and  B  will  be  dctennined  by  making 

v,  =  90°,  and  r,  =  180" 

successively  in  the  expression  t, ;  —  will  be  the  tangent  of  the  lot^ 

gitude  of  the  node  and  -J  A*  +  B*,  the  inclination  of  the  orbit.  If 
then  t  be  successively  made  equal  to  —  70 ;  —  SO  ;  and  10  which 
corresponds  to  the  years  1680,  1720,  and  1760,  esUmated  from  the 

epoch  of  1750,  the  result  will  be 
iDcBiwUaB.  Loorndc  St- 

1680     .      .     2°. 4764   .      .     311". 4172 

1620     .      .     2''.4489  .      .     313<'.S067 

1760     .      .     2°. 4411   .      .     317". 0914 

If  the  inclination  be  represented  by 

2". 4764  +Nt+  PP 

t  being  the  number  of  years  elapsed  since  16B0.     Cwnptiing  this 
formula  widi  the  preceding  inclination 

N=  —  0°.0009S1&  P  =  0**.  000061313. 
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The  minfannmof  thefonmilaooRCspoiidBto  tss  75.958*  or  to  tiie 

year  1756.  The  mean  of  the  three  preceding  yakiea  is  2^.4555,  and 
the  mean  anniial  motion  of  the  node  firom  1680  to  1760  is  4\255. 

Theie  results  are  oonfonnable  to  ohseiration  during  this  interval,  bat 
6om  1760  the  inclination  has  varied  sensibly.  Hie  preceding  valoe 

of  Jb  gives  an  inclination  of  2^.5791  in  1800,  and  the  longitude  of 
the  node  equal  to  320°.  2985  ;  and  as  observation  Gonfirms  these  re- 

sults, it  must  be  concluded,  that  the  inclination  is  a  yarisble  qaantity, 

but  the  law  of  the  variation  could  hardly  have  been  detennined  inde- 
pendently of  theory. 
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CHAPTER  IX. 

ECLIPSES  OF  JUPITEH'S  SATELLITKa. 

918.  Jupiter  throws  a  shadow  behind  him  rclalivcly  to  the  sun,  in 
whicii  the  three  first  salelliioa  arc  always  inunersed  at  their  conjunc- 

tions, on  account  of  their  orbits  being  nearly  in  the  plane  of  Jupiter's 
eiiuator ;  but  the  greater  inclin&tion  of  the  orbit  of  the  fourth,  to- 

gether with  its  diBlance,  render  its  eclipses  less  frequent, 
919,  Let^SandJ.fig.  113,  be  sections  of  ihc  sun  and  Jupiter, 

and  Pin  the  orbit  of  a  satellite.  Let  AE,  A'E' 

touch  the  sections  internally,  and  AV,  A'V  exter- 
nally. If  these  lines  be  conceived  to  revolve 

about  SJV  they  will  form  two  cones,  a\a'  and 
EBE'.  The  Bun-s  light  will  he  excluded  from 
evcrj-  part  of  the  cone  aVa',  and  the  spacci  Eo'V, 
E'aV  will  be  the  penumbra,  from  which  the  light 
of  part  of  the  sun  will  be  excluded :  less  of  it  will 

be  visible  near  aV,  a'V,  than  near  oE',  a'E. 
920.  As  the  satellites  are  only  luminous  by  re- 

flecting the  sun's  rays,  they  will  suddenly  disap- 
pear when  they  inimcrge  into  the  shadow,  and 

they  will  reappear  on  the  other  side  of  the  shadow 
after  a  certain  time.  The  duration  of  the  eclipse 

will  depend  on  the  form  and  size  of  the  cone,  which 
itself  depends  on  the  figure  of  Jupiter,  and  bis 
distance  from  the  sun. 

921.  If  the  orbits  of  the  satellites  were  in  the 

plane  of  Jupiter's  orbit,  they  would  pass  ihroiigh 
ihe  axis  of  the  cone  at  each  eclipse,  and  at  the  instant  of  heliocentric 

conjunction,  the  sun,  Jupiter  and  the  satellite  would  be  on  the  a.\is  of 

the  cone,  and  the  duration  of  the  eclipses  would  always  he  the  same, 
if  the  orbit  were  circular.  But  as  all  the  orbits  are  more  or 

less  inclined  to  the  plane  of  Jupitot's  orbit,  the  duration  of  the  eclipses 
varies.     If  the  conjunctioa  happened  in  the  node,  the  eclipse  would 
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A.  114. 

Btill  be  central ;  bat  at  a  certain  distance  from  the  node,  the  orbit 

of  the  satellite  would  no  longer  pass  through  the  centre  of  the  oone 
of  the  shadow,  and  the  satellite  would  describe  a  chotd  more  or  leu 

great,  but  always  less  than  the  diameter ;  hence  the  dantkn  is  firi- 
able.  The  longest  eclipses  will  be  those  that  happen  m  the  nodes, 
whose  position  they  will  determine :  the  shortest  will  be  obsenred  in 
the  limit  or  point  farthest  from  the  node  at  which  an  edipae  can  take 

place,  and  will  consequently  determine  the  inclination  of  the  orbit  of 

that  of  Jupiter.  With  the  inclination  and  the  node,  it  will  ahraji 

be  possible  to  compute  the  duration  of  the  eclipse,  its  beginpiog  and 
end. 

922.  The  radius  vector  of  Jupiter  makes  an  angle  SJE,  fig.  114, 

with  his  distance  from  the  earth,  varying  from  0^  to  12^,  which  is  the 
cause .  of  great  variationa  in  the  dis- 

tances at  which  the  edipees  take 

place,  and  the  phenomena  they  ex- 
hibit. 

923.  The  third  and  fourth  sateDites 

always,  and  the  second  sometimes  dis- 

appear and  re-appear  on  the  same 
side  of  Jupiter,  for  if  S  be  the  sun,  £ 
the  earth,  and  m  the  third  or  fourth 
satellite,  the  immersion  and  emersion 
are  seen  in  the  directions  Em,  En  i 
only  the  immersions  or  emersions  of 
the  first  satellite  are  visible  according 
to  the  position  of  the  earth ;  for  if  ab 
be  the  orbit  of  the  first  satellite,  before 

the  opposition  of  Jupiter,  the  immer- 
sion is  seen  in  the  direction  Ea,  but 

the  emersion  in  the  direction  Eb  is  hid  by  Jupiter.     On  the  contrary 
when  the  earth  is  in  A,  after  the  opposition  of  Jupiter,  the  emersion 
is  seen,  and  not  the  immersion  ;  it  sometimes  happens,  that  neither 
of  the  phases  of  the  eclipses  of  the  first  satellite  are  seen.     Before 

the  opposition  of  Jupiter  the  eclipses  happen  on  the  west  side  of  the 

planet,  and  after  opposition  on  tlie  east.     The  same  satellite  disap- 
pears at  different  distances  from  the  primary  according  to  the  relative 

tions  of  the  sun,  the  earth,  and  Jupiter,  but  they  vanish  close  to 
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the  disc  of  JuiHter  when  he  u  near  opposition.  The  eclipses  only 
happen  when  the  satelliteB  are  moring  towards  the  east,  tlte  transits 

ODiy  when  they  are  moving  towards  the  west ;  their  motion  round 
Jupiter  must  therefore  be  from  west  to  east,  or  according  to  the 

order  of  the  signs.  The  transits  are  real  eclipiea  of  Jupiter  by  his 
moons,  which  appear  like  black  spots  passing  over  his  disc. 

S34.  It  is  important  to  detcmiine  with  predsion  the  time  of  the 

disappearance  of  a  satellite,  which  is  howerer  rendered  difficult  by  the 
concurrence  of  circumstances :  a  satellite  disappears  before  it  is  en- 
tirely  plunged  in  the  shadow  of  Jupiter ;  its  light  Is  obscured  by  the 
penumbra :  ha  disc,  immei^g  into  the  shadow,  becomes  laviaible  Id 
us  before  It  Is  totally  eclipsed,  its  edge  being  still  at  a  little  diatance 

from  the  shadow  of  Jupiter,  although  we  cease  to  see  it.  With  re< 

gard  to  this  circnmstance,  the  diSerent  satelliteB  vary,  since  it  depends 
on  their  apparent  distance  from  Jupiter,  whose  splendour  weakens 
Ihetr  light,  and  makes  them  more  difficult  to  be  seen  at  the  instant  of 

fanmersion.  It  also  dependa  on  the  greater  or  less  aptitude  of  their 

stnfaces  for  reflecting  light,  and  probably  on  the  refraction  and  ex- 
tinction of  the  lolar  rayi  in  the  atmosphere  of  Jupiter.  By  compare 

ing  the  duration  of  the  ecUpaes  of  alt  the  satellites,  an  estimate  may 
be  formed  of  the  influence  of  the  causes  enumerated.  He  variations 

in  the  distance  of  Jujdter  and  the  suu  from  the  earth,  by  changing  the 
intensity  of  the  light  of  the  satellites,  affects  the  apparent  duiationa. 
The  height  of  Jupiter  above  the  horizon,  the  clearness  of  the  air,  and 
the  power  of  the  telescope  employed  in  the  observations,  likewise 

affect  their  apparent  duration ;  whence  it  not  unfrequently  happens 
that  two  observations  of  the  same  eclipse  of  the  first  satellite  differ  by 
half  a  minute :  for  the  second  satellite  the  error  may  be  more  than 

double  ;  for  the  third,  the  difference  may  exceed  3',  and  even  4'  in 
the  fourth  satellite.  When  the  immersion  and  emersion  ore  both 

observed,  the  mean  is  taken,  but  an  error  of  some  seconds  may  arise, 
for  the  phase  nearest  the  disc  of  Jupiter  is  liable  to  the  greatest  uncer* 

talnty  on  account  of  the  light  of  the  planet ;  so  that  an  eclipse  may 
be  computed  with  more  certainty  than  it  can  be  observed.  Although 

the  eclipses  of  Jupiter's  satellites  may  not  be  the  most  accurate  method 
of  finding  the  longitude,  it  is  by  much  the  easiest,  as  it  la  only  requi- 

site to  reduce  the  time  of  the  observation  Into  meantime, and  compare 

It  with  the  time  of  the  tame  eclipse  computed  for  Greenwich  in  the 
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Nautical  Almanac^  the  difference  of  time  is  the  longitude  of  the 

place  of  observation.  The  frequency  of  the  eclipses  renders  this 

method  very  useful.  The  first  satellite  is  eclipsed  every  forty-two 
hours ;  eclipses  of  the  second  recur  in  about  four  days,  those  of  the 

third  every  seven  days,  and  those  of  the  fourth  once  in  seventeen  days. 

The  latter  is  often  a  long  time  without  being  eclipsed,  on  account  of 
the  inclination  of  its  orbit.  Of  course,  the  satellites  are  invisible 

all  the  time  of  Jupiter's  immersion  in  the  sun's  rays. 
925.  Let  fnn,  fig.  118,  be  the  orbit  of  the  satellite  projected  on  the 

plane  of  Jupiter's  orbit,  then  Jn  will  be  the  curtate  distance  of  the 
satellite  at  the  instant  of  conjunction,  and  mmf  the  projection  of  the 

arc  described  by  the  satellite  on  its  orbit  in  passing  through  the 

shadow.  In  order  to  know  the  whole  circumstances  of  an  eclipse, 
the  form  and  length  of  the  shadow  must  first  be  determined ;  then  its 

breadth  where  it  is  traversed  by  the  satellite,  which  must  be  resolved 

into  the  polar  co-ordinates  of  the  motion  of  the  satellite ;  whence 

may  be  found  the  duration  of  the'  eclipse,  its  beginning  and  its  end. 
These  are  fimctions  of  the  actual  path  of  the  satellite  through  the 

shadow,  and  of  its  projection  mm'.  If  Jupiter  were  a  sphere,  the 
shadow  would  be  a  cone,  with  a  circular  base  tangent  to  his  surface  ; 

but  as  he  is  a  spheroid,  the  cone  has  an  elliptical  base  ;  its  shape 

and  size  may  be  perfectly  ascertained  by  computation,  since  both 
the  form  and  magnitude  of  Jupiter  are  known. 

926.  Tlie  whole  theory  of  eclipses  may  be  analytically  determined, 

if,  instead  of  supposing  the  cone  of  the  shadow  to  be  traced  by  the 

revolution  of  the  tangent  A  F,  we  imagine  it  to  be  formed  by  the  suc- 
cessive intersections  of  an  infinite  number  of  plane  surfaces,  all  of 

which  touch  the  surfaces  of  the  sun,  and  Jupiter  in  straight  lines 
AaV. 

927.  A  plane  tangent  to  a  curved  surface  not  only  touches  the 

surface  in  one  point,  but  it  coincides  with  it  through  an  indefinitely 

small  space ;  therefore  the  co-ordinates  of  that  point  must  not  only 
have  the  same  value  in  the  finite  equations  of  the  two  surfaces,  but 
also  the  first  differentials  of  these  co-ordinates  must  be  the  same  in 

each  equation.  Let  the  origin  of  the  co-ordinates  be  in  the  centre  of 

the  sun  ;  then  if  his  mass  be  assumed  to  be  a  sphere  of  which  R'  is 
the  radius,  the  equation  of  his  surface  will  be 

xf*  +  yf*  ̂   zf*  =  R'\ 
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The  general  equation  of  a  plane  ia 
X  =  aj/  +  bt  +  c, 

a  and  6  bung  the  tangents  of  the  angles  this  plane  makes  with  the 

co-ordinate  planes.     In  the  point  of  tangence,  x,  y,  x  must  not  only 

be  the  same  with  x',  y',  t',  butilr,  dy,  d»  must  coincide  with  iL^,  dy', 
dt' ;  hence  the  equation  of  the  plane  and  its  differential  become 

*'    =  ay*    +  6*'  +  c 

dt'  =  ady'  +  bds'. 

If  this  value  of  Jx'be  put  in 
x'ds'  +  y'dy'  +  ̂ dz'  =  0, 

which  is  the  differential  equation  of  the  surface  of  the  sun,  it  becomes 

ax'dy'  +  hifdz'  +  y'dy*  +  ̂ dz'  =  0, 

whatever  the  values  of  dy'  and  dz'  may  be.    But  this  equation  can 
only  be  aero  under  every  circumstance  when 

a^  +  y'  —  0 
fta*  +  *'  =  0. 

Una  the  plane  in  quesUon  will  touch  the  surface  of  the  sun  in  a 

point  A,  when  the  following  relations  exist  among  the  co-ordinates. 

*"  +  y«  +  z™  =  A' 
aj'+y'=0,      &r'  +  a'=0  (S25) 

a'  =  ajf'  +  bx'  +  c. 

928.  This  plane  only  tonchea  the  surface  of  the  sun,  hut  it  must 
also  toudi  the  surface  of  Jupter,  therefore  the  same  relations  must 

exist  between  the  co-ordmates  of  the  sui&ce  of  Jupiter  and  those  of 

the  plane,  as  exist  between  the  co-ordinates  of  the  plane,  tatd  those  of 
the  BUT&ce  of  the  lun.     So  the  equations  must  be  similar  in  both 

cases.     Without  sensible  error  it   may  be  assumed  that  Jupiter's 
equator  coincides  with  his  orbit    Were  he  a  sphere  there  would  be 

no  error  at  all,  consequently  it  con  only  be  of  the  order  of  hia  ellip- 
ticity  into  the  inclination  of  liia  equator  on  his  orbit,  which  is 
3°  5'  27". 

The  centre  of  the  sun  being  the  origin  of  the  co-ordinates,  if  SJ, 
the  radius  vector  of  Jupiter,  be  represented  by  D,  the  equation  of 

Jupiter's  surface,  considered  as  a  spheroid  of  revolution,  will  be 
ix,  -  Dy  +  y;  +  (1  +  f>y  («,«  -  it,*)  =  O,  (326) 

R,  being  half  his  polar  axis,  and  f  his  ellipticily.    The  equations  of 
contact  are,  therefore. 
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IT,  +  a  (x,  -  D)  s  0 

( 1  +  /yx.  +  *  ('.  -  X>)  =  0  C«7) 

jT^  —  D  =:  Of;  +  &?^  +  e  ̂   D. 

929.  IVete  cigfal  eqaitioM  deUgminc  tkB  be  .^i«F,  Trmwlug  to 

wUcfa  die  pLme  toadies  die  tan  and  Jfq>iter ;  bol  m  Older  to  iam 

the  oone  of  the  ifaadoir,  a  aacceation  of  rack  piaae  — iImw  nort 

touch  both  bodiea.     The  equatioiia 

X  =  ay  +  6z  +  e,  and  d!r '=  oify  +  hdz^ 
both  belong  to  the  tame  [Jane,  bat  because  one  plaiie  smfiiee  onlj 

dilTen  from  another  by  positioii,  whidi  dqieodt  on  the  tangents  a  and 

bf  and  on  r,  the  distance  from  die  origin  of  die  coKwdinatrs ;  diese 

quantities  being  ccmstant  for  any  one  plane,  it  is  evident  they  most 

Tary  in  paasing  to  that  which  b  adjacent,  dierefore 

dg  s=  ady  +  bdz  +  yda  +  zdh  +  dc ; 

and  subtracting  dx  zz  ady  +  hdz^ 
there  results 

/^  —       •       db    ,    dc 
oa        da 

in  which  6  and  c  are  considered  to  be  functions  of  a. 

If  values  of  6,  c,  — ,    — ,  be  determined  from   (325),  (327),  and da    da 

substituted  in  this  equation,  and  in  that  of  the  {^ane,  they  will  only 
contain  a,  the  elimination  of  which  will  give  the  equation  of  the 
shadow ;  hence,  if  to  these  be  added 

J?  =  oy  +  62  +  c  (328) 

0=:y +r^   +  ̂   (329) da        da 

they  will  determine  the  whole  theory  of  eclipses.  If  the  bodies  be 

spheres,  it  is  only  necessary  to  make  />  =  0. 

930.  In  order  to  determine  the  equation  of  the  shadow,  values  of 
,        db     dc 
Oj  c,  -.,    -—, da     aa 

must  bo  found.     The  three  first  of  equations  (325)  give 

j/*(I+a«  +  6*)=li^ 
and  the  three  last  give 

x'il  +a«+  6«)=  c; 
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whence  e=Jl'  t/l  +  a*  +  6*, 

and  c  -  D  =  iP  Jl  +  a*  +  b*  -  D ; 
but  from  equations  (326)  and  (327) 

^  (1+/)' 

the  square  off  being  neglected. 

If  "+/■>"■  ̂ x. ■''=1 

it  may  easily  bs  found  that 
(MO) 

becomeB 
-a  ■ :  +  Vn .  2a 

Id  order  to  have  the  equation  of  theabadow,  a  value  ofamutt  be 

found  from  this  equation ;  whicb,  with  ft  and  c,  muit  be  put  in  equa- 
tion (328)  of  the  plane.  Tide  will  be  accompllBhed  with  most  ease 

by  making  y>  s:  0  in  the  preceding  expression ; 

whence  a  ̂   — .     ■**     — 

^»*  +  1* is  the  value  of  a  in  the  spherical  hypothesis ;  but  aa  Jupiter  is  a 

spheroid, 

a  =    £f 
:  +  ?>•: 

consequently, 

■j^  +  f 
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If  this  expression,  together  with  the  last  value  of  a,  and  that  of  c 
be  put  in  equation  (828),  it  becomes 

whence 

931.  At  the  summit  of  the  cone  y  and  z  are  zero,  hence 

X  =_5_s:SF,fig.ll8, 

but  for  every  other  value  of  y  and  2,  d?  is  less  than   ,  consequently 
I— "A* 

the  square  root  of/*  in  (330)  must  have  a  negative  sign ;  and  as 

D  is  very  much  greater  than  R\  R'^  (1  —  X)'  may  be  neglected  in 

comparison  of  D*,  hence  equation  (330)  becomes 

therefore  the  equation  of  the  shadow  of  Jupiter  is 

«2^ (^^.., =^+..+ -. . K{^-.)  (33.) 
and  that  of  the  penumbra  is 

^1(1±^(.    -   ̂ 7=:y.+..+J^   .  ,A        ̂        ,-1}    (332) 

932.  In  order  to  know  the  breadth  of  the  shadow  through  which 

the  satellite  passes,  and  thence  to  compute  the  duration  of  the  eclipse, 

it  is  necessary  to  determine  the  section  made  by  a  plane  perpendi- 
cular to  SV^  fig.  1 13,  the  axis  of  the  cone,  and  at  the  distance  r  from 

Jupiter.    In  this  case  j?  r=  Sn  =  D  4-  r, 
and  the  equation  of  the  shadow  is 

^{D\-r(l-^)p  =  y'+2^+^.;,z«{_^=   -   I}. 

If  at  first/  =  0, 

V7T7«  =  iia  { 1  -  !LilZ^>l. 

If  this  be  put  in  the  term  which  has/  as  a  factor,  and  if  to  abridge 
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I'^rr, 

<>  +  i) 

the  result  will  be 

the  equation  to  an  ellipM  whose  eccentricity  ia  f/,  and  half  the  greater 

axis,  =(1+^)B,{1  -^J^|=»  (333) 

(1  +p)R,  ii  the  equatorial  radiui  of  Jupiter ;  hence  die  section  of 
Jupiter^  shadow  at  the  distance  of  the  satellite  is 

^  -  y'  =  (1  +  f-y ,', 
and  Soi  ia  ita  greatest  breadth.     2b  is  the  actual  path  of  the  aatellite 

through  the  shadow,  and  mm',  fig.  113,  is  ita  projection  on  the  orbit 
of  Jupiter. 

If  X  be  made  negative  in  the  values  of  «  and  p\  the  preceding 
equation  will  be  the  section  of  the  penumbra  at  the  distance  r  from 
the  centre  of  Jupiter,  the  difference  of  the  two  sections 

is  the  greatest  breadth  of  the  penumbra  at  that  point,  R'  being  tlie 
temidiameter  of  the  sun. 

933.  To  express  the  section  of  the  shadow  in  polar  co-ordinates  of 
the  motion  of  the  satellite,  let  z  be  the  height  of  a  satellite  above  the 

orbit  of  Jupiter  at  the  instant  of  its  conjunction,  r  its  radius  vector, 

the  projection  of  which  on  the  orbit  of  Jupiter  is  Jn  =  V  r*  —  t',  fig. 
1 13.  Letv'  be  tiie  angle  described  by  the  satellite  from  the  instant  of 

conjunction  by  its  synodic  motion,  and  projected  on  Jupiter's  orbit,  of 
which  ±  mn  is  the  corresponding  arc ;  and  let  SFhe  the  axis  of  the 

co-ordinates  f ,  then  y*  =  (H  -  s*)  sin '  i/ 
which  makes  the  equation  of  the  section  of  the  sur&ce  of  the  shadow 

(^-x')sin't.'  =  -'-a+j.ri>, 
or  rejecting  quantities  of  the  order  z*,  :'  sin  ■  v', 

r*  sin'o' s=  0^  -  a  +/)**'. 

SQ 
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But  as  r  is  nearly  constant,  we  have 

«  =  r{»  +  sint/.  —  +  i.%m*  v\— +  &c.},        (334) 
dv^  dv' 

9  being  the  tangent  of  the  latitude  of  the  satellite  above  the  orbit  of 

Jupiter  at  n  at  the  instant  of  conjunction 

»•  =  f«  {j"  +  2  sint/  .  !fil nearly, 

dv'y hence 

f«sm«t)'  =  fi^  -  (1  +/)*r*j«-2r«(l  +/)«f^8int/ "■  dv' 

from  which    

With  the  positive  sign  of  the  radical  this  formula  is  the  sine  of  the 

arc  nmf  described  by  the  satellite  in  its  synodic  motion  from  conjunc- 

tion to  emersion -on  the  orbit  of  Jupiter,  and  with  the  negjative  sign 
it  is  the  arc  mn  from  immersion  to  conjunction. 

934.  In  order  to  find  the  duration  of  the  eclipse,  let  The  die  time 

employed  by  the  satellite  to  describe  a,  half  the  breadth  of  the  shadow 
on  its  orbit  by  its  synodic  motion,  and  let  t  be  the  time  it  takes  to 

describe  its  projection  t/.  Then  nt  and  Mt  being  the  mean  motions 
of  the  satellite  and  Jupiter,  it  is  ev^ent  that  di/  the  arc  described  by 
the  satellite  during  the  time  dt^  must  be  equal  to  the  difference  of  the 

mean  motions  of  the  satellite  and  Jupiter,  or  dp'  ̂   dt{n  ̂   M),  if 
the  disturbing  forces  be  omitted  ;  but  if  ti?  be  the  indefinitely  small 

change  in  the  equation  of  the  centre  during  the  time  dt^  then 
dv'  =  d<  (n  -  ilf)  {1  +  w},  or 
  1     =   1-4-10. 

(n  -  M)dt  ̂  
Again,  since  a  has  been  taken  to  represent  the  mean  distance  of  the 

satellite  m  from  Jupiter,  —  is  the  sine  of  the  angle  under  which  «^ a 

half  the  breadth  of  the  shadow,  is  seen  from  the  centre  of  Jupiter. 
Let  C  be  this  angle,  which  is  very  small,  and  may  be  taken  for  its 

sine,  then  t  =  TV  (I  •- w) C 

But  V,  is  so  small  that 

^  _  r  (1  -  tt?)  sin  t/  . 
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and  if  the  preceding  values  of  bid  o'  be  substituted,  putting  also  oC 
for  a,  the  result  will  be 

If  all  the  inequalities  be  omitted,  except  the  equations  of  the  centre, 
r  =  o(l-J»)i 

and  as  the  same  equation  exists,  even  including  the  principal  ineqiut- 

:  r(i- "><-"+'^'-T-S^ (SS5) 

v/(i+j«.+a+/)f}{i+i"-(i+/Oj}} 
and  if  i'  be  the  whole  duration  of  the  eclipse, 

whence  may  be  derived 

,—  g  V4r'(i  -»)  — «". 

2r(i+/)ct-«»)' Since  $  is  given  by  the  equations  of  latitude,  this  expression  will  serve 

for  the  determination  of  the  arbitrary  constant  quantities  that  it  con- 
tains, by  choosing  those  observationB  of  the  eclipses  on  which  the 

cuDBtant  quantities  have  the  greatest  influence. 
935.  Both  Jupiter  and  the  satellite  have  been  assumed  to  move  in 

circular  orbiu,  but  a,  half  the  breadth  of  the  shadow,  varies  with  tbdr 

ndii  vectores.  D'  being  the  mean  distance  of  Jupiter  from  the  sun, 
ly  —  3D  may  represent  the  true  distance,  so  that  equation  (888) 
becomes 

^  to  is  always  much  less  than 

*£  =  Hco.  (if(  +  B  -  n)  =  Hcos  r, 

•o  the  change  m  «  is  nearly 
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isr  taiesr  sfne*  ini  ifte  eoBftnir ;  iadecd^  the  ob- 
Kxnees  of  enor,  that 

prectsaoD,  notwitb- 
^  c^oe  jcfieriiaxase  tus»  :  sknui  it  be  Beeessur,  it  is  easy 

l>  zicLsie  iJXftxiufr  ̂ frsi  oc  :^  sens  m  axticfe  9SX 

93S.  "He  iiraiSAi  oc  tbe  e*:iipses  of  each  satellite  may  be  de- 
tSBuimsd  fnxi  cq-a^ajg  (333). 

I>siizibre  focnl.  frjm  tte  ntran  of  a  rast  nmnber  of  obserrations, 
that  kilf  t^  rseas  dtzraik>Q  of  the  ecii|)6es  of  the  fomtb  satellite  in 

its  Goiesw  i*r=  32C»4".4,  wiiicb  is  the  maxinmm ;  C=  7630". 6 
is  tbe  xs^oi:  syn^iic  m<>don  of  the  satellite  during  the  time  T.  In 
arucae  ^93-  /  =  0.071300S.  The  semidiameter  of  Jupiter  is  by 

obserraiioc.  2(1  +y>)  Jl.  =  39".  A  is  the  semidiameter  of  the  smi 
£nc'  The  Mmidiameter  of  the  sun,  at  the  mean  dis- 
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inao'f  at! 

Unce  of  the  earth,  u  19S3".26 ;  it  is  therefore      ",'     ,     when 

•ecu  from  Jupiter ;  D'  =;  &. 20116636,  it  the  mean  distance  of  Ju- 
piter fnnn  the  bud,  and  u  a.  =  2&.4359,  it  is  easy  to  find  that 

X       '  D' becomes/  =  0.072960S,  ui  =  — fi.  is  the  mdefinitely  small  va- 

riation in  the  equation  of  the  centre  during  the  time  dl ;  and  if  the 

greatest  term  alone  be  taken, 

w  =  0.0145543  COB  (M  +<*-«'0; 

but  the  time  T  must  be  multiplied  by 

\n,~  M  X  D'j 
H  being  the  eccentricity  of  Jupiter's  orbit ;  as  the  numerical  values 
of  all  the  quantities  in  this  expfesaion  are  given,  this  factor  ia 
1  —  0.0006101  cot  F;  and  if 

i.  ^       , 

tt  bdng  the  latitude  of  the  fourth  satellite,  given  m  <324)  ;  then 

f,  =  l.S52380sin(r,  +    46^.241    -     49",  80 
—  0.125759  am  (c.-|-    74°.969    +2489"  .  OTf) 

+  0.020S99  sin  (r,  +  187°.  4931  +9143" .  60 

+  0.000218  sin  (p,  +  273^.2889  +43S2S"  .  90. 
If  the  square  of  v  be  omitted,  it  reduces  the  quantity  under  the 

radical  in  equation  (327)  to  1 +»-{;*;  and  if  the  products  of  to  and 

ff  by  i!^  be  neglected,  the  expression  (335)  becomes 
dVt 

(=— 118". 9  ?^±3204".4(l-w-0. 0006101  sin  F)  Vl +»-{:,'. 

From  this  expression  it  is  easy  to  find  the  instants  of  immeruoD 
and  emersion ;  for  t  was  shown  to  be  the  time  elapsed  from  the 

inataut  of  the  conjunction  of  the  satellite  projected  on  the  orlnt  4it 
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JupitcT  in  n,  ntiich  iuslant  may  be  ilctennined  by  Uie  tableg  of  Jupi- 

ter, anil  till!  expreBsiuns  in  (323)  and  (324)  of  v,  and  s,,  llie  longi- 
tude anJ  latitude  of  the  satellite. 

The  whole  duration  of  ihe  eclipses  of  the  fourth  satellite  will  be 

6408". 7  (1  ~w-  0.0006101  sin  V)  .  -/ 1  +  w  -  C."- 

939.  With  reftard  to  the  eclipses  of  the  third  satellite,  T=2403".8, 
motion  of  the  satellite,  during 

14.461893; 

n  equation  (321)  be  em- 

which  is  the  maximum.     Tlie 

the  timer,  is  C=  1341 

whence  ji' 
and  if  only  the  three  greatest  terms  of  v^ 

— '-.  becomes 

w=:0. 00269457  coa  ()i.(  +  «,  -  w.) 

+  0.00118849  coa  («,(+*,-  O.) 

-  0.00126952  cos  (n,(  -  nji  +  b,  -  <0. 

in  (336)  becomes,  with  regard  to  this  satellite, 
-  0.00039871  sin  F. 

.  0  +/> 

ployed, 

Tiie  facloi 

Then,  if  f,  =  ■ I,  being  the  Istitudc  of  the  third  satellite 

i 

£■,=:  0.864850    sin  (p,  +    46". 241     -  49' .  81) 

-  0.059101  .  sin(r,  +  197°. 4931  +  9143".  60 

-  0.008961  .  sin  (i-,  +    74°. 969     +  2439". 08i) 

+  0.004570  .  sin  (n,  +  273°. 2889  +  43323"  9f). 
Hence 

i=  — 167".64.  ̂ ^■±24O3".8(l-ii'-O.00039S71  sin  py-Zl+w-ti; 

from  whence  the  instants  of  immersion  and  emersion  may  be  com- 

puled,  by  lielp  of  the  tables  of  Jiipilcr,  and  of  the  longitude  and  lati- 
tude of  the  third  satellite  in  (321)  and  (322). 

The  whole  duration  of  the  eclipses  of  the  third  satellite  is 

4807''. 5(1-10-0. 00039871  sin  F)  ̂1  +vi-^. 

940.  The  value  of  T  trom  the  eclipses  of  the  second  satellite, 

is  r=:  1936".  13  ;  and  f,  tiie  synodic  mean  motion  of  the  second 
eateltite  duriug  the   lime    T,  is  f  sr  21790''.4 ;    a,  =  9. 066546, 
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/=:  0.0718862.    If  we  only  Uke  the  greftleat  terms  of  v,  in  (319) 

»  =  J^wmba 

in  =  G.00057797  CM  C»i'  +  «.  — «0 

+  0.0187249  COB  2(n,i  -  n,*  +  «,  -  h). 
Hie  ̂ tor  (330)  has  no  Bensible  effect  on  the  eclipses,  either  at 

this  aaletlite  or  the  first,  and  may  therefore  be  omitted. 

If  C  =  -  "j^' ■'■  '/  b«ii>g  the  latitude  of  the  second  satellite  in 

(320);  then 

£;  =  0.507628    sin  (»,  +    46°. 241     -  49".8  0 
-0.076569    sih(i>j  +  273°. 2889  +  43323". 90 

-  0.005571    sin  (v,  +  187°. 4981  +  9143". 60 
-  0.0009214  sm(o,+    75°.059    +  9489". 07  0 

I  =  -  204". 54  ̂   ±  1936". 13  (1  -  w)  VT+w-f/' 

and  the  whole  duration  of  the  eclipses  of  the  second  satellite  is 

3872". 25  (1  —  to)  Vl  +  to  -  t-'- 
941.  The  value  of  T  from  the  eclipses  of  the  first  satellite,  is 

T=15S7",  and  the  mean  synodic  motion  of  the  first  satellite 
during  the  time  7,  is  C  =:  84511". 2;    and   as  a  =:  5.698491, 
f/  =  0.0716667.      If  only   the   greatest  term  of  v  in  (818)  be 

taken  w  =    becomes 
ndt 

K  =  0.0079834  COB  S(nl-n,t  +  ■-«,); 

t.^     >  *  '^i'^S  ̂ ^  latitude  of  the  first  satellite  in difr= 

article  908,  then 

r=  0.345364.  sin  (»+    46*'.241    -      49". 80 
-  0.001057  Bin  (o  +  273°.2889  +  43323".9  0 
-  0.000256  sin  (t>  +  187°. 4931  +  9143". 60  : 

ako       (  =  -  255". 49  1^  ±  1527'  (1  -  «?)  Vl  +  »  -  T. dv 

and  the  whole  duration  of  the  eclipses  of  the  first  satellite  is 

3054"  (1  -  to)  Vl  +  to  -  t*- 
948.  The  errors  to  which  the  durations  of  the  eclipses  are  liable, 

may  be  ascertained.    Equation  (333)  divided  by  a,  or  which  is 
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the    I Mibgj i  the  fiine   oF  llie gle  described  by   eaclt 

salcUile  during  half  the  duration  of  its  eclipgeB,  Btip|)osing  the  1 
satellilc  to  be  eclipsed  the  instant  it  enters  the  shadow.  This 
angle,  divided  by  the  circumference,  and  multiplied  by  the  time  of 
ft  synodic  revolution  of  the  satellite,  will  give  half  the  duration  of 

the  eclipse ;  and,  comparing  it  with  the  observed  semi-duration,  the 
errors,  arising  from  whatever  cause,  will  be  obtained.  If  ̂ .  71,  q„  g, 
be  this  angle  for  each  satellite,  ei]uation  (333)  gives 

I  =  em  7 

(I  +p)R,  ia,  _  (1-X)     oA  „ 

a,        I  a,  \        '  D'i 

o,        Ifli  k        '  D'i ('-/■)«- [i-(L-Jj.^-Uri. a,  \  D) 
By  what  precedes,  >.  =  0.105469, 

^^  '^^^'  =  0.000094549  ; 

-  0.000801823  =  E 

J-  -  0.0008018-23  = 

-  0.000601623  =  sin? 

_  -  0.000801823  =  sin  7,; 

and  if  tho  values  of  a„  a„  a,,  in  article  87,  be  substituted, 

q  =  10° -0602 

q,=     6°.286X 
<j,  =     3°.  91 9 

g,=    2°. 2072. 
These  are  llie  angles  described  by  the  satellites  during  half  ihe 
eclipse ;  and  when  divided  by  the  circumference,  and  multiplied  by 
tlie  lime  of  the  synodic  revolution  of  the  saiellites,  they  will  give  tha 
duration  of  half  she  eclipe,  whence  half  the  duration  of  tlie  eclipsca 

ta. 
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1st  satellite,     1602'^  46 

2iid     „     .     2010''.  72 
3rd      „     .     2527". 62 

4th       „     .     3328''.  01. 
Tbe  semidurations,  from  observation,  are, 

l8t  satellite,     1527" 

2nd      „     .     1936" 

3rd       „     .     2404" 
4th       „     .     3204". 

943.  The  observed  values  are  less  than  the  computed,  for  they  are 
diminished  by  the  whole  of  the  time  that  the  discs  of  the  satellites 

take  to  disappear  after  their  centres  have  entered  the  shadow.  The 

duration  may  be  lessened  by  the  refraction  of  the  solar  light  on  Ju- 

piter's atmosphere,  but  it  is  augmented  by  the  penumbra.  These 
two  last  causes  however  are  not  sufficient  to  account  for  the  dif- 

ference between  the  computed  and  the  observed  semidurations; 
therefore  the  time  that  half  the  discs  of  the  satellites  employ  to  pass 
into  the  shadow  must  be  computed. 

944.  The  effects  of  the  penumbra,  and  of  the  reflected  light  of 
the  sun  on  the  atmosphere  of  Jupiter,  are  inconsiderable  with  regard 
to  the  first  satellite.  In  order  to  have  the  breadth  of  the  disc  of  the 

first  satellite  seen  from  Jupiter,  let  the  density  of  this  satellite  be  the 
same  with  that  of  Jupiter,  and  the  mass  and  semidiameter  of  the 

planet  be  unity ;  then  the  apparent  semidiameter  of  the  satellite  seen 

from  the  centre  of  Jupiter,  is  ;  and  substitutmg  the  values  of 
V  m 

a  and  m,   =  15'  10". 42. d 

This  angle  multiplied  by  1^.7691378,  and  divided  by  360^, 

gives  41". 44  for  the  time  half  the  disc  would  take  to  pass  mto 

the  shadow.     Subtracting  it  from  1602".46,  the  remainder  156l".02 
is  the  computed  semiduration,  which  is  greater  than  the  observed 
time ;  and  yet  there  is  reason  to  believe  that  the  satellite  disappears 

before  it  is  quite  immersed.     It  appears  then,  that  the  diameter  of 

Jupiter  must  be  diminished  by  at  least  a  50th  part,  which  reduces  it 

from  39"  to  38".    The  most  recent  observations  give  38". 44  for  the 

apparent  equatorial  diameter  of  Jupiter,  and  35". 65  for  his  polar 
diameter. 



KCUPSES  OP  Jl5PITHa«  SATELLITSS. 

[■MtV 

P 

By  this  method  it  Is  computed  that  the  A'ik*  of  tlie  BatetUtes,  kc*  I 
from  the  ceulrc  of  Jupiter,  and  the  tima  tbej  Uke  to  peiietme  pa>i  ¥ 
gmndicularly  into  the  BbadoH,  V6 

DiK*.  Tfmra. 

lit  ML     .      1830". 83  63". 888 

2tid     .      .     1298". 37  nb'.362 

3rd     .      .      1271". 19  a27".744 
4th      .      .       566". 7  237". 352. 

Whence  the  times  of  immersion  and  emersioa  uf  the  BatellitM 

Hid  of  their  shadows  on  the  disc  of  Jupittn  may  be  foimd,  ntMS 

they  paM  between  him  and  the  sun. 

945.  The  ohservations  uf  the  eclipses^of  Jujuter  by  Ida  satelliteai 
may  throw  much  light  on  their  theory.  The  heginniDg  and  end 

of  their  transits  may  almost  always  be  obserred,  which  with  ths 
{lassage  of  the  shadow  afford  four  obacrvationB ;  whereas  the  ellipea 

of  a  satellite  only  gives  two.  La  Place  thinks  these  phenomena 

panicularly  worthy  of  the  attention  of  practical  astronomers. 
946.  In  the  preceding  investigations,  the  densities  of  the  satellite^ 

were  assumed  to  be  the  same  with  that  of  Jupiter.  By  comparing 

the  computed  times  with  the  observed  times  of  duiation,  the  densi- 
ties of  the  satellites  will  be  found  when  theli  muses  sliall  be  accu- 

rately ascertained. 

947.  Tlie  perturbations  of  the  three  first  satellites  have  a  great 

influence  on  the  limeB  uf  their  eclipses.  The  principal  inequality  of 

the  first  satellite  retards,  or  advances  its  eclipses  72*. 41  seconds  at 
its  maximum.  The  principal  inequality  of  the  second  satelliM 

accelerates  or  retards  its  cclipscB  by  343". 2,  at  its  maximum,  and 
the  principal  inequality  of  the  tliird  satellite  advances  or  retards  ita 

eclipses  by  261'. 9  at  its  maximum. 
94S.  Since  the  perturbations  of  the  satellites  depend  only  on  the 

differences  of  their  mean  longitudes,  it  makes  no  alteration  in  the 
value  of  these  differences,  whether  the  firat  point  of  Aries  be  assumed 
as  the  origin  of  the  angles,  or  SJ  the  radius  vector  of  Jupiter  sup- 

posed to  move  uniformly  round  the  sun,  If  the  angles  be  estimated 
from  SJ,  nl,  »^l,  n,t,  become  the  mean  synodic  motion  of  the  three 
first  satcliites ;  and  in  both  cases 

nl  -  3n,t  +  2V  +  e  -  3e,  -f.  2^  =  190'. 
ippoae  the  longitudes  of  the  epochs  of  the  two  first  satellites  to  bo 

I 
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■ero  or  «  =  0,  ■,  =  0,  to  tli&t  these  two  bodies  are  in  conjimcttoti 

with  Jupiter  when  /  =  0,  then  it  follows  that  <,  =  90'',  and  thus 
when  the  two  first  satellites  are  in  conjunction,  the  third  ia  a  right 

angle  in  advance,  as  in  fig.  1 15 ;  and  the  principal  inequalities  of  the 
three  first  satellites  become 

iv  =  1636". 4  sin  (2rU  ~  2n,0 

)c,  =  —  3862". 8  sin  (n<  -  n,0 

/''^^IZ!!^  iv,  =  261". 86  sin  (nj  -  n/). 
In  the  eclipses  of  the  first  satellite  at  the  in- 

.  stant  of  conjunction  nf  =  0,  or  it  is  equal  to 

a  multiple  of  360°.     Let 
2n  —  8n,  =:  n  +  (u,  or  n  —  Sn,  =  w 

then  So  =  1636".4  sin  it. 
In  the  eclipses  of  the  second  satellite  at  the 

instant  of  conjunction  n,(  =  0,  or  it  is  equal 

to  a  multiple  of  860° ;  hence 
ivi  =  -  3862". 3  sin  wl 

t.asdy,  in  the  eclipses  of  the  third  satellite, 

T  it  is  a  multiple  of  860°  at  the  instant  of  conjunc* 
3t>,  =  261"86  8in  W. 

Hius  it  appears  that  the  periods  of  these  inequalities  in  the  ecllpsea 

are  the  same,  since  they  depend  on  the  same  angle.  This  period  ii 

equal  to  the  product  of   —  by  the  duration  of  the  synodic  re> 

volution  of  the  first  satellite,   or  to  437.65iE),  which  is  perfectly 
conformable  to  observation. 

949.  On  account  of  the  ratio 

nt  -  3n.(  +  2n,(  +  s  -  8«.  +  2.,  =  180", 
the  three  first  satelliles  never  can  he  eclipsed  at  once,  neither  can 

Ihey  be  seen  at  once  from  Jupiter  when  in  opposition  or  conjunction ; 
for  if  nt  +  6,  »,i  +  e„  n^  +  «„ 

be  the  mean  synodic  longitudes,  in  the  simultaneous  eclipses  of  the 

first  and  second  nt  +  *  =  nit  +  t,  =  180°; 
and  from  the  law  existing  among  the  mean  longitudes,  it  appears 

tiiat  th(  +  e,  =:  270". 
In  tiie  simultaneous  eclipses  of  the  first  and  third  satellites 

nt  +  •:  =  n^+U  =  190°. 
and  oD  account  of  the  preceding  law,  n,/  +  c,  s  120. 
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Lastly  in  the  simultaneous  eclipses  of  the  second  and  third  satellites 

hence  nt  +  ̂  :=z  0,  thus  the  first  satellite  in  place  of  being  ecUpsed, 

may  eclipse  Jupiter. 

Thus  in  the  simultaneous  eclipses  of  the  second  and  third  satel- 
lites, the  first  will  always  be  in  conjunction  with  Jupiter;  it  will 

always  be  in  opposition  in  the  simultaneous  transits  of  the  other 
two. 

950.  The  comparative  distances  of  the  sun  and  Jupiter  from  the 

earth  may  be  determined  with  tolerable  accuracy  from  the  eclipses  of 

the  satellites.  In  the  middle  of  an  eclipse,  the  sideral  position  of 

the  satellite,  and  the  centre  of  Jupiter  is  the  same  when  viewed 

from  the  centre  of  the  sun,  and  may  easily  be  computed  from  the 

tables  of  Jupiter.  Direct  observation,  or  the  known  motion  of  the 

sun  gives  the  position  of  the  earth  as  seen  from  the  centre  of  the 

sun ;  hence,  in  the  triangle  formed  by  the  sun,  the  earth,  and  Jupiter, 

the  angle  at  the  sun  will  be  known ;  direct  observation  will  give  that 

at  the  earth,  and  thus  at  the  instant  of  the  middle  of  the  eclipse,  the 

relative  distances  of  Jupiter  from  the  earth  and  from  the  sun,  may  be 

computed  in  parts  of  the  distance  of  the  sun  from  the  earth.  By  this 

method,  it  is  found  that  Jupiter  is  at  least  five  times  as  far  from  us  as 

the  sun  is  when  his  apparent  diameter  is  36'^742•  The  diameter  of 
the  earth  at  the  same  distance,  would  only  appear  under  an  angle  of 

3'^  37.  The  volume  of  Jupiter  is  therefore  at  least  a  thousand  times 
greater  than  that  of  the  earth. 

951.  On  account  of  Jupiter's  distance,  some  minutes  elapse  from 
the  instant  at  which  an  eclipse  of  a  satellite  begins  or  ends,  before  it 
is  visible  at  the  earth. 

Roemer  observed,  that  the  eclipses  of  the  first  satellite  happened 

sooner,  than  they  ought  by  computation  when  Jupiter  was  in  oppo- 
sition, and  therefore  nearer  the  earth ;  and  later  when  Jupiter  was 

in  conjunction,  and  therefore  farther  from  the  earth.  In  1675,  he 

shewed  that  this  circumstance  was  owing  to  the  time  the  light  of  the 
satellite  employed  in  coming  to  the  observer  at  the  different  distances 

of  Jupiter.  It  was  objected  to  this  explanation,  that  tlie  circum- 
stance was  not  indicated  by  the  eclipses  of  tlie  other  satellites,  in 

wliich  it  was  difficult  to  detect  so  small  a  quantity  among  their 
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numerous  inequalities  then  little  known ;  but  it  was  afteTWuds 

proved  by  Bndley's  diacorery  of  tlie  abenation  of  light  in  the 
year  1725;  when  he  was  endeavouring  to  delennme  the  paral- 

lax of  7  DiBConiB.  He  observed  that  the  stars  had  a  small 

annual  motion.  A  stai  near  the  pole  of  the  ecliptic  appears  to  de- 

scribe a  small  circle  about  it  parallel  to  the  ecliptic,  whose  dia- 

meter is  40",  the  pole  being  the  true  place  of  the  star.  Stars  aituate 

in  the  ecliptic  appear  to  describe  arcs  of  the  ecliptic  of  40"  in  length, 
and  all  stars  between  these  two  positions  seem  to  describe  ellipses 

whoae  greater  axes  are  40"  in  length,  and  are  parallel  to  the  ecliptic. 

The  lesser  axes  vary  as  the  une  of  the  star's  latitude,  lliis  apparent 
motion  of  the  start  arises  from  the  velocity  of  hght  combined  with 

the  motion  of  the  earth  in  its  orbit  The  sun  is  so  very  distant,  that 

bis  rays  are  deemed  parallel ;  therefore  let  S'A ,  SB,  Gg.  1 16,  be  two 
.    ...  rays  of  light  coming  from  the  sun  to  the 

earth  moving  in  its  orbit  ia  the  direction 

AB.  Ifatelescope  be  heldin  the  direction 

AC,  the  ray  S'A  m  place  of  going  down 
the  tube  CA  will  impinge  on  its  side,  and 

be  lost  in  consequence  of  the  telescope  being 

carried  with  the  earth  in  the  directions 

AB  ;  but  if  the  tube  be  in  a  position  SEA, 

■o  that  BA  :  BSat  the  velocity  of  the  earth 

to  the  velocity  of  Hght ;  tiie  ray  will  pass  hi 

the  diagonal  SA,  which  is  the  component 

of  these  two  velocities,  that  is,  it  will  pass  through  the  axia  of  the  tele- 

scope while  carried  parallel  to  itself  with  the  earth.  The  star  appears 

m  the  direction  AS,  when  it  really  ia  in  the  direction  AS' ;  hence 

S'AS  =  ASB  is  the  quantity  or  angle  of  aberration,  which  is  alwaya 
in  the  direction  towards  which  the  earth  is  moviug. 

Delambre  computed  from  1000  eclipses  of  the  first  satellite,  that 

light  comes  from  the  sun  at  hia  mean  distance  of  about  95  mllliont 

of  miles  in  8*.  13";  therefore  the  velocity  of  light  is  more  than 
ten  thousand  times  greater  than  the  velocity  of  the  earth,  which  is 

nineteen  miles  in  a  second;  hence  BS  is  about  10000  timet  greater 

than  AB,  consequently  the  angle  ASB  it  very  tmall.  When  EAB 

is  a  right  angle,  ASB  is  a  maximum,  and  then 

rin  ASB  :  1  ::  AB  :BS  ::  velocitr  of  earth  :  velocity  of  light; 
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but  ASB  s=  the  aberration ;  hence  the  sine  of  the  greatest  aber- 
ration is  equal  to 

rad.  velocity  of  earth         .   g.^.,,  ot 
  — : — i--   =  8in20''.25 velocity  of  light 

by  the  observations  of  Bradley  which  perfectly  correspond  with  the 

maximum  of  aberration  computed  by  Delambre  from  the  mean  of 

6000  eclipses  of  the  first  satellite. 

This  coincidence  ̂ hews  the  velocity  of  light  to  be  uniform  within 

the  terrestrial  orbit,  since  the  one  is  derived  from  the  velocity  of 

light  in  the  earth's  orbit,  and  the  other  from  the  time  it  employs  to 
traverse  its  diameter.  Its  velocity  is  also  uniform  in  the  space  in? 

eluded  in  the  orbit  of  Jupiter,  for  the  variations  of  his  radius  vector 

are  very  sensible  in  the  times  of  the  eclipses  of  his  satellites,  and 

are  found  to  correspond  exactly  with  the  unifomi  motion  of  light. 

If  light  be  propagated  in  space  by  the  vibrations  of  i^n  elastic  fluid, 

its  velocity  being  uniform,  the  density  of  the  fluid  must  be  propor^ 
tional  to  its  elasticity. 

952.  The  concurrent  exertions  of  the  most  eminent  practical  and 

scientific  astronomers  have  brought  the  theory  of  the  satellites  to 

such  perfection,  that  calculation  furnishes  more  accurate  results  than 

observation.  Galileo  obtained  approximate  values  of  the  mean  dis- 
tances and  periodic  times  of  the  satellites  from  their  configuraUons, 

and  Kepler  was  able  to  deduce  from  these  imperfect  data,  proofs  that 

die  squares  of  their  periodic  times  are  proportional  to  the  cubes  of 

their  mean  distances,  establisliing  an  analogy  between  these  bodies 

and  the  planetary  systems,  subsequently  confirmed. 

Bradley  found  that  the  two  first  satellites  return  to  the  same  rela- 

tive positions  in  437  days.  Wangentin  discovered  a  similar  inequa- 
lity in  the  third  of  the  same  period,  which  was  concluded  to  be  the 

cycle  of  their  disturbances. 
In  the  year  1766,  the  Academy  of  Sciences  at  Paris  proposed  the 

theory  of  the  satellites  of  Jupiter  as  a  prize  question,  which  produced 

a  masterly  solution  of  the  jproblem  by  La  Grange.  In  the  first  ap- 

proximation he  obtained  the  inequalities  depending  on  the  elongations 

previously  discovered  by  Bradley  ;  in  the  second,  he  obtained  four 

equations  of  the  centre  for  each  satellite,  and  by  the  same  analysis 

shewed  that  each  satellite  has  four  principal  equations  in  latitude, 

which  be  represented  by  four  planes  mpying  oa  eacIiQther  at  di£kient 
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)>ut  constant  inclinations ;  however,  bis  equations  of  the  latitude  were 

incomplete,  from  the  error  of  assumbg  Jupiter's  equator  to  be  on  this 
plane  of  his  orbit  It  was  reserved  for  La  Place  to  perfect  this  im- 

portant theory,  by  including  in  these  equations  the  inclination  of  Jupi- 

(er^s  equator,  the  e£fects  of  bis  nutation,  precision,  and  the  displace- 
ment of  his  orbit,  and  also  by  the  discovery  of  the  four  fixed  planes, 

of  the  libration,  and  of  the  law  in  the  mean  longitudes,  discoveries 

that  rank  high  among  the  many  elegant  monuments  of  genius  dis- 
played in  his  system  of  the  world.  The  perfect  harmony  oi  these 

laws  with  observation,  affords  one  oi  the  numerous  prooft  of  the 

universal  influence  of  gravitation.  They  are  independent  of  secular 

inequalities,  and  of  the  resistance  of  a  rare  medium  in  space,  since 

such  resistance  would  only  cause  secular  inequalities  so  modified  by 

the  mutual  attraction  of  the  satellites,  that  the  secular  equation  of 

the  first,  minus  three  times  that  of  the  second,  plus  twice  that  of 

tiie  third,  would  always  be  zero ;  therefore  the  inequalities  in  the 

return  of  the  eclipses,  whose  period  is  487  days,  will  always  be 
the  same. 

058.  The  libration  by  which  the  three  first  satellites  balance  each 

other  in  space,  is  analogous  to  a  pendulum  performing  an  oscil- 
lation in  1185  days.  It  influences  all  the  secular  variations  of 

the  satellites,  although  only  perceptible  at  the  present  time  in 

the  inequality  depending  on  the  equation  of  the  centre  of  Jupiter ; 
and  as  the  observations  of  Sir  William  Herschel  shew  that  the 

periods  of  the  rotation  of  the  satellites  are  identical  with  the  times 

of  their  revolutions,  the  attraction  of  Jupiter  affects  both  with  the 

same  secular  inequalities. 

954.  Thus  Jupiter's  three  first  satellites  constitute  a  system  of 
bodies  mutually  connected  by  the  inequalities  and  relations  men- 

tioned, which  their  reciprocal  action  will  ever  maintain  if  the  shock 

of  some  foreign  cause  does  not  derange  their  motion  and  relative 

position :  as,  for  instance,  if  a  comet  passing  through  the  system,  as 
that  of  1770  appears  to  have  done,  should  come  in  collision  with  one 

of  its  bodies.  That  such  collisions  have  occurred  since  the  origin  of 

the  planetary  system,  is  probable :  (he  shock  of  a  comet,  whose  mass 

only  equalled  the  one  hundred  thousandth  part  of  that  of  the  earth, 
would  suffice  to  render  the  libration  of  the  satellites  sensible ;  but 



floe ECI.IP9BS  OP  JDPITKR'S  SATELLITES. 

since  all  tlie  pains  beKtoweJ  by  D^lambrc  upon  tlie  subjec 

enable  liim  to  detect  this,  it  may  be  concluded  that  tlie  masses  of  aaj 
comets  wbicb  may  have  impinged  upon  one  of  the  tiiree  satellilei 

nearest  to  Jupiter  must  have  been  extremely  small,  which  correspond* 

with  what  we  have  already  had  occasion  to  observe  on  the  tenuity  ol 
the  masses  of  the  cornels,  and  their  hitherto  imperceptible  it 
on  the  moliuns  of  the  solai  system. 

9^5.  To  complete  the  theory,  thirty-one  unknown  quaaiJue* 
remained  to  he  derived  from  observation,  all  of  which  Delambre 

determined  from  6000  echpseg,  and  with  these  data  he  computed 

tables  of  tlie  motions  of  the  satellites  from  La  Place's  formulie,  suIm 
sequently  brought  to  great  perfection  by  Mr,  Bouvard. 

The  SaUllilei  of  Saturn. 

nuity  oC^I 

Juev 
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956.  Saturn  is  surrounded  by  a.  ring,  and  seven  satellites  revolve' 
from  west  to  east  round  him,  but  their  distance  from  the  earth  is  so 

great  that  they  are  only  discernible  by  the  aid  of  very  powerful  tele- 
scopes, and  consequently  their  eclipses  have  not  been  determined, 

their  mean  distances  anil  periodic  times  alone  have  been  ascertained 

with  sufficient  accuracy  to  prove  that  Kepler's  third  law  extends  to 
them.  If  8".i  the  apparent  equatorial  semldiameter  of  Saturn  ia  g 
his  mean  distance  from  the  sun  be  assumed  as  unity,  the  I 
distances  and  periodic  times  of  tlie  seven  satellites  are. 

1st .     3.351    .     . 0,94271 2d 

,     4.300    .     . 1.37024 
3d .     5.284    .     . 1.8878 
4th .     6.619    .     . 2.73948 
5th .     9.524    .     , 4.51749 
6th .  22.081    .     . 15-9453 

7ih .  64.359    .     . 79.3296 
The  masses  of  t 

turn  being  unknow 
orbits  uf  the  six  in 

turn's  equator,  owi 
of  the  bodies. 

e  satellites  and  rings 

1,  their  perturbations  c 
erior  sateliilcs  remain 

ng  to  his  compression, nd 

the  compression  of  S»> 
ot  he  determined.     Tlw 

ar!yintheplaneofS»i 
the  reciprocal  attraction 

J 
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The  orbit  of  the  seventh  uatellite  ]im  a  motion  neailjr  uniform  on 

a  fixed  plane  passing  between  the  orbit  and  equator  of  that  planet, 

inclined  to  tliat  plane  at  an  angle  of  lb°.26i.  The  nodes  have 
tk  retrograde  annual  motion  of  304''.A  ;  the  fixed  plane  maintainfl  a 

constant  inclination  of  21°.6  to  Saturn's  equator,  but  the  approxima- 
tion must  be  imperfect  that  results  from  data  so  uncertain. 

957.  The  action  of  Saturn  on  account  of  hia  compression,  retains 
the  nngs  and  the  orbits  of  the  six  first  satellites  in  the  pUne  of  bis 
equator.  The  acUon  of  the  sun  constantly  tends  to  make  them 

deviate  from  it ;  but  as  tliis  action  increases  very  rapidly,  and  nearly 
as  the&thpoweroftkeradiuaoftheorbit  of  the  satellite,  it  is  sensible 

in  the  seventh  only.  This  is  also  the  reason  why  the  orbits  of  Jupi- 

ter's satellites  are  more  inclined  in  proportion  to  their  greater  dis- 
tance from  their  primary,  because  the  attraction  of  his  equatorial 

matter  decreases  rapidly,  while  that  of  the  sun  increases. 

When  the  seventh  satellite  is  east  of  the  planet,  it  is  scarcely  per* 
ceptible  from  the  falntness  of  its  light,  which  must  rise  from  spots 
on  the  hemisphere  presented  to  us.  Now,  in  order  to  exhibit  always 
the  same  appearance  like  the  moon  and  satellites  of  Jupiter,  it  must 
levolve  on  its  axis  in  a  time  equal  to  that  in  which  it  revolves  toimd 

its  primary.  Thus  the  equality  of  the  time  of  rotation  to  that  of  revo- 
lution seems  to  be  a  general  law  in  the  motion  of  tlie  satellites. 

The  compression  of  Saturn  must  be  considerable,  its  revolution 

being  performed  in  1 1**  43'  43",  nearly  the  same  with  that  of  Jupiter. 

SattUitet  of  Uranu$. 

958.  The  slow  motion  of  Uranus  in  its  orbit  shows  it  to  be  on  the 

confines  of  the  solar  system.  Its  distance  is  ao  vast  that  its  apparent 

diameter  is  but  3".9,  its  satellites  are  tlierefore  only  within  the  scope 
ofinstruments  of  very  high  powers;  Sir  William  Herschel  discovered 

six  revolving  in  circular  orbits  nearly  perjisiidicubr  to  the  plane  of 

the  ecliptic  Taking  the  semidiameter  of  t!ic  planet  for  unity,  their 
mean  distances  and  periodic  limes  are 
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Ist .  18.120   .     . • 

FMoAletlnM, 

.     6.8926 

2d     .    . .  17.022    . •    •    • .     8.7068 
Sd     . .  19.845   .     , >    •     ■ .  10.9611 
4th    .     . .  22.752    .     , •     • .  18.4559 
5th    .     . .  45.507   .     . 1     •     . .  88.0750 
6th    ,     . .  91.008    . •     •     « 107.6944 

subject, therefore,  to  the  third  law  of Kepler. The  compression  of 

their  primary  and  their reciprocal  attraction  retains  their  orbits  in 

the  plane  of  the  pli 
[inet'fl 

1  equator. 
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from  the  form  of  the  sun  • 

action  of  the  satellites 

P/bm  of  greatest  rotatory  pretture     • 

invariable,  always  remains  ptrallel  to  itself 
Pftntit  •  •  •  ■  • 

mean  distances  of  •  •  • 

mean  siderial  motions  of        •  •  • 

kmgitadei  of,  ai  epodi  •  •  « 
masses  of  •  •  •  • 
densities  of  •  •  •  • 

periodic  times  of    •  •  •  • 

JRrvessfaofi  of  equinosces  •  • 

.44 

48 

593 

321 

324 

384 

m 
291 

214 
231 104 

156 

213 

295 

815 

818 
343 

346 

358 

358 

561 

355 

355 

of  a  particle  moving  on  a  sorflMse 
IVmct/Ni/  arit  of  a  solid  • 

properties  oi  •  • 
JVimMse  Impulse        •  •  • 
PrMem  o/iht  three  bodies  •  • 

equations  of 
solution  of  ̂ >prozimate 

^^pjwefvtM  •  •  • 

Pnffeeium  Oi  lines  and  surfaces  • 

18 

84 86 

90 

100 

174 

215 

175 

Qnadraiureij*  defined     • 
156 
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47 

56 
71 97 

155 

156 

157 

159 

163 

167 

171 

173 

27   /or  graTiiaiion  fNuf  grftTity. 
30    toramMntAamH  -^  oWii. 

ybr  Igreadlx, 

ybr  thii  equation  remf  equa- 
tion (46). 

interi  half  after  and. 
wade*  fore. 

c<       *  e 

21 

4 
29 

26    read  — !iL_.  for  — _  .  . 

a(l-«»)        a(l-«» 

5  reoif  the  diacovery  of  the>  I'l*- 
Mteod  o/the  three. 

36  rMcf  relation  yW*  ratio. 
32  read  MEtMfE  for  ZE,  2)E» 
4  d€ie  prindpid. 
20  read  exert /or  exact. 
30  rMifthe/brthif 
28  read  axis/or  axei. 

last    read  !^  for  ̂ . 
f»  r» 

177       19 read   for  P. 

179    lait    read  lemi-circumfeTence  for 
semicircle. 

rea<i  346 /or  146. 184 

190 
193 

194 

197 

198 

12 

last 

18 
4 

read 
niz mx «•        wn* 

211 
227 

230 

234 
244 

read  369 /or  269. 
in  the  denominator  read 

1  +  «  COB  (t;  —  eo),  for 

I  —  e  cos  (t;  —  ca). 
read  A  =  0,for/=0. 
dele  2. 

for    —  read  r. 
a 

P       dr"         ̂    dr for   —  read   . 
de  de 

14, 1 5  &1 7,  read  a  cos  ni  for  cos  ni, 

16    read  f^for  v. 
1     read  eda  =  +  &c.  instead 

of  eda  =z  — &c. 

13  and  14  read  a*  for  a. 
8  read  m^  for  m. 

1    rMi/ 453 /or  454. 

last 
9 

8 

11 

245 
253 

254 

8    read  2(1 +m*) fbr  SCl-b^)- 
3    read  contains  fbr  contain. 

5    reBd^UtBv4-^ dk  de 

20aaA22teadCM^teoirifmiandM. 
read  ad  for  m. 18 

24 

read — — — —  lor  ._.   -• 
f«      f*«  f»      r* 

255    26    read^ 

(g)»"(^ 256 12 27 

263      7 

lead  a'  for  /. 
read  M  for  MiT. 

wad^for^, d^        d^ 

264    11    f»arf  +  (0.1)A'/»r-(0.1)A'. 
268    22    read  ir.44  for  W  A"  7. 
271    throughout  the  page  read  c^  and 

cfc*  for  O*  and  0|. 

274    23  and  ̂ 24  pv/  sin.  /or  coa.  and 
vice  verfd. 

278      7    rearf  87 /or  90. 

284      3    TtadH^Zf^  for  dfZfiL 
di  di 

28  lead  «'«a'(l-<?^)  for  m*a\\^'^ 
20    read  -  n/or  +  n. 
33    read  la  for  )a. 

read  m'  for  m. 

286 
293 
294 

298 

304 

13 

8 

306     22 

read^for^ 

dif  dx read  dt^  for  dv. 

312  11     read2m'aV+imV^£f£^ 

for2m'ay  +  J«i'a»C£doY 
313  30     deie  very. 

320     18  read  2K  for  ̂ e. 
instead  of  lines  19  and  20,  read 

if  2A:  =  A"  the  term 

\  m'eK' ,  sin  /  i{n't^t  -|-  i'-i)4vt/+i+eB+B  I 
must  replace  the  last  term  in  the 

preceding  value  of  h)^  &c. 
326     11    read  j5  for /3. 



ERRATA. 

326 

327 

328 

329 

331 

332 

340 
341 

12    read 

|MViir\  sin(5ii'/Uii/+5i'-4i-K»f  5). 
and  deie  line  13. 

21  and  24  read  m'(«  +  M')aji)C  for 

10    rtad  dependa /or  depend. 

2  ^2 

1  ft  2  read  ̂ for  f^  and  vice 
dy  dy 

VtTttU 

24  read  (3ifi'.aii'2Q}  instead  of 
ittaquare. 

24    read  n  /br  ir* 
19  and  21,  read 

5»/-10ii'/4-5i-10i'-aiin- 
•tead  of  5fi'/-10M/+5i'-10ft-ai 

!!::^for--::2:. fP  F 
347      19    read-. 

352      29   reoJoomparedybrcompoied. 
357        4    rtad  eqoator /br  ecliptic 

1 7    reoif  luperior  conjunction. 

362      28    rwkf  1205'»-J*  33 /or  1203*v« 
687. 

365      19    read  ̂ .=0.0078973. 

23     read  ̂ >  =  0.00531108. da 

368      16    read  inclination  of  the  orbit 

377  latt  read  4^fi>r  ££. 
da         da 

378  16  and  18,  read  0^.0004491  for O''. 0054491. 

378    initead  of  line  22  nad 

5!!^  iirV.im(5*'/-4«l-|-5i'-4i+«+^ 

and  dele  lait  line. 

381        instead  of  line  7,  read 

r.051737  sin  2(ii'/ -!•/+•' -t)- 
383  4    read  JV- JV^  for  JV- iV'. 

28  and 29,  readi  and  />br  0  ft O'. 
384  last    read  g,  for  g,  and  vtoe  vertd, 
388    last    Mser/  finding  after  in. 
390    35    read  E  for  C. 

415    12  and  17,  read  anomalistic  ybr 
anomalastic. 

461  28  readM'forM. 
463  14  read  M*  for  M*. 
490  20  read  A -A' for  i^. 
491  19  rw</25l/or241. 

22,  23  and  27,  read  0*  for  a>. 
492  1    read  a*  for  a>. 

494 

496 

readi for  — • 
18 

read Lf^  for  C.eiAr. 

5    read^jl^t^^^^^. 

(lunar  par.)* 
2and3reada(27.32166}'. 

13    read  a'  for  a. 
19    multiply    the  denominator 

by  L. 
26    read  £=:  50464700. 

28    read  60  mUead  </ forty-two. 
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